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The Problem

Consider the 1—D heat equation

y(t,x) = 03y(t,x) (teRL, x€(0,1)),
Oy(t,0) = w(t) (teRY),
Oy (t,1) = wi(t) (teRY),

with initial condition y° > 0, given,

y(0,)=3(x)  (x€(0,1).
The aim is to control this system to a constant steady state y' > 0

Y(T7X):y1 (XG[O’]'] a'e-)7
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The Problem

Consider the 1—D heat equation

y(t,x) = 03y(t,x) (teRL, x€(0,1)),
Oy(t,0) = w(t) (teRY),
Oy (t,1) = wi(t) (teRY),

with initial condition y° > 0, given,

y(0,)=3(x)  (x€(0,1).
The aim is to control this system to a constant steady state y' > 0

Y(T7X):y1 (XG[O’]'] a'e-)7

It is well known that
o for every time T > 0 there exists controls vo and vi € L*(0, T) such that
(T, )=y
o if vy = v; =0, y is non-negative.
Is it possible to find T > 0 and controls vy and vi such that y satisfies y(T,-) = v
together with,
y(t,x) >0 (t>0, xe(0,1) ae)?
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1

@ The constraint y(t,x) > 0 ensures that
y(t,0) >0 and y(t,1) >0
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1

@ The constraint y(t,x) > 0 ensures that
y(t,0) >0 and y(t,1) >0

o for every x € (0,1),

0 . 0 .
> inf,) (°00)
y (x) xel?o,l) y (x)) sinmx
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First considerations |

If i?f )yo(x) > y', then y! cannot be reached in arbitrarily small time T.
x€(0,1

@ The constraint y(t,x) > 0 ensures that
y(t,0) >0 and y(t,1) >0

o for every x € (0,1),
9> inf, (+°09) s
y (x) xel?o,l) y (x)) sinmx

@ due to the comparison principle,

2
t 2 —mt f ( 0 ) -
y(t,x) > e Xé?m) y (x)) sinmx
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First considerations |

If i?of1)y0(x) > y', then y! cannot be reached in arbitrarily small time T.
xe(0,

The constraint y(t,x) > 0 ensures that
y(t,00>0 and y(t,1)>0

for every x € (0,1),
9> inf, (+°09) s
y (x) xel?o,l) y (x)) sinmx

@ due to the comparison principle,

y(t,x) > e ™! inf (yo(x)> sin mx
x€(0,1)

@ in particular,

Y6 D)z e inf (1)
2 x€(0,1)
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First considerations |

If i?of1)y0(x) > y', then y! cannot be reached in arbitrarily small time T.
xe(0,

The constraint y(t,x) > 0 ensures that
y(t,00>0 and y(t,1)>0

for every x € (0,1),

0 . 0 .
> inf,) (°00)
y (x) xel?o,l) y (x)) sinmx

@ due to the comparison principle,

y(t,x) > e ™! inf (yo(x)> sin mx
x€(0,1)

@ in particular,

Y6 D)z e inf (1)
2 x€(0,1)

finally,

1 infy?
y(t,%)>y1 fortE[O,Pln y1y)
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First considerations Il

Due to the comparison principle, the constraint
y(t,x) 20
is equivalent to the constraint

y(t,0) >0 and y(t,1) > 0.
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Preliminaries

Controllability and Observability |

Consider the dynamical system
y=Ay+Bu,  y(0)=y°,

with y(t) € X the state and u € U the control, X and U are assumed to be two Hilbert
spaces identified with their dual. By Duhamel formula, the solution for u € L2 (IR, U) is

y(t) = etAy0 + ®du,

t
with ®.u = / =94 By(s) ds.
0

We say that (A, B) is null-controllable in time T > 0 if for every y°, there exist a control
u such that
eTAy0 + dru=0.

That is to say
Rane™ C Ran 7.
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Preliminaries

Controllability and Observability Il

Using the closed graph theorem, this is equivalent to

3(T) >0 st e™ 2% < c(T72 om0y (2 € X),

that is to say, .
I200)15 < e(T) [ 18" 2(0)ar.
where z is solution of the adjoint system
—z=A"z, Z(T):Zl.

