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Introduction

I Compatible Discretization Methods/Mimetic spectral element
De Rahm Sequences, Di↵erential Geometry, Exterior Calculus

I Mimetic Finite Di↵erence Methods
Summation By Parts - Scherer and Kreiss, 1974, generalized
inner product, Nodal grids, Diagonal Norm 2-4-2

Support Operators Methods -Samarskii/Shaskov, 1985,
-Second Order, Staggered Grid

Castillo-Grone 2003, Corbino-Castillo 2018 - 4-4-4
Staggered Grids, Generalized inner products, Diagonal Norm



Motivation

I Most PDE’s in Mathematical Physics are written using 1st
order Operators gradient, divergence and curl.

I Mimetic discrete operators mimic the continuum ones by
satisfying, in the discrete sense, the same properties that
make them more faithful to the physics of the problem.



I Our Mimetic operators have the same order of approximation
in the interior of the domain as at the boundary.

I Our mimetic operators have been used in many applications in
a very successful way, making the schemes based on these
operators competitive with the established ones.

I Staggered grids

I Time Discretizations

I Curvilinear Coordinates



Mimetic Discretization Methods

Mimetic operators are derived by constructing discrete analogs of
the continuum operators from vector calculus, O·,O⇥ and O2.

I Are discrete analogs of the continuum operator

I Satisfy vector calculus identities

I Satisfy global and local conservation laws

I Provide uniform order of accuracy



Mimetic Discretization Methods

These operators not only provide an uniform order of accuracy (all
the way to the boundaries), but they also satisfy fundamental
identities from vector calculus:

I Gradient of a constant Gf
const

= 0

I Free stream preservation Dv
const

= 0

I Curl of the gradient CGf = 0

I Divergence of the curl DCv = 0

I Divergence of the gradient DG = L



Extended Gauss Divergence Theorem



3D Uniform Staggered Grid



MOLE (Mimetic Operators Library Enhanced)

MOLE is a software library that allows users to easily solve
di↵erential equations using mimetic discretization methods.

I Full support for sparse matrices operations

I It is available in C++ and MATLAB, and it only depends on
Armadillo (An open source C++ linear algebra library)

All functions in MOLE return a sparse matrix representation of the
corresponding mimetic operator.



Test Cases: 1D Wave



Test Cases: 2D Wave



Test Cases: Richards 1D



Test Cases: Membrane 2D



Compact Operators

Let D
2

and G
2

be the second order divergence and gradient.

Let R
k

and L
k

be matrices appropriate for (CGM) operators.

M
k

= D
2

R
k

and M
k

= L
k

G
2

are mimetic di↵erence operators of
order k .

Then, explicit high-order accurate derivatives are
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Having

< Du, v >
Q

+ < u,Gv >
P

= < Bu, v >

and letting u = KGv

we get

< DKGv , v >
Q

+ < KGv ,Gv >
P

= < BKGv , v >,

< DKGv , v >
Q

+ < Gv ,Gv >
PK

= < BKGv , v > .



Now if
�DKGf = F ,

using fourth order operators D
4

, G
4

we have

�D
4

KG
4

f = F .

If
D
4

= D
2

R
4

and G
4
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4

G
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,

we get
�D
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Here we have
�D

2

S G
2

f = F

with
S = R

4

KL
4

.

What is S?



S =

0

@
A O
· · · · ·
O A⇤

1

A

A⇤ = P
m

A P
n

P
n

are permutation matrices

for K = I ,

S has non negative eigenvalues with only one zero eigenvalue and
the rest positive eigenvalues.



Time Space

The standard continuous PDE is

To

⇢
@2u

@x2
(x , y , t)dx
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(x , y , t).



first order system for the unknowns U
i ,j(t), Vi ,j(t)

8
><

>:

dU

i,j

dt

(t) = V
i ,j(t)

dV

i,j

dt

(t) = 1

2

DGU
i ,j(t)

U
i ,j(t) approximates U(x

i

, y
j

, t) at (x
i

, y
j

), which is the center of
(i , j)-th cell. The initial conditions are

⇢
U
ij

(0) = sin(x) sin(y)
V
ij

(0) = 0

To solve in time, discretize, calling t
n

= n�t, and �t = k , and
have position Verlet (2nd order) and Forest-Ruth (4th Order).
Also, retain BC: U

ij

(t) = 0, for cells sharing edge with @⌦.



