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Introduction

This master’s thesis is a bibliographic review of geometric invariant theory and the
construction of the moduli spaces of vector bundles over a smooth projective alge-
braic curve defined over an algebraically closed field of characteristic zero. The main
objective is to provide a complete introduction to the study of moduli problems, devel-
oping all the necessary tools from geometric invariant theory and studying a concrete
example in detail.

Geometric invariant theory is a collection of techniques developed by David Mum-
ford that can be used to construct quotients of schemes by actions of algebraic groups.
This theory of passage to the quotient is one of the most fundamental tools used in
the study of moduli problems.

Let G be a topological group acting on a topological space X. Then, the set of
G-orbits X/G is a topological space with the quotient topology. What happens when
we have some geometric structure (i.e., if X is a scheme, a smooth manifold or a com-
plex manifold and G is respectively an algebraic group, a Lie group or a complex Lie
group)? In this case, the set of G-orbits X/G may present many pathological proper-
ties.

The properties that a quotient is expected to have can be isolated to give the notion
of categorical quotient for a G-action, that is, the properties that an object in a given
category must satisfy in order to be considered a quotient for a group action. For ex-
ample, in the category of topological spaces, the categorical quotient of a topological
space X with respect to an action of a topological group G always exists and is given
by the set of G-orbits X/G with the quotient topology.

In the case of differential or complex geometry there is not a general theory that
determines the conditions under which a categorical quotient exists. However, in al-
gebraic geometry there is such a theory: geometric invariant theory.

Geometric invariant theory was first developed in a 1965 monograph by David
Mumford, based partly on some results of Hilbert in classical invariant theory. Among
other results, in this monograph Mumford proved that categorical quotients for re-
ductive algebraic group actions on finite type schemes always existed over fields of
characteristic zero (in the same monograph, Mumford conjectured that the same re-
sults held in any characteristic, and this was later confirmed).
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The general idea of geometric invariant theory is that the functions of the quotient
space for the G-action should be the functions that are invariant with respect to that
action. Over affine schemes, this idea can be applied by considering the spectrum of
the algebra of invariant functions. This construction is then generalized, after some
technicalities, to arbitrary finite type schemes.

Geometric invariant theory has profound connections with symplectic quotients,
equivariant cohomology or Yang-Mills theory. The standard reference for the sub-
ject is Mumford’s book [MFKo4]. The theory presented in this thesis assumes that
we are considering actions of algebraic groups that are reductive. This is a technical
condition that ensures that the quotient schemes that are obtained are of finite type.
However, reductivity is not a necessary condition to obtain finite type quotients, and
many important algebraic groups are not reductive (for example, the additive group
is not reductive). For a survey about geometric invariant theory for non reductive
algebraic groups see [DKo7].

We will apply the results of geometric invariant theory to the construction of a
concrete moduli space: the moduli space of vector bundles over a smooth projective
algebraic curve X.

It's well known that, if € is a locally free Ox-module on X, then V¢ := Spec Sym®€"
is a vector bundle over X, where £V := Homy, (€, Ox) is the dual module. This corre-
spondence is an equivalence of categories, so we will speak about locally free sheaves
instead of vector bundles.

Intuitively, a moduli space of locally free sheaves on X is a scheme whose points
parameterize locally free sheaves on X (the exact definition, in terms of schemes corep-
resenting a contravariant functor, is given in the thesis). The moduli problem of locally
free sheaves on X consists, then, in proving the existence of those moduli spaces.

Some concrete instances of this problem are well known. For example, the moduli
space of locally free sheaves of rank 1 on a curve is the Jacobian variety of the curve,
and its construction is classical (see for example [CS86, Chapter VII]). The moduli
problem for a genus zero curve was solved by Grothendieck in [Gros7|, and the case
of elliptic curves is solved in [Ati57] by Atiyah.

The techniques used by Grothendieck and Atiyah in these particular cases could
not be immediately generalized to curves of higher genus. A first approach, due to
André Weil, consisted of studying the problem in terms of the vector bundles that
arose as associated bundles to representations of the fundamental group of the Rie-
mann surface associated to X.

This point of view is particularly well-behaved when restricting to the case of uni-
tary representations of the fundamental group. Narasimhan and Seshadri utilized
these techniques to construct moduli spaces of sheaves of degree zero, and obtained
moduli spaces for higher degree sheaves when studying unitary representations of
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more complicated groups.

At the same time, Mumford was working on notions of stability and semistability
for locally free sheaves in the sense of geometric invariant theory (see chapter [4]in this
thesis). Narasimhan and Seshadri proved that stable sheaves, in the sense of Mum-
ford, are in a one to one correspondence with irreducible unitary representations of
the groups that they considered.

Furthermore, they constructed moduli spaces of stable sheaves that were smooth,
irreducible quasiprojective varieties. More generally, they proved that semistable
sheaves were in a one to one correspondence with arbitrary unitary representations,
and the associated moduli spaces were normal irreducible projective varieties, that
were seen as natural compactifications of the moduli spaces of stable sheaves.

In this thesis, we will give a construction of the moduli spaces of semistable and
stable sheaves using a method due to Simpson (see [Simg4]). This approach has the
advantage of being easily generalizable to base schemes of higher dimension.

We will now give a brief description of the contents of the thesis:

e Chapter [1|contains the basic definitions and results from the theory of algebraic
groups that are needed for the rest of the thesis

e In chapter |2l we introduce the notion of categorical quotient by an action of an
algebraic group and study its main properties. We also define some stronger
notions of quotients called good and good geometric quotients

e In chapter |3l we motivate the definition of reductive algebraic group and prove
that there are always good quotients for actions of reductive algebraic groups
on affine schemes

e In chapter |4 we introduce the concept of linearization of an algebraic group
action in terms of equivariant sheaves. The notion of linearization allows one to
define when a point is stable or semistable with respect to an algebraic group
action. With these technical concepts, we generalize the results of chapter 3|and
prove that, for an action of a reductive algebraic group on a finite type scheme
and with respect to a fixed linearization of the action, there exists a good (resp.
good geometric) quotient of the set of semistable (resp. stable) points of the
action

e In chapter [5| we prove a criterion to decide if a point of a projective scheme is
semistable or stable with respect to an action of a reductive algebraic group

e In chapter [f| we prove the so-called Luna’s étale slice theorem, a result concern-
ing the local structure of the quotients studied in chapter [yl This result is very
useful in the study of the local properties of moduli spaces
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e In chapter [7] we prove the Riemann-Roch theorem for coherent sheaves on a
smooth projective algebraic curve. This allows us to introduce many properties
of coherent sheaves on curves that will be useful later

e In chapter |8 we introduce the notions of semistable and stable sheaves on a
smooth projective algebraic curve and study their main properties. In partic-
ular, we prove that the notion of semistability of a family of coherent sheaves
on a curve is, essentially, a necessary and sufficient condition for that family
to be parameterized by the points of some scheme. This property shows the
fundamental importance of semistable and stable sheaves in moduli problems

e Finally, in chapter|g] we describe the moduli problem of semistable sheaves over a
smooth projective algebraic curve, and give a detailed construction of the moduli
space using techniques from geometric invariant theory

By convention, we will use the word scheme to mean a connected scheme of finite
type over an algebraically closed field k. Sometimes, however, we will emphasize that
the schemes considered are of finite type (for example, in chapter [4).

We will use the word variety to mean a separated scheme of finite type over an
algebraically closed field.

If X is an integral scheme and x, is its generic point, we will denote k(X) = Oxy,.

If X is a scheme, we will denote by X*® its functor of points. For any k-algebra A,
we will denote X*(A) = X*(Spec A).

If F is a sheaf on X, we will denote hi(F) = dimH!(X, F). We will denote with
lower case letters the dimension of the space of global sections of a sheaf. For exam-
ple, we will write hom(J, §) = dimyHomy, (F, G) or ext'(F, §) = dimyExt"(F, 9).

We will denote by Sch the category of schemes, Grp the category of groups and
Sets the category of sets



Part I

Geometric invariant theory



Chapter 1

Actions of algebraic groups

In this chapter we will define what is an algebraic group, study some of their main
properties and present some examples. We will also define the notion of an action of
an algebraic group on a scheme and see how the usual notions associated to group
actions (orbits, stabilizers...) behave in algebraic geometry. We will finish this chapter
by studying the algebro-geometric structure of the orbits of an action. Some references
for the topics covered in this chapter are [Mil1y, Chapters 1, 2 and 3] and [Borg1)
Chapter I]

1.1 Basic notions of algebraic groups

Definition 1.1.1. A scheme G is an algebraic group if there are morphisms of schemes m : G x
G— G,i:G — Gand e:Speck — G such that the following diagrams are commutative

G xGx G(M)G x G Speck x G(@G X Gimi'e)G x Speck

(m,IdG)l lm \ j”i/

GxG—Fp G G
g et o _[Wde) -
Lo

Speck —; G — Speck

where the vertical morphisms G — Speck in the bottom diagram are the structure morphism
of G as a k-scheme

Observation 1.1.1. Let (G, m, 1, e) be an algebraic group. We will usually call m : G x
G — G the multiplication operation of the group, i : G — G the inversion operation and
e : Speck — G the identity element of the group. When there is no danger of confusion, we
will simply say that G is an algebraic group, without making any reference to m,ior e

We will now give an alternative presentation of algebraic groups that is more
natural for many purposes
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Lemma 1.1.1. Let G be an algebraic group and G*® : Sch — Sets the functor of points of G.
There is a unique functor Fg : Sch — Grp from the category of schemes to the category of
groups such that the diagram of functors

Sch —S°- Sets
Je l for
Grp

is commutative, where for : Grp — Sets is the forgetful functor

Proof. Let m: G x G — G and i : G — G be the group operations in G. Let S be a
scheme. For any f,g € G*(S) = Hom(S, G), define

f+g:=mo(f,g)
—f:=foi
0 := eostr, where str : S — Speck is the structure morphism of S

It’s easy to prove that (G*(S), +) is a group with identity element o and such that the
inverse element of any f € G*(S) is —f. For example, given f,g,h € G*(S) we have
that

(f+g)+h=mo(f+g,h) =
=mo (mo(f,g),h
— (mo (m,1dg)) o
= (mo (Idg,m)) o
=mo (f,mo(g,h)
=f+(g+h)

so + is associative in G*(S). The rest of the group axioms for G*(S) follow similarly.

We define F(S) := (G*(S), +). Clearly, this defines a functor Fg : Sch — Grp that
satisfies the conditions of the lemma O

Definition 1.1.2. Let (G, mg,ig, eg) and (H, my, iy, en) be algebraic groups. A morphism
of schemes ¢ : G — H is a morphism of algebraic groups if the following diagrams are
commutative

GxGXCLHxH G—2 - H G—2-H

el
eH

G—5 M  Speck C—~H

We will denote by AlgGrp the category of algebraic groups with morphisms given
by definition The next proposition will allow us to work with algebraic groups
using the language of points with values in a scheme
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Proposition 1.1.1. There is an equivalence of categories

_ Representable functors
AlgGrp = Sch — Grp
G+— ffG

where ¥ : Sch — Grp is the group-valued functor associated to G, as defined in lemmal[1.1.1]

Proof. Let I : Sch — Grp be a representable functor. Then, there is a scheme X such
that 7 = X°. Let’s prove that X has an algebraic group structure such that F = Jx.

We have to give group operations m : X x X — X, i : X — X and a closed
point e : Speck — X making the diagrams in definition commutative. Since
(X x X)* = X* x X*, by Yoneda’s lemma we just have to give morphisms of functors
m® : X* x X* — X% 1* : X* — X*® and e® : (Speck)® — X* making the diagrams of
definition commutative at the level of valued points.

For every scheme S, by definition there is a group operation +s : X*(S) x X*(S) —
X*(S). We can define mg := +5. We define i* and e® similarly. It’s now easy to prove
that (X, m, 1, e) is an algebraic group such that Ix = F O

Observation 1.1.2. If G is an algebraic group and Fg is the group-valued functor associated
to G, we will denote Fg = G*

Definition 1.1.3. An algebraic group G is affine if G is an affine scheme

Since the category of affine schemes is anti-equivalent to the category of commu-
tative rings, we can define the notion of an affine algebraic group solely in terms of
the ring of regular functions of the scheme. The notion that arises is that of a Hopf
algebra

Definition 1.1.4. Let A be a finite type k-algebra. A is a Hopf algebra if there are k-algebra
homomorphisms m* : A — AQ¢ A, i* : A = Aand e* : A — k such that the following
diagrams are commutative

ARARARTARA ko ATMA gAML o)

m*®IdAT ]m* \ Tm* -
A

AQA<——A
A ldasiny “ AU
o=
k A k

where the vertical morphisms k — A in the bottom diagram are given by the structure mor-
phism of A as a k-algebra
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Observation 1.1.3. Note that the diagrams of definition are, essentially, dual to the
diagrams of definition [1.1.1]

We can define a morphism of Hopf algebras as a morphism of k-algebras that pre-
serves the Hopf algebra structures in the obvious way. We will denote by HopfAlg the
category of Hopf algebras and by AffAlgGrp the category of affine algebraic groups

Lemma 1.1.2. There is an anti-equivalence of categories
HopfAlg = AffAlgGrp
(A, m", 1", e") — (SpecA, m,1,e)
(O(G), m", 1", e*) « (G, m,i,e)
where we denote by f* : B — A the k-algebra homomorphism induced by a morphism of affine
schemes f : Spec A — SpecB

Proof. Let (G, m,1i,e) be an affine algebraic group. G is, as an affine scheme, com-
pletely determined by its ring of regular functions O(G), and the morphisms of
schemes m : GxG — G,1: G = G and e : Speck — G induce k-algebra homo-
morphisms

m :0(GxG)~0(G)®0O(G) = O(G)
i": 0(G) — O(G)
e :0(G) = k

that clearly make commutative the diagrams of definition on regular functions.
These diagrams are exactly the ones in definition so (O(G), m*,i*,e*) is a Hopf
algebra. The same argument proves that every Hopf algebra defines an affine alge-
braic group O

We will now give some basic examples of algebraic groups

Example 1.1.1. Denote G, := Speckl[t]. G is an affine algebraic group, called the additive
group. By lemma giving the structure of an algebraic group on G is the same as giving
a Hopf algebra structure on k[t]. Consider the following k-algebra homomorphisms
m* k] — klt] @ klt]
t—t®1+11t
"o k[t] = K[t]
t— —t
e" 1 k[t] - k
t—o
it’s easy to check that (k[t], m*,i*, e*) is a Hopf algebra. For example, let’s prove that (Ida ®
e*) om* = Ida. We have that
(Ida®@e)om*)(t) = (lda®e" ) (t®1+1®1t) =
=t®1+1®0=
—t®1=
=wia ARk ~A)=
=1
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This proves that (Gq, m, 1, €) is an affine algebraic group. For every k-algebra (A,+,-), we
have that
G(.l(A) = Homkfalg(k[t]/A) = (A/ +)

In virtue of proposition this could have been an alternative definition of the additive
group: the algebraic group representing the group-valued functor that assigns to every k-
algebra (A, +, ) its additive group (A, +)

Example 1.1.2. Denote Gy, := Speckl[t,t™"]. Gn is an affine algebraic group called the
multiplicative group. We can give a Hopf algebra structure on k[t,t™ "] by considering the
following k-algebra homomorphisms

m* k[t t7] =kttt k[t t77]
t—tet
Ukl tT] — k[t
t—t !
e’ klt,t7'] =k
t—1

it’s easy to check that (k[t,t7'], m* 1%, e*) is a Hopf algebra, so (Gm, m,1i,e) is an affine
algebraic group. For every k-algebra (A, +,-), we have that

Gm(A) = Homy_qiq(klt, t7'],A) = (A%, )

because every k-algebra homomorphism k[t,t™"] — A is determined by the image of t in A,
and the image of t must be invertible in A, because t is invertible in k[t, t™"]. The multiplica-
tive group Gy, is, then, the representative of the group-valued functor that assigns to every
k-algebra (A, +, ) its multiplicative group (A*,-)

Example 1.1.3. Let E be a k-vector space. Consider the group-valued functor
GL(E) : Alg, — Grp
A — GL(E)(A) := Auta_moa(A ®x E)

where Alg, denotes the category of k-algebras. The representative of GL(E), if it exists, is an
affine algebraic group denoted by GL(E) and called the general linear group of E.

For example, GL(E) is representable if E is finite-dimensional over k. Suppose in particular
that E = k™. Then GL(kK") will be denoted by GL(k™) = GL(n, k) and GL(n, k) is, as a
scheme, the open subset of Spec k[{xij}i j—1,..n] given by the complement of the zero set of the
determinant det € K[{xij}ij—1,.,nl. In other words,

GL(n, k) = Spec kl[{xi}i j—1,...nldet
and the group operations are the ones induced by the usual multiplication of matrices

Example 1.1.4. The usual closed subgroups of the general linear group are algebraic groups.
For example, the special linear group SL(n, k) := {det — 1 = o} is a closed algebraic subgroup
of GL(n, k). It's not hard to define the classical groups PGL(n, k), PSL(n, k), O(n, k),
SO(n, k)... in the category of affine algebraic groups
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Example 1.1.5. A very important family of examples of algebraic groups is the one given
by abelian varieties. An abelian variety is a separated algebraic group that is proper over k.
For example, every elliptic curve (smooth projective algebraic curve of genus 1 with a rational
point) is an abelian variety. For more on abelian varieties, see [Mum 70|l

For more examples of algebraic groups, see [Mil17, Chapter 2].

We are now going to study some basic properties of algebraic groups
Lemma 1.1.3. Every algebraic group is a separated scheme

Proof. Let G be an algebraic group and denote by 6g = (Idg,Idg) : G = G x G the
diagonal morphism of G. It’s easy to check that there is a cartesian diagram

G Speck

l |

GXG——=>G

mo(Idg xi)

where the horizontal top arrow G — Speck is the structure morphism of G as a k-
scheme.

By definition, the identity element e : Speck — G is a closed point, and thus the
diagonal g : G — G x G is the base change of a closed immersion, hence a closed
immersion, so G is a separated scheme O

Algebraic groups come with many automorphisms

Definition 1.1.5. Let G be an algebraic group and let g : Speck — G be a closed point. The
left translation by g is the morphism of schemes Ly : G — G defined by Ly := mo (g,Idg)
Observation 1.1.4. Note that, by proposition the set G*(k) of closed points of G is a
group
Lemma 1.1.4. The map
G*(k) = Auty_sn(G)
g Lg
is a group homomorphism. The induced left action of G*(k) on G is transitive when restricted
to G*(k)
Proof. For every g,h € G*(k), denote i(g) = g~ " and m(g, h) = gh. Then it’s easy to
prove that, for every g4, g,, g € G*(k), we have that
Lgg. =Lg 0L,
(Lg)_l — Lg*l
L. =Idg
so G*(k) — Auty_4(G) is a group homomorphism. For any g4, g, € G*(k), we have
that
9> =1(91-9;") 92 =Ly 4-1(92)
and thus the restriction of the induced left action to G*(k) is transitive O
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The fact that G*(k) acts transitively on itself has many interesting consequences.
Schemes satisfying the condition that their groups of automorphisms act transitively
on their sets of closed points are called homogeneous schemes. As an example, we
have the following result

Proposition 1.1.2 ([Mil17] Proposition 1.18). Let G be an algebraic group. Then
G is reduced < G is smooth

Observation 1.1.5. If char(k) = o, then it can be proven that every algebraic group is

reduced ([Mil17, Corollary 10.36]) so, by lemma and proposition every algebraic
group defined over a field of characteristic zero is a smooth algebraic variety

1.2 Actions of algebraic groups

A good reference for this section is [Mil17, Chapter 9]

Definition 1.2.1. Let X be a scheme and G an algebraic group. A left action of G on X is a
morphism of schemes o : G x X — X making the following diagrams commutative

Idg xo

GxGxX—=%GxX G x X—2 X

mXIdxl lc eXIdx] Idx
GxX—F X Speck x X —= X

Right actions of an algebraic group can be defined in a completely analogous way.
In general, we will always work with left actions unless we say the contrary. A pair
(X, o) given by a scheme X and an algebraic group action o : G x X — X will be called
a G-scheme

Definition 1.2.2. Let (X, ox) and (Y, oy) be G-schemes. A morphism of schemes f : X — Y
is G-equivariant if the square

GXXMGXY

X——Y

is commutative.

If G acts trivially on Y (i.e. if oy : G X Y — Y is the natural projectionon Y) and f : X =Y
is G-equivariant, we will say that f is G-invariant

We will denote by Schg the category of G-schemes with G-equivariant morphisms.

For almost every purpose, it’s easier to work with actions of algebraic groups on
schemes defined in a functorial way
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Definition 1.2.3. Let G be an algebraic group and X a scheme. A functorial action of the
group-valued functor G* : Sch — Grp (recall observation on X* : Sch — Sets is a
morphism of functors
0*:G* xX* = X*

such that, for any scheme S, 03 : G*(S) x X*(S) — X*(S) is an action of G*(S) on X*(S)
Definition 1.2.4. Let G be an algebraic group and let X and Y be schemes. Let 0% : G* x X* —
X® and oy : G* x Y* — Y* be functorial actions of G* on X* and Y* respectively. A morphism
of schemes f : X — Y is functorially G®-equivariant if, for every scheme S and every p € X*(s),
g € G*(S), we have that

f3(ox s(g,x)) = 0y 5(g, f5(x))

where f* : X* — Y* is the morphism of functors induced by f: X — Y.

f: X = Yis functorially G®*-invariant if f is functorially G*-equivariant and the functorial
action of G* on Y* is trivial (i.e. if oy : G* X Y* — Y* is the natural projection on Y*)

Denote by FunSchg the category of functors of points of schemes with a functorial
G*-action and functorially G*-equivariant morphisms

Proposition 1.2.1. There is an equivalence of categories

Schg = FunSchg
(X,0) — (X*,0°)

where 6® : (G x X)®* = G* x X* — X* is the morphism of functors induced by o: G x X = X

Proof. The proof of this proposition follows easily by Yoneda’s lemma using the same
ideas as in proposition [1.1.1] O

The action of an algebraic group on a scheme induces a notion of functions that
are invariant with respect to the action. We will now introduce some basic definitions
in regard to this concept

Definition 1.2.5. Let (G, m, 1, e) be an affine algebraic group and let A be a k-algebra (resp.
a vector space). A dual action of G on A is a k-algebra homomorphism (resp. a K-linear
homomorphism) o* : A — O(G) ® A making the following diagrams commutative

L OG)®A K@A~AZA A
o* lm*@ld A e*@ld Al -
O(G)®AMAO(G)®O(G)®A O(G)®A

Definition 1.2.6. Let G be an affine algebraic group and let (A, c*) be a k-algebra (resp. a
k-vector space) with a dual action of G. An element a € A is G-invariant if 0*(a) =1® a

Definition 1.2.7. Let B C A be a subalgebra (resp. a subspace) of A. B is G-invariant or
G-stable with respect to the dual action o* on A if 6*(B) C O(G) ® B
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We state without proof the following easy result

Lemma 1.2.1. Let G be an affine algebraic group and let (A, c*) be a k-algebra (resp. a
k-vector space) with a dual action of G. Then, the set of G-invariant elements of A

AS:={aeA:0'(a)=1®a}
is a subalgebra (resp. a vector subspace) of A

There is a natural notion of a morphism between k-algebras that have a dual ac-
tion of an affine algebraic group. We denote by Alg . the category of k-algebras with
a dual action of the affine algebraic group G.

Note that the diagrams in definition are dual to the diagrams that appear in
definition This observation yields the following

Proposition 1.2.2. Let G be an affine algebraic group. There is an anti-equivalence of cate-
gories

AffSchg = Alg
(X, 0) = (0(X), 07)

Proof. Let (X, 0) be an affine G-scheme and let 0* : O(X) — O(G) ® O(X) be the k-
algebra homomorphism induced by o. Since ¢ makes the diagrams of definition [1.2.1]
commutative, it’s easy to check that ¢* makes the diagrams of definition com-
mutative, and thus (O(X), 0*) is a k-algebra equipped with a dual action. On the other
hand, every k-algebra with a dual action of G induces, using the anti-equivalence of
commutative rings and affine schemes, an action of G on its spectrum O

Definition 1.2.8. Let G be an algebraic group and (X, o) a G-scheme. A subscheme Z C X is
G-invariant if Z° is invariant with respect to the induced functorial action o® : G®* x X* — X*,
i.e., if there is a functorial action 6* : G* x Z* — Z° such that the following diagram of
functors commutes

G® x X* <. X
Idge xi'T Tr
G® x Z* ——Z7°
where i : Z — X is the natural inclusion of Z in X

We will now define the notion of an invariant function with respect to an action of
an affine algebraic group

Lemma 1.2.2. Let G be an affine algebraic group and (X,o) a G-scheme. Let X7 =
Spec O(X) be the affine scheme associated to X. There is a unique action & : G x X — Xaff
of G on X such that the following diagram commutes

Gx X2 X

Idg xpl lp

G % Xaff Xaff
o

where p : X — X% is the natural morphism of X to its asociated affine scheme X°'f
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Proof. We have a morphism poo: G x X — X% of G x X on an affine scheme X% It’s
easy to check that (G x X)%'" = G x X%f, since G = G because G is an affine scheme.
Using the universal property of the associated affine scheme (see [Liuo2, Chapter 2,
Proposition 3.25]), there is a unique morphism of schemes ¢ : G x X%f — X" making
the diagram of the lemma commutative. It’s easy to check that ¢ is an action of G on
Xaff N

From the definition of an invariant subscheme, lemma and proposition[1.2.2]
it follows that if G is an affine algebraic group acting on a scheme X and U C X is a
G-invariant open subset of X, then O(U)C is well defined, so it makes sense to speak
about functions that are invariant with respect to an algebraic group action.