We say that (A*, B*) is final state observable in time T.
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Preliminaries

Controllability and Observability 111

One can look for a control of minimal norm,

min 3 [ o ar
\ y(OT) =0.
Using Fenchel-Rockafellar duality, we obtain that the minimal control is givan by
u(t) = B z(t),
where z is solution of the adjoint problem and is the minimizer of

min} [ 1820 de + (2(0).)x = J(2).

From which we obtain that there exist a null control u satisfying

)
/ lu(O)I3 dt < e(T) [yl -
0
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Preliminaries

Controllability to steady states |

A steady state §y € X for y = Ay + Bu is an element in X such that there exists i € U
such that

Ay + Bi=0.

Proving the controllability to a steady state is equivalent as proving the
null-controllability. In fact setting y =y — ¥ and i = u — 1, we have

y=Ay+Bi, 50)=y"-7.
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D heat equation
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1— D heat equation Constrained Dirichlet control problem

The constrained Dirichlet control problem

Consider the 1—D heat equation

y(t,x) = d2y(t,x) (t>0, xe(0,1)),
y(t,0) = w(t) (t>0),
y(t,1) = wi(t) (t>0),

with constant initial condition y° € L?(0, 1), given,
y(0,x) =y"(x)  (x€(0,1)).

The aim is to control this system to a constant steady state y' > 0
y(T,x)=y" (x€[0,1] a.e),

with the control constraint

u(t) >0 and wi(t) =0 (t>0 ae.).

J. Lohéac (IRCCyN) Control with state constraints
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1— D heat equation Constrained Dirichlet control problem

Existence of controls |
The constrained Dirichlet control problem

Proposition

There exists a time T large enough and positive controls uy, u1 € H*(0, T) such that
.V( T7 ) = yl'
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1— D heat equation Constrained Dirichlet control problem

Existence of controls |
The constrained Dirichlet control problem

Proposition

There exists a time T large enough and positive controls uy, u1 € H*(0, T) such that
.V( T7 ) = yl'

This allows us to define

I(yo,yl) - inf{T >0, Jup,un € L'(0, T) s.t. o =0, ty >0and y(T,")
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1— D heat equation Constrained Dirichlet control problem

Existence of controls |
The constrained Dirichlet control problem

Proposition

There exists a time T large enough and positive controls uy, u1 € H*(0, T) such that
.V( T7 ) = yl'

This allows us to define

I(yo,yl) :inf{T>o., Juo, 1 € L(0, T) sit. o >0, w >0 and y(T,-):yl} >0,

proof. (see also Schmidt 1980)
Setting y(t,x) = y(t,x) —y', fo(t) = wo(t) — y* and i = u1 — y*, we aim to prove
(omitting the tildes) that there exists a time T > 0 and controls up and u; satisfying,

w(t) > —y' and  wi(t) > -y
such that the solution y with initial condition
y(0,x)=y"(x)—y'  (x€(0,1)),

satisfies y(T,-) = 0.
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1— D heat equation Constrained Dirichlet control problem

Existence of controls |l
The constrained Dirichlet control problem

For any T > 0 the existence of controls ug, u; € H*(0, T) such that y(T,:) =0is
ensured by Fattorini-Russel 1971.
In terms of the adjoint system,

—2(t,x) = 83z(t, x) (t>0, xe(0,1)),
z(t,0) = z(t,1) =0 (t>0),
2(T, x) = 2°(x) (x €(0,1)),

there exists a constant &(T) > 0 such that,

120, ) 2201y < &(T) (1192, 0) 310,y + 1062, Dli10m) (2 € L(0,1)).