Table 1: Error for both the Position-Verlet and the Forest-Ruth
algorithms.

m = n dx = dy Position-Verlet log
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51 0.2941 0.07724 � 0.0068 �
101 0.1485 0.0221 2 0.0006 4
201 0.0746 0.0049 2 4.9e � 5 4
401 0.0374 0.0014 2 2.9e � 6 4



3D-acoustic waves

Here, we transformed the linearized first order system which is not
Hamiltonian into an equivalent first order systems which is
Hamiltonian in nature. Then, we combine the space discretization
using the uniformly accurate Mimetic di↵erence operators with a
high-order discrete time scheme based upon symplectic
considerations.



We have the following manufactured solution at (x, y, z, t):

p = sin x sin y sin z cos t

u = � cos x sin y sin z sin t

v = � sin x cos y sin z sin t

w = � sin x sin y cos z sin t



The first order system, not in Hamiltonian formulation, can be
UNCOUPLED, yielding second order wave equations for each

scalar unknown.



uncoupled for pressure

Initial Conditions for p are:
p (x , y , z , 0) = sin x sin y sin z

@p

@t
= ṗ (x , y , z , 0) = 0

Boundary Condition:
p(x , y , z , t) = 0 on all six faces of the cube [0,⇡]⇥ [0,⇡]⇥ [0,⇡]
for all t � 0.



Uncouple for velocity:
so that each scalar component of the velocity vector satisfies the
scalar wave equation. In this case, we have a Robin Boundary
Value Problem for each of these unknowns.

Consider for example the x-component of velocity, i.e. u(x , y , z , t).
Since @u

@x = sin x sin y sin z cos t,we see that on the pair of
opposite faces x = 0 and x = ⇡, the normal derivative of u
vanishes there (so, a Neumann type on these faces).

But the function u = � cos x sin y sin z sin t has a vanishing value
on the other four faces of the cube:

u = 0 for z = 0 and z = ⇡
u = 0 for y = 0 and y = ⇡



3D Acoustic Wave - Pressure



3D Acoustic Wave - Velocity



Extended Gauss Divergence Theorem



Mimetic Quadratures



The coe�cients of the diagonal Weight matrix P associated to the
high order mimetic gradient operator G , also satisfy the
“exactness” su�cient conditions involving the Bernoulli numbers
appearing in the Euler-Maclaurin Summation formula.



The classical divergence theorem states that the flux of a vector
field v across the sectionally smooth boundary of a compact
domain in two or three dimensions, equals the surface or volume
integral of div v , and this integral, can then be regarded as a
functional.



When dealing with quadrature approximations for integrals, we
would then have a functional estimate for the domain integral, and
it will be said to mimic the divergence theorem, when this estimate
is accurate and also turns out to be equal to the quadrature over
the domain’s boundary.



































Extended Gauss-Divergence Theorem in Curvilinear
Coordinates

hDu, vi
Q

+ hu,Gvi
P

= hBu, vi (1)

Let D̃ and G̃ denote the divergence and gradient in curvilinear
coordinates. So, we have that,

D̃ = J
D

D and G̃ = J
G

G , (2)

Where J
D

is the Jacobian corresponding to the divergence and J
G

is the Jacobian corresponding to the gradient.
Hence,
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We have [?] that
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D

Q
cc

and PT = J
G

P
cc

, where Q
cc

and P
cc

are the
corresponding weights for the operators in curvilinear coordinates.
So we get,D
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as was demonstrated in [?],
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So, we have demonstrated that the mimetic operators D̃, G̃ in
curvilinear coordinates satisfies the extended Gauss-Divergence
Theorem and the corresponding “exactness condition” for the
curvilinear discrete divergence.



Summary
Mimetic Finite Di↵erence with Symplectic Integrators produce time
and space accurate stable High Order Schemes for wave equations

Discrete energy conservation for 2D wave motion,2016

Discrete energy conservation for 3D acoustic waves 2018

The coe�cients of the diagonal weight matrix P for the mimetic
high order mimetic gradient operator G , satisfy the “exactness”
su�cient conditions involving the Bernoulli numbers appearing in
the Euler-MacLaurin summation formula.

The Mimetic Quadratures satisfy the Divergence theorem. Mimetic

operators in curvilinear coordinates satisfy the Extended
Gauss-Divergence Theorem
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