We will now define some of the basic concepts associated to group actions in the
context of algebraic geometry

Let G be an algebraic group

Definition 1.2.9. Let (X, o) be a G-scheme and x € X®*(k). Let (Idg,x) : G — G x X and
oy := oo (Idg,x). The orbit of x by the G-action is

G-x:=Im(oy) C X

Definition 1.2.10. Let (X, o) be a G-scheme, x € X*(k) and oy : G — X as in definition
The stabilizer subgroup of G at x, denoted by Gy, is

Gx =0, '(x) = G xx {x}
Lemma 1.2.3. Gy is a closed algebraic subgroup of G
Proof. By definition, the following diagram is cartesian
Gx——G
Speck —X

so the top horizontal arrow Gy — G is the base change of a closed embedding x :
Speck — X, and thus it’s a closed embedding. On the other hand, it’s easy to prove
that, for every scheme S, we have that

GX(S) ={g e G*(S):g-x=x} (1.1)

where x : Speck — X is thought as an element of X*(S) via the top horizontal arrow
of the following diagram
S

| A

Speck

X

and the vertical arrow S — Speck is the structure morphism of the k-scheme S (in
other words, x is thought as a S-valued point by considering it as the constant mor-
phism S — X equal to x). Equation[1.1|clearly shows that G} is a group-valued functor,
and hence Gy is an algebraic group in virtue of proposition [1.1.1] O
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The algebro-geometric structure of the orbits of an action of an algebraic group on
a scheme is given by the following

Proposition 1.2.3. Let (X, 0) be a G-scheme and x € X*(k)

(a) G-xis alocally closed subset of X. In particular, it has a unique structure of reduced
subscheme of X

(b) The boundary G -x — G - x is an union of G-orbits of strictly less dimension than G - x.
In particular, G - x — G - x contains, at least, one closed orbit of minimal dimension

Proof. It suffices to prove that G - x is an open subset of G-x. Chevalley’s theorem
ensures the existence of an open subset U C G - x, dense in G - x, such that

UCG-xCG-x

(see [An12, Lemma 2.1]). By definition, for every closed point z € G - x there is some
g € G*(k) such that g-x = z. In particular, z € o4(U), and o4(U) is an open subset of
G - x because g : X = X is an automorphism of X. This proves that

Gx= [J o)

geG* (k)

and thus G - x is an open subset of G- x. In particular, the G-orbit G - x is a locally
closed subset of X and thus it has a unique structure of reduced subscheme.

On the other hand, since G - x is a G-invariant open subset of G - x, then the bound-
ary G-x— G -xis also G-invariant, so we have that

G- x—G-x= U G-z

2eG-x—G-x

and these G-orbits are clearly of less dimension than G - x because they are contained
in the complement of an open dense subset G -x C G -x. In particular, G-x — G - x
contains orbits of minimal dimension, and these orbits must be closed because if they
were not closed then they would contain orbits of less dimension in their bound-
aries, and that’s impossible because we had already assumed that their dimension is
minimal [

Lemma 1.2.4. Let (X,0) be a G-scheme and x € X*(k). Then ox : G — G -x is a flat
morphism

Proof. This morphism takes values in the reduced scheme G - x. By generic flatness
(see for example [GW10, Corollary 10.85]) there is a non empty dense open subset
U C G- x such that o, '(U) — U is a flat morphism. The action of G on G- x is
transitive, so we can cover G - x by the translates o4(U), and for each g we have
that o '(og(U)) — o4(U) is flat because it is the base change of a flat morphism
o, '(U) — U. This proves that ox : G — G - x is locally flat, hence flat O

Proposition 1.2.4. Let (X, o) be a G-scheme. We have that
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(a) For every x € X*(k),
dim G = dim Gy + dim (G - x)

(b) For every n > o, the set {x € X*(k) : dim G« > n} is the set of closed points of a closed
subset of X

Proof. By lemma ox : G — G- x is a flat morphism of schemes. By the formulas
for the dimension of the fibers of a flat morphism (see for example [GW10, Corollary
14.95]), we have that

dim (G -x) = dim G —dim o}, '(x) = dim G — dim Gy

and hence (a) follows. In an analogous way, (b) is deduced from the fact that for every
n > o then {x € X : dimo;*(x) > n} = {x € X: dim Gx > n} is closed (see [GW10,
Theorem 14.110]) O



Chapter 2

Quotient by an algebraic group action

In this chapter we will define the notion of categorical quotient. These are the type
of quotients that we will seek to construct using geometric invariant theory. We will
study their main properties and give some examples. Some references for this chapter
are [MFKoy4, Chapter o], [Hos15, Chapter 3], [New78, Chapter 3] or [Dolo3, Chapter
6]

2.1 Categorical quotients

Let C be a locally small category with products

Definition 2.1.1. Let X be an object of C. An equivalence relation on X is a morphism
R — X x X such that, for every object A of C, the induced map

R*(A) = X*(A) x X*(A)
is an ordinary equivalence relation on the set X*(A)

Definition 2.1.2. Let R be an equivalence relation on X. If it exists, the colimit of the diagram

R——X

|

X
is called the categorical quotient of X by the equivalence relation R

Observation 2.1.1. Clearly, if it exists, the categorical quotient by an equivalence relation is
unique

For some applications that will be developed in the following chapters, it’s conve-
nient to have an alternative characterization of categorical quotients

Definition 2.1.3. Let I : C — Sets be a contravariant functor and let F be an object of C. Let
& :F — F* be a morphism of functors. The pair (F, &) corepresents J if, for every object X of C

20
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and every morphism of functors 1 : I — X®, there is a unique morphism f : F — X such that
the following diagram of functors is commutative

LI
at /
FO

where f* : F* — X® is the morphism of functors induced by f : F — X

Let X be an object of € and R — X x X an equivalence relation on X. Consider the
following functor

X_/R: G — Sets
A X_/R(A) =X*(A)/R*(A)

Lemma 2.1.1. An object Q in C is a categorical quotient for X by the equivalence relation R
if and only Q corepresents the functor X/R : € — Sets

Proof. Let Y be an object of C. Then, for every object A in € we have that

Commutative diagrams R*(A) — X°*(A)

Hom(X*(A)/R*(A),Y*(A)) = { l j }
X*(A) —=Y*(A)

from this, and from the definition of the colimit of a diagram, we have that an object
Q in C is a categorical quotient for the equivalence relation R on X if and only if it
corepresents the functor X/R : € — Sets O

Example 2.1.1. Let € = Top be the category of topological spaces. Let G be a topological
group and X a topological space. Suppose that we have a continuous action o: G x X — X of
G on X. Then, o induces an equivalence relation on X in the following way

P:R=GxX—=XxX
(g,x) — (x,0(g,x))

Let X/G := {G-orbits of the action o in X} and 7 : X — X/G be the natural map. Then, the
topological space given by X/G with the quotient topology induced by 7 : X — X/G is the
categorical quotient of X by the equivalence relation \ : G x X — X x X

The previous example shows that categorical quotients for equivalence relations
defined by group actions always exist in the category of topological spaces. Does the
same happen in the category of schemes?

Let G be an algebraic group and X a scheme. Let 0 : G x X — X be an action of G
on X. This action induces the following morphism of schemes

P:=(1mx,0):GxX—=>XxX

where mx : G x X — X is the natural projection on X. It’s easy to check that \{ :
G x X — X x X is an equivalence relation on X in the sense of definition [2.1.1]
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Definition 2.1.4. A categorical quotient for the G-action o : G x X — X on X is a categorical
quotient for the equivalence relation \p = (1ix, 0) : G x X = X x X on X

Observation 2.1.2. Alternatively, it's easy to check that a categorical quotient for the G-action
on X is a pair (Y, ) where Y is a scheme and 7t : X — Y is a G-invariant morphism satisfying
the following universal property: for every scheme Z and every G-invariant morphism f : X —
Z, there is a unique morphism of schemes h:Y — Z such that hom = f

Suppose that 7 : X — Y is a categorical quotient for the G-action on X. It's easy
to see that there is a unique morphism 1y : G x X — X xy X such that the following
diagram is commutative

GxX—YoxxX

wvl /

XXYX

where the diagonal arrow X xy X — X x X is the natural morphism induced by 7 :
X =Y. If Py : G x X = X xy X is surjective then, for every x,y € X*(k) such that
ni(x) = m(y), there is some g € G°®(k) such that g-x = y. That is, the morphism
m: X — Y parameterizes G-orbits, i.e. for every x € X*(k) we have that

G-x=m "(m(x))

In general, if 71 : X — Y is a (not necessarily surjective) categorical quotient, we can
only prove that 7(G - x) = 7t(x), but disjoint orbits may have the same image in Y via
7. We will later encounter examples of this behaviour

Definition 2.1.5. Let (X, o) be a G-scheme and 7 : X — Y a categorical quotient for the
G-action on X. m : X — Y is a geometric quotient if 7 and Py : G x X — X xy X are
surjective

Example 2.1.2. Consider the following action of the multiplicative group G, = Speckl[t, t™]
on the affine line A" = Spec k[x]

0°: Gy x (A')* = (A")®
(Ap) = o"(Ap) i=A-p

where A and p are understood respectively as points of Gy, and A" with values in some scheme.
Alternatively, o : G x A" — A" is induced by the dual action of Gy on k[x] defined as

(recall proposition [1.2.2)

o' kix] = k[x] @ k[t, t7]
X—XxXt

We will prove later that the categorical quotient of the affine line by this action is the structure
morphism A' — Speck. The orbits of this action in A" are the punctured lines passing
through the origin in (A')*(k) =k
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Example 2.1.3. The previous example is part of a more general behaviour. Consider the
following action of Gy, = Speck[t, t™'] on A™ = Speck[x4,...,xn]

0% : G X (A™)® — (A™)®
(A p)—=0*(A,p):=A-p

where A and p are points of Gy and A™ respectively with values in some scheme. Alterna-
tively, o : Gy x A™ — A™ is induced by the following dual action

o kixe, ..., xn) = kit, t7T I @klxq, ..., X0
Xi— 0 () =t®x

The categorical quotient for this action is the structure morphism m : A™ — Speck. In
particular, it is not a geometric quotient. It can be proven that A™ —{o} is a Gy -invariant
open subset of A™ and that the natural morphism A™ —{o} — IP™" is a geometric quotient
for the Gm-action

Example 2.1.4 ([SR16], Chapter 6, Example 4.10). Unlike in the case of topological spaces
(recall example [2.1.1)), the categorical quotient for an algebraic group action does not always
exist.

For example, let k be a field of characteristic o and consider the following action of the
additive group G on the space of order 2 square matrices M (2, k)

0®: G x M(2,k)* - M(2,k)*
a b a+A-c b+A-d
o (e g ()

(where, as usual, we are defining the action over points of Gq and M(2,k) valued on some
scheme). This Gq-action on M(2,k) does not have a categorical quotient. The main reason
behind this is that the additive group G is not a reductive algebraic group. We will define
what a reductive group is later

The main objective of geometric invariant theory is to give necessary and suffi-
cient conditions for the existence of categorical quotients for algebraic group actions
on schemes.

Let’s study some basic properties of categorical quotients for algebraic group ac-
tions

Lemma 2.1.2. Let G be an algebraic group and (X, o) a G-scheme. Suppose that there is a
categorical quotient 7t : X — Y for the G-action. Then, 7w : X — Y is an epimorphism in the
category of schemes

Proof. Suppose that there are morphisms f,g : Y = Z such that f om = g o 7. Clearly,
fom and gom are G-invariant morphisms from X to Z. By the definition of the
categorical quotient for an algebraic group action, we have that f = g O
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Proposition 2.1.1. Let G be an algebraic group and X a G-scheme. Let 1 : X — Y be a
G-invariant morphism

(a) If there is an open cover {Ui}e1 of Y such that the restriction Ty, : 7 (W) — Wy
is a categorical quotient for every i € 1, then 7 : X — Y is a categorical quotient

(b) Suppose that 7t: X — Y is a categorical quotient for the G-action on X. If X is a reduced
(resp. connected, irreducible, integral, normal) scheme, then Y is also a reduced (resp.
connected, irreducible, integral, normal) scheme

Proof. Let’s see (a). Suppose that f : X — Z is a G-invariant morphism. Then, for
every i € [, m*(l) is a G-invariant open subset of X and the restriction fj—(y,) :
m '(U;) — Zis G-invariant. By the definition of categorical quotient, there is a unique
morphism h; : U; — Z such that hj o 1 (yy,) = fjr1(u,)- The family of morphisms
{hi : Uy — Z}icg glues to a unique morphism h : Y — Z such that hy, = h; for every
i € I. Besides, hom = f by construction. Since this holds for every G-invariant mor-
phism f : X — Z, we conclude that 7t: X — Y is a categorical quotient.

Let’s prove (b). Suppose that X is a reduced scheme and that m : X — Y is a
categorical quotient for the G-action on X. Let j : Y4 < Y be the canonical inclusion
of the reduced model of Y in Y. Since X is a reduced scheme, there is a unique
morphism 7t : X — Y™ such that jo7t = 7, and 7 : X — Y™ is G-invariant because
mm: X — Yis. Besides, m : X — Y is a categorical quotient, so there is a unique
morphism of schemes i: Y — Y™4 such that 7t = i o . We then have that

joiom=jom=m

iojom=iom=m

and thus
]Ol:IdY and lOJ = Idyred

because 7 : X — Y and 7t : X — Y™ are epimorphisms in the category of schemes.
The remaining properties are proven in a very similar way. For example, if X is a
normal scheme, then 7t : X — Y factors through the normalization of Y and the same
arguments as above apply O

Example 2.1.5 ([Muko3], Example 5.1). If X is a separated G-scheme and w: X — Y isa
categorical quotient for the G-action, then Y is not a separated scheme in general.

For example, consider the open subscheme of A* given by X = A* —{(0,0)} and define a
Gm-action by

o:GH xX*—=X*
(A (6 y)) = ot (x,y)) = (t-x,t77 - y)
where A and (x,y) are valued points of Gy and X. The categorical quotient for the G -action
on X exists and is isomorphic to the affine line with a double origin, so it’s not a separated

scheme. However, the quotients that we will construct using techniques from geometric in-
variant theory will always be separated schemes
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For the rest of this chapter, we will suppose that G is an affine algebraic group

Observation 2.1.3. Let X be a G-scheme and let w : X — Y be a G-invariant morphism.
For every open subset U C Y, w *(U) is a G-invariant open subset of X, so the k-algebra
Ox (7t (W) S is well defined.

Let 71,0$ be the sheaf of algebras on Y defined by m.0%(U) == Ox(t 1 (U))C for every
open subset U C Y. Its easy to check that the image of the sheaf homomorphism Oy — m,Ox
induced by T is contained in 7.0

In practice, the quotients that we will construct will satisfy some additional prop-
erties that are given in the following definition

Definition 2.1.6. Let X be a G-scheme. A morphism 7 : X — Y is a good quotient for the
G-action if it satisfies the following properties

(a) m: X — Y is surjective

(b) m: X — Y is G-invariant

(c) The sheaf homomorphism Oy — 1.0% (see observation is an isomorphism
(d) For every G-invariant closed subset C C X, the image 1t(C) is a closed subset of Y

(e) For every pair of disjoint G-invariant closed subsets C,,C, C X, their images m(C)
and 7(C,) are also disjoint

If, besides, the natural morphism Py : G x X — X xy X is surjective (see definition [2.1.5)),
then : X — Y is called a good geometric quotient

Lemma 2.1.3. Let X be a G-scheme and let v : X — Y be a good quotient for the G-action.
Then, Y has the quotient topology of m: X —'Y

Proof. Let U C Y be a subset of Y such that n~*(U) C X is an open subset of X
and C := X—m *(U). C is a G-invariant closed subset of X, because 7 *(U) is G-
invariant. By condition (d) of definition nt(C) is a closed subset of Y, and clearly
m(C) C Y—U. On the other hand, if y € Y — U, then there is some x € X such that
n(x) =y, and necessarily x € X —n'(U) = C. This proves that Y — U = 7(C) is
closed, and hence U =Y — 7t(C) is open O

Example 2.1.6. The categorical quotient for the Gy-action of example was given by the
structure morphism A™ — Speck. A direct computation shows that K[x,, ... ,xn]Sm =Xk, so
this categorical quotient is a good quotient. However, it is not a good geometric quotient. The
action of Gy, induced on the Gy-invariant open subset A™ —{o} C A™ had the categorical
quotient A™ —{o} — IP™"". This is a good geometric quotient

Proposition 2.1.2. Every good quotient is a categorical quotient
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Proof. Let X be a G-scheme and 7 : X — Y a good quotient for the G-action. Let
f: X — Z be a G-invariant morphism. If we prove that there is a unique morphism
h:Y — Z such that hom = f, then : X — Y is a categorical quotient.

Let {U;}* | be an affine open cover of Z. For every i = 1,...,n, since f is G-
invariant, then C; := X —f'(U;) is a G-invariant closed subset of X, and clearly
N, Ci = 0 because X = U f~'(U;) = (UL U;) = f~*(Z). Properties (d) and (e)
in definition show that {mt(C;)}}* is a family of closed subsets of Y such that
N, 7(Ci) = 0. Let V; := Z—7(C;). Then {V;}I | is an open cover of Y, and besides
(Vi) C f71(U;) by construction. For every i = 1,..., 1, let h{ : Oz(U;) — Oy(V;) be
defined by the following diagram

O0z(Uy) - Oy(Vi)

Ox(F71(Uy)) ¢ —= Ox(m (V)

where res : Ox(f1(U;))¢ — Ox(m*(V;))€ is the restriction homomorphism induced
by the inclusion n—*(V;) C f~*(U;) and 7t* : Oy(V;) — Ox(f~1(V;))C is an isomorphism
by condition (c) in definition

Recall that we have chosen the open subsets U; C X to be affine, and thus h! :
Oz(U;) = Oy(V;) induce morphisms h; : V; — U; that are uniquely determined. The
morphisms {h; : V; — Wi} | glue to a unique morphism h: Y — Z such that h, = h;
for every i = 1,...,n and, by construction, f = hom. We conclude that m: X — Yisa
categorical quotient for the G-action on X O

Proposition 2.1.3. Let X be a G-scheme and 7t : X — Y a G-invariant morphism

(a) If m: X — Yisa good quotient for the G-action, then (Y, Tt) is the unique pair satisfying

the properties of definition

(b) For every x € X*(k), the quotient : X — Y is constant on G - x, i.e.

(c) For every x,y € X*(k), we have that
G-xNG-y#0=mnx)=mny)
Furthermore, if t: X — Y is a good quotient for the G-action, then

G- xNG -y #0 & n(x)=mny)

(d) If m: X — Y is a good quotient for the G-action, then, for every y € Y*(k), there is a
unique closed G-orbit contained in 7w *(y)
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(e) Suppose that 7t : X — Y is a good quotient for the G-action. Then, : X — Y is a good
geometric quotient if and only if the G-action on X is closed, i.e., if and only if for every
x € X*(k) the G-orbit G - x is a closed subset of X

(f) If there is an open cover {Ui}ic1 of Y such that m—y,) : © (W) — Uy is a good
quotient (resp. good geometric quotient) for every i € 1, then m : X — Y is a good
quotient (resp. good geometric quotient)

Proof. (a) is a direct consequence of proposition because categorical quotients
are uniquely determined for satisying a universal property.

Let’s prove (b).

7t : X = Y is a continuous map and thus for every subset A C X
we have that (A) C 7(A). In particular, for every x € X*(k) we have

n(G-x) Ct(G-x) =
= (mris G-invariant) =

—

= m(x)

—

= 71(x

and thus 7t(G - x) = 7t(x).

Property (c) is a direct consequence of (b). Indeed, given x,y € X*(k) such that

G-xNG-y#£0,
n(x) =7n(G-x) =n(G-xNG-y) =7n(G-y) = n(y)

Suppose now that 7t : X — Y is a good quotient for the G-action and that G- xNG -y =
(). Then, by properties (d) and (e) from definition we have that

n(G-x)N7(G-y) = {n(x)} N {n(y)} =0

and thus 7t(x) # 7(y). This proves that G- xN G-y = 0 = n(x) # n(y), and thus
nx) =7(y) = G-xNG-y #0.

Let’s now prove (d). If there were two closed G-orbits G-x, G-z C 7 *(y) then
by (c) we would have G-xN G-y # 0 and thus G-x = G -y. Condition (e) follows
easily from conditions (c) and (d), because 7t : X — Y is a good geometric quotient if
and only if the fiber of any point in Y is a unique orbit, and there is always a unique
closed orbit contained in the fiber of each point. Finally, (f) is proven in a very similar
way to the analogous statement for categorical quotients O

Definition 2.1.7. Let G be an algebraic group and (X, o) a G-scheme. Suppose that a cate-
gorical (resp. good, resp. good geometric) quotient : X — Y for the G-action exists. Then,
7t is a universal (resp. uniform) categorical (resp. good, resp. good geometric) quotient if for
every scheme Z and every morphism (resp. every flat morphism) f : Z — Y, then the natural
morphism 1 : X xy Z — Z is a categorical (resp. good, resp. good geometric) quotient, where
the G-action on X xvy Z is given by

0= ((YO(IdG,fo),th) 1 G x (X Xyz) — X xyZ

and mix : G x (X xyZ) = X, iz : G x (X xy Z) — Z are the natural projections



Chapter 3

Quotients on affine schemes

In this chapter we will prove that the categorical quotient for an action of a reductive
algebraic group on an affine scheme always exists, and it’s an affine scheme given
by the spectrum of the algebra of invariant functions. We will give some examples
and prove that we can obtain geometric quotients for the action if we restrict to the
so-called open subset of stable points. Some references for this chapter are [MFKo4,
Chapter 1], [Hos15, Chapter 4] or [New78, Chapter 3]

3.1 Reductive groups

Definition 3.1.1. Let G be a group, V a vector space and o : G x V. — V an action of G
on V by linear automophisms. o is rational if, for every v € V, there is a finite dimensional
G-invariant subspace W C 'V such that v € W

Let G be an affine algebraic group and (X, o) an affine G-scheme. Let o* : O(X) —
O(G) ® O(X) be the induced dual action of G on O(X). For every g € G*(k), let
Hg : O(G) — k = k(g) be the morphism to the residual field of g. We define oy
O(X) — O(X) by the composition oy := (g ® Idg(x)) 0 0*

Lemma 3.1.1. With the previous notations, the map

G*(k) = Auti_qig(O(X))
g 0g

is a group homomorphism

Proof. Forevery g € G*(k), 0y : O(X) — O(X) is the k-algebra homomorphism induced
by 04 = 00 (g,Idx) : X = X, and clearly for every g, h € G*(k) we have that

Ogh = 0g 0 0ph
from this, it follows that
* % % *
O(gh)=t = Oh-1g=t = Og=1 © Ons
so we conclude O

28
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This shows that the action of an affine algebraic group G on an affine scheme X
induces an action of G*(k) on the k-algebra O(X). We will see now that this action is
rational

Lemma 3.1.2 ([MFKo4|], Chapter 1, § 1). Let (G, m, 1, e) be an affine algebraic group and
(X, o) an affine G-scheme. Then, O(X) is a union of finite dimensional G-invariant vector
subspaces

Proof. We just have to prove that, for every finite dimensional subspace V C O(V),
there is a G-invariant finite dimensional subspace V C O(X) such that V C V.

Denote by <, >: O(G)* ® O(G) — k the canonical duality and define

X = (<, > ®Ido(x)) o (IdO(G)* X G*) : O(G)* X O(X) — O(X)

let V = x(O(G)* ® V). Let’s see that V is a finite dimensional G-invariant vector
subspace of O(X) containing V

(@) V is a finite dimensional vector space, so there are f;,...,fn € V such that
V =<fy,...,fn >. Foreveryj e {1,...,n}, we have

fj) =) hy®fij € O(G)®O(X)

and thus V =< {fij}; >, so it is a finite dimensional vector space

(b) Let (e*)': k — O(G)* be the transpose of e* : O(G) — k. Then, the composition
O(X) —= O0(G)* ® O(X) - O(X)

where the first arrow is (e*)' ® Idy(x), is equal to Idyx), because (e* ® Idg(x)) ©
= Idpx) smce 0" is a dual act10n From this, we have that V = a(((e*)' ®

IdO( )(V)) €

(c) Finally, let’s prove that V is invariant with respect to the dual action. From the
definition of V, we just have to prove that, for every w € O(G)* and every v € V,
we have that (0" o ot)(w ®v) € O(G) ® V. It suffices to prove that, for every
w’ € O(G)*, we have

<, (o) (w®V) >V
But 0" is a dual action and hence (0* ® Idp, ) 0 0 = (Idg(g) ® 0*) 0 0" s0, if (0*)t
is the transpose of o*, we obtain

<w’ (cFox)(wav) >=a((cHN (w w)®v) eV

]

Lemma 3.1.3. Let G be an affine algebraic group and (X, o) an affine G-scheme. The action
of G*(k) induced in O(X) by lemma is rational
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Proof. For every f € O(X), the subspace generated by f is clearly finite dimensional
and thus, by lemma there is some finite dimensional G-invariant subspace V C
O(X) such that f € V H

We will now introduce the notion of reductive algebraic group

Definition 3.1.2. Let G be an affine algebraic group and let E be a finite dimensional k-vector
space. A linear representation of G in E is an algebraic group homomorphism (recall example

0:G — GL(E)

Observation 3.1.1. Let G be an affine algebraic group and p : G — GL(E) a linear represen-
tation of G. Denote by E := Spec Sym®(E*) the scheme induced by E. For every k-algebra A,
we have that

E*(A) = Homy_q14(Sym®*(E*), A) = Homy_1in (E",A) = E®K A
and thus, the natural group action

AutA(E Rk A) x (E @y A) — E®A
(f,(e®a)) — fle®a)

induces a functorial action of GL(E) on E®
GL(E) x E* — E*

the linear representation p® : G* — GL(E) induces then a functorial group action of G* on
E® via the diagram
G* xE*—E*
p’xidl /
GL(E) x E*
In particular, G*(k) acts on E*(k) =E®k =E

Since every G-invariant morphism 7 : X — Y induces a sheaf homomorphism
Oy — m.0%, a natural candidate for a categorical quotient of an affine scheme X by
the action of G is Spec 9(X)°C.