This inequality being true in any time interval, we also have
2 ~ 2 2
123, M0 < &F) (1022, 0) 20,y + 1062( DlE-10.m))
Using the dissipativity properties,

T
2 —GCos 2
||z(0,-)||L2(0,1) <e 02 Hz(%a')HB(O,l)'

Consequently,

L.
120, )20y < & @2 E(F) (102, 0)3-1(0,1) + 1102, Dlii-10,m)) -
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1— D heat equation Constrained Dirichlet control problem

Existence of controls |l
The constrained Dirichlet control problem

By duality this means that the controls up and u1 can be chosen such that

T .
||Ui||i11(o,r) <e @2 &%) lly° - Y1||i2(o,1) (i € {0,1})

Using the embedding H*(0, T) C L*>°(0, T),

L .
uillZoe 0.7y < Ce™ 2 &(F) IY° =¥ lf200y (i €{0,1})
Thus, for T large enough,
l[oll o= 0,7y [l o,m) < "

and hence,
1

w(t) > —y' and  wi(t) > -y (telo,T]ae.).
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1— D heat equation Constrained Dirichlet control problem

Minimal control time |
The constrained Dirichlet control problem

Let yo € L?(0,1) and y1 € IR} with yo # y1. Then,
Q0 T7T:=T7T(%y") >0,
@ there exist non-negative controls uy, u; € M(0, T) such that the solution y with
controls u, and u, satisfies y(T,-) = y*.

The solution y, of the Dirichlet control problem with controls in the set of Radon
measures, is defined by transposition.

T (yo,yl) >0 even ify® < y'.
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1— D heat equation Constrained Dirichlet control problem

Minimal control time Il
The constrained Dirichlet control problem

Proof.
e T >0:

1
Define ya(t) = / y(t,x)sin(nmx)dx. y being solution of the heat equation, we have
0

ya(t) :/0 d2y(t, x)sin(nmx)dx = —n7r/o Oxy(t, x) cos(nmx) dx
= nm (uo(t) — (=1)"u(t)) = (nm)’yn(t)

1
with y,(0) :/ y°(x) sin(nmx) dx := yo. Thus,
0

)
yo(T) = e T30 4 i / ™™= (ug(8) — (~1)"wn (1)) dt .

0
. to 1—(-1)"
On the other hand, if y(T,x) = y1, we have y,(T) = / y1sin(nmx) dx = —
0

Consequently,

1—(—1)" T

o T [ e () - (<0

Jo
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1— D heat equation Constrained Dirichlet control problem

Minimal control time Il
The constrained Dirichlet control problem

For n = 2p,
" () — (1)) e = 2
e\PT up(t) — ur(t dtzi,
/0 2pm

Forn=2p+1,

G e T gty [ e () (o) e

2p+1)m Yapit 0 ’ 1 .
But,

e—(2p+1)2772T < e—(2p+1)2772(T—t) <1 (t€[0,T]).

up and uy being non-negative,
—(2p+1)27%T T T —(2p+1)27%(T—1)
R / (o(t) + us(£)) dtg/ e~ @PHPTT=0 (o) 4wy (¢)) de
0 0

<A(wm+mu»m,
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1— D heat equation Constrained Dirichlet control problem

Minimal control time IV
The constrained Dirichlet control problem

We have obtained,

2}’1 —(2p+1)27%T ygpﬂ !
@ripe TR A
0

1 0
< PP T 2y Yopi1
~

(2p+1)2m2  (2p+ )7’

If for every T > 0 there exists non-negative controls uJ and u{ steering yo to y1 in time
T, then

T 1 0
. T T - 2y Y1
l'To_/o (ud (&) + ul (1)) dt = Gr i Gy T ER (PEN).
Hence, )
2
0 Yy
=— —(2 1 N).
Yop+1 (2P 4 1)71_ ( P + )ﬂ-fy (p S )
¢ 10,1 h EOO of? dh 0,3 S
: that 9 =0, —
y" € L*(0,1), ensures tha 2 Va| < oo and hence v Vopt1 2p+ 1n an

IimO/OT (uoT(t) + ulT(t)) dt = 0.

