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1. Introduction

We introduce the following notation: L? = L? (Q), L2 = L* (Q x (0,7)),
(u,v) :/u($)v(m) dx;
Q
T
(u,v)2 :/ /u(w,t)v(a:,t) dx dt
0 Q

and the correspondent norms || - || = (-,-) and || - |7 = (-, ). Moreover, we define
the norms

lells = /Q | o(@) | da;

T
lolr = / / oo t) | da dt.
0 Q

We want to study the following optimal control problem:

. . B g
(P) @ €argmin {J (w) = aclullr + Sl + o Ll r + 2 Lu = 213 ¢
ueL?

where L : L2 — L2 is defined by
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and y is the solution of the PDE given by

y +Ay=Bu (Qx(0,7))
y=20 (09 x (0,7))
y(0)=0 Q).

Notice that, by integration by parts, L*u = B*p, where ¢ is solution of the adjoint
equation:

'+ Ap=p (2x(0,7))
p=0 (9 % (0,T))
p(T)=0 Q).
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2. Sparse control: a. > 0 (as = 0)
2.1. The stationary problem

(SP.) @ € argmin {JS (u) = acllullr + gHqu + %Hy —z|?: Ay = Bu} :
ucL?

2.1.1. Optimality conditions

Ay = B shrink(-B*p, %) ()

A'p=7(y—2) ()
G=0, p=0 (99).

2.1.2.  Numerical algorithm

In order to compute a numerical solution of problem (SP..), after a discretization by
finite differences, we use a prox-prox splitting: first write the state as y = A~ Bu,
then

e Proximal-point step:

1
U = arugeanzin {§||u”2 + %HAilBu — z||2 + ﬂﬂu — uk\|2}

1 1
=|(B+—)I+~+B*A*A™'B —ug +yB*AT 2 |.
Ak Ak
e Proximal-point step:

. 1 -
Up,1 = argmin {acHUHl,T + KHU — ukH%}
u€EL? k
= shrink(ty, ac\k).

Remark 2.1 Notice that, when o = 0, the solution of (P¢) is simply given by

i=n[BI+yB*A™*A'B] ' B*A™*z.
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2.2. FEvolutionary problem

X . B
(P)  acargming J(u) = acllulir+ Slulf + 2l Lu— 2| -
u€L? 2 2

2.2.1. Optimality conditions

Define the classical Lagrangian
L(u,y,p) = J (u) + (p, Bu—y — Ay)r.

By integration by parts, we have

B 04 «
L (u,y,p) = acllullir + 5”““%‘ + §Hy — 2|7 + (B*p,u)r

+ (' = A"p,y)r + (p(0), y(0)) — (p(T), y(T)).

Deriving with respect to the three variables (u,y,p), we obtain the optimality

System:

J + Aj = Bi (Q % (0,T))
P+ Ap=7v(y—2) (2x(0,T))
G=0, p=0 (8 x (0,T))
9(0) =0, p(T) = (Q),

where the relation between the optimal control and the dual state is given by
0€acd|-I|hr(a)+pa+ Bp.
The latter is equivalent to

i=(BI+acd-lhr) (~B"D)

. 1 * o
= argmin {acHU 1,7+ %HU +B p||2T}

veELZ

«
= shrink(—B*p, —),
( 3 )

where the operator of soft — shrinkage is defined by

t+a (t<-—a)
shrink(t,a) =<0 (—a<t<a)
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9 + Ay = B shrink(—B*p, %)
P +ADP=7(y—2)
y=0,p=0

9(0) =0, p(T) =0
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2.2.2.  Numerical algorithm

In order to compute a numerical solution of problem (P,.), after a discretization by
finite differences, we use a grad-prox splitting:

e Gradient step:

_ B
i = w = MV | 5 ulld 4 G l1Lu = 2| ()

= U — >\k [6uk + ’}/L* (Luk — Z)]
= up — A, [Bug + 7B i,

where
yfc + Ayk = Buk (Q X (O,T))
Y =0 (09 x (0,T7))
yk(0) =0 ()

and

-+ A'p =y —2z (2x(0,7))
pr =0 (092 x (0,T))
pe(T) =0 Q).

e Proximal-point step:

. 1 -
Up1 = argmin {OécHUHl,T + T l|lu — ukHQT}
ueLl? k

= shrink (g, acA).

Remark 2.2 Another possibility is to include the term gHuH% in the proximal step.

Remark 2.3 Notice that, for
B gl
fu) = S llullp + Sl Lu — 2|17,
2 2
then V£ is Lipschitz continuous. Indeed, for u; € L2 (i = 1,2), then
Vf(u;) = Bu; + B p;,

where
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and

—pi+A'pi=yi—z (2x(0,7))
pi=0 (09 % (0,7))
pi(T)=0 (€).

By linearity dy = yo — y1 and dp = p2 — p1 solve the same equations with right-
hand-sides B(ug — u1) and 0y, respectively. Then

|V f(uz) =V f(ur)]l < Blluz —uillr + [ B*||[|op]l7
< Blluz — uillr + v Cagil| Bl 6yIT
< Blluz —wallr +v CagiC || B||| B(uz — u1)|lr

< Lljug — uy |7,
where we defined
L =B+ CogiC | B|*.

In order the prox-grad method to converge, the restriction on the step size is given
by

2
0<A<M <A<,
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3. Sparse state: ag > 0 (a. = 0)

(P) i eargmin {J(a) — 2+ el Zulir + 2 Du zu%} .
uelL? 2 2

3.1. The stationary problem

(SPs) @ € argmin {Js (u) = acllull1 + gHuH2 + %Hy —z|?: Ay= Bu} .
ucL?