The problem with this construction is that, in general, 9(X)® is not a k-algebra of
finite type. In order for this to be true, we have to impose additional conditions on G

Definition 3.1.3 ([MFKo4], Chapter o, Definition 1.4). Let G be an affine algebraic group.
G is linearly reductive if every linear representation of G splits as a direct sum of irreducible
subrepresentations

Example 3.1.1. Suppose that k is a field of characteristic o

e Every classical group GL(n, k), SL(n, k), O(n, k), SO(n, k), PGL(n, k), PSL(n, k), ...
is linearly reductive



o Every finite group is linearly reductive
The following result shows the importance of linearly reductive groups

Theorem 3.1.1 ([MFKo4], Theorem 1.1). Let G be a linearly reductive group and X an affine
G-scheme. Then, O(X)© is a k-algebra of finite type

The problem is that, in positive characteristic, many important algebraic groups
are not linearly reductive. In fact, in [Nag61], Nagata gave a classification of linearly
reductive groups in char(k) = p > o: the only examples are extensions of algebraic

r)
torii G}, = G X ... x Gy (Where GY, = Speck by convention) by a finite group of
order coprime with p.

This shows that the notion of linearly reductive algebraic group is not sufficient to
develop geometric invariant theory over fields of arbitrary characteristic. To overcome
this problem, we introduce the following concepts

Definition 3.1.4. Let G be an affine algebraic group

o G is geometrically reductive if for every linear representation p : G — GL(E) the
following property is true: for every G-invariant vector e € ES there is a non-constant
G-invariant homogeneous polynomial f € O(E)® = k[wy, ..., w,]C such that f(e) #
o, where IE = Spec Sym*®(E*) and {w+, ..., wn} is a basis of E

o G is reductive if it’s smooth (note that, by every algebraic group over a field of
characteristic o is a smooth algebraic variety) and every smooth, normal and unipotent
subgroup of G is trivial

Example 3.1.2. We give some examples

o Every linearly reductive group is reductive and geometrically reductive

)
o Every algebraic torus G}, = Gm X...x Gy is linearly reductive (see for example
[Hos15| Proposition 3.12])

o Every classical group is geometrically reductive

e Suppose that k is a field of characteristic o and let G be an affine algebraic group over k.
Then (see [Nag61ll)

G linearly reductive < G geometrically reductive < G reductive

Theorem 3.1.2 (Nagata, Mumford, Haboush, Popov). Let G be a smooth affine algebraic
group. The following properties are equivalent

(a) G is geometrically reductive

(b) G is reductive
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(c) For every finitely generated k-algebra A and every rational action of G on A, then A©
is a finitely generated k-algebra

Proof. Nagata proved in [Nag63] that every geometrically reductive algebraic group
is reductive. The converse statement was conjectured by Mumford and proven by
Haboush in [Haby5]. For a proof of the equivalence of these results with the finiteness
of the algebra of invariants, see for example [New78, Theorem 3.4] ]

Observation 3.1.2. The additive group G is not a reductive algebraic group. The problem of
determining if the algebra of invariants for an algebraic group action is of finite type was one
Hilbert’s original 23 problems. The first counterexample was given by Nagata in [Nags9] for
an action of the additive group

Corollary 3.1.1. Let G be a reductive algebraic group and X an affine G-scheme. The algebra
of invariants O(X)C is of finite type over k

Proof. This is a direct consequence of theorem and lemma O

3.2 Geometric invariant theory over affine schemes

We start by proving a fundamental technical result. In general, the functions of an
affine scheme separate closed subsets of the scheme. The same property holds in
the context of reductive algebraic group actions: the invariant functions of an affine
scheme on which a reductive algebraic group acts separate invariant closed subsets

Lemma 3.2.1. Let G be a reductive algebraic group and X an affine G-scheme. For every
pair of closed, disjoint, G-invariant subsets C;,C, C X, there is some f € O(X)G such that
fic, =oand fic, =1

Proof. Since C; and C, are closed subsets of an affine scheme X, they are defined
respectively by some ideals I(C;) and I(C,) of O(X). The condition C; N C, = 0 is
expressed in terms of the associated ideals as I(C;) + I(C,) = O(X), and thus there are
f: € I(Cy) and f, € I(C;) such that f; + f, = 1. From this, it follows that f;;c, = 0 and
fiic, = 1. We will now construct from f; a G-invariant function on X satisfying the
same properties.

From lemma V =< G°*(k) - f; > is a G-invariant finite dimensional vector
subspace of O(X). Let {hy,..., hy} be a basis of V. Then there are {A;j}i; € k and
{gij}i,j C G*(k) such that

h; = Z?\ﬁ -(gy - f1) forevery j=1,...,n
i
so, by the definition of each h; and the properties of f; we have that

hjic, = Z}‘ii -(gyj - fyc,) =0 foreveryj=1,...,n
i

hc, = ZM -(gyj - fyc,) =vj #oforeveryj=1,...,n
i
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We can define a morphism h : X = A™ given by h = (h,,...,hy), i.e. induced by the
homomorphism of k-algebras
h* kX, ..., xn] — O(X)
xj = h*(x;) == hy
by definition, h satisfies
hic, =0
hic, =v=(vi,...,vn) € A" withv # o0

On the other hand, V is a G-invariant subspace of O(X) and thus we have that o*(V) C
O(G)® V. Since {h,, ..., hy} is a basis of V, then

n
O‘*(hj) = Z aji ® h; with aji € 0(G)
i=1

consider the following k-algebra homomorphism

Xij — ayj
We have that p*(det) = det(a;;) € O(G). Since {hi}i—;, n is a basis of V, for every
g € G*(k) we have that det(aij(g)) # o, and thus det(aj;) € O(G)*. This means that

.....

p:G— GL(n, k)

It’s not hard to prove that p is a linear representation of G. Following the same ideas as
in observation p: G = GL(n, k) induces an action of G on A™ = Spec Sym*®(k"),
and by construction h : X — A" is G-equivariant with respect to this action. In
particular, we have that

and thus v € A™ is a non-zero G-invariant element of A™. G is a geometrically
reductive group, so by definition there is some ¢ € O(A™C such that ¢(v) # o.

Clearly f := h(;((\? satisfies the conditions of the lemma O

We will now introduce the concept of Reynolds operator.

Let G be an affine algebraic group and p: G — GL(E) a linear representation of G.
Denote by E€ the subspace of G-invariant elements of E. If G is a linearly reductive
group, there is a G-equivariant decomposition of E as a direct sum of G-invariant
subspaces

E~ECaoW

and this decomposition induces a canonical projection homomorphism E — ES. If we
try to extend this to k-algebras with a dual action of G, we obtain the following
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Definition 3.2.1. Let G be an affine algebraic group and (A, o*) a k-algebra with a dual
action of G. A Reynolds operator is a surjective k-algebra homomorphism Ra : A — AS such
that Ra(ab) = aRa(b) for every a € AC and every b € A

Proposition 3.2.1 ([Hos1i5], Lemma 4.22). Let G be a linearly reductive algebraic group
and (A, 0*) a k-algebra with a dual action of G. Then, (A, 0*) has a unique Reynolds operator

Lemma 3.2.2. Let G be an affine algebraic group and (A, 0*) be a k-algebra with a dual action
of G. Suppose that a Reynolds operator Ra : A — AS exists for the dual action. Then, for
every family of ideals {1;};cy of AS, we have that

() _LA)NAS=>
i€l i€l
Proof. We will prove this result for the case of a single ideal. The general case follows
from the fact that } ;oI - A = (255 j) - A

Let I be an ideal of AG. Then, clearly we have the inclusion I C (I-A)N AC. Let
now be x € (I-A)NAS. We can write x as x = > _;aib; for some a; € I and b; € A.
From the definition of Reynolds operators, we have

x = Ra(x) = RA(Z aibi) = Z aiRa(by) €1

so (I-A)NAS CTand thusI=(I-A)NAS O
The following theorem is the central result of this chapter

Theorem 3.2.1 ([MFKo4], Theorem 1.1). Let G be a reductive algebraic group and (X, o) an
affine G-scheme. Let X//G := Spec O(X)S and let w: X — X//G be the morphism induced
by the natural inclusion O(X)® < O(X). Then, 7 : X — X//G is a uniform good quotient
for the G-action on X. Besides, if k is a field of characteristic o, 7t : X — X//G is a universal
good quotient

Proof. Let’s start by proving that 7t : X — X//G is a good quotient. We will prove this
result in the case that char(k) = o.

Clearly, 7 : X — Yis G-invariant. Since the image of 7 : X — X//G is a constructible
set by Chevalley’s theorem, to prove that m : X — X//G is surjective it suffices to
prove that 7 : X*(k) — (X//G)*(k) is surjective. Lety € (X//G)*(k) and denote
by my C O(X)E the associated maximal ideal. Let {f,...,fm} € O(X)€ be a set of
generators for my. Suppose that G is linearly reductive so that a Reynolds operator
for the dual action on O(X) exists (for the general case, see [New78, Lemma 3.4.2]).
From lemma we deduce that

> fi0(X) # 0(X)
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and thus there is a maximal ideal m C O(X) such that 3 ™ f;O0(X) C m. Let x € X*(k)
be the point associated with m. By construction, 7t(x) =y, so 7t: X — Y is surjective.

Let’s prove that Oy, /g ~ 71*(‘)>G(. It suffices to prove that O((X//G)¢) = (W*O)G()((X//G)f)
for every f € O(X//G) = O(X)S. Indeed, we have that

O((X//G)f) = (0(X)®)s =
= (f is G-invariant) =
= (0(X)p)®
O(X¢)©
O(m*((X//G)¢))®
= (m.0%)((X//G)s)

so we conclude. The rest of properties of definition follow directly from lemma

B-21.

Let’s prove that 7w : X — X//G is a uniform good quotient for the G-action. We
will denote Y = X//G. Let f : T — Y be a flat morphism. We have to prove that the
natural morphism 7t : X xy T — T is a good quotient for the G-action induced by o
on X xy T. By proposition this is a local condition on T, so we can suppose that
T = Spec O(T). We have the cartesian square

X = Spec O(X) =—— X xy T = Spec(O(X) ®¢x)c O(T))

nl |7

Y = Spec O(X)© T =SpecO(T)

f

if we prove that O(T) = [O(X) ®o(x)6 O(T)]S, then we would conclude by the previous
constructions.

Consider the k-algebra homomorphism 1 ® Idg(x) : O(X) — O(G) ® O(X). Let

G

¢ == 0" —1®Idy(x). Clearly, there is an exact sequence of O(X)”-modules

$

0o—=0O(X)© O(X) 0(G) ® O(X)

Let o be the action of G on X xy T induced by o and f: T — Y. Then, it’s easy to check
that

8* = 0'* X IdO(T)

o —1®ldyxe,  com = ¢ ®Idem)

0 (X)

so, since O(T) is a flat O(X)¢-module, we have the exact sequence of O(T)-modules
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where the last arrow is equal to ¢ @ IdgT), and thus

[0(X) ®g(x)e O(T)]€ =Ker(dp @ Idgr)) = O(T)
so we conclude O

Observation 3.2.1. The morphism 7t : X — X//G constructed in theorem is usually
called the GIT quotient

Example 3.2.1. Consider the action of Gy on A™ = Speck(xy,...,xn] given in example
Since Gy, is a reductive algebraic group, by theorem the morphism m : A™ —

Specklxy, ..., xn]Cm is the categorical quotient for this action.

By definition, for every i we have that o*(x;) = t ® xi, and thus k[x,, ..., xn]m =

This proves that the structure morphism A™ — Speck is the categorical quotient for the
Gm-action. Besides, it is a good quotient by theorem although it’s not a good geometric
quotient

Example 3.2.2 ([Hosis5], Example 4.39). Consider the following action of GL(2,k) on
M(2, k) defined by

GL(2,k)* x M(2,k)®* — M(2,k)*
(A, X) = ca(X):= AXA™!

where A and X are points of GL(2, k) and M (2, k) with values in some scheme.
Clearly, for any X,Y € M(2, k)*(k) we have that
GL(2,k) - X = GL(2,k) - Y < The endomorphisms of k* defined by X and Y are equivalent
Using the Jordan canonical decomposition and the fact that X is algebraically closed we can

distinguish 3 different types of orbits

8
polynomials of the form c(t) = p(t) = (t — «)(t — 3). These are closed orbits

o Case (g O) with « # . It corresponds to the case of characteristic and minimal

e Case (Z ;) It corresponds to the case of c(t) = p(t) = (t — x)?

e Case (Z i) it corresponds to the case c(t) = (t — ) and p(t) = (t — o). These

orbits are in the closure of orbits of the form g ;) , because

im (t © o 1 t™' o) [« o
tso\o t7'/\o ot o t/ \o «
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Given some M € M(2, k), then its characteristic polynomial can be written as

c(t) =t —tr(M)t + det(M)

GL(2k) _

so tr, det are GL(2, k)-invariant regular functions on M (2, k). It can be shown that O(M(2,k))
kltr, det] and thus the GIT quotient is, in terms of points with values,

n* : M(2,k)®* — (M(2,k)//GL(2,k))* = (Speckltr,det])*
M — (det(M), tr(M))

The trace and determinant of a matrix do not, however, determine its Jordan canonical form.
This means that 7t is not a good geometric quotient

Example 3.2.3. Consider the action of Gy, = Speckl[t, t™'] on A* = Specklx, y] defined by
o*: Gy, X (A?)* — (A?)®
(t, (x,y)) = 0°(t, (x,y)) = (tx, ty)

where t and (x,y) are, respectively, points of G and A? with values in some scheme. Alter-
natively, o is induced by the following dual action of Gy on k[x, y]

o* : klx,yl — klt, t 7] @ klx, y]
XxX—t®x
y—t'oy
Clearly, xy is a Gy, invariant function for this action because o*(xy) = (tx)(t7' ®y) =

1® (xy). It's easy to see that k[x,y]Gm = klxyl, and thus, by theorem the induced
morphism 7t : A* — Speck[xy] = A" is a good quotient for the Gm-action o on A>.

The orbits for this action of Gm on A? fall into the four following types
(a) Hyperbolas {xy = a} with a € k —{o}
(b) The X-axis {y = o} minus the origin {(0,0)}
(c) The Y-axis {x = o} minus the origin {(0,0)}
(d) The origin {(0,0)}

The orbits given by hyperbolas are closed and pairwise disjoint, and their images via the
quotient morphism 7 : A* — A" are given by n({xy = a}) = a. The remaining orbits have
closures that contain the origin (0,0) € A?, so by proposition they have the same image
via T

n({y = o} —{(0,0)}) = n({x = o} —{(0,0)}) = 7((0,0)) =0

This proves that t: A* — A" is not a good geometric quotient
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In the previous example, we did not obtain a good geometric quotient because
some orbits in A* did not behave well: the orbits given by the axes were not closed
and their boundaries overlapped, so they were identified in the quotient space.

Intuitively, if we had these orbits removed, then we would not identify disjoint
orbits in the quotient because the rest of the orbits are closed. We will follow this idea
to obtain good geometric quotients from the GIT quotient construction

Definition 3.2.2. Let G be a reductive algebraic group and X an affine G-scheme. Let x €
X*®(k). x is stable for the G-action if

o G :xisclosed
e dimGy, =o0

Observation 3.2.2. Note that, for every closed point y € G - x, we have dim Gy = dim Gy
and G -y = G - x, so we can speak of stable orbits instead of stable points

Example 3.2.4. In example the orbits given by the X-axis minus the origin and the
Y-axis minus the origin are not stable because they are not closed. In the same example, the
orbit given by the origin is not stable, because its stabilizer subgroup is equal to G, which
has dimension 1.

We ask a stable point to satisfy the condition dim Gx = o so we can have nice topological
properties for the set of stable points. The role of this condition will be made explicit in lemma

3-2.4
The following result is elementary, although very important

Lemma 3.2.3. Let G be an algebraic group. For every x € X*(k), we have that
G - x is closed < for every closed point y € G - x we have dim Gy = dim Gy

Proof. If G - x is closed, then clearly the dimension of the stabilizer subgroups are the
same for every closed point of G - x = G - x, so the result follows.

Suppose now that for every closed point y € G - x we have that dim Gy = dim G,.
If G - x is not closed, then there is some closed point z € G - x — G - x, but by proposition
the dimension of G - z has strictly less dimension than G - x. On the other hand,
by proposition and dim Gy = dim G, we have that

dimG -z=dimG—-dimG, =dimG —dim Gy, =dimG - x
which is a contradiction O

Lemma 3.2.4. Let G be a reductive algebraic group and X an affine G-scheme. Then, the set
of stable points for the G-action are the set of closed points of a unique G-invariant open subset
XsCX
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Proof. Since X is a finite type scheme, it suffices to prove that the set of stable points
is an open subset of X*(k) with the induced topology. Let x € X*(k) be a stable point.
Consider

Xy ={yeX:dimGy > 1}

this is a G-invariant closed subset of X by proposition On the other hand, G - x
is also a G-invariant closed subset of X by definition, and we have that X, NG -x = (.
By lemma there is some f € O(X)® such that fig., # 0 and fix, = 0. The comple-
ment of the set of zeroes of f, Xy, is an affine G-invariant open subset of X and clearly
x € X¢. If we prove that every closed point of X is stable, we conclude.

Let y € X be a closed point. Then, f(y) # o, and thus y ¢ X, so dim Gy = o.
In particular, this means that the dimension of the stabilizer subgroup of any closed
point of Xy is zero, so by lemma every closed point of Xy is stable O

Observation 3.2.3. We will usually call X® the set of stable points for the G-action on X

We will finish this chapter proving that the quotient for the induced action on
the set of stable points is a good geometric quotient. In order to prove this, we will
introduce some useful concepts

Definition 3.2.3. Let G be an affine algebraic group and X a G-scheme. A G-invariant open
subset U C X is saturated for the G-action if, for every x € U®(k) and every y € X*(k), we
have that

G-xNG-y#P=yeclU

Lemma 3.2.5. Let G be an affine algebraic group and X a G-scheme. Suppose that there is a
good quotient for the G-action 7 : X — Y and let U C X be a saturated open subset of X for
the G-action. Then, mt(U) is an open subset of Y, and m—*(m(U)) = U

Proof. Since U is a G-invariant open subset of X, we have that X —7t(U) is a G-invariant
closed subset of X and thus nt(X — mt(U)) is a closed subset of Y, because 7t is a good
quotient. 7t is a surjective map, so (U) =Y — (n(X —t(U)) and thus 7t(U) is an open
subset of Y.

Let’s prove that 7w *(7r(U)) = U. Clearly, we have that U C n~*(nt(U)). If we prove
that every closed point of m~*(7t(U)) is an element of U, then we conclude because X is
a finite type scheme. Let x € " (7t(U)) be a closed point. By definition, there is some
y € U*(k) such that 7t(x) = 7t(y). By proposition this means that G- xNG -y # 0
and thus y € U because U is saturated O]

Observation 3.2.4. In particular, the restriction my : U — 7t(U) is a good quotient for the
induced G-action on U by theorem

Lemma 3.2.6. Let G be a reductive algebraic group and X an affine G-scheme. Then, X3 is a
saturated open subset of X for the G-action

Proof. Let x be a closed point of X* and y € X*(k). Suppose that G- xN G -y # (). Since
kel TGy

x is a stable point for the G-action, G- x = G- x and thus G-x C (G -y ).



3.2 40

Suppose that y ¢ X®. Then, G-y # G -y and thus, by propositions [1.2.3/and [1.2.4]
we have

dimG - x<dimG- -y <

<dimG =
=dimG-x—dim Gy =
=dimG - x
and this is a contradiction, so y must be an element of X* O

Proposition 3.2.2. Let G be a reductive algebraic group and (X, o) an affine X-scheme. Let
m: X = X//G be the GIT quotient. Let X® the open subset of stable points for the G-action
and denote X3//G := w(X®). Then

e X%//G is an open subset of X//G

o The restriction s : X® — X®//G is a uniform good geometric quotient. Furthermore,
if k is a field of characteristic o, then it is a universal good geometric quotient

Proof. By lemmas [3.2.6|and [3.2.5, X®//G is an open subset of X//G and the restriction
Tixs : X°* — X®//G is a uniform good quotient.

By definition, the action of G on X® is closed, so mys : X* — X°//G is a good
geometric quotient by proposition [2.1.3}

Finally, let f : T — X%//G be a flat morphism. By theorem the natural
morphism 7t : X® xx,,c T — T is a good quotient for the induced G-action ¢ on
X® xx//6 T. On the other hand, for every (x,t) € (X xx,/g T)*(k) we have that 6(, ) =
(0x,t) and thus G - (x,t) = (G - x) x {t}, so ¢ is a closed action on X®* xx,,c T — T and
thus 7t : X5 xx,,g T — T is a good geometric quotient by proposition The same
argument is valid in the case that k is a field of characteristicoand f: T — X*//G is a
(non necessarily flat) morphism O

Observation 3.2.5. In general, X*//G is not an affine scheme

Example 3.2.5. Consider the action of Gy, on A? given in example In example
we saw that

(A% = A* —xy = o]
so, by proposition the restriction

m: A*—{xy = o} - A" —{o}
(x,y) = xy

is a good geometric quotient

Example 3.2.6. The set of stable points for an action might be an empty set. Consider the
action of Gy, on A™ given in example Let (x4, ...,%n) be a closed point in A™. Then
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o If(xg,...,xn) = (0,...,0) then Gy - (0,...,0) ={(0,...,0)}is closed, but (Gm) (o, o) =
Gm, so (0,...,0) is not a stable point

o If (x1,...,xn) # (0,...,0) then (Gm)(x,,.x,) = (€}, but Gy - (X1, ...,%Xn) is not closed,
because (o,...,0) € (Gm - (X1,...,Xn) — Gm - (X1,...,%n)), 50 it’s not a stable point

This proves that (A™)S = ()




Chapter 4

Quotients on finite type schemes

In this chapter we will extend the construction of quotients we gave for affine schemes
to the general case of a finite type scheme over k.

Let G be a reductive algebraic group and X a G-scheme. We would like to construct
a categorical quotient for the G-action on X. In chapter |3, we constructed categorical
quotients in the case when X were an affine scheme. In general, we could consider
an open cover {U;}ic; of X by affine G-invariant open subsets, take the GIT quotient
7 Uy — U;//G for each 1 (recall theorem and glue these morphisms to a global
morphism 7 : X — Y such that 7, = 7; for every i € I. w: X — Y would then be a
categorical quotient for the G-action by proposition [2.1.1]

This approach presents two main problems

e In general, a scheme X does not have an affine G-invariant open cover, so we will
construct rational categorical quotients 7t: X --» Y, i.e., categorical quotients for
a G-invariant open subset U C X

e There is not a canonical way of choosing G-invariant open subsets of X, so we
may have many different rational categorical quotients for a given action on X,
defined on different G-invariant open subsets of X. We will solve this problem
by fixing additional data: a linearization of the G-action. Different linearizations
will yield different rational categorical quotients for the G-action. The study of
how these rational quotients vary is a subject called variation of the GIT quotient
(see for example [DH98])

Let’s see an example of how we can solve the previous problems in the particular
case that our scheme is projective

Example 4.0.1. Suppose that X is a projective scheme. We will fix the following data

o A closed immersion i : X — P™ = Projklx,,...,xnl. With respect to this immersion,
we can write X = Projk[xo, ..., xnl/Ix for some homogeneous ideal Ix C K[xo, ..., Xn]

o A linear representation p : G — GL(n+ 1, k) inducing a G-action on P™ = Proj k[x,, ..

42
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o We ask for the previous data to satisfy a compatibility condition, in particular, we ask
that i: X — P™ is G-equivariant

Later, we will prove that the natural rational morphism 7 : X --» Proj (klxo, ..., Xnl/ Ix)C
is a good categorical quotient for the G-action on an open subset of X. The G-invariant open
subset on which 7t is defined is called the subset of semistable points for the G-action on X

In the previous example, the data that we fixed was essentially a presentation of
X as a subscheme of a projective space in which G acted by a linear representation.
This could have been expressed in terms of the invertible sheaf on X associated to the
closed immersion i : X < IP™. This is the approach that we will follow for a general
finite type scheme.