T—
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1— D heat equation Constrained Dirichlet control problem

Minimal control time V
The constrained Dirichlet control problem

Since uoT >0 and ulT > 0, we can also conclude

T T
Iim/ ug (t)dt = Iim/ ui(t)dt =0.
0 T—0 Jo

T—0
consequently passing to the limit T — 0 in
T . 0
/0 2P (uT (1) — u] (1)) dt = 2z,
we obtain
V2o =0 (peNT).
All in all, since the family {\/isin(mrl)}nem* is an orthonormal basis of L?(0,1), we

conclude that y° can be steered to y! in arbitrarily small time with non-negative controls
if and only if

V) =yt (xe(01)).
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1— D heat equation Constrained Dirichlet control problem

Minimal control time VI
The constrained Dirichlet control problem

e Controllability in the minimal time T :

Define (ex)ken a sequence of positive numbers converging to 0.

For every k € IN, there exist non-negative controls uf, uf € L*(0, T + &), so that the
solution y satisfies y(T + ek, ) = y*.

Define & = sup &x.
keN
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1— D heat equation Constrained Dirichlet control problem

Minimal control time VI
The constrained Dirichlet control problem

e Controllability in the minimal time T :

Define (ex)ken a sequence of positive numbers converging to 0.

For every k € IN, there exist non-negative controls uf, uf € L*(0, T + &), so that the
solution y satisfies y(T + ek, ) = y*.

Define & = sup &x.
keN

According to

2y _ x T 2T
ﬁ — e ety ZTyng =(2p+ 1)”/ g~ (oA (T =0 (Ug(f) + Uf(t)) dt
0
we obtain,

k k ek k k
lugllio,rve) + Uil 1is) = / (Uo(t) + Ul(t)) dt
0

pEN (2p+1272  (2p+Dr

2 _
2e T 1)yl
STt

0
< inf <e(2p+1)27r2(1+ek) 2y’ Y2p+1 >
X

< 0o.
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1— D heat equation Constrained Dirichlet control problem

Minimal control time VII
The constrained Dirichlet control problem

In conclusion,
o The sequences (ug)x and (uf)x are bounded in L}(0, T + &),
o (ug)k and (u¥)x have their support contained in [0, T + ex], with £, — 0,
@ Thus, they are (up to a subsequence) weakly convergent in the sense of measures to
some non-negative controls u; in M([0, T]),
@ These limits ensure the control requirements in the minimal control time T.
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1— D heat equation Constrained Dirichlet control problem

Minimal control time VIII
The constrained Dirichlet control problem

When y° is a constant initial condition, T := T (yo,yl) satisfies

o ify' <y°,
1 YO 1 yl —(2p+1)272T yl 2T
T> = log— and sup ————— [ —e P L) L e - — 1
R peti- (2p + 1)2 <y° y°
Q ify' >y’

1 1
y _ e_7r2I < inf 1 y—e(z’”l)zﬁzl -1,
y° peN* (2p +1)2 \ y°

J. Lohéac (IRCCyN) Control with state constraints 23/02/2017 23/1



1— D heat equation Constrained Dirichlet control problem

Numerical examples
The constrained Dirichlet control problem

J. Lohéac (IRCCyN) Control with state constraints

23/02/2017

24 /1


./../../Articles/ConstOpt/IPOPT/film/D1.avi
./../../Articles/ConstOpt/IPOPT/film/D3.avi

1— D heat equation Consequences

Consequences for the 1— D heat equation with non-negative state

constraints |

Consider the 1—D heat equation

y(t,x) = 2y (t, x) + Lo (x)w(t, x) (t>0, x€(0,1)),
Oxy(t,0) = w(t) (t>0),
Oky(t,1) = wvi(t) (t>0),

with initial condition y0 > 0, given,
y(0,)=y" € L?(0,1)  (x€(0,1)).
The aim is to control this system to a constant steady state y' > 0
y(T,x)=y' (x €(0,1) a.e.),
with the state constraint,
y(t,x) =0 (t>0, x€(0,1) ae.).