3.1.1.  Optimality conditions

Ay=-1BB*p (2 (0,7))
g = shrink(A*p + vz, %) (2% (0,T))
y=0,p=0 (092 % (0,T))

Finally, we obtain a single equation in the dual variable p:

A shrink(A*p+ 7z, %) = —3BB*p (2 x (0,T))
p=0 (092 x (0,T)).

3.1.2.  Numerical algorithm

In order to compute a numerical solution of problem (Ps), after a discretization
by finite differences, we use a prox-prox splitting on the Augmented Energy: first
write the state as y = A~!Bu, then

e Proximal-point step:

B

) 1
Uk4+1 = al“gmjn {2““”2 + %HA_lBU — 2|+ EHA_lBU —yil® + 27)%”” - UkHQ}

uel

1 5 1 5
— I — | B*A™*A"'B — B*A™* — .
KﬁJr/\k) +(7+>\k) } [/\kuk+ <72+)\kyk>]

e Proximal-point step:

. 1) _ 1
Yrr1 = argmin { asllyll1 + =y — A" Bug1|* + =y — wil3
folvr 2 2k

= shrink(g, S\k),
where we defined

Ykt 5A_lBuk+1‘
B 146 ’
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Remark 3.1 Notice that again, when ag = 0, the solution of (P;) is simply given
by

a=v[8I+yB*A*AT'B] ' B*A™*z.
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3.2. FEwvolutionary problem

3.2.1.  Optimality conditions

Define the classical Lagrangian
L(u,y,p) = J (u) + (p, Bu—y' — Ay)r.
By integration by parts, we have

£ yp) = Dl oslllhr + Ly — =1 + (B )
+ (o' = A"p,y)r + (p(0),5(0)) — (p(T), y(T))-

Deriving with respect to the three variables (u,y,p), we obtain the optimality
system:

¥ + Aj = Ba (Q % (0,T))
P +APEY(H—2)+as 9w (@) (@x(0,1))
§=0,p=0 (9 % (0, 7))
9(0) =0, p(T) =0 (€),

where the relation between the optimal control and the dual state is given by

1
iU = ——=B*p.
B
The adjoint equation is equivalent to
§= (1 +as 0 - llp) " (= + A% +7z)
= shrink(—p' + A*p + vz, %).
Y

Finally,

10
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3.2.2.  Numerical algorithm

In order to compute a numerical solution of problem (Ps), after a discretization by
finite differences, we use a grad-prox splitting on the following Augmented Energy:

g g 0
Lx (u,y) = S llullf + asllyllur + Sl Lu = 27 + S5l Lu — 7
2 2 2\
Then,
e Gradient step:

I6] )
st = s = N | Bl + J sl + 5= vl )

* 6 *
= up — A |:ﬁuk + L (Luy — 2) + )\*kL (Luy — yk)]

= (1 = BAg) up — B*py,

where
yak + Ayy, = Bup, (2 x(0,7))
Yu, =0 (092 x (0,7))
Yu, (0) =0 Q)

and

=P, + A'pr = (YAk + 0) Yu, — YAz — Syr (2 x (0,T))
P =0 (09 % (0,T))
pe(T) =0 (€).

e Proximal-point step:

. J 2 1 2
Ye+1 = argmin Oés”l/Hl,T + I\ HZ/ — Lug i ||7 + 3V Hy —ukll7
yeL% k k

= shrink({, \r),
where we defined

o Ykt O0Lupi
146 7
Y as>\k

L

Remark 3.2 Another possibility is to consider

B ol d
Ly (u,y) = gHUII% + asllyllr + g\ly — 2|7 + 5!\% —yl%.

11
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4. Computational experiments

In the following, we present the setting for the numerical experiments.

Spacial domain: Q = (0,1);

Time interval: [0, 7], with T' = 1;

Weight-parameters: o, = [0,0.01], as = [0,0.65], 8 = 0.0001 and v = 1;
Trajectory target:

Z(QT) = I[xa,@b} ?

where x, = 1.7/3, x, = 3.5/4;
e Control operator: for z1 = 1/7 and zo = 4/5,

B = I[wl,zz];

e A is the finite difference discretization of —A;
e Numerical grid: N, = 300 in space, Ny = 100 in time.

12
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Stationary solutions

13
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Figure 2.: a. = 0.01, ag = 0.

14



June 15, 2017 Optimization ?Turnpike L1-norm”

15 r r T T 1 . : T :
101 1 08 g
5 - 06 il

“ o Yoal J
51 B 02} 4

/N

10 1 0 L

15 ; ; : : 0.2 : : L L
0 02 04 06 08 1 0 02 04 06 08 1
& &

Figure 3.: . =0, as = 0.65.
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FEvolutionary problem
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Figure 4.: Optimal control for a. = a5 = 0 (TOP), a. = 0.01, ay = 0 (MIDDLE)
and a. = 0, g = 0.65 (BOTTOM). In red, the controllable subdomain; in blue,
the stationary optimal controls.
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Figure 5.: Optimal state for a. = a5 = 0 (TOP), a. = 0.01, as = 0 (MIDDLE)
and a. = 0, ag = 0.65 (BOTTOM). In red, the target z; in blue, the stationary

optimal states.
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Figure 6.: Optimal adjoint for . = a5 = 0 (TOP), a. = 0.01, oy = 0 (MIDDLE)
and a, =0, as = 0.65 (BOTTOM).
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