Some references for this chapter include [MFKog4| Chapter 1] and [Dolo3, Chapters
7-8]

4.1 G-equivariant sheaves

Let G be an affine algebraic group and let (X, o) be a G-scheme. Let p, : G x X — X
denote the natural projection on X and p,; : G x G x X — G x X the natural projection
on the second and third components

Definition 4.1.1. A G-equivariant sheaf on (X, o) is a pair (M, ©@), where M is a coherent
sheaf on X and @ : 0*M — p3M is a O «x-module isomorphism such that

1. (m xidx)*® =p3;@ o (Idg x 0)*®
2. (e xIdx)*o* : M — M is the identity morphism
Definition 4.1.2. Let (X, 0) be a G-scheme and let (M, @), (N, V) be G-equivariant sheaves
on X. A morphism of G-equivariant sheaves from (M, @) to (N,¥) is a morphism of Ox-
modules o« : M — N such that the following diagram commutes
oM —2- PaM
6*(@] jpi‘(fx)
o'N — PiN

Every G-equivariant sheaf comes with a natural notion of sections that are invari-
ant with respect to the action of G

Lemma g4.1.1. Let (X, o) be a G-scheme and (M, @) a G-equivariant sheaf on X. There is a
dual action of G on H°(X, M) induced by @ : "M — piM

Proof. Denote by p; : G x X — G the natural projection on G. The Kiinneth formula
(see for example [Kem80]) yields the following isomorphism

HO(G x X, piM) = H(G x X, pi0g ® piM) = O(G) ® HO(X, M)
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Now it’s easy to prove, using the conditions from definition[4.1.1} that the composition

d)*

H (X, M) —G*>H°(G x X, 0*M) —=H°(G x X, piM) —= O(G) ® H°(X, M)
is a dual action of G on H°(X, M) ]

Observation 4.1.1. In particular, for every G-equivariant sheaf M on X, the space H°(X, M)©
is well defined

Definition 4.1.3. Let X be a G-scheme. A linearization of the G-action is a G-equivariant
invertible sheaf on X

Observation 4.1.2. A linearization of the G-action will also be called a G-linearized invertible
sheaf

Example 4.1.1. Let (X, o) be a G-scheme and let Ox be the structure sheaf. Clearly, we have
that

0" Ox = p20x = Oxxq
and also

{Isomorphisms Ogxx — Ogxx } =0(G x X)~*

(@ :Ogxx = Ogxx) — Pgxx(1)

In particular, if we take ® = Idy,, ,, then it’s easy to prove that (Ox,Ido ) is a lineariza-
tion of the G-action on X. This is called the trivial linearization

The set of isomorphism classes of G-linearized invertible sheaves on a G-scheme
has a group structure induced from the group structure of the Picard group of the
scheme

Definition 4.1.4. Let X be a G-scheme. The G-equivariant Picard group of X is
Pic®(X) :={(£, @) G-linearized invertible sheaves on X}/ ~
Lemma 4.1.2. Pic®(X) is an abelian group

Proof. We define the product of isomorphism classes of G-linearized invertible sheaves
as
([JI(D) ' (L/,q)/) = (L ®L//(D & (D/)

using the compatibility of the tensor product and inverse image operations, we have
that

(m x Idy)*(® ® ®') = (m x Idy)*® ® (m x Idy)*®’ =
— (p3,® o (Idg x 0)*®) ® (pi®' o (Idg x 0)*®') =
— p5,(® ® ') o (Idg x 0)*(® ® D)

and thus (L ® L/, ® @ ®@') is a G-linearized invertible sheaf on X. This product is
commutative and its identity element is the trivial G-linearization (Ox,Idg, ). It's

easy to check that, for every (£, @) € Pic®(X), we have that
(£, @) (L7, (@) ) =~ (Ox,Idog,. )
and thus (£, @)™ = (L7, (@Y ™) O
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Example 4.1.2. As we have seen in example a linearization of the G-action on the
structure sheaf Ox is an invertible element of O(G x X) plus some additional data. Explicitly,
there is a group isomorphism

X
{G-linearizations of Ox} 57 = { b € O(G x X)™ such that }

(m x Idx)*¢ = (p3;¢) - (Idg x 0)*¢
(Ox, @) = ¢ = Dgxx(1)

Definition 4.1.5. A character of G is an algebraic group homomorphismx : G — G

Lemma 4.1.3. The set of characters of G is a group denoted by
X(G) = Homaig—grp (G, Gm) ={$p € O(G)" : m"d = ¢ ® §}
Proof. We have that
Gy (G) = Hom(G, Gy) = Homy_q14(k[t, t 7], O(G)) = O(G)*

The characters of G can be identified with the elements of O(G)* that induce algebraic
group homomorphisms. Using definition the conditions of the lemma follow
[l

Example 4.1.3. Via the projection on the first component p, : G x X — G, the elements of
O(G)* can be thought as elements of O(G x X)*. If Z* is the group defined in example [4.1.2]
. induces an injective group homomorphism X(G) — Z* C Pic®(X). In other words, every
character of G induces a linearization of the G-action on Ox

In general, Pic®(X) is not a subgroup of Pic(X), because a fixed invertible sheaf on
X may have many different linearizations. For example, as we have just shown, every
character of G induces a linearization of the action on Ox. In general, there is a group
homomorphism

o« : Pic®(X) — Pic(X)
(L, D) — L

and clearly
Ker o = {G-linearizations on Ox}/ ~= Z"'/ ~

We have a bijection
{W:0°0x 5 pi0x} = € O(X)* : ¢'- o™ = piib - P}
where = Wx (1), ¢ = @gyx(1) and ¢’ = @,y (1). There is a group isomorphism
b e0X) ¢ o' h =pib-d} =B i={c"P- (p3h) " : P}

and thus
(Ox, @) ~ (0Ox, @) & ¢'- ¢ " € B!

we have proven the following
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Lemma 4.1.4. Let X be a G-scheme and « : PicC(X) — Pic(X). Thereisa group isomorphism
PicS(X) ~ Z'/B*
Observation 4.1.3. The quotient group Z*/B"* is isomorphic to the first cohomology group

of G with values in the G-module O(X)*. See [Dolo3, Theorem 7.1]. For more on group
cohomology, see [dSo1, Chapter 4], or [Mil17, Chapter 16]

There is an exact sequence
0—=Z'/B! — Pic®(X) —*> Pic(X)
Example 4.1.4. Let X = A™. It’s well known that Pic(A"™) = o and thus Pic®(AM) ~
Z'/B'. A direct computation shows that
Z,/B; =X(G)/ <1>=X(G)
So the group of G-linearized invertible sheaves for a G-action on A™ is isomorphic to X(G)

Since we will construct categorical quotients for actions of algebraic groups by
fixing a linearization of the action on an invertible sheaf, it’s fundamental to know
under which conditions we can ensure the existence of linearizations.

Suppose that G is a reductive algebraic group and that (X, o) is a normal G-scheme.

Let x, € X*(k) and define
b : Pic(X) — Pic(G)
L 8(L) = (p3L ® 0" L) 6o}
If £ € Ker d then
(P2£ ® 0L )G xfxe) ~ O

so we have an isomorphism

P2L1Gx(xe} = O LiGx{xo)

It can be proven that the fact that X is normal and G is smooth implies that this
isomorphism extends to an isomorphism of Og.x-modules

pil — 0" L
this extension can be modified to give a linearization of the G-action on £ (see [Dolo3,

Lemma 7.2]), so £ € Im«. This proves that Kerd = Im« so we have the exact
sequence

0— = Z1/B' — PicS(X) %~ Pic(X) —2~ Pic(G)

Theorem 4.1.1 ([Dolo3|], Corollary 7.2). Let G be a reductive algebraic group and (X, o) a
normal G-scheme. Let L € Pic(X). There is a positive integer N such that LZN admits a
linearization of the G-action

Proof. Under the hypotheses of the theorem, it can be proven that Pic(G) is a finite
group, and thus Pic(X)/Im & ~ Ker  — Pic(G) is finite. In particular, every element
of Pic(X)/Im « has finite order, and that condition is exactly what we wanted to prove

]
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4.2 Geometric invariant theory over finite type schemes

Let G be a reductive algebraic group and (X, o) a G-scheme
Definition 4.2.1. Let £ be a G-linearized invertible sheaf on X and x € X*(k)

e x is semistable with respect to L if there are n > o and s € HO(X, L™)C such that
Xs :=1{y € X :s(y) # o} is a G-invariant affine open subset of X and x € X

e x is stable with respect to L if x is semistable, the action of G on Xs is closed, and

Observation 4.2.1. For every s € HO(X, L%™)C, X, is a G-invariant open subset of X, so the
important condition in definition is that X is affine. The fact that X is affine will allow
us to form its GIT quotient, using theorem

The proof of the following result is analogous to the proof of lemma SO we
omit it

Lemma 4.2.1. Let £ be a G-linearized invertible sheaf on X. The set of semistable and stable
points with respect to £ are, respectively, the sets of closed points of G-invariant open subsets
X35(L) and X3(L) of X. Besides, X*(£) is a saturated open subset of X for the G-action

Observation 4.2.2. Let £ be a G-linearized invertible sheaf on X and s € HO(X, £)C. For

n) n)
everym > o, let s*M :i=s®...0s € H(X, L) ®...@ H°(X, L) C HO(X, L&™). It’s easy to
check that X en = Xs, so we have that

X(LEM) =X*%(L) and X5(L®M) =X°(L) for everyn > 0

Observation 4.2.3. Recall that an invertible sheaf £ on X is ample if and only if there is
some n > o and sections sy,...,sr € HO(X, LZ) such that X, are affine open subsets of X
and X = X, U...UXs, (see [Stazg, Tag 01PR]). As a consequence, if £ is a G-linearized
invertible sheaf on X, then the restriction Lixss () is ample

Example 4.2.1. Suppose that X is an affine scheme. Consider the trivial linearization (Ox,Idg )
(recall exampleq.1.1). For every n. > o, we have that

HO(X, 0™)€ = HO(X, 0x)¢ = O(X)©

and thus 1 € H°(X, O;‘%’“)G for every n > o. This implies that X*%(Ox) = X. On the other
hand, it can be proven easily that

X5(0x)* (k) = { x € X*(k) : G - x is closed }

and dim Gy = o

When we constructed the affine GIT quotient in section we were working implicitly with
respect to the trivial linearization. This is the reason why we did not have to define the notion
of semistable point

The following theorem is the most fundamental result of geometric invariant the-
ory
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Theorem 4.2.1 ([MFKo4]], Theorem 1.10). Let G be a reductive algebraic group and (X, o)
a G-scheme. Let £ be a G-linearized invertible sheaf on X

(a) There is a uniform (resp. universal if char(k) = o) good quotient for the G-action
m: X¥(L) = X*¥(L)//G

Furthermore, 1 is an affine morphism and there is an ample invertible sheaf M on
X$5(L£)//G such that ™M = LEN ©) for some N > o. In particular, X5%(L)//G is a

|XSS
quasiprojective scheme

(b) There is an open subset X*(£)//G C X3%(L)//G such that m*(X5(L)//G) = X*(L)
and the restriction mxs(g) @ X5(L) — X3(L)//G is a uniform (resp. universal if
char(k) = o) good geometric quotient for the G-action

Proof. From definition we deduce that there is a sufficiently large integer N > o
and G-invariant sections sy, ...,s, € Ho(X, £L®N)G such that, denoting U; = X, we
have

X3 (L)=U,U...ul,

where U; is an affine G-invariant open subset of X for every i =1,...,7.

By theorem for every i = 1,...,7 there is a good quotient m; : U; — Y; =
U;//G for the induced G-action on U;. The idea will be to glue the morphisms
{m : Uy — Yi}i_, to a good quotient for the G-action defined on X**(£). This will
be possible because the categorical quotient for an algebraic group action is unique.

For every j = 1,...,7, we have that {s;} is a basis of the free O(U;)-module LEN (U;),
and thus there is a regular function 2—]1 € O(U;) such that s; = 2—]1 -sj as elements of

L®N(Uj), for every i = 1,...,7. Besides, since s; and s; are G-invariant sections, we
have that 2—: € O(W)¢ = 0(Y;).

Denote by ¢y € O(Y;) the element of O(Y;) induced by z—;, and consider D(¢y;) =
{¢y # o} € ;. Clearly, we have that ch_I(D(cbij)) = U;NUu; foreveryi,j=1,...,7, and
the restriction 7i; : Uy N'U; — D(¢y;) is a good quotient for the induced G-action. We
have the commuting diagram

ui<—uiﬂu]';uiﬂu)‘ﬁu]'

T[ij ﬂil lﬂj lﬂj
Yi =—— D(dji) T:ﬁ>D(¢ij) —Yj
where o : D(dj1) — D(¢y;) is an isomorphism that is uniquely determined, because
D(¢y) and D(¢j;) are both categorical quotients for the same G-action on U; N U;,
and the categorical quotient is unique. The triple ({Yi}_,,{D(d;i)} {ocij}{ljzl) de-

i=1/ i,j=1/
termines a glueing data for the family of morphisms {r; : U; — Yi}__, so there is a

i=1/
scheme Y and a morphism 7 : X**(£) — Y such that 7y, = 7; for every i = 1,..., 7.
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By proposition 7: X¥(L) — Y is a good quotient for the G-action. By theorem
7t is also a uniform (resp. universal if char(k) = o) quotient, since this property
is local on the target scheme.

Consider hy; := d)iﬂyimyj € O(Y;NY;)*. It's easy to check that {hij}{’jq determines a

Cech 1-cocyle for the sheaf Oy, i.e.

[{hy)l € HY(X, 0%) =~ Pic(Y)

‘XSS
[{2—;}] € HY(X55(L), O%ss () is @ Cech 1-cocycle associated to the invertible sheaf Lfils\ls )
on X*5(L).

and thus [{hy;}] defines an invertible sheaf M on Y. Besides, m*M ~ LEN ) because

Let t;,...,tr € H(Y,M) be such that t;y, = &y for every i = 1,...,r. Clearly,
Yy =] foreveryj=1,...,rand Y;U...UY; =Y, so M is an ample invertible sheaf
onY.

Finally, the action of G on X*(£) is closed by definition and X*(£) is a saturated
open subset of X for the G-action. By proposition and lemma the restriction
m: X5(L) = X3(L)//G is a good geometric quotient for the G-action ]

The following proposition formalizes example

Proposition 4.2.1. Let G be a reductive algebraic group and X a projective G-scheme. Let £
be an ample G-linearized invertible sheaf on X. Then, X**(£)//G is a projective scheme

Proof. Let R = ®n>oH°(X,£L¥™). R is a k-algebra of finite type, because £ is am-
ple. Leti: X = ProjR — PPN be the closed immersion given by £ and let RS =
Dn=oHO(X, LE)C. Clearly, RC is a finitely generated k-algebra by theorem Be-
sides, we can suppose that R® is generated by degree 1 elements {s;};, so ProjR® is a
projective scheme.

The inclusion R® C R induces a rational morphism 7t : ProjR --» ProjR® defined
on the open subset ProjR — (R$),, where RS is the irrelevant ideal of RS. Clearly,
X%5(L) = ProjR— (RE)O. Let Y; = Spec [RSGi]O. We have that [RSGi]O = ([Rsi]O)G and thus

1

O(Yy) = [RE]o = ([ReJo)® = O(Xs,)®

so, for every i, 7y : X5, — Y; is a good quotient for the G-action by theorem
and by proposition we have that 7 : X*(£) — ProjR® is a good quotient.
Since the categorical quotient for a G-action is unique, there is a natural isomorphism
X*5(L)//G ~ Proj RE, and thus X%%(£)//G is a projective scheme H

Observation 4.2.4. Let G be a reductive algebraic group and X a projective G-scheme. Let £
be an ample G-linearized invertible sheaf on X. By proposition the geometric quotient
X3(L)//G is an open subset of a projective scheme X*(L£)//G. In this way, X**(L)//G can
be seen as a compactification of the orbit space X*(£)//G, obtained by adding semistable orbits



43 50

4.3 Example: the Proj construction

Consider the following categories

o The category of Z-graded k-algebras: the objects of this category are finite type
k-algebras A with a decomposition A = @©nczAn as a direct sum of abelian
groups such that A, - Ayy € Ajm. The morphisms of this category are k-algebra
homomorphisms f : A — B such that f(A,) C B, for everyn € Z

e The category of affine G,-schemes (see section

Lemma 4.3.1. The category of Z-graded k-algebras is anti-equivalent to the category of affine
Gm-schemes

Proof. Let (X = Spec A, 0) be an affine Gy,-scheme. The action 0 : G, x X — X induces
a k-algebra homomorphism

o' A= klt,tTI®A

a— Zt“(}ban
nezZ

Define p, : A — A as pn(a) = a, where 0*(a) = } ,.,t" ®ay for each a € A.
Clearly, py, is a group homomorphism. Denote A, = Im p,, for every n € Z. It’s easy
to check that

Apn={a€A:0"(a) =t"®a}

and there is a direct sum decomposition A = @nczAn, because a = ) ., an for
every a € A. This proves that we can associate a Z-graded k-algebra to every affine
G -scheme.

Consider now a Z-graded k-algebra A = @®nczAn and let X = SpecA. Define
0: Gy x X = X as the morphism of affine schemes induced by the k-algebra homo-
morphism

o' A= klt,tT'I®A
a— Zt“@an
nez

where a = ) ., an is the decomposition of a as a Z-graded sum of homogeneous
elements of A = @nczAn. It's easy to prove that 0: G, X X — X is a Gp-action on X
and that these constructions give an anti-equivalence of categories O

Observation 4.3.1. Let X = Spec A be an affine Gy-scheme and let A = ©nczAn be the
associated Z-graded decomposition. There is a bijection

Gm-invariant | Homogeneous ideals of
closed subsets of X | A = BnezAn
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Let X = SpecA be an affine Gy,-scheme and let A = ®,czA, be the associated
Z-graded decomposition. Then, we have that

ASm —{aeA:0'(a)=1®a} = A,

In particular, the quotient for the Gy,-action on X with respect to the trivial G-
linearization is the morphism X — Spec A, induced by the natural inclusion A, C A

Example 4.3.1. Consider the action of Gy, on A™ defined in example The induced Z-
graded decomposition of K[x4, ..., xn] is given by K[x4, ..., Xn] = ®m=ok[Xy, ..., Xnlm, where
kx4, ..., Xnlm is the set of homogeneous polynomials of degree m. Clearly, k[x, ... ,xn)Em =
kx4, ..., xnlo =k, and thus 7t : A™ — Speck is the quotient for the Gm-action with respect
to the trivial linearization

Let’s see what happens when we vary the Gn,-linearization on X. Recall that the
group of characters of Gy, is isomorphic to Z via
X(Gm) = Z
Xr > T
where x; : k[t,t7"] — kl[t,t7] is given by x*(t) = t" (see for example [Hos1is,
Lemma 3.11]). For every o« € Z, by example the character xo induces a G-

linearization on Ox given by multiplying by t* ® 1 on Og, «x, using that t*® 1 €
O(Gm)* ® O(X)* C O(Gm x X)*.

Denote by £ the G -linearization on Ox induced by x«. For every m, this con-
struction induces a dual action of G on A = H°(X, L§™) given by

AN KLt oA
a— tM g q = Ztocm+n®an

nez
and thus
HO(X/ L(?ém)Gm = Afcxm
Suppose now that the action of Gy, on X is such that A = ®n>oAn and let « = —1.

Then, we have that

X*$(£L_;) = (Definition [4.2.1]) =
= X — (BmsoH(X, L5 ™), =
— (Using that HO(X, £L&™)Cm = A, ) =
=X— (@m>oAm)o =
=X— (A+)o

where A = @ >0An is the irrelevant ideal of A.
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Choose homogeneous elements f,,...,f; € Ay such that AL = (fy,...,f;). In
general, if f € A is homogeneous of degree d, then D(f) = Spec At is a Grp-invariant
open subset of X**(L_,). Indeed, the dual action of Gy, on A restricts to A as

Af — k[t, til] X Af
a n—dr an

and thus a
Afm = [Aflo = {F : a is homogeneous of degree d - 1}

from this, by theorem we have that the GIT quotient of D(f) by the Gn-action is
D(f)//Gm = Spec AS™ = D (f)
so we have that

XSS(L—1)//Gm = D(fl)//GmU U D(fr)//Gm =
=D, (f))U...UDL(f}) =
={p € Spec A : f; ¢ pfor some i} =
= (fy,..., fr are generators of A} ) =
={p €SpecA: A, L p}=
=ProjA



Chapter 5

Numerical criterion of stability

In this chapter, we will prove a criterion for deciding if a closed point of a projective
scheme is stable.

So far, we have constructed categorical quotients for algebraic group actions by
defining a notion of semistable and stable points with respect to a G-linearized in-
vertible sheaf. In general, it’s not an easy task easy to determine which points are
semistable or stable. This problem can be simplified by using a criterion given in
terms of the restriction of the action to what are called one-parameter subgroups. We
will start by proving an alternative characterization of stability that goes back to the
work of David Hilbert.

Let G be a reductive algebraic group and X a projective G-scheme. Let £ be
a very ample G-linearized invertible sheaf on X. £ induces a linear representation
p: G — GL(n + 1,k) such that the inclusion i : X — P™ = Projk[x,,...,xn] is a
G-equivariant embedding. For every sufficiently large m > o, we have that

HO(X, £L%™) ~ k[xo, .. S Xnl/Ixm
where Ix = &m>olx m is an homogeneous ideal of k[x,, . .., xn] such that X = Proj k[x,, . .

Proposition 5.0.1 (Hilbert). In the previous hypotheses, let x € X*(k) and x* € A" —{o}
a preimage of x via the quotient map A™** —{o} — P™. Then

xeX¥(L)s=o0éd G-x*
Proof. For every sufficiently large m > o, we have the isomorphism
HO(X, £8™)€ ~ (Klxo, - .., Xn)/Ixm)©

Suppose that o € G - x*. From the above isomorphism, we that for every s € H°(X, L%™)
there is a homogeneous polynomial P € k[xo, ..., Xnlm thatis G-invariant modulo Ix p,,

and clearly
s(x) o< P(x") #0
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but, since G-invariant functions are constant on the closure of G-orbits

P(x") =P(G-x*) =
:P(o) =
=0

and thus we deduce that
0€ G -x*=x¢X*(L), orequivalently x € X**(£) =0 ¢ G - x*

Suppose now that o ¢ G -x*. Then, G -x* and {0} are G-invariant disjoint closed sub-
sets of A™"*. By lemma there is some G-invariant polynomial P € k[x,, ..., Xn)C
such that P(x*) # o and P(o) = o. Decomposing P as a sum of G-invariant ho-
mogeneous polynomials, we conclude that there is some G-invariant homogeneous
polynomial P € k[x,,. ..,xn]g1 such that P(x*) # o. Since m can be taken to be as
large as we want to, the image of P in (k[xo, ..., Xnlm/ Ix,m)G defines a homogeneous
G-invariant section s € H°(X, £L#™)C such that s(x) # o, and thus x € X5(£) H

Using proposition we can study the stability of a closed point x € X with
respect to a G-linearized invertible sheaf by studying G - x* C A™"*, where x* is any
point lying over x. For every subgroup H C G, we have the inclusion H - x* C G - x*,
and thus 0 € H-x* = 0 € G- x*, so we can check the conditions of proposition
by looking at H - x* for subgroups H C G. We will be considering a particular type of
subgroups

Definition 5.0.1. A one-parameter subgroup of G is an algebraic group homomorphism A :
Gn— G

By analogy with the group of characters of G, we will denote

«~y _ | one-parameter subgroups
X(G)_{ A:Gn—=GofG

For example, in virtue of proposition the fact that o ¢ A(Gm) - x* for every
A € X*(G) is a necessary condition for a point to be semistable. We will later express
this condition in terms of the so-called Hilbert-Mumford weights. The surprising fact
is that, when G is reductive, this condition is also sufficient. That will be the main
result of this chapter.