We assume w C (0, 1) is such that there exists an interval (a,b) C (0,1) \ w.
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1— D heat equation Consequences

Consequences for the 1— D heat equation with non-negative state

constraints |1

For vo,v1 € L2(0, T) and w € L*((0, T) x w), define

us(t) :=y(t,a) and  up(t) ;= y(t,b).

We have (see Lions-Magenes 1968), ua, up € L*(0, T).
Furthermore, y|(,,5) is solution of

y(t,x) = d2y(t, x) (t>0, x € (a,b)),
y(t,a) = ua(t) (t>0),
y(t, b) = us(t) (t>0),

Consequently, if vo, vi and w are controls in time T > 0 such that
y(£,x) =20 and  y(T,x) =y,

then we have
u(t) >0 and  wp(t) =0 (telo,T] ae)

and hence T cannot be arbitrarily small.
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1— D heat equation Consequences

Numerical example |

Consequences for the 1 — D heat equation with non-negative state constraints

Consider the 1—D heat equation with Neumann controls

}-/(t?x):af}/(t7x) (t>0? XG(O,l)),
Oxy(t,0) = wo(t) (t>0),
Ocy(t,1) = wvi(t) (t>0),

with the state constraint,

y(t,x) =0 (t>0, xe(0,1) ae.).
e Fromy’ =5toy' =1, T(y%y') ~ 0.1938.

Remind that with Diriclet controls, we had,
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d — D heat equation
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d — D heat equation Constrained Dirichlet control problem

The constrained Dirichlet control problem in a ball

Set D = B(0,1) C RY. We consider the control system
y(t,x) = Ay(t,x) (t>0, xeD),
y(t,x) = u(t,x) (t>0, xeaD),
with the initial condition given in L*(D),
¥(0,x) =y°(x)  (xeD).

The aim is to steer y to a constant target y' € IRY with non-negative controls
u € L*(0, T;L*(0D)), i.e.

u(t,x) =0 (t>0, x€ 9D ae).

J. Lohéac (IRCCyN) Control with state constraints 23/02/2017
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d — D heat equation Constrained Dirichlet control problem

The constrained Dirichlet control problem in a ball

Set D = B(0,1) C RY. We consider the control system
y(t,x) = Ay(t,x) (t>0, xeD),
y(t,x) = u(t,x) (t>0, xeaD),
with the initial condition given in L*(D),
¥(0,x) =y°(x)  (xeD).

The aim is to steer y to a constant target y' € IRY with non-negative controls
u € L*(0, T;L*(0D)), i.e.

u(t,x) =0 (t>0, x€ 9D ae).

Proposition (Existence of a control in long time)

Set y° € L?(D) and y' € R} with y° # y'.
Then there exists T > 0 and a strictly positive control u € L*(0, T, L?(dD)), such that y
satisfies y(T,-) = y'.
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d — D heat equation Constrained Dirichlet control problem

The constrained Dirichlet control problem in a ball

Set D = B(0,1) C RY. We consider the control system
y(t,x) = Ay(t,x) (t>0, xeD),
y(t,x) = u(t,x) (t>0, xeaD),
with the initial condition given in L*(D),
¥(0,x) =y°(x)  (xeD).

The aim is to steer y to a constant target y' € IRY with non-negative controls
u € L*(0, T;L*(0D)), i.e.

u(t,x) =0 (t>0, x€ 9D ae).

Proposition (Existence of a control in long time)

Set y° € L?(D) and y' € R} with y° # y'.
Then there exists T > 0 and a strictly positive control u € L*(0, T, L?(dD)), such that y
satisfies y(T,-) = y'.

Thus we can define,
T <y°,y1) - inf{T >0, ue L0, T) x D) st. u>0and y(T,-) = yl} >0.
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d — D heat equation Constrained Dirichlet control problem

Minimal control time |

The constrained Dirichlet control problem in a ball

Theorem

Given y° € L*(D) and y' € IR’., with y° # y', there exists a time T (y° y') > 0 such
that if there exists a time T > 0 and a control u € L'([0, T] x OD) so that

u(t,x) >0 ((t,x) €0, T] x 9D a.e.)

and so that y satisfies y(T,-) = y', then we have:

T>I<y°,y1) >0.
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d — D heat equation Constrained Dirichlet control problem

Minimal control time |

The constrained Dirichlet control problem in a ball

Theorem

Given y° € L*(D) and y' € IR’., with y° # y', there exists a time T (y° y') > 0 such
that if there exists a time T > 0 and a control u € L'([0, T] x OD) so that

u(t,x) >0 ((t,x) €0, T] x 9D a.e.)

and so that y satisfies y(T,-) = y', then we have:

T>I<y°,y1) >0.

Proof (for y° € R).
Define (An)nen+ and (pn)nem+ solutions of the Sturm-Liouville problems:

P+ L2 i) = —dapalr) (re(0.1)).

p(1) = pi(0) = 0,
in order to fix p,, we enforce:
pn(0) =1  and define  a, = p,(1).
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d — D heat equation Constrained Dirichlet control problem

Minimal control time Il
The constrained Dirichlet control problem in a ball

We have A, > 0 and X, two by two distinct (Pdschel-Trubowitz 1987).
Let us then define:

en(x) = pa(lx) ~ (x€ D),

so that we have,

Dipn(x) = =Ann(X) (xeD),
en(0) =1,
pn(x)=0 (x € 9D),
Vn(x) - n(x) = an (x € 0D).
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d — D heat equation Constrained Dirichlet control problem

Minimal control time IlI

The constrained Dirichlet control problem in a ball

Let T >0and u” € L}((0, T) x AD) be a non-negative control such that y (with initial
condition y° € R} ) satisfies y(T,-) = y'.

For every n € IN*, we define y,(t) = / y(t,x)pn(x) dx. Integrating by parts, we obtain,
D
7o(6) = [ Arlt. () dx
D
= —/ y(t,x)Vn(x) -n(x)dl + / y(t, x)Apn(x) dx
aD D

= —Anya(t) — a,,/ u (t,x)dl,
oD

and hence,
.
yn(T)=e”"Tyn(0)—an/ e_’\"(T_t)/ u’ (t,x)dldt.
0 aD

Setting y!, = yi/ on(x) dx = —wg—1 %yi for i € {0,1}, we obtain
D n

T
Pt (yl — efA"Ty()) :/ efA"(Tft)/ u' (t,x)dl dt.
An 0 aD
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d — D heat equation Constrained Dirichlet control problem

Minimal control time Il
The constrained Dirichlet control problem in a ball

Since u” >0 and A, > 0, we obtain:

T T
efA"T/ / u' (t,x)dl dt < Wd—1 (yl — efA"Tyo) </ / u' (t,x)dl,dt,
o Jap An o Jap

that is to say,

-
Wd—1 (yl B efxnryo) </ / uT(t,x)drxdt < Wd—1 <e)\,,Ty1 7y0> .
An o Jobp An

Thus, if, for every T > 0, such a non-negative control u’ exists, we have

T—0

T
lim / / u' (t,x)dl dt = Ld-1 (yl—y0> =v€eR (neIN¥).
o Jop An

This is impossible since the A, are two by two distinct and y° # y!.
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d — D heat equation Consequences

Consequences for the d— D heat equation with non-negative state

constraints |

Consider the control problem:
y(t,x) = div (AVy(t, x)) + 1o (x)w(t, x) (t>0, xeQ),
Vy(t, x) - n(x) = v(t,x) (t>0, x€09),
with the constant and non-negative initial condition,
yO0,x)=y"eR (x€Q),

where Q is an open bounded and regular set of R?, A € R?*? is a positive matrix, and
w C Q.
Given y' € IR, the aim is to find controls v and w such that

y(T.)=y" and y(t,x)>0.
Assume there exists xp € Q and € > 0 such that B(xp,¢) C Q\ w.
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d — D heat equation Consequences