The main references followed to write this chapter are [MFKog4, Chapter 2] and
[Dolos, Chapter 9]

5.1 The Hilbert-Mumford weights

Let G be a reductive algebraic group and (X, o) a G-scheme. Let x € X*(k) and let
A : Gy — G be a one-parameter subgroup of G. Let oy = 0o (Idg,x) : G — X and
consider Ay := o0y 0oA: G, — X.
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Recall that G, = Speckl[t,t™'] = A" —{o}, where A" = Speck[t]. X is a projec-
tive scheme, so in particular it’s proper over Speck, and thus there exists a unique

morphism Ay : P — X such that A oj = A (see [GW10, Corollary 15.10]), where
j:Gm ~ A'—{o} — P' = Projk[x,y] is the natural inclusion with t = %

We denote
lime oA (1) - x := A ([1:0])  limyooo(t) - x := A([0 : 1])

Lemma 5.1.1. Let A : Gy, — G be a one-parameter subgroup of G and x € X°(k). Let
At =1io0A € X*(G), wherei: G — G is the inversion morphism of G. Then

limiooA(t) - x = limy_oA 1 (1) - x

Proof. Consider the automorphism ¢ of P* induced by the automorphism of graded
k-algebras

o" : kIx,yl — klx,y]
x = ¢ (x) =y
y— ¢r(y) =x
ie., ®([xo,Yol) = Yo, Xo] for every closed point [x,,yo] € P*. A direct computation

shows that A" is equal to A o ¢ over Gy, so we conclude by the uniqueness of the
extension to IP* O

Lemma 5.1.2. Let A : Gy — G be a one-parameter subgroup of G and x € X*(k). Then,
lim¢_,o A(t) - x is a fixed point for the induced action of AN(Gy,) on X

Proof. We have to prove that, for every t € G3, (k) = k*
A(t) -LmA(t) - x = HimA(t) - x

t—o t—o
Using the notations of section 1.2} we have that

AE) - HmA() - x = A(E) - A([1:0]) =
t—o
= ox([1:0])
where « : G, — G is a one-parameter subgroup of G defined by « = Ao L;.
The translation L; : G, = G, admits a unique extension L; : IP* — IP* that fixes
the closed point [1 : o]. From the uniqueness of extensions, it’s easy to check that
Oy = XX oLt

and thus

A(H) - HmA(t) - x = A1) - A([1: 0]) =

t—o

so we conclude ]
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Let £ be a G-linearized invertible sheaf on X and x € X*(k). Let A : G;,, — G be
a non trivial one-parameter subgroup of G. By lemma Xo = lim¢ 0 A(t) -x is a
tixed point for the action of A(Gr,) ~ Gm. The restriction of £ to {x,} admits a natural
Gm-linearization given by a character x; € X(Gn) ~ Z (because the pullback of a
G-equivariant sheaf is a G-equivariant sheaf)

Definition 5.1.1. With the previous notations, the Hilbert-Mumford weight of x € X*(k)
with respect to a non trivial one-parameter subgroup A : Gy, — G and a G-linearized invert-
ible sheaf L is

wf(x,\) == —r

We will now give an alternative definition of Hilbert-Mumford weights that is eas-
ier to compute and work with.

Suppose that £ is a very ample G-linearized invertible sheaf on X and let i : X —
IP™ be the G-equivariant closed embedding associated to £, where G acts on IP" via the
induced linear representation p: G -+ GL(n+1,k) and £ =1*Opn(1). LetA: Gy — G
be a non trivial one-parameter subgroup of G.

The linear representation p : G — GL(n + 1, k) induces a linear representation of
Gm ~ A(Gm). Since Gy, is linearly reductive, this representation splits as a direct sum
of irreducible representations of Gy,, and thus we can find a basis {e,, ..., en} of A™*
such that

A(t) - ep:=tMe; Vt € G, (k) =k~

where m; € Z for everyi=o,...,n.
Let x* = (xo,...,%Xn) be a point of A™ —{o} lying over x, i.e., such that x =[x, : ...:
Xn]

Lemma 5.1.3. With the previous notations

1w (x,A) min {m; : x{ # o}

- i=o,...n
Proof. Denote

o = min {my: x; # o}
i=o,...M

for every t € G}, (k), we have that

At) - x =[tMoxg .. ity =
— [tmo*ocXO e tmnio(Xn]
and, from the definition of x, m; —« > o for every i =o,...,n. Let
y=limA(t)-x=1[yo:...:Yn]
t—o

for eachi=o,...,n, it’s easy to check that

Yyi #o&xy #oand my =
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For any y* € A™"* — {0} lying over y, a direct computation shows that
At) -y =t%y°
On the other hand, let t: A™** —{o} — IP™ be the quotient morphism. We have that
7 (y) = Opn(—1)y —{0}

where Opn(—1) — P™ is the tautological bundle. Clearly, the group A(Gy,) acts on
Opn (—1)y — {0} by the character x. This implies that A(Gy,) acts on Opn(1)y — {0} via
the character —«. Since £ = i*Opn(—1), we have that

uo(x,A) = —(—«) = a
so we conclude O

The Hilbert-Mumford weights give necessary conditions for the stability of a closed
point

Lemma 5.1.4. Let G be a reductive algebraic group and X a projective G-scheme. Let £ be an
ample G-linearized invertible sheaf on X and x € X®(k). Then

x € X55(L) = p*(x,A) < o for every A € X*(G)

x € X8(L) = pub(xA) < o for every A € X*(G)
Proof. By observation we can suppose that £ is very ample. If there were some

A € X*(G) such that u*(x,A) not i(x,A) > o, then clearly lim;_,, A(t) - x* = o and thus
o € G-x*, so x wouldn’t be semistable in virtue of proposition

Suppose now that x € X*(£) and that u(x,A) = o. Then y = lim_,, A(t) - x is well
defined and belongs to G - x = G - x because x is a stable point. But A(Gy,) fixes y by
lemma and thus the stabilizer of y is isomorphic to Gy, so x cannot be a stable
point [

5.2 The numerical criterion of stability

In this section we will prove the converse to lemma Let R = k[[t]] be the ring of
formal series with coefficients in k and denote by Q = k((t)) its field of fractions.

Let G be an algebraic group. Every one-parameter subgroup A : G, — G of G
defines an element of G*(Q). Indeed, G, = Speck[t, t'] and we have the inclusions

k[t,t7'] <= k(t) = Q = k((t))

so, composing with SpecQ — Speck[t,t™'] = Gy, every one-parameter subgroup
A: Gp — G defines an element of G*(Q).

When G is a reductive algebraic group, this interpretation of one-parameter sub-
groups as Q-valued points is particularly important
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Theorem 5.2.1 (Cartan-Iwahori-Matsumoto, [IM65])). Let G be a reductive algebraic group.
Every element of the set of double cosets G*(R)\G*(Q)/G*(R) is given by a one-parameter
subgroup of G, thought as a Q-valued point of G

Proof. We will prove this result for G = GL(n, k) and k = C. In this case
GL(n,C)*(A) = {n x n invertible matrices with coefficients in A}

for any C-algebra A. In particular, for any M € GL(n,C)*(Q) there is some non
negative integer v > o such that M = t" - M, where M € GL(n, C)*(R). Ris a principal
ideal domain, so we can diagonalize M, obtaining a decomposition

M:BI'D'BZ

where B;,B, € GL(n,k)*(R) and D = diag(t™,...,t™) where v4,...,mn € Z. The
one-parameter subgroup

A:Gp — GL(n,C)
t — A(t) := diag(t™,...,t™)

represents the double coset given by M € GL(n,C)*(Q) O

Theorem 5.2.2 (Hilbert-Mumford, [Dolo3|], Theorem 9.1, [MFKo4], Theorem 2.1). Let
G be a reductive algebraic group and let X be a projective G-scheme. Let L be an ample
G-linearized invertible sheaf on X and x € X*(k). Then

x € X$(L) & u*(x,A) < o for every A € X*(G)
x € X$(L) & u*(x,A) < o for every A € X*(G)

Proof. The < implications were proven in lemma By observation we can
replace £ by a sufficiently high power, and we can suppose that we there is a linear
representation p : G — GL(n + 1, k) with respect to which there is a G-equivariant
closed embedding i : X < IP™ such that i*Opn (1) = £. We will drop £ by denoting
u(x,A) = u(x,A) for any A € X*(G).

Suppose that p(x,A) < o for every A € X*(G) and that x ¢ X*(L). Let x* €
A™* —{o} be a point lying over x. Consider the morphism

¢:G— A"
g— d(g):=g-x"

¢ : G — A™ cannot be a proper morphism, because if it were then the restriction
¢ (x*) — {x*} ~ Speck would be proper (because it would be the base change of ¢
by {x*} <= A™"*) and ¢ *(x*) is an affine scheme, so the dimension of ¢—*(x*) would
be zero. This would imply that G - x is closed and Gy is zero dimensional, so x would
be a stable point and we have supposed that x ¢ X*(£).

So ¢ : G - A™" is not a proper morphism. Using the valuative criterion of
properness (see [GW10, Theorem 15.9]), we deduce that there must be some g <



53 59

G*(Q) such that g ¢ G*(R) and ¢(g) = g-x* € (A""1)*(R) = R,
By theorem there is a decomposition

g=9gi1-A- Q>

with g4,g, € G*(R) and where A is the Q-valued point of G defined by some one-
parameter subgroup A : G, — G.

Consider the following homomorphism of k-algebras

R—k
o0
Z aiti — Qo
i=o

it induces a map G*(R) — G*(k). Let g, € G*(k) be the image of g, € G*(R) via this
map. We have that

9,97 '9=70, A2 = (9, 'AG,) - (9, 92)
consider the one-parameter subgroup A’ = g, *Ag, of G. We can find a basis {e,, . .., en}

of A™* such that
7\/(t) e = tTiei vVt € G%(k) =k~

where 1; € Z for every i = 1,...,1. Suppose that x* is expressed as (X, ...,Xxn) in the
basis {e,, ..., en}. Then

(9279179 x1) = t'(g2 792 - xi)
but by hypothesis g - x* € R*"* and thus

9,'g2-x; €t TR
so there is then some a; € R such that
9,92 xi =t "tqy

note that g;'g, = 1 mod (t). If x; # o, then it must be —r; < o so that x; # o mod (t).
So necessarily
i > o for every i such that x; # o

this is equivalent to saying that p(x,A’) > o. But we had supposed that p(x, o) < o for
every one-parameter subgroup « € X*(G), so we arrive at a contradiction and thus it
must be x € X3(£). The proof of the other implication is similar and can be found in
[Dolos, Theorem 9.1] O

5.3 Example: stability on the Grassmannian

Let k be a field of characteristic zero and let H and V be k-vector spaces. Denote by
Grass™(H® V) the grassmannian scheme of m-dimensional vector subspaces of H® V.
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There is a natural representation of GL(H) on H® V given by

GL(H)* - GL(H® V)*
p— p®Idy

for points valued in some scheme.

The inclusion SL(H) < GL(H) induces a linear representation of SL(H) on H® V,
that lifts to an action of SL(H) on Grass™(H ® V) given by

SL(H)®* x Grass™(H® V)* — Grass™(H® V)*
(g,K) = g-K:= (g®Idy)(K)

in valued points. On the other hand, the representation of SL(H) on H® V induces a
representation on A™(H ® V), and thus an action of SL(H) on the projective scheme
P(A™(H® V)) = ProjSym®*(A™(H ® V)*). Consider the Pliicker embedding, given
over point with values by

Grass"(H® V)®* - P(A™M(H® V))*
K=<eq,...,em >—les/\...\em
With the actions that we have defined, this is clearly a SL(H)-equivariant embedding,
so we can use the Hilbert-Mumford numerical criterion to compute the stable and

semistable points for the SL(H)-action on Grass™(H ® V) with respect to the SL(H)-
linearization of the action induced by this embedding

Proposition 5.3.1 ([LPg7], § 6.6). Let K € Grass™(H® V)*(k), i.e., let K be a m-dimensional
subspace of H® V. The following statements are equivalent

o K is a semistable (resp. stable) point for the SL(H)-action with respect to the SL(H)-
linearization induced by the Pliicker embedding Grass™(H® V) — P(A™(H® V))

e For every non-zero vector subspace H' C H we have, denoting K’ :== (H' ® V) NK

dimK’ dimK dimK’ dimK
- < = resp. — < —
dimH’ ~ dimH dimH’ dimH

Proof. We will use theorem to compute the stable and semistable points of the
SL(H)-action.

Let A : Gy — SL(H) be a one-parameter subgroup. A induces a representation
of G on H by elements of SL(H). Since Gy, is a reductive algebraic group and
char(k) = o, there is a decomposition

H ~ EB{Q':I Hi

where each H; is a direct sum of one-dimensional representations of G, of weight
1i € Z (i.e., Gy acts on each one-dimensional component of H; as t — t't). Since Gy,
acts on G by elements of SL(H), the determinant of the diagonal matrix (t"); must be
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1, and thus Y {_. ridim H; = 0. We can suppose that r; > ... > rs.

Define F; := ®j<iH; for eachi=1,...,s and F, = o. Then, {F;§_ is an ascending
filtration of H such that F;/F;_; ~ H; for every i = 1,...,s. This filtration induces an
ascending filtration {K; := KN (F; ® V)}i—, of K.

Let gr(K) := @_,(K{/K{—;). gr(K) is a m-dimensional vector subspace of H® V.

Besides, it can be proven (see [MFKoy4, Chapter 4, § 4]) that gr(K) € SL(H) - K, and
thus we can compute (K, A) using gr(K).

Denote v; := dim (K;/K;_;) for every i = 1,...,s. Then, the Pliicker embedding
yields an inclusion

AMegr(K) CA"(H; @ V) ®... A% (Hs ® V)

clearly, A™gr(K) is a one-dimensional representation of Gy, of weight > ;  rjv;. This
proves that

S
n(K,A) = Z iV
i=1

We will now apply the Hilbert-Mumford numerical criterion. A direct computation
(noting that K, = 0) shows that we can write

S S—1
w(K,A) =) rvi=ro-m+ Y dimK;- (1 —Tig)
i=1 i=1

Suppose that for every non zero vector subspace H' C H we have

dim K’ o dim K dim K’ - dim K
X T r . .
dimH’ = dimH sp dimH’ dimH

where K’ = KN (H' ® V). In particular, for each F; C H, we have that

. m .
dim Ki < mdlm Fi
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and thus

S—1
KGA) =7g-m+ Y dimK;- (ri—riy,) =

i=1

1
mo
STS'erE didelmFi'(Ti—Tiﬂ):
i=1

S—1
— (15 - dlmH—l—ZdlmF (ri —Ti1)) =

i=1

S
= dimH(i_Zl ridim H;) =

m
d1m H

S
= (Recall that Z ridimH; =0) =
i=1
=0

so we have that u(K,A) < o (the inequality would be strict in case we had 3;2,‘5{, <

fﬁ%ﬁ). By theorem K is SL(H)-semistable (resp. stable).

Suppose now that K is a SL(H)-semistable (resp. stable) point. Then, theorem
5.2.2| implies that n(K,A) < o (resp. p(K,A) < o) for every one-parameter subgroup
A: Gmn — SL(H). Let H; C H be a non zero p-dimensional vector subspace of H and
let H, be a suplementary vector space, i.e., such that H ~ H; & H..

Consider the one-parameter subgroup A : Gy, — SL(H) given by

[tV Idy, 0
0= ("1 )

where n = dim H. Then, we have that
wWK,A) =n-dimK'—p-dimK

where K" = KN (H; ® V). Since p(K,A) < o (resp. u(K,A) < o), then

dim K’ o dim K res dim K’ _ dim K
dimH, ~ dimH P dimH, = dimH

so we conclude ]
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Luna’s étale slice theorem

In this chapter we will prove Luna’s étale slice theorem, a result about the local struc-
ture of GIT quotients. Luna’s theorem is a fundamental technical tool when study-
ing the local geometry of moduli spaces. We will work under the hypothesis that
char(k) = 0. The main references for this chapter are [Dréo4|] and [Luny3]]

6.1 G-equivariant Zariski’s main theorem

Let G be a reductive algebraic group. We are going to prove a version of Zariski’s
main theorem for G-equivariant morphisms. We start with a lemma

Lemma 6.1.1. Let X and Y be affine G-schemes, ¢ : X — Y a quasi-finite G-equivariant
morphism, and suppose that the induced k-algebra homomorphism &* : O(Y) — O(X) is
injective. There are affine integral G-schemes X' and Y', containing X and Y respectively as
closed subschemes, such that

e The action of G on X' induces the action of G on X and the action of G on Y’ induces
the action of G on Y

e There is a dominant quasi-finite G-equivariant morphism ¢’ : X' — Y’ such that
d)|/x =¢
e X' is a normal scheme
Proof. Let {fy,...,fn} be a set of generators of O(X) as a k-algebra. By lemma

there is a G-invariant finite dimensional vector subspace W C O(X) such that f;,...,fy €
W.

The dual action of G on W induces a dual action of G on the symmetric algebra
Sym?®(W) such that the canonical morphism p : Sym*(W) — O(X) is a G-equivariant
surjective k-algebra homomorphism.

Let I = Kerp. Then, O(X) ~ Sym*(W)/I, and thus X is isomorphic to a closed

G-invariant subscheme of X” := SpecSym®(W). Again, by lemma we can find
a G-invariant finite dimensional vector subspace V C Sym*(W) containing a system

63
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of generators of I and a set of elements whose images via p : Sym®*(W) — O(X) are
generators of O(Y) C O(X) as a k-algebra. Let A = Sym*(V) C Sym*(W) and denote
Y’ := Spec A.

By construction, Y is isomorphic to a closed G-invariant subscheme of Y’ via the
homomorphism p : A — O(Y). On the other hand, the inclusion A C Sym®*(W) in-
duces a dominant G-equivariant morphism ¢” : X" — Y’ such that ¢; = ¢.

For every y € Y*(k), let my C O(Y) be the associated maximal ideal and let
p(my) = mé C A be the maximal ideal induced by p : A — O(Y). A direct computa-
tion shows that p™* (my (X)) = m{0(X"), and thus we have that

O(X")/m,0(X") =~ O(X)/myO(X)

but O(X)/myO(X) is a finite dimensional k-vector space because ¢ is a quasi-finite
morphism, so O(X")/m{0(X") is also finite dimensional and thus the fiber (¢") 7" (y) =~
Spec O(X")/m{0(X") is a finite set.

Consider B
X=Kx"eX":(¢") (" (x")): is finite}
By the previous computation, X is a G-invariant open subset of X” such that X C X.
By lemma [3.2.1) there is some G-invariant function h € O(X” )G such that th,_;( =0
and hjx # o. Let X’ := X{| = {h # o}. X' is a G-invariant affine open subscheme of X",
and the restriction ¢’ := 3, : X’ — Y’ is a quasi-finite morphism that satisfies the
desired conditions O

Theorem 6.1.1 (G-equivariant Zariski’s main theorem). Let X and Y be affine G-schemes
and let ¢ : X — Y be a quasi-finite G-equivariant morphism. Then

(a) There are an affine G-scheme Z, a G-equivariant open immersion i : X — Z and a
G-equivariant finite morphism \p : Z — Y such that & =P oi

(b) Igenote by (TJ : X//G — Y/ /G the morphism induced by ¢ : X — Y, and suppose that
& is finite. If there is some x € X*®(k) such that G - x and &(G - x) are closed, then
¢ : X — Y is a finite morphism

Proof. Let ¢* : O(Y) — O(X) be the k-algebra homomorphism induced by ¢ : X =Y,
and denote Y, := Spec O(Y)/Ker ¢*. The canonical morphism O(Y)/Ker ¢* — O(X) is
injective, and ¢(X) C Y,. Besides, ¢ : X — Y, is also a quasi-finite morphism, and
it's G-equivariant because Ker ¢* C O(Y) is invariant by the dual action of G on O(Y).
This proves that we can suppose that ¢* : O(Y) — O(X) is injective, so we are in the

hypotheses of lemma

Let X’ and Y’ as in lemma there is a quasi-finite dominant G-equivariant
morphism ¢’ : X’ — Y’ such that c|)|’X = ¢. Let B’ be the integral closure of O(Y’) in

O(X’). B’ is then a finitely generated O(Y’)-module, and thus a k-algebra of finite type.
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Let B be the image of B’ in O(X) via the homomorphism induced by the inclusion
X < X’. Denote Z = Spec B and Z’ = Spec B'. There are inclusions

O(Y") C B’ CO(X))
O(Y) C B C O(X)

that induce G-equivariant morphisms

i X' = Z Pz =Y
i1: X—=Z Vv:Z—-Y

if we prove that i’ is an open immersion and that P’ is a finite morphism, then, by
restriction, 1 and 1\ would also be an open immersion and a finite morphism respec-
tively, so we would conclude.

Let’s start proving that i’ : X’ — Z’ is an open immersion. X’ and Z’ are normal
varieties, so by Zariski’s main theorem (see [Sta19, Tag 02LQ]), we just have to prove
thati’: X’ — Z' is birational and quasi-finite. Since ¢’ =19’ 01’ and ¢’ is quasi-finite,
then i’ is also quasi-finite. If we prove that k(Z’) = k(X’), then i’ would be birational.

In general, we have the inclusion O(Z’) < O(X’), so k(Z’) C k(X'). If we prove
that O(X’) C k(Z’), then we conclude. Let « € O(X’). Since ¢’ : X’ — Y’ is dominant
and quasi-finite, then k(X’) and k(Y’) have the same trascendence degree, so « must
be integral over k(Y’). This proves that there are fy,...,fn € k(Y’) such that

a4+ i+ =0

If we write f; = % foreachi=1,...,nand denote b := b, -...- by, then b -« is clearly

integral over O(Y’), but B’ is the integral closure of O(Y’) in O(X’), so b« € B/, and
thus & € k(Z’), so i’ : X" — Z' is indeed birational and thus an open immersion.

On the other hand, ¥’ : Z’ — Y’ is a finite morphism, since it’s induced by the
inclusion O(Y’) < B’ of O(Y’) in its integral closure, and B’ is a finitely generated
O(Y’)-module.

The proof of (b) uses the decomposition given in (a) and the topological properties
of G-invariant sets. For a proof, see [Luny3, p.89] O

Observation 6.1.1. If X is an integral scheme, it follows immediately from the proof of theorem
that Z can be taken to be the spectrum of the integral closure of $*(O(Y)) in O(X)
6.2 G-equivariant étale morphisms

In this section, we will prove some technical results about G-equivariant étale mor-
phisms used to prove Luna’s theorem.
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We will start by recalling some relations between étale morphisms and quotients
by finite group actions.

Let G be a finite reductive algebraic group and X an affine normal G-scheme. Since
G is finite, every G-orbit in X is closed, and thus the GIT quotient : X — X//G is a
good geometric quotient. Besides, X//G is also a normal scheme by proposition [2.1.1]
We state without proof the following

Proposition 6.2.1 ([Dréo4] Propositions 4.10-4.12). Suppose that the action of G on X is
faithful, i.e. the only element of G that acts via the identity is the identity element e € G*(k).
Then,

(a) The field extension k(X//G) — k(X) is a finite Galois extension, and its Galois group
is isomorphic to G

(b) For every x € X*(k), the quotient morphism 1 : X — X//G is étale on x if and only if
Gx ={e}

(c) Foreveryx € X*(k) and every subgroup H C G, the induced morphism X//H — X//G
is étale on the image of x in X//H if and only if Gy C H

Let G be a reductive algebraic group (not necessarily finite) and let X and Y be
affine G-schemes. Denote by tx : X — X//G and 7y : Y — Y//G the associated GIT
quotients

Definition 6.2.1. Let ¢ : X — Y be a G-equivariant morphism. ¢ is strongly étale if
o The induced morphism (T) : X//G — Y//G is étale and surjective

e The square
¢

X————Y

X//G ? Y//G
is cartesian. In other words, (d,mx) : X = Y Xy, X//G is an isomorphism of G-
schemes

Lemma 6.2.1. Let ¢ : X — Y a G-equivariant strongly étale morphism. The following
properties are true

o & : X = Yis étale and surjective

o Forevery u € (X//G)*(k), ¢ induces a G-equivariant isomorphism
d:mt(u) S (b))

e For every x € X°*(k), the restriction g : G-x — &(G -x) is injective. Besides,
G -x C X is closed if and only if (G -x) = G - d(x) C Y is closed



6.2 67

Proof. Since ¢ : X — Y is a G-equivariant strongly étale morphism, the following
diagram is cartesian

X—"%XX//G

e

By definition, Ejv) : X//G = Y//G is a surjetive étale morphism, so ¢ : X — Y, being the
base change of ¢ via 7ty : Y — Y/ /G, is also surjective and étale.
For every u € (X//G)*(k), we have that

Ty (u) = X xx//6 {u} =

~ (Y xy/6 X//G) xx//6 {u} =
~ Y 6 {d(w)} ~
~ 71, (d(w)

so ¢ : 7, (u) — my 1(<1~>(u)) is a G-equivariant isomorphism.

Finally, for every x € X*(k), we have that G - x C 7, *(7x(x)), so the restriction to
G - x of the isomorphism

¢ : i (mx(x) = T (B (mx (%)) ~ 7 (y (X))

is injective. In particular, G -x C m,*(7x(x)) is closed if and only if $(G-x) = G-
d(x) C my*(my(d(x))) is closed ]

We will now study some important technical conditions under which we can con-
struct strongly étale morphisms

Lemma 6.2.2. Let X and Y be normal affine G-schemes and let © : X — Y be a finite G-
equivariant morphism. Let w € (X//G)*(k), and let G -x be the unique closed G-orbit
contained in 1, * (u) (recall proposition . Suppose that

e 0:X — Yisétale on x
® Ogx: G -x — G-0(x) is injective
then, the induced morphism 0: X//G — Y//G is étale on u

Proof. We will suppose that G is connected (see [Lun73} § II, Lemme 1] for the general
case).

X and Y are normal schemes and 0 : X — Y is étale on x, so the induced k-
algebra homomorphism Oy, — Ox is injective. Besides, being étale is an open and
G-invariant property and the conditions of the lemma are local, so we can suppose
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that 6 : X — Y is étale and that O(Y) is a subalgebra of O(X).

0 : X — Y is a finite morphism, so k(Y) — k(Y) is a finite field extension and we
can find a finite Galois extension k(Y) — K such that k(X) C K. Let § be the Galois
group of the extension k(Y) — K, and let 3{ be a subgroup of G such that K = k(X).

Let C be the integral closure of O(Y) in K, and let C’ be the integral closure of
O(Y)€ in K. C and C’ are finite type G-invariant k-algebras. Denote Z := Spec C and
Z' == Spec C’. Since § is a finite group, it’s reductive, so the quotients g : Z — Z//§
and g : 2" — Z'//G exist by theorem We have that

(a)

(b)

()

Z//G~Y
Indeed, we have that
Z//G = Spec C9 =
= (C is the integral closure of O(Y) in the Galois extension k(Y) — K) =
= SpecO(Y) =
=Y

Z'//G~Y//G

By theorem we just have to prove that O(Y)S ~ (C")9. We have that
O(Y)¢ C C’ because C' is the integral closure of O(Y)€ in K. Besides, the ele-
ments of O(Y)€ are G-invariant, since

O(Y)® C O(Y) = CY

and thus O(Y)€¢ C (C’)9.

On the other hand, C’ is integral over O(Y)S, so (C")Y is also integral over O(Y)E.
Besides, (C’)9 ¢ K9 = k(Y). Since Y is a normal scheme, O(Y) is integrally closed
in k(Y) and thus (C’)° C O(Y). If we prove that O(Y)C is integrally closed in
O(Y), we conclude.

Let f € O(Y) be such that there exist a, ..., an € O(Y)¢ with
"+ a, " "+...+ap=0
for every g € G we have that
(g-f)™+a(g- )" +...+an =0

but the polynomial t™ + a;t""* 4-... 4 a, has at most a finite number of roots in
K, so G - f must be a finite set. Since G is connected, it must be f € O(Y)S, so we
conclude

Z//H ~Xand Z'//H ~ X//G

These isomorphisms can be proven in a completely analogous way to (a) and (b)
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We have thus proven that there is a commutative diagram

Z Al

S

Z//H=X-"2-7"//H =X//G

ej l’é

2//9=Y—~2'//$=Y//G

such that 6 o g = 71g and 0o T = 7Té. Let z € 7, (x) and denote by z’ the image of
zviaZ — Z'. Clearly, mj (z') =u e X//G.

0:X=2//H —Y=12//Gis étale on my(z) = x, so by proposition|[6.2.1we deduce
that G, C J{. If we prove that

0:X//G=2"//H—>Y=2//S

is étale on u, we conclude. Again, by proposition it suffices to prove that
92/ g .

Let 0 € G,/. Then, if y = 0(x), we have that 0(7yc(0-z)) =
Analogously, we have that 7ty (mg¢(0 - 2)) = My (0 - 2') = My (z') = w.

0 is a finite morphism and G - x is a closed orbit by hypothesis, so G -y and
G - my¢(0 - z) are also closed. On the other hand, G - x is the unique closed orbit in
Ty ' (1), so my¢(0 - z) € G- x. The restriction 0g. is injective, so 7t5¢(0 - z) = x = 7(2)
and there must be some T € H such thatt-z=0-zand thust*'-0€ G, C K, so
0 € H and we conclude O

Lemma 6.2.3. Let X and Y be affine G-schemes and © : X — Y a G-equivariant morphism.
Suppose that X is normal at x € X*(k) and that

e 0:X — Yisétale on x
e G-0(x) CYisclosed
® Ogx: G -x — G-0(x) is injective
then, there is an affine open subset uc X//G containing 7tx(x) such that, if U = 7T)_<1(L~J.),
e Oy : U— 0(U) and the induced morphism §|ﬂ ‘U — é(ﬂ) are étale
e V:=0(U) and V= 5(&) are affine open subsets and V = 71\?1(\7)

o The image by © of every closed orbit in U is closed



6.2 70

Proof. Being normal is an open and G-invariant property. Besides, the image of a nor-
mal point by an étale morphism is a normal point, hence Y is normal at 6(x).

By lemma there are f € O(X)S and h € O(Y)S such that X and Yy, are nor-
mal affine schemes containing x and 6(x), respectively. Since f and h are G-invariant
functions, X¢ N 07*(Yy) = X¢.9+(n) is @ normal, saturated affine open subset of X such
that 6(X¢ N0~ (Y)) C Yn. Hence, we can suppose that X and Y are normal schemes.
By a similar argument, we can suppose that X//G and Y//G are irreducible schemes
and that 0 : X — Y is a quasi-finite morphism.

By theorem there is a normal scheme Z (recall observation [6.1.1), a G-
equivariant open immersion i : X < Z and a finite G-equivariant morphism{ : Z =Y
such that 0 =y oi.

Since 1 is a finite morphism, p~*(G - 6(x)) contains only a finite number of orbits
of the same dimension as G - x, hence G - x is closed in Z. Besides, 1 is étale on x.
By lemma the induced morphism : Z//G — Y//G is étale on 7tz (x) = i(7mx(x)).

Let f € O(Z)S. The set {z € Z : z ¢ X;and 1 is not étale on z} is a closed
G-invariant subset of Z. Besides, it does not contain the closed orbit G -x. By

lemma we can suppose that Z; = X; and that { and lT) are étale on X; and
Xt//G = (X//G)s, respectively.

Since Ok, = Vx; o ix, is a composition of an open immersion and an étale mor-
phism, it’s étale, and thus 0(X¢) is open. By the same arguments as before, there is
some h € O(Y)C such that G- 0(x) C Yy, C 0(X¢).

Define U := (X//G); N 07*((Y//G)y). We have that V = 8(U) = (Y//G);, because

Yh € 0(X¢). Clearly, U = m '(U) = XN O~ (Yy) and V = 0(U) = Yy.

Finally, we have seen that 0 is étale on U. Similarly, 0 is étale on U because 0 = 1T) oi

and ) is étale on Z; = X¢. The image of every closed orbit in U by 0 is closed, because
every closed orbit of U is closed in Z and 1 : Z — Y is finite O

Proposition 6.2.2. Let X and Y be affine G-schemes and suppose that X is normal at x €
X*(k). Let © : X — Y be a G-equivariant morphism such that

o 0 is étale on x
e O(G-x) =G-0(x) is closed
o The restriction 0|, : G -x — G - 0(x) is injective
Then, there is an affine G-invariant open subset U C X such that x € U and
(a) U is saturated with respect to the G-action

(b) V = 0(U) is an affine G-invariant saturated open subset of Y with respect to the G-
action
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(c) The restriction O : U — V is strongly étale

Proof. Properties (a) and (b) follow directly from lemma Besides, also from
lemma we have that the induced morphism 0 : U//G — V//G is étale. It only
remains to prove that the square

u—>=" v
o
W//6—~V//G

is cartesian, and this is a consequence of the fact that the GIT quotient is uniform

(recall theorem O

In the proof of Luna’s theorem we will need a way to restrict the previous con-
structions to G-invariant subschemes. This is given by the following

Lemma 6.2.4. With the previous notations, let Y' C Y be a G-invariant affine subscheme of
Yand X' :=Y xyX. Let 0/ =Idy, x 0 : X' =Y xy X = Y' xyY ~ Y'. Suppose that

0:X — Yand 0 : X//G — Y//G are G-equivariant étale morphisms, and suppose that
(7x,0) : X = X//G Xy, Y is a G-equivariant isomorphism (locally, this is the situation of

proposition . Then, 8’ : X' — Y' and 0’ : X'//G — Y'//G are étale morphisms, and
besides (0',tx/) : X" = Y' xy1,,6 X'/ /G is a G-equivariant isomorphism

Proof. 0’ : X’ — Y’ is an étale morphism, because it’s the base change of the étale
morphism 6 : X — Y by the inclusion Y’ < Y.

On the other hand, we have that

X' =Y ny ~
~ Y/ Xy (X//G XY//G Y) ~
ZY/ XY//G X//G

and thus
X'//G = Y'//G xv;6 X//G

s0 0 : X’ //G — Y'//G is an étale morphism, since it’s the base change of the étale
morphism 6 : X//G — Y//GbyY'//G < Y//G.

Finally, we have that

X///G Xyl//G Y/ ~ (X//G XY//G Y///G) XY///G Y/ ~
EX//G Xy//GY/ ~
~ X'

and we conclude ]
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6.3 Etale slice theorem

Let G be a reductive algebraic group and X an affine G-scheme

Lemma 6.3.1. Let x € X*(k) be a reqular point such that Gy is a reductive algebraic
group. Denote by T,X = SpecSym®(T;X) the scheme associated to the tangent space
TuX = (my/m2)* to X at x. There is a morphism & : X — T« X such that

o ¢ : X — TXis Gy-equivariant
o O is étale at x
e ¢(x) =0 € (TyX)*(k) = TuX

Proof. Let m, C O(X) be the maximal ideal given by x € X*(k). X is regular at x,
so my/m; ~ TiX as vector spaces. A direct computation shows that the quotient
morphism

dy : my — my/m3 ~ T/ X

is Gx-equivariant. Since G is reductive, we can use Schur’s lemma to find a finite
dimensional Gy-invariant subspace V of m, containing a system of generators of my
such that the restriction dy : V — m,/mZ is a Gx-equivariant isomorphism. Denote by
o :my/m3 — Vits inverse.

Composing the extension « : Sym®(my/m?) — Sym?®(V) with the canonical mor-
phism Sym*(V) — O(X), we obtain a morphism Sym*(T;X) — O(X).

Let ¢ : X — TyX be the morphism of schemes induced by Sym*(T;X) — O(X).
¢ is étale at x because, by construction, the tangent map at x is the transpose to the

linear isomorphism d : V S my/ mZ. The rest of the conditions of the lemma follow
immediately O

Before proving Luna’s theorem, we will recall some useful results about associated
bundles.

Let H be a reductive algebraic subgroup of G. There is a natural left action
H®* x G* — G*
(h,g)—g-h*

defined at points of G and H with values in some scheme. Clearly, G - G/H is a
principal H-bundle.

Let Y be an affine H-scheme. There is a natural H-action on G x Y given by

H*x (GxY)* = (GxY)*=G*xY®
(h,(g,y)) = h-(g,y):=(g-h"", h-y)
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defined at points with values.

The bundle associated to the principal H-bundle G — G/H and the H-scheme Y is
GxpY:=(GxY)//H

where the quotient is taken with respect to the H-action on G x Y that we have just
defined, and exists by theorem

Proposition 6.3.1 (Properties of the associated bundle). With the previous notations, let
X = G xy Y. The following properties are true

(a) Consider the G-action on X =Y xy Y by multiplication on the G-component. The
quotient X//G exists, and it’s isomorphic to Y//H

(b) For everyu € (X//G)*(k), we have a G-equivariant isomorphism

Ty (u) >~ G xpy iyt (u)

(c) Foreveryy € Y*(k) and g € G*(k), if we denote by uw = (g,y) the image of (g,y) €
(G xY)*(k)in X, then Gy =g-Hy-g™*

(d) Let X' C X be a G-invariant affine subscheme of X. There is a H-invariant affine
subscheme Y' C Y such that

X' ~G XHY/

(e) Foreveryy € Y*(k), let y := (e,y) € X*(k). There is an isomorphism of vector spaces

TgX ~ (TG T,Y)/TH

Proof. We will prove each property separately

(a) Consider the inclusion of Y in G x Y via the identity element e € G*(k)

Y 5 G xY*
y+— (ey)

defined at points with values. The induced morphism Y — X//G is clearly H-
invariant, and thus induces a morphism Y//H — X//G.

On the other hand, consider the projection on the Y-component G x Y — Y.
The composition G x Y — Y//H is H-invariant and induces a morphism X —
Y//H. It’s easy to prove that X — Y//H is G-invariant and induces a morphism
X//G = Y//H. A direct computation shows that the morphisms that we have
constructed are mutually inverse
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(b) For every u € (X//G)*(k), we have that

Ty (W) ~ X xx/ /6 {u} ~
~ (G XH Y) xx//6 {ut =
~ (By (a) we have X//G ~Y//H) ~
~ ((G xY)//H) xy/m{u} =~
~ G xy 7yt (u)

(c) Let h € G*(k) be such that h-(g,y) = (g,y). By definition, there is some
h € H*(k) such that

(h-gy)=h-(gy)=(g-h" Ry
andthusﬁ'y =y andh:g~ﬁ_1'g—1,sohe g-Hy-g*

(d) Let mgxy : G x Y — X be the quotient morphism. Since GIT quotients are uni-
versal quotients, if we denote Z := m;1(X') = (G x Y) xx X/, then the induced
morphism Z — X' is a quotient for the H-action on Z (note that Z is an affine
scheme since X' is affine and GIT quotients are affine morphisms). On the other
hand, X’ C X is a G-invariant subscheme, so Z C G x Y is H-invariant and G-
invariant with respect to the G-action by multiplication on the G-component.
This means that necessarily Z = G x Y/, where Y’ is a H-invariant affine sub-
scheme of Y. Since X' = Z//H, then X' ~ G xy Y’

]

Theorem 6.3.1 ([Luny3ll, § 3). Let G be a reductive algebraic group, (X, o) an affine G-
scheme, and x € X°*(k). If G- x is closed, there is a locally closed subscheme U C X such
that

o Uisaffineand x € U
o U is Gy-invariant

o The restriction of the G-action to U is a Gy-invariant morphism G x U — X, and the
induced morphism \p : G xg, U — X has an open saturated affine image V = P (U)
with respect to the G-action

o | :G xg, U— Visa G-equivariant strongly étale morphism

Proof. By lemma we can find a finite dimensional G-invariant subspace W C
O(X) containing a system of generators of O(X) such that the induced k-algebra ho-
momorphism Sym*(W) — O(X) is G-equivariant and surjective, so X is isomorphic
to a G-invariant closed subscheme of the smooth affine scheme Spec Sym*(W). By
lemma and proposition we see that it suffices to prove the result for the
case of a smooth scheme.
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We will suppose then that X is a smooth scheme at x. Since the G-orbit G - x is
closed, the stabilizer subgroup Gy is a reductive algebraic group (see [Mat60]), and
thus, by lemma there is a Gy-equivariant morphism ¢ : X — T, X that is étale at
x and that satisfies ¢(x) = o.

Gy is a reductive algebraic group, so there is a Gy-invariant vector subspace N C
T, X such that (recall that char(k) = o)

TX=T(G-x)®&N

If we also denote by N the subscheme of TX induced by the subspace N, then we
can take Y := ¢ *(N), a closed Gy-invariant subscheme of X that is smooth at x (since
¢ : Y — N is étale at x and N is smooth at x).

Consider the associated bundle G x¢_ Y and the restriction 0 : G x Y — X of the
G-action on X to Y. ¢ is clearly a Gx-invariant morphism, because for every scheme S,
h € G3(S) and every (g,y) € (G x Y)*(S), we have that

oh-(gy)) =0cllg-h " h-y)) =
=(g-h)-(h-y) =
—g.y=
=0(9,y

—

so it induces a morphism { : G xg, Y — X. Besides, by proposition the associ-

ated bundle G xg_ Y is smooth at X = (e, x), and we have that

Tx(G xg, Y) = (TeG @ TkY)/Te Gy
(

~

Since Y = N x1_x TxX its tangent space at x is N) ~
~ (TeG®N)/TeGy
(G/Gx) ®N =~

(

Te

T (G-x) BN ~
Tx

12

12

12

X

We have obtained a morphism 1) : G xg_ Y — X such that

¢ 1 is G-equivariant with respect to the action of G on G x¢_ Y given by multipli-
cation on the G-component

e 1 is étale at x
e G Xg, Yis smooth at X (in particular, it’s a normal scheme at x)
e P(x) =%, and P(G-x) = G - x is closed by hypothesis

e By proposition[6.3.1} there is an isomorphism G -X ~ G xg, (Gx-x) ~ G xg, {x},
and thus g % is injective
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by proposition there is a G-invariant saturated affine open subset U’ C G xg, Y
such that V := {(U’) is a saturated affine open subset of X and the restriction \ :
U — Vis a G-equivariant strongly étale morphism. By proposition there is a
Gy-invariant affine open set U C Y and a G-equivariant isomorphism U’ ~ G x¢, U.
By definition, U is an open subset of the closed subscheme Y C X and thus it’s a
locally closed subscheme of X satisfying the conditions of the theorem O

Corollary 6.3.1. Let G be a reductive algebraic group and let X be a G-scheme. Let £ be a
G-linearized invertible sheaf on X. Then, 7 : X3(L) — X*(£)//G is a principal G-bundle. In
particular, if x € X%(£)*(k) is smooth, then 7(x) € X3(L)//G is also smooth

Proof. By definition, for every x € X*(£)®(k) we have that G - x is closed and Gy = {e}.
By theorem there is a locally closed affine subscheme U C X containing x such
that the restriction of the action G x; U ~ G x U — V is a strongly étale morphism,
where V is an affine saturated open subset of X*(£).

Since G x U — V is strongly étale, the induced morphism (G x U)//G ~ U —
V//G is a surjective étale morphism, and V//G C X//G is an affine open subset of
X*(£)//G by lemma Besides, we have a G-equivariant isomorphism V//G Xy, /g
U ~ G x U. This proves that X*(£) — X*(£)//G is a principal G-bundle ]
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Chapter 7

Riemann-Roch theorem for algebraic
curves

In this chapter, we will extend the Riemann-Roch formula for invertible sheaves on a
smooth projective algebraic curve to arbitrary coherent sheaves.

Let X be a smooth projective algebraic curve of genus g, and let £ be an invertible
sheaf on X. The Riemann-Roch formula is a well known result that computes the
Euler characteristic of £ in terms of its degree and the genus of X

Theorem 7.0.1 (Riemann-Roch, [Har77], Chapter IV, Theorem 1.3). Denote by x(£) the
Euler characteristic of £. Then

X(£) =x(0x) +deg(L) =1—g+deg(L)

In this chapter, we will extend this formula to an arbitrary coherent sheaf M on X.
This will allow us to introduce several important notions that will be useful for the
construction of moduli spaces of vector bundles over curves

7.1 Rank of a coherent sheaf

In this section, X will denote an integral algebraic variety

Lemma 7.1.1. Let M be a coherent sheaf on X. There is an open subset U C X such that My
is locally free

Proof. The condition of being a locally free Ox-module is open. Let x, € X be the
generic point of X. If My, # o, then M, is a free k(X)-vector space, and hence M is
locally free on an open neighbourhood of x,. The result follows O

Observation 7.1.1. The open subset U in lemma is empty if My, =0

Definition 7.1.1. Let X be an integral algebraic variety and let M be a coherent sheaf on X.
Let U C X be an open subset such that My is locally free. The rank of M is

rk(M) := rk(My)

78
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Observation 7.1.2. The rank of M is independent of the open subset chosen in lemma
Indeed, if x, € X is the generic point of X, then x, is contained in every non-empty open
subset U C X and tk(Myy) = rk(My,). Note that the rank of M will be zero if My, = o

Recall that the support of a coherent sheaf M on X is defined as
Supp(M) = {x € X : My # o}

Supp(M) is a closed subset of X (see [GW10, Corollary 7.31])
Lemma 7.1.2. The following statements are equivalent

(a) k(M) =0

(b) Supp(M) # X

(c) For every x € X, My is either zero or a torsion Ox x,-module
Proof. Let x, € X be the generic point of X. Then, {x,} = X and we have

rk(M) # 0 & x, € Supp(M) < Supp(M) =X

because Supp(M) C X is a closed subset. This proves the equivalence between (a)
and (b).

Suppose now that rk(M) = o, i.e., that My, = 0. Moreover, for every x € X there is
a natural isomorphism
MXO ~ My ®Ox,x OX,XO

and thus My is a torsion Ox y -module. On the other hand, if M is a torsion Ox,-
module for any x € X, then M, = My ®0xx Oxxo =0 and thus My, = o, so (a) and
(c) are equivalent H

We will denote by Coh(X) the category of coherent sheaves on X. We will write
M € Coh(X) to say that M is an object of Coh(X), i.e., a coherent sheaf on X

Lemma 7.1.3. Let M/, M, M" € Coh(X) and suppose that we have an exact sequence
oM ->M->M" =0

then
rk(M) = rk(M') + rk(M")

Proof. Let x, € X be the generic point of X. There is an induced exact sequence of
Ox,x,-vector spaces:

/ 1
0— My, — My, > M, —o0

so the result follows from the fact that the dimension of a vector space is an additive
function ]



7.2 8o

7.2 The Grothendieck group of a curve

Let X be a smooth projective algebraic curve and let Ox(1) be a very ample invertible
sheaf on X.

We will start this section by proving that every coherent sheaf on X has a finite
locally free resolution

Lemma 7.2.1. Let (A, m) be a local ring and let M be a finitely generated A-module. Then
M is a free A-module < Tor' (M, A/m) =o
Proof. If M is a free A-module, then M is flat and thus Tor'(M,—) = L*(M ®a —) = o,

so in particular Tor'(M, A/m) = o.

Suppose now that Tor'(M,A/m) = o. Let {m4,..., m;} be a minimal system of
generators of M. There is an exact sequence

¢

0 N AT M 0

where ¢ = (m4,..., m;). Applying A/m ®5 —, we obtain the long exact sequence
.. ——=Tor'(M,A/m) =0 — N/mN — (A/m)®" == M/mM —o0

where (A/m)®" ~ M/mM by Nakayama’s lemma and the choice of {m,,..., m;} as a
minimal system of generators. From this, we deduce that N/mN = o, so N = o by
Nakayama'’s lemma and thus A®" ~ M O

Lemma 7.2.2. Let (A, m) be a one-dimensional reqular local ring and let M be a finitely
generated A-module. Then

TorP (M, A/m) = o for every p > 1

Proof. A is a one-dimensional regular local ring, so m is generated by a single element
and thus m is a free A-module. We obtain a finite free resolution of A/m

o—=A>~m A A/m 0

and hence Tor? (M, A/m) = o for every p > 1 O

Proposition 7.2.1. Let M € Coh(X). There is an exact sequence
0—=& & -M—o

where € and &' are locally free sheaves on X of finite rank

Proof. By Serre’s theorems (see [Haryy, Chapter III, Theorem. 5.2]), there is a suffi-
ciently big N > o such that M(N) = M ® Ox(N) is generated by its global sections,
and thus there is some r > o0 and a surjective homomorphism

05" — M(N) — o
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tensoring with Ox(—N), we obtain
Ox(—N)P" - M — o

and & := Ox(—N)®" is a locally free sheaf on X of finite rank r. We have an exact
sequence
0—=& & -M—o

where £’ is a coherent sheaf on X because it’s the kernel of a morphism between
coherent sheaves. Let’s see that £’ is also locally free. It suffices to show that £/ is a
free Ox x-module for every x € X. We have an exact sequence of Ox y-modules

0— &, =& =My —o0

By lemma we just have to check that Tor' (€], k(x)) = o, where k(x) = Ox x/m.
Tensoring with k(x) and using lemma we get an exact sequence

- — Tor*(My, k(x)) = 0 — Tor" (€], k(x)) — Tor*(Ex, k(x)) =0 — - - -
and thus Tor' (&}, k(x)) = o, so we conclude ]

Observation 7.2.1. Proposition extends to arbitrary quasiprojective schemes over a
noetherian ring. See [Hary7, Chapter III, Example 6.5.1]

We will now introduce the Grothendieck group of X

Definition 7.2.1. Let G be the free abelian group generated by coherent sheaves on X. The
Grothendieck group of X is the quotient group

K(X) = G M — M —M" where M, M’, M" € Coh(X) and
T there is an exact sequence o —- M’ — M — M" — o

Denote by G, the subgroup of G given by locally free sheaves of finite rank on X
and let
Ko(X) := Go/(Go N H)

where H = {M — M’ —M": there is an exact sequence o - M’ — M — M" — o}.
The groups K(X) and K,(X) are fundamentally related by the following proposition

Proposition 7.2.2 ([LP97], Proposition 2.6.6). The canonical homomorphism i : Ko(X) —
K(X) is a group isomorphism

We will denote by j : K(X) = Ky(X) the inverse j =1i™"

Corollary 7.2.1. Via the identification j : K(X) — Ko (X), the Grothendieck group of X is a
ring with the tensor product of locally free sheaves on X

The isomorphism j : K(X) — Ky(X) will allow us to define a notion of degree for
arbitrary coherent sheaves. First recall the following easy result
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Lemma 7.2.3 ([Sta1g|], Tag oB37). Let
08 —=>¢&8—-8&">o0
be an exact sequence of locally free sheaves. Then
det(&) = det(&') @ det(E")

From lemma and the universal property of the Grothendieck group, we have
that

det : Ky (X) — Pic(X)
& — det(&)

is a group homomorphism.
Definition 7.2.2. The determinant of a coherent sheaf M € Coh(X) is the invertible sheaf
det(M) := A"¥(j(M)) = det(j(M)) € Pic(X)
Definition 7.2.3. The degree of a coherent sheaf M € Coh(X) is
deg(M) := deg(det(M)) € Z
From this, we deduce immediately the following proposition
Proposition 7.2.3. The degree

deg: K(X) = Z
M — deg(M)

is a group homomorphism

Observation 7.2.2. In general, deg(M ® N) # deg(M) - deg(N), so the degree is not a ring
homomorphism

7.3 Riemann-Roch formula for coherent sheaves on a curve

Let X be a smooth projective algebraic curve. From now on, every locally free sheaf
that we consider will be of finite rank

Lemma 7.3.1. Let M € Coh(X). Then
M is torsion-free < M is locally free

Proof. Clearly, every locally free sheaf is torsion-free.

Suppose that M is torsion-free. For every x € X, My is a torsion-free finitely
generated module over the principal ideal domain Ox y, so M is free for every x € X
and thus we conclude O
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Let M € Coh(X). The double dual MYV = HomOX(MV, Ox) of M is a coherent
sheaf on X and we have the canonical exact sequence

0—T = M- MW

Let W := {x € X : My is a free Ox x-module}. W is an open subset of X on which T
vanishes. This means that

e By lemma 7 is a torsion sheaf on X, because we have that Supp(7) # X. In
particular, Supp(7) is a finite subset of X and thus H*(X,T) =o

e & :=M/T7 is a torsion-free sheaf on M, so it’s locally free by lemma

Every finitely generated module over a principal ideal domain splits as a direct
sum of a free module and a torsion module. The following proposition generalizes
this well-known fact to coherent sheaves on smooth projective algebraic curves

Proposition 7.3.1. Let M € Coh(X). There is an exact sequence
0T —-+M—=>E—=o0

where T is a torsion sheaf and € is locally free. Furthermore, this sequence splits, and we have
that
M~TPE

Proof. The exact sequence of the statement of the proposition is constructed from
the double dual of M as above. We just have to check that it splits. Applying
Homy, (&,—) = ev ®oy (—) and using that &Vis locally free (and thus flat), we have
the exact sequence

o — Homy, (€,7) — Homg, (€, M) — Homg, (&, &) — o
taking cohomology, we obtain
o — Homy, (€,T) — Homy, (€, M) — Homy, (€, &) — Hl(X,I-Io_mOX(E,‘J’)) — .
but H'(X, Homg (&, 7)) = o because Hom, (&, 7T) = ev ®oy T has finite support [

We are now ready to prove the general form of the Riemann-Roch formula for
coherent sheaves over X. We will prove first some auxiliary results

Lemma 7.3.2. Every coherent subsheaf of a locally free sheaf € on X is also locally free
Proof. Let M C & be a coherent subsheaf. In virtue of lemma we just have to

check that for every x € X we have Tor" (M, k(x)) = o.
Consider the exact sequence
o—-M—-E—->N—=o

N is a coherent sheaf because it’s the cokernel of a morphism between coherent
sheaves. We have the exact sequence

- — Tor*(Ny, k(x)) = 0 — Tor" (My, k(x)) — Tor* (Ex, k(x)) =0 — - --

(where Tor*(Ny, k(x)) = o by lemma so Tor*(My, k(x)) = o, as we wanted to
see O
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Lemma 7.3.3. Let M € Coh(X). The degree of the invertible subsheaves of M is bounded
above by parameters depending only on the genus of X and M

Proof. Let £ be an invertible subsheaf of M. Using the Riemann-Roch formula for
invertible sheaves, we obtain

deg(£) = h°(£) —h'(£L) —x(O0x) < h°(M) —x(Ox) =h°(M) —1+¢
]

Lemma 7.3.4. Let € be a locally free sheaf on X and let £ be an invertible sheaf. Every
homomorphism £ — € is either zero or injective

Proof. Let ¢ : L — € be a homomorphism. Consider the associated exact sequence
o— Ker(p) - L — Im(¢p) >0
clearly, Ker(¢) and Im(¢) are coherent sheaves on X and we have, by lemma
1 =rk(L) = rk(Ker(@)) + rk(Im(¢p))
so there are two possibilities

(a) If rk(Ker(¢)) = o, then Ker(¢) is a torsion subsheaf of £. By lemma that’s
impossible, so Ker(¢) =0

(b) If rk(Ker(¢)) = 1, then Im(¢) is a torsion subsheaf of £, which is again impos-
sible by lemma and thus Ker(¢) = £

]

Lemma 7.3.5. Let 0 — L' — £ be an injective homomorphism between invertible sheaves on
X. Then, deg(L') < deg(L). Furthermore, if deg(L) = deg(L'), then it is an isomorphism

Proof. We have the exact sequence
0oL L—-T—=o0

where T is a torsion sheaf because rk(T) = rk(£) —rk(L') =1—1=o0.

Taking global sections and noting that H*(X, T) = o, we deduce that
ho(L') < ho(L)
h' (L) < h'(L)
and thus, by the Riemann-Roch formula for invertible sheaves, we obtain
deg(L’) = x(L") —x(0x) =
=h°(L") —h' (L") —x(0x) <
<ho(L) —h'(L) —x(0x) =
= deg(L)
If, besides, we have that deg(£) = deg(L’), then

X(T) =x(L)=x(£)=0=h(T) = >  dim(Ty)

and thus 7 = o, so we conclude O
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Observation 7.3.1. The previous results show that every locally free sheaf € on X has invert-
ible subsheaves. Indeed, by Serre’s theorems, there is a sufficiently large n such that £(n) is
generated by its global sections, and thus there is a surjective homomorphism

Ox(M)®---®O0x(—nm) - € —» o
In particular, there exists a nonzero homomorphism
Ox(—n) — &
which, by lemma must be injective. So € admits invertible subsheaves.

Combining this result with lemmas |7.3.3|and [7.3.5, we conclude that € admits invertible
subsheaves of maximal degree

Proposition 7.3.2. Let € be a locally free sheaf on X. Then
x(&) =1k(€)x(Ox) + deg(€)
Proof. We proceed by induction on rk(&). The case of rk(€) = 1 is theorem

Suppose that the result holds for every locally free sheaf on X of rank less than
rk(€). By observation there is an invertible subsheaf £ of & with maximal
degree. Consider the associated exact sequence

o—-L—-E—->M—=o0

M is a coherent sheaf on X. Let’s see that it is locally free. By proposition there
is a split exact sequence
02T —=>M—=F—=o0

where T is a torsion sheaf and J is locally free. Let L' = Ker(€ — F); we have the
commutative diagram

N AL
N
|

L' is an invertible subsheaf of & because
rk(L') = k(&) —rk(F) =
=rk(&) — (rk(M) —rk(7)) =
=rk(&) —rk(M) =
=rk(£)=1
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Besides, there is a natural morphism £ — £’ that is injective by lemma and
furthermore deg(L) = deg(L’) by the construction of £ and lemma so L ~ L'
and thus F ~ £/L ~ M, so M is a locally free sheaf of rank rk(M) = rk(€) —1 < rk(E&).
Applying the induction hypothesis and lemmas[7.2.3|and [7.1.3, we obtain

x(&) =x(L) +x(M) =
= Xx(0x) + deg(L) +rk(M)x(O0x) + deg(M) =
=rk(&)x(0x) +deg(€&)

Lemma 7.3.6. Let T be a torsion sheaf on X. Then
deg(T) = h°(7)
In particular, the degree of a torsion sheaf is always non negative
Proof. By proposition there is a resolution of T by locally free sheaves
o—>Lo—L;—>T—o0

and thus, applying proposition [7.3.2]and using that rk(£,) = k(L) —rk(T) = rk(£L,),
we obtain

=x(Lo) —x(£1) =

= rk(£,)x(0x) +deg(L1) — (rk(Lo)x(0x) +deg(Lo)) =
= deg(L,) —deg(L,) =

= deg(7T)

]

Proposition 7.3.3 (Riemann-Roch formula for coherent sheaves). Let X be a smooth
projective algebraic curve and let M be a coherent sheaf on X. Then

X(M) = rk(M)x(Ox) + deg(M)
Proof. Consider the split exact sequence associated to M by proposition [7.3.1]
0T —=>M—=E—=o0

where T is a torsion sheaf on X and € is locally free. Applying proposition and
lemma we obtain

X(M) =x(T) +x(€) = deg(T) +rk(E)x(Ox) +deg(€) = rk(M)x(Ox) + deg(M)
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7.4 Applications
We are going to give some useful consequences of this generalization of the Riemann-
Roch formula. Let’s start by extending lemma to arbitrary coherent subsheaves

Proposition 7.4.1. Let X be a genus g smooth projective algebraic curve and M € Coh(X).
Let N be a coherent subsheaf of M

e Ifg=o, then
deg(N) < deg(M) + h* (M) + rk(M) = h°(M)

e If g > o, then
deg(N) < deg(M) + h*(M)

Proof. Suppose that g = o, 1. Then, x(0x) = 1 — g > o, and thus, by proposition [7.3.3
deg(N) = x(N) — rk(N ) (0x) <
< h(M) —rk(N)x(0x) <
< h?(M)
because —rk(N)x(Ox) < o. Again, by proposition 7.3.3, we have that
h°(M) = deg(M) +h* (M) + rk(M)(1 —g)

so, plugging in the values g = o, 1, we obtain the desired bounds.

Suppose now that g > 1. Then x(Ox) = 1 —g < o, and thus —rk(N)x(Ox) <
—rk(M)x(0x) so

deg(N) < h®(M) —rk(M)x(0x) =
=h°(M) — (x(M) — deg(M)) =
— deg(M) + h*(M)

]

Observation 7.4.1. Note that, although we have arrived at the same bound, the cases g = 1
and g > 1 in proposition have been proven differently

Lemma 7.4.1. Let M and N be coherent sheaves on X of the same rank such that N C M.
Then, deg(N) < deg(M). Furthermore, deg(M) = deg(N) if and only if M =N

Proof. Consider the associated exact sequence
0=-N—->M—=T—=o0
T is a torsion sheaf because rk(7) = o. We have that
deg(M) = deg(N) + deg(T) > deg(N)
because deg(7T) > o by lemma Besides
deg(M) =deg(N) & deg(T) =0T =0&M=N
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Corollary 7.4.1. Let M be a coherent sheaf on X. Then, for each o < v < rk(M), M contains
coherent subsheaves of rank v and maximal degree

Proof. This follows easily from proposition and lemma O

Definition 7.4.1. Let & be a locally free sheaf on X. A coherent subsheaf & C € is called a
sub-bundle of € if, for every x € X, the canonical homomorphism

Fx/m Ty — Ex/myEx
is injective

Lemma 7.4.2. Let € be a locally free sheaf on X and I C & a coherent subsheaf. Then, J is a
sub-bundle of € if and only if the quotient sheaf £/3 is locally free

Proof. It’s easy to deduce from the definition that J is a sub-bundle of € if and only
if, for every x € X, we have
Tor'((€/F)x, k(x)) =0

we conclude by lemma O

Corollary 7.4.2. Let € be a locally free sheaf and let T be a coherent subsheaf of & with
maximal degree. Then, F is a sub-bundle of €

Proof. Consider the exact sequence
0o—=+F—=E—->M—=o0

By lemma it suffices to show that M is locally free. Consider the splitting
M ~ T & G, where T is a torsion sheaf and § is locally free (proposition[;.3.1). let ¥/ :=
Ker(& — §). By similar arguments as in proposition[7.3.2} we have that rk(F) = rk(F").
Besides, there is an injective homomorphism ¥ — F’. This means that deg(F) <
deg(F’) by lemma But deg(F) > deg(JF’) by hypothesis so F ~ F’ again by
lemma and thus

Mx~E/F~E/F ~G

so M is locally free and we conclude O

Corollary 7.4.3. Let € be a locally free sheaf on X. Every coherent subsheaf of € is contained
in some subbundle of €

Proof. This follows easily from corollaries [7.4.1/and [7.4.2] O

We will end this chapter giving an explicit computation of the Hilbert polynomial
of a coherent sheaf on a smooth projective algebraic curve

Proposition 7.4.2. Let M € Coh(X) and € a locally free sheaf. Then

deg(M ® &) = deg(M)rk(€) + rk(M)deg(€)
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Proof. First note that a direct computation shows that, for every torsion sheaf T on X,
we have that

deg(T® &) = h°(T® L) = 1k(E)M(T) = rk(€)deg(T) = deg(T)rk(&) + o - deg(€)

because € is locally free of rank rk(€&).

In general, we proceed by induction on rk(M). We have just proven the case
rk(M) = o. Suppose that the result is true for any coherent sheaf on X of rank less
than rk(M). Choose any invertible subsheaf £ of M (it exists as a subsheaf of the
locally free part of M, by observation [7.3.1). We have the exact sequence

0o—>L—->M—=>N-—=o0
with rk(N) = rk(M) — 1 < rk(M). Tensoring with £, we obtain the exact sequence
0> LRE-IMRE-NXRE—O
and thus, by induction hypothesis we have that
degM®E) =deg(L ®E)+deg(N®E) =
= deg(L)rk(&) + deg(E) + deg(N)rk(E) + rk(N)deg(&) =
= deg(M) + rk(M)deg(€&)
O

Observation 7.4.2. Given M, N € Coh(X), we can’t give a concise formula for deg(M @ N),
because it would involve computing terms of the form deg(T ® T'), where T, T’ are torsion
sheaves on X. We would have

deg(T®T") =h°(T® T’ Zdlmk

xeX

Lemma 7.4.3. Let € be a locally free sheaf on X and £V = Homy, (€, Ox) the dual sheaf.
Then
deg(&v) = —deg(€)

Proof. We proceed by induction on rk(€). This is a well known result for rk(€) = 1.
Suppose that the result holds for every locally free sheaf of rank less than rk(€).

Let £ be an invertible subsheaf of € of maximal degree and consider the associated
exact sequence
0—+L—=E&—=F—=o0

F is a locally free sheaf by corollary|[7.4.2} Besides, rk(F) = rk(€) —1 < rk(€) and thus
deg(F") = —deg(F) by induction hypothesis. The sequence

o—-F »¢&V LY 5o
is exact because J is a locally free sheaf, so

deg(€") = deg(L") + deg(F") = —deg(L) — deg(F) = —deg(&)
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Proposition 7.4.3. Let Ox(1) a very ample invertible sheaf on X and M € Coh(X). The
Hilbert polynomial of M with respect to Ox(1), P(M, m) := x(M(m)), is given by

P(M, m) = x(M) + rk(M)deg(X)m = rk(M)(1 — g) + deg(M) + rk(M)deg(X)m

Proof. In virtue of propositions [7.3.3|and [7.4.2| we have

I
=

x(M(m)) = rk(M(m))x(0x) + deg(M(m)) =
k(M)x(Ox) + deg(M) + rk(M)deg(Ox(1))m =

(M) + rk(M)deg(X)m

I
=]

I
=



Chapter 8

Stable and semistable sheaves

In this chapter, we will introduce the notion of semistable and stable sheaves on a
smooth projective algebraic curve. We will study their main properties, introduce the
Jordan-Holder and Harder-Narasimhan filtrations, and prove that, essentially, a fam-
ily of locally free sheaves on a smooth projective algebraic curve is bounded if and
only if it is semistable.

Some references for this chapter are [HL10, Chapters 1-2], [Scho8, Chapter 2, § 2]
and [LP97, Chapter 5]

8.1 Basic definitions
Let X be a smooth projective algebraic variety and let Ox(1) be a very ample invertible
sheaf on X
Definition 8.1.1. Let M be a coherent sheaf on X. The dimension of M is
dim(M) := dim(Supp(M))

Definition 8.1.2. A coherent sheaf M on X is pure of dimension d if every coherent subsheaf
o0 # N C M is of dimension d

Lemma 8.1.1 ([HL10], § 1.2). Let M be a coherent sheaf on X. The Hilbert polynomial of M
can be written as

dim(M) @ (V)
P(M,m) =x(M@0x(m)) = Y kk' mk
k=0 )

where ay(M) € Z for every k =o,...,dim(M)
Definition 8.1.3. The reduced Hilbert polynomial of M is
P(M, m
p(M,m) == PV, m)
Qdim (M)

Definition 8.1.4. A coherent sheaf M on X is Gieseker-semistable (resp. Gieseker-stable) if it
is pure and for every coherent subsheaf o # N C M we have that

p(N,m) < p(M, m) for m>>o0 (resp. p(N,n) < p(M, m) for m > o)

91
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8.2 Stability on curves

Let X be a smooth projective algebraic curve of genus g. Let Ox(1) be a very ample
invertible sheaf on X and denote by dx = deg(Ox(1)) the degree of X.

Let M be a coherent sheaf on X of rank r and degree d. In proposition we
gave an explicit computation of the Hilbert polynomial of M with respect to Ox(1)

P(M, m) =x(M® O0x(n)) =r(1—g)+d+rdxym
Lemma 8.2.1. The reduced Hilbert polynomial of M is
(a) Ifr>o0

(b) Ifr=o0
p(M,m)=1

Definition 8.2.1. If > o, u(M) := < is called the slope of M

Definition 8.2.2. Let M be a coherent sheaf on X of positive rank. M is slope-semistable (resp.
slope-stable) if for every coherent subsheaf o # N C M we have that

w(N) < (M) (resp. w(N) < p(M))
Lemma 8.2.2. Let M be a coherent sheaf on X
(a) M is pure of dimension 1 if and only if M is locally free
(b) M is pure of dimension o if and only if M is a torsion sheaf
Proof. Every locally free sheaf on X is pure of dimension 1 by lemma

On the other hand, M is pure on dimension 1 if Supp(M) = X and every proper
coherent subsheaf of M has dimension 1; in particular this means that M can’t contain
torsion subsheaves and thus it must be locally free in virtue of lemma

Finally, we have that
M is pure of dimension 0 < dim(M) = o < M is a torsion sheaf

O]

In a smooth projective algebraic curve, Gieseker-stability and slope-stability turn
out to be equivalent concepts

Lemma 8.2.3. Let M be a coherent sheaf on X

(a) If M is pure of dimension 1, then M is Gieseker-semistable (resp. Gieseker-stable) if and
only if it is slope-semistable (resp. slope-stable)
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(b) If M is pure of dimension o, then M is Gieseker-semistable
Proof. If M is a pure sheaf of dimension 1 we have that, by lemma

‘Mme—mwmwzéimmm—wNn

so the result follows.

Suppose now that M is pure of dimension o. Then M is a torsion sheaf on X by
lemma and thus M is semistable because its reduced Hilbert polynomial is equal
to1 [

Observation 8.2.1. In general, Gieseker-stability is better suited for constructions of geomet-
ric invariant theory. On the other hand, slope-stability behaves well under pullbacks, products
and coproducts. The equivalence of these two notions in the case of curves simplifies their
study.

For a general smooth projective algebraic variety X we can also define the slope of a coherent
sheaf, and for a pure coherent sheaf M of dimension d = dim(X) we have that (see [HL10)|
Lemma 1.2.13])

M is slope-stable = M is Gieseker-stable = M is Gieseker-semistable = M is slope-semistable

Observation 8.2.2. In view of lemma we will say that a pure coherent sheaf of dimen-
sion 1 on X is semistable (resp. stable) to mean that it’s Gieseker-semistable or slope-semistable
(resp. Gieseker-stable of slope-stable)

Lemma 8.2.4. Let M be a coherent sheaf on X with rk(M) > o and consider an exact sequence
of coherent sheaves
0O=->N—->M—=P—=o0
Then
tk(N)p(N) + rk(P)p(P)
rk(M)

M) =

Proof. The proof follows easily from the additivity of the degree of coherent sheaves
and the definition of slope

_ deg(M) _ deg(N) +deg(P)  tk(N) - u(N) + tk(®) - u(P)

RO =0~ k(M) - k(M)

]

We will now focus on pure sheaves of dimension 1 on X, i.e., locally free sheaves
on X

Lemma 8.2.5. Let € be a locally free sheaf on X. The following statements are equivalent

(a) € is semistable (resp. stable)
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(b) For every sub-bundle (recall definition 0 # F C & then u(F) < n(&) (resp.
w(F) < u(€))

(c) For every proper (i.e. distinct from zero or €) coherent quotient sheaf € — M — o, then
n(€) < (M) (resp. u(€) < u(M))

Proof. Clearly (a) = (b). By corollary every coherent subsheaf of € is contained
in some sub-bundle of €, so (b) = (a) by lemma [7.4.1}

Let’s see that (a) = (c). Suppose that € is semistable and consider an exact
sequence in Coh(X)
o—-F—=E—->M—o

By lemma we have that
(€)= rk(F)(F) + rk(M)p(M) o rk(F)pu(&) + rk(M) (M)
Her= rk(€) S rk(€)

and thus
rk(E)pu(€) —rk(Fp(€) < rk(M)p(M)

but rk(E)u(E) —rk(F)p(€) = rk(M)u(€), so (a) = (c). The implication (c) = (a) can
be proven similarly O

Example 8.2.1. Every invertible sheaf £ on X is stable. Indeed, for every invertible subsheaf
L' C L, by lemma we have that deg(L') < deg(L) and thus u(L') < p(L)

Proposition 8.2.1. Let € and J be semistable locally free sheaves on X. Then
o Homo, (€,%) # 0= u(€) < (%)
e Suppose that w(€) = wW(F) and let @ : € — F be a non-zero homomorphism. Then

o If € is stable, then ¢ : € — T is injective
o If F is stable, then ¢ : & — T is surjective

Proof. Suppose that Homg, (€,F) # o. Then, there is a non-zero homomorphism
@ : & = J. Clearly, Im(¢) is a coherent sheaf on X and, by lemma we have that

1(€) < u(Im(e)) < u(F) (8.1)

so the result follows.

Suppose now that p(€) = p(F). Then, all the inequalities in equation are
equalities, and the result follows from the definition of slope-stability O

Corollary 8.2.1. Let & be a stable locally free sheaf on X. Then, Endg, (€) is isomorphic to k
as a k-algebra

Proof. Clearly, Endy, (€) = H°(X, Endg, (€)) is a finite dimensional k-algebra. Besides,
Endp, (€) is a division algebra in virtue of proposition

Every finite dimensional division algebra A over an algebraically closed field k is
trivial, because every element a € A not in k would span a commutative algebraic
field extension k — k[a] O
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8.3 Jordan-Holder and Harder-Narasimhan filtrations

Let p € Q and denote by S(u) the category of semistable locally free sheaves of slope
pnon X

Lemma 8.3.1. Let
0o—-JF—=-E—=-GG—=0

be an exact sequence of locally free sheaves on X such that F,G € S(u). Then, € € S(u)

Proof. By lemmas |8.2.4/and [7.1.3, we have that

rk(F)u+rk(G)p
rk(€&)

w(€) =

=n

Let 3’ be a coherent subsheaf of & and denote FNJF’ := Ker(F’ — G). We have the
commutative diagram

O )

L

0o—=INF —F —=7F'/(FNTF)—o0

]

0 F & g 0

0

whose rows and columns are exact.

Applying again lemma and using that, by hypothesis, p(FNF') < p(F) = p
and W(F'/(FNTF)) < u(9) = w, we obtain that u(F') < u(F) =y, so we conclude [

Observation 8.3.1. Note that, if F,& € S(u) and F C € with rk(F) = rk(E), then it must
be deg(F) = deg(&) and thus & = F by lemma|;.4.1]

Proposition 8.3.1. S(u) is an abelian category. Furthermore, given any & € S(u), then
every descending chain of elements of S(W) contained in € stabilizes, i.e., S(W) is an Artinian
category

Proof. S(n) is clearly a (linearly) additive category, because its hom-sets are finite di-
mensional vector spaces over k = H°(X, Ox). Finite coproducts exist in S(i) by lemma
8.3.1

Let £,F € S(u) and let f : € — F be a homomorphism. We have to prove that Ker(f)
and Im(f) are objects of S(i). Clearly, we have that Im(f) is a coherent subsheaf of F
and thus it’s locally free by lemma Besides, by the semistability of € and F we
have that

w=p(&) < u(m(f)) < pu(d) =un

so pu(Im(f)) = p. This proves that Im(f) must be semistable, because if it were not the
case it would contain coherent subsheaves of slope greater than p, contradicting the
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semistability of . A similar argument shows that Ker(f) € S(p).

Finally, let’s see that S(u) is an Artinian category. If 5, € S(pn) and F C € is a
coherent subsheaf of € then, in virtue of observation we have that rk(JF) < rk(€&).
This proves that the rank decreases in subobjects, and thus every chain of subobjects
must stabilize because the rank is always non-negative O

Definition 8.3.1. Let & € S(u). A Jordan-Holder filtration of € is a filtration
0=E6C&C--C&=¢
such that
o & eS(u) foreveryi=1,...,r
o gr.(&):= &;/&_, is stable for everyi=1,...,7

1 is called the length of the Jordan-Holder filtration and gr(€) := ®i_,gr;(€) is called the
associated graded object

Proposition 8.3.2. Let & € S(u). Jordan-Holder filtrations of € always exist. Furthermore,
all Jordan-Holder filtrations of € have the same length and their associated graded objects are
isomorphic

Proof. Let’s see that Jordan-Holder filtrations of € always exist. There is some stable
subsheaf £, C € of € of slope p, because if it were not the case then € would have non
stabilizing decreasing sequences of subsheaves in 5(u), and that’s impossible because
S(u) is an Artinian category.

By proposition €/&: an object of S(p), and by the same argument as before it
contains some stable subsheaf of slope 1. We can continue the argument until we ob-
tain a Jordan-Holder filtration of €. This process is finite, because the rank of different
elements of the filtration is different and the rank of every element of the filtration is
bounded between o and rk(&).

Let
0=¢6,C&6 C...C&=¢
0=3,23,C...CF;=¢

be Jordan-Holder filtrations of €. Let’s prove that r = s and that ®]_ &;/&i, ~
®f_,J1/TFi—1. We proceed by induction on rk(€&).

If rk(€) = 1, then € is an invertible sheaf and it’s stable by example so € has
only one Jordan-Holder filtration o C € and the result follows.

Suppose that the result is true for every locally free sheaf of rank less than rk(¢).
Let

0= CEC...CE=E
O:?ogi}dlg..gi}ds—g



8.3 97

be Jordan-Holder filtrations of €. There is some j = 1,...,s such that £&; C Jj and
& ¢ Jj—1, so there is a non zero homomorphism &£; — J;/J;_, of stable sheaves with
the same slope, which must be an isomorphism by proposition

Consider the induced filtrations of £/&;

0C&/E.C...CE/E,
0C T /(ENT)C...CE/E:

of lengths v — 1 and s — 1 respectively; we are denoting &; N F; := Ker(F; — £/&,).
These are Jordan-Holder filtrations because

(€1/€1)/(Ei—1/E1) = E1/Ei—; and ((Fi/E:NTFY))/(Fii/(E.NTFiy)) = T /T,

The second isomorphism exists because the snake lemma provides a non zero surjec-
tive homomorphism

((F1/€.NF))/(Fia/ (€1 N Fiq)) = Fi/Fiq — 0
which is an isomorphism by proposition [8.2.1]because F;/F;_, is stable.

We have that rk(€/€,) < rk(€) and thus, by induction hypothesis,
r=sand @{:2 /&1 ~ @1755?1/?]'_1
On the other hand, we already saw that &; ~ J;/3;_,, so the result follows l

Definition 8.3.2. A semistable sheaf on X is called polystable if it’s the direct sum of stable
sheaves. Two semistable sheaves on X are S-equivalent if their associated graded objects are
isomorphic

We will now introduce the Harder-Narasimhan filtration of a locally free sheaf on
X. It can be seen as a measure of how far is a sheaf from being semistable

Lemma 8.3.2. Let € be a locally free sheaf on X. The set of slopes of coherent subsheaves of €
is bounded above

Proof. Let & C € be a coherent subsheaf of €. Since rk(F) > o, we have that

deg()
= <
so we conclude by proposition [7.4.1] O

Proposition 8.3.3. Let € be a locally free sheaf on X. There is a filtration of € by sub-bundles

(recall definition [7.4.1)
OZ&OQEIQ"'QETZS

such that

o &i/&i_, is semistable for everyi=1,...,7
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o w(&i/&i ) > u(&i1/E& ) foreveryi=2,...,7
o The filtration is unique

This filtration is called the Harder-Narasimhan filtration of £. We denote (&) :=
w(€i/&i—) and
Hmax(€) = (&)  Umin(E) = 1 (&)
The increasing sequence
Hmax(€) > ... > Umin(E)

is called the Harder-Narasimhan sequence of €. The sub-bundle &, C € is called the
maximal destabilizing sub-bundle of £

Proof. (Of proposition [8.3.3) Let &, C & be a coherent subsheaf of € satisfying the
following conditions

e 1(&;) is maximal among the slopes of coherent subsheaves of € (this is possible

by lemma

o rk(&;) is maximal among the ranks of coherent subsheaves of £ of maximal slope

Because of these conditions, &, is a coherent subsheaf of £ of maximal degree among
coherent subsheaves of € with rank rk(&,). By a very similar argument to the proof
of corollary & is a sub-bundle of €. &, is called a maximal destabilizing sub-
bundle of € (we will see later that €, is unique satisfying these two properties).

We have the inclusions
0C & CE

Clearly, €, is semistable because it has maximal slope. Let €, be a maximal destabi-
lizing sub-bundle of £/&,. Then, &, = &,/&, for a coherent sheaf &, of & containing
€:. We have that pu(€;) > w(€,) because, if it were u(&;) = u(&€,), then we would
also have rk(&,) = rk(€&,) by the properties of £; and thus we would have &, ~ &, by

lemma From this, using lemma we have that
rk(&:)p(€1) > rk(E5) = 1k(E1) (&) +1k(E2/E1)u(E4/ES)

and thus p(&;) > u(€,/&,). We can continue the process to obtain a filtration of €
satisfying the desired conditions.

Let
OZgogglg...gngS

be a filtration of € constructed in this way, and let
O:?oggtl_’cﬁ...gg‘s:e

be another filtration of € satifying the same properties. Let’s see that each term is
equal. There is some j = 1,...,s such that & C Jj and &, ¢ Fj_y; this induces a
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non zero homomorphism &, — J;/3;_; between semistable sheaves. By the proper-
ties of &, proposition and the properties of the filtration we have the chain of
inequalities

() < p(éy) < H(Srj/?j—l) < w(Ty)

so all these inequalities are equalities and thus
L4 \ffj = ffl
o u(J;) =un(&)and & C F; = rk(&;) =rk(T;)

so &; ~ J;. We can use the same argument to conclude that €,/&; ~ F,/J; and thus
€, ~ JF,. Uniqueness follows O

8.4 Boundedness

Let X be a smooth projective algebraic curve

Definition 8.4.1. Let A be a family of isomorphism classes of locally free sheaves on X. A is
bounded if there is a finite type scheme S and a coherent sheaf U on X x S, flat over S (with
respect to the natural projection on S), such that for every € € A there is some s € S®(k) with
Us ~ &, where Uy is the pullback of U by the inclusion {s} — S

In this section we will give necessary and sufficient conditions for a family of
isomorphism classes of locally free sheaves on X to be bounded. We will prove that
these conditions are fundamentally related to semistability

Observation 8.4.1. Let S be a finite type scheme and M a coherent sheaf on X x S, flat
over S. By the semicontinuity theorem (see for example [Mumzo| Chapter 1I, § 5]), the map
s — X(Ms ® Ox(n)) is constant on each connected component of S, so the possible values for
the rank and degree of the sheaves in the family {Ms}scse (k) are finite (because S is a finite type
scheme). In particular, any bounded family A of locally free sheaves on X can take only a finite
number of values of rank and degree

Lemma 8.4.1. Let M be a flat coherent Ox-module such that H' (X, M) = o. Then, the
following properties are equivalent

o M is generated by its global sections
o H' (X, M® Ox(—x)) = o for every x € X*(k)

Proof. By Nakayama’s lemma, M is generated by its global sections if and only if, for
every x € X*(k), the natural homomorphism H°(X, M) — M, /m, M is surjective.

Let x € X*(k). There is an exact sequence
0— Ox(—x) = Ox = k(x) — o
Since M is a flat Ox-module, we obtain the exact sequence

00— M®Ox(—x) = M — My/mM, — 0
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Taking cohomology, we obtain the long exact sequence
o= HO(X, M) — My /m My — HY(X, M ® Ox(—x)) — 0
so we conclude O

Theorem 8.4.1 ([Scho8], Proposition 2.2.3.2). Let A be a family of isomorphism classes of
locally free sheaves on X. Then, A is a bounded family if and only if the following conditions
are satisfied

(a) The set {(deg(&),rk(E)) : € € A} is finite
(b) There is a natural number n, > o such that, for every n > n, and every € € A

e H'(X,E(M)) =0
o &(n) is generated by its global sections

Proof. Suppose that A is a bounded family. Then, there is a finite type scheme S over
k and a coherent sheaf U on X x S, flat over S via the projection 7t : X x S — §, such
that the elements of A appear as elements of the family {Us}scse (k) of coherent sheaves
on X.

Observation proves that condition (a) holds. Fix s, € S°*(k). By Serre’s theo-
rems, there is a natural number n, > o such that, for every n > n,, H*(X, Us,(n)) = o
and Us, (n) is generated by its global sections. In virtue of lemma we can express
this fact as a cohomological condition: H*(X, Us, (n) ® Ox(—x)) = o for every x € X*(k).

Let 7tx : X X S — X be the natural projection on X and consider, for every x € X*(k),
the coherent sheaves on X x S
U ® myOx(n) and U @ myOx(n —x)
These are coherent flat sheaves over S such that
(U ® mxOx(n))s ~ Us(n) and (U @ mxOx(n —x))s ~ Us(n) ® Ox(—x)
for every s € S*(k). By construction, we have that
o H'(X, (U®mxO0x(n))s,) = H' (X, Us,(n)) =0
o H'(X, (U®m5O0x(n—x))s,) = H(X, Us, (n) ® Ox(—x)) =0
and by the semicontinuity theorem
e H' (X, Us(n)) =0 (8.2)
o H'(X, Us(n) ® Ox(—x)) =0 Vx € X*(k) (8.3)

for every closed point s in the connected component of S containing s, and every
n = ne.

Since S is a finite type scheme, we can take n, sufficiently large so that the previous
conditions hold for every s € S*(k) and every n > n,. In virtue of lemma we
have proven that for every n > n, and every s € S°(k)
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e H'(X,Us(n)) =0
e Us(n) is generated by its global sections

so the same follows for the elements of A.

Suppose now that A satisfies the conditions of the theorem. We can suppose,
without any loss of generality, that the elements of A have a fixed rank r and degree
d. By hypothesis, there is a natural number N > o such that, for every € € A,

o HI(X,&(N)) =0

e & is generated by its global sections, i.e., there is a surjective homomorphism
HO(X, E(N)) @ Ox = E(N) — o

In particular, every element & € A can be expressed as a quotient
HO(X, E(N)) @ Ox(—N) = € — o

Furthermore, by proposition and using that H*(X, E(N)) = o

h(E(N)) =x(E(N)) =r(1—g) +d +deg(X)rN

Fix a k-vector space H of dimension r(1 — g) + d + deg(X)rN and a linear isomorphism
H ~ H°(X, E(N) for every € € A. Then, every £ € A can be expressed as a quotient

H®Ox(—N) =+ & — o
such that the induced homomorphism
H — H°(X, E(N))

is an isomorphism.

In other words, every € € A is a closed point of the Quot scheme Quoti(m) (H®y
Ox(—N)) where P(m) = P(€, m) is the Hilbert polynomial of any € € A. So every ele-

ment of A arises as a pullback of the universal quotient sheaf U on X x Quoti(m) (H®y
Ox(—N)), and thus A is a bounded family ]

Example 8.4.1. Denote by A(r, d) the family of isomorphism classes of locally free sheaves on
X of rank v and degree d. Then, A(r,d) is not bounded if r > 2.

Indeed, consider the subfamily
[&n = Ox(—1) ® Ox(d + 1) @ 05" }cz € Alr, d)
For every m > o, we have that
h'(€n(m)) > h'(Ox(m—n)) > r(g—1) + (m—n)

so there is not any m > o such that h'(En(m)) = o for every n € Z, and thus A(r, d) is not
a bounded family by theorem [8.4.1]
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We will now relate the conditions of theorem to slope-semistability

Proposition 8.4.1 ([Scho8|, Proposition 2.2.3.7). Let A be a family of isomorphism classes
of locally free sheaves on X. Then, A is bounded if and only if the following conditions are
satisfied

o The set {(deg(&),rk(&)) : € € A} is finite
o There is a constant C € R such that, for every € € A,

Hmax(€) < pu(€) +C
(recall the definition of wmax(E) in proposition

Proof. First, note that the second condition of the proposition implies any of the fol-
lowing two equivalent assertions

(a) Thereis a constant C € R such that, for every € € A and every coherent subsheaf
F C &, we have that u(F) < u(€)+C

(b) There is a constant C € R such that, for every €& € A and every sub-bundle
F C &, we have that C+ u(&) < n(&€/F)

(a) follows directly from the definition of pmax(€), and the equivalence of the two is a
direct consequence of lemma

Suppose that A is a bounded family. By theorem we can find a sufficiently
large integer N such that, for every & € A, we have that H*(X,E(N)) = o. Suppose
that the condition of the proposition is not true. Then, for every C € R we could
find some & € A such that there is a sub-bundle F C & with C + w(€) > u(Q), where
Q:=¢/9.

Since the set {iL(M) : M € A} is finite by hypothesis, we can choose C € R such that
1(Q) < g — 1 — Ndeg(X). Besides, since F is a sub-bundle of €, then Q" is a subsheaf
of &Y. Let wx be the canonical sheaf on X. Using Serre duality, the fact that Q¥ is a
subsheaf of &Y and the Riemann-Roch formula, we have that

_ REN)
rk(Q)
- ho(gv(—N) ® wx)
rk(Q) -
QY (—N) ® wy)
rk(Q)
_ RO _
rk(Q)
~ h°(Q(N)) +1k(Q)(g — 1) — deg(Q) — deg(X)rk(Q)N
N rk(Q)
>g—1—pn(Q) —deg(X)N >o

P
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which is a contradiction.

Suppose now that the conditions of the proposition hold. We will prove that A is
bounded using the criteria of theorem [8.4.1]

Let N be an integer such that there is some & € A with H'(X, E(N)) # o. By Serre
duality, we have that Homg, (£(N), wx) ~ H*(X,E(N))* # o, so there is a non-zero
homomorphism f : E(N) — wx. Consider the associated exact sequence

o — Ker(f) - E(N) - Im(f) — o

By lemma we have that
rk(€)u(E(N)) = rk(Ker(f))p(Ker(f)) 4 rk(Im(f)) p(Im(f)) (8.4)

Besides, Ker(f)(—N) C &, so by hypothesis there exists some C € R (we can suppose
that C > o) such that
n(Ker(f)) < (&) + C+ Ndeg(X)

On the other hand, we have that u(E(N)) = p(€) + Ndeg(X). Substituting this on
equation [8.4] we have that

rk(€)(n(€) + Ndeg(X)) < rk(Ker(f))(u(€) + Ndeg(X) 4+ C) + rk(Im(f))u(Im(f)) (8.5)

Im(f) is an invertible subsheaf of wx, so u(Im(f)) < u(wyx) = 2g —2. Putting this on
equation [8.5/and using lemma we arrive at

rk(Ker(f))

H(8)+2—29—m

C < —Ndeg(X)

But rk(Ker(f)) rk(&)

KIm] = k] — L S rk(€) — 1, so we have that

(rk(€) —1)C+2g—2—p(€) > Ndeg(X)

By hypothesis, the set {(deg(€),rk(€)) : € € A} is finite, so we can find bounds for
rk(€) — 1 and —u(€), and we deduce that there is some M € R such that M > N.

In other words, for every integer N > M and every € € A, we have that H' (X, E(N))
o. Using the same ideas, we can consider a larger M so that, for every x € X*(k) and
every & € A, we have that H'(X, E(N) ® Ox(—x)) = o. By lemma and theorem
we conclude that A is a bounded family O



Chapter 9

The moduli space of semistable sheaves

In this chapter we will define the moduli problem of semistable sheaves on a smooth
projective algebraic curve. We will prove the existence of moduli spaces using the
techniques of geometric invariant theory developed in part I We will suppose that
char(k) = o.

Some references for this chapter are [Hos15, Chapter 8], [LPg7, Chapters 7-8] and
[HL10, Chapter 4]

9.1 The moduli functor

Let X be a smooth projective algebraic curve. Letr >o0and d € Z

Definition 9.1.1. Let S be a scheme. A flat family of semistable (resp. stable) sheaves on X
parameterized by S is a coherent sheaf M on X x S, flat over S, such that M is a semistable
(resp. stable) locally free sheaf on X for every s € S°®(k)

For every scheme S, denote by M5?(r, d)(S) the set of isomorphism classes of flat
families of semistable sheaves of rank r and degree d on X parameterized by S

Lemma 9.1.1. The correspondence

M3 (r, d) : Sch — Sets
S — M (r,d)(S)

is a contravariant functor.

If M5 (7, d)(S) denotes the set of flat families of stable locally free sheaves of rank v and
degree d on X parameterized by S, the correspondence M3 (r, d) : Sch — Sets is also functorial

Proof. Let f:S — T be a morphism of schemes. We have the cartesian square
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Consider

M5 (v, d)(f) - MK (r, d)(T) — M (v, d)(S)
M= ME (v, d)(f)(M) := (idx x f)*M
Clearly, (idx x f)*(M) is a coherent sheaf on X x S, flat over S. Besides, for every
s € S*(k) then, if i := (Idy, s), we have that
[(idx x f)*M]s = i (idx x f)*M =
= [(idx x f) o is]"M =
= My

so (idx x f)*M € M (r,d)(S), and thus M5 (r, d)(f) is well defined. This proves that
M3 (r, d) : Schy — Sets is a contravariant functor.

The analogous result for M5 (r, d) can be proven in a very similar way O

Let S be a scheme, 75 : X x S — S the projection on S and M € M3(r, d)(S). Then,
for every £ € Pic(S), it’s easy to see that M @ gL € M (v, d)(S).

Consider the following equivalence relation on M (r, d)(S)
M ~s Nin M5 (r, d)(S) & M ~ N ® gL for some £ € Pic(S)

Denote by ﬁ[;s(r, d) the functor defined by 3%;5(?, d)(S) == M3¥(r, d)(S)/ ~s for every
scheme S (we define M5 (1, d) similarly)

Proposition 9.1.1 ([HL10], Proposition 2.3.1). Let M be a flat family of coherent sheaves on
X parameterized by S. The sets {s € S®(k) : M is semistable} and {s € S®(k) : M is stable}
are the sets of closed points of uniquely determined open subsets of S. In other words, being
stable or semistable are open conditions in flat families

Observation 9.1.1. Note that, by proposition M (r,d) and J\~/[§<(r, d) are, respectively,
open subfunctors of M (r, d) and M3 (r, d)

Lemma 9.1.2. A scheme corepresents M (v, d) (resp. M5 (v, d)) if and only if it corepresents
M3 (r, d) (resp. M5 (r,d))

Proof. There is a natural morphism of functors n : M(r,d) — J\~/E§<S(r, d). Let T be a
scheme and & : M§¢(r,d) — T* a morphism of functors. If we prove that there is a
unique morphism of functors I J?[;S(T, d) — T°® such that & = £o 1, then we would
conclude.

Let Sbe a scheme and &g : M3¥(r, d)(S) — T*(S). If we prove that for any £ € Pic(S)
we have Eg(m5L) = E5(mE0s) = Es(O1xs), then clearly &s would factor via ns and we
would conclude.
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By definition, &s(mgL) € T*(S) = Hom(S, T). If we prove that for every closed
point p : Speck — S we have &s(mgl) op = &Es(Oxxs) op = &gpeck(Ox), then we
conclude. This is immediate since

Es(gL) op = Egpeck((Idx x p)*msL) =
= ESpeck(Lp/mpr ®x O0x) =
= ESpeck(oX)

9.2 Construction of the moduli space

Letr >0o0and d € Z

Definition 9.2.1. A scheme corepresenting the functor M§(r,d) : Sch — Sets is called a
moduli space of semistable sheaves of rank r and degree d

In this section, we will prove that there are always moduli spaces of semistable
sheaves, and that there exists a coarse moduli space for M3 (r, d) (see [Hos15, Chapter
2, § 5] for the definition of a coarse moduli space).

We outline here the main steps that we will follow in the construction

(a) We will start by reducing the moduli problem to semistable sheaves with suffi-
ciently high degree. Using proposition this condition on the degree implies
the vanishing of the first cohomology group of the sheaves and the property of
being globally generated

(b) We will then prove some technical results due to Le Potier, that express the
condition of being semistable in terms of a growing condition on the Hilbert
polynomial

(c) We will transform the moduli problem into a problem of geometric invariant
theory, so that the moduli space of semistable sheaves is isomorphic to the cat-

egorical quotient of an open subset Q of a certain Quot scheme by an action of
SL(P(N)), for some P(N)

(d) Finally, we will use the previous results of Le Potier to identify ) as the set
of semistable points associated to a linearization of an action of SL(P(N)) on
the Quot scheme. This would prove that the categorical quotient (3//SL(P(N))
exists by theorem and we would conclude by (c)

9.2.1 Reduction to sheaves of large degree

Lemma 9.2.1. Let € be a semistable locally free sheaf on X. If deg(€) > rk(€) - (2g — 1),
then H'(X, €) = o and & it’s generated by its global sections
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Proof. Denote by wx the canonical sheaf on X. By Serre duality, we have that
HY (X, €)* ~ H°(X, &Y ® wx) = Homg, (&, wx)

Since € and wyx are semistable sheaves and p(wyx) = deg(wx) = 2g — 2, by proposition
we have that H'(X, &) = o.

On the other hand, by lemma we have that € is generated by its global sec-
tions if and only if H*(X, € ® Ox(—x)) = o for every x € X*(k).

Again, by Serre duality this is equivalent to Homg, (€ ® Ox(—x), wx) = o for every
x € X*(k), and the result follows from an easy computation and proposition

because n(€ ® Ox(—x)) = %;k(g) &

Lemma 9.2.2. Let € be a semistable (resp. stable) locally free sheaf on X and £ an invertible
sheaf. Then, € ® L is semistable (resp. stable)

Proof. Let J be a coherent subsheaf of € ® £. Then, 7 ® £ is a coherent subsheaf of
€, and the result follows from the semistability (resp. stability) of £ and the fact that
HER L) =u(E) +deg(L) and pn(F® L") = u(F) —deg(L) O

Observation 9.2.1. The proof of a more general statement than lemma can be found in
[Zhal

Proposition 9.2.1. Let S be a scheme, and denote by mx : X x S — X the natural projection
on X. For every n € Z, there is a bijection

M (r, d)(S) = M (r, d 4+ rdeg(X) - n)(S)
M = M ® myOx(n)
Furthermore, this bijection extends to an isomorphism of functors M (r,d) ~ M (r,d +

rdeg(X) - n) for every n € Z. The same result holds for the functor of flat families of stable
sheaves

Proof. Let M € M5 (1, d)(S). Then, M ® 75 Ox(n) is a coherent sheaf on X x §, flat over
S.

For every s € S*(k), let is = (Idx, s). We have that
i (M@ m0x(n)) ~ M ® (15 015)*Ox(n) ~ M ® Ox(n)

By lemma M;s ® Ox(n) is a semistable sheaf, and clearly it has rank r and degree
d +rdeg(X) - n.

This proves that the map is well defined. It’s easy to see that its inverse is given
by tensoring with 7 Ox(-—m), and functoriality follows immediately. The same ideas
prove the analogous result for the functor of flat families of stable sheaves O

Proposition shows that we can reduce the problem to moduli functors M3 (r, d)
with d > r(2g — 1). This has the advantage that, by lemma every semistable lo-
cally free sheaf £ of rank r and degree d has H*(X, £) = 0 and it’s globally generated
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9.2.2 Some results of Le Potier

In this subsection, we will prove some technical results that are useful for the con-
struction of the moduli space of semistable sheaves. They will allow us to identify
semistable locally free sheaves as those that satisfy a certain growth condition on
their Hilbert polynomials. The results presented here can be found in [LPg7, Chapter

7,811
Lemma 9.2.3. Let € be a semistable locally free sheaf on X. Then

h°(€)
rk(€)

< [(€) +1l4

Where [al; = sup(a,0)
Proof. We proceed by induction on deg(&). If deg(€) < o then, by proposition
H°(X, €) = Homg, (Ox, &) =0

so the inequality follows.

Suppose that the result is true for every semistable locally free sheaf on X of degree
less than deg(€). Let x € X*(k) and consider the exact sequence

0—E&(—x) = & = &/mEx — 0
By lemma &(—x) is a semistable sheaf of degree
deg(E(—x)) = deg(€) —rk(€) < deg(€&)

and thus, by induction hypothesis and noting that u(€) > o, we obtain

h°(€) = h°(E(—x)) + h?(Ex/my&x) =
=h°(&(—x)) +1k(&) <
< rk(E)[(E(—x)) + 1)+ +1k(€) =
=rk(&)u(& )+rk( ) =
= k(&) [n(E) + 1)+
so we conclude O

Note that, if € is a locally free sheaf and
0C&C...C&=¢

is the Harder-Narasimhan filtration of € (recall proposition 8.3.3) then, by lemma
we have that

he(&) k(€i/Ei—)
<X k(€

[W(Ei/Ei—1) +1]¢ (9.1)
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Proposition 9.2.2. Denote by Cohx(r,d) the family of isomorphism classes of coherent
sheaves of rank v > o and degree d € Z on X. There is an integer N(r,d) such that, for
every n > N(r, d) and every M € Cohx(r, d), the following assertions are equivalent

(a) M is a semistable locally free sheaf
(b) For every coherent subsheaf N C M, we have that

h(M(n))

h?(N(n)) < KOV

-tk(N)

Proof. Let’s see that (a) implies (b). Let € be a semistable locally free sheaf on X and let
a be an integer such that a < p—g-r (where u = u(€) = d/r). Let § C € a coherent
subsheaf (which is locally free by lemma such that py,in(F) < a. Using lemma
and equation [g.1]above it’s easy to show that, for every n > —(a+ 1),

ho(F(n))

K(7) <p+ndeg(X)+1—g

We can find a sufficiently large integer N(r, d) > —(a+ 1) such that, for every semistable
locally free sheaf & € S(r,d) and every n > N(r,d), then h'(é(n)) = o. By the
Riemann-Roch formula, we have that

h°(E(n)) x(E(n)) r(1—g)+d+rndeg(X)

. == . =1— g+ p+ndeg(X)

So for every coherent subsheaf J C € such that pyin(F) < a and every n > N(r,d)

(Fm) _ h(Em))
rk(F) = k(&)

We also have to consider coherent subsheaves F C & such that uyin(F) > a. Consider
the family
A :={F C & coherent subsheaf : wnin(F) > a}

For every J € A, we have the associated Harder-Narasimhan filtration
0CF C...CF; =7
It’s easy to see that
1(F) = tmax(F) + w(F2/F1) +. .+ 1(F/Fsa) > tmax(F) + (s —1)a

But the length of Harder-Narasimhan filtrations of coherent subsheaves of € is bounded
above by 71, so there exists a constant —(r —1)a € R such that, for every 7 € A, we
have that

Mmax(F) < w(F) = (r—1)a
and thus the family A is bounded by proposition
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If necessary, we can make N(r, d) larger such that, for every n > N(r,d) and every
F € A, then h*(F(n)) = o and, by the semistability of £, we have that

(6] Sl‘ 35 ) 8
hr(k(g)) _ ka((;))) =1—g+u(F) +ndeg(X) < 1— g+ p+ndeg