Consequences for the d— D heat equation with non-negative state

constraints |

Consider the control problem:
y(t,x) = div (AVy(t, x)) + 1o (x)w(t, x) (t>0, xeQ),
Vy(t, x) - n(x) = v(t,x) (t>0, x€09),
with the constant and non-negative initial condition,
yO0,x)=y"eR (x€Q),
where Q is an open bounded and regular set of R?, A € R?*? is a positive matrix, and
w C Q.
Given y' € IR, the aim is to find controls v and w such that
y(T,)=y' and y(t,x)>0.
Assume there exists xp € Q and € > 0 such that B(xp,¢) C Q\ w.
Setting A= P' P, X = Px and (P ' x) = y(x), it is enough to control the system
y(t, %) = Ay(t, %) + Lpo (X)W (t, %) (t>0, x€PQ),
Vy(t,x) - (%) = (¢, %) (t>0, X € POQ),
70,5 =y’ e R} (%€ PQ),
with the constraints J(T,%)=y" and §(t,%)>0
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d — D heat equation Consequences

Consequences for the d— D heat equation with non-negative state

constraints |1

Hence, we have to control,
y(t,x) = Ay(t,x) + Lo (x)w(t, x) (t>0, xeQ),
Vy(t, x) - n(x) = v(t, x) (t>0, xe€0Q),
y0,x)=y"€R}  (xeQ),

with the constraints,
y(T7'):y1 and y(t,X)?O.

where there exists xo € Q and € > 0 such that B(xp,£) C Q\ w.
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d — D heat equation Consequences

Consequences for the d— D heat equation with non-negative state

constraints |1

Hence, we have to control,

y(t,x) = Ay(t,x) + Lo (x)w(t, x) (t>0, xeQ),
Vy(t, x) - n(x) = v(t, x) (t>0, xe€0Q),
y(0,x)=y"€Rl  (x€Q),

with the constraints,
y(T7'):y1 and y(t,X)?O.

where there exists xo € Q and € > 0 such that B(xp,£) C Q\ w.

Set T > 0 and assume the exists such controls v and w with v € L2((0, T) x 99) and
w € L2((0, T) x w), due to regularity results (see Lions-Magenes 1968), we have
up € L2((0, T) x 8B(xo,€)), with

uo(t,+) = y(t,)oBwg.e) -

Further more, y > 0 ensures that up > 0 and consequently, T cannot be arbitrarily small.
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Conclusion
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Conclusion

Our proofs are based on spectral decomposition and this can be used to prove similar
results for:

@ Parabolic equation of the form y = 9, (a(x)dxy) — p(x)Oxy with internal and/or
boundary control;

@ Finite dimensional systems with the particular structure

(A AN (O
y=\a A)r\e)w
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@ Non-linear heat equations;

But cannot be used for

@ Linear heat equation with time and space dependent parameters.

J. Lohéac (IRCCyN) Control with state constraints 23/02/2017 37 /1



Conclusion

Our proofs are based on spectral decomposition and this can be used to prove similar
results for:

@ Parabolic equation of the form y = 9, (a(x)dxy) — p(x)Oxy with internal and/or
boundary control;

@ Finite dimensional systems with the particular structure
. (A A n 0 u
Y=\A AT T\E) T

@ Non-linear heat equations;

But cannot be used for

@ Linear heat equation with time and space dependent parameters.

Some over open questions

@ d—D heat equations with space dependent coefficients.
For this problem, it is also possible to considered a spectral decomposition.
However, it is not possible to reduce our self to a Sturm-Liouville problem.

@ Structure and uniquenesse of the controls in the minimal time T7?
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@ Finite dimensional systems with the particular structure
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@ Non-linear heat equations;

But cannot be used for

@ Linear heat equation with time and space dependent parameters.

Some over open questions

@ d—D heat equations with space dependent coefficients.
For this problem, it is also possible to considered a spectral decomposition.
However, it is not possible to reduce our self to a Sturm-Liouville problem.

@ Structure and uniquenesse of the controls in the minimal time T7?

THANK YOU FOR YOUR ATTENTION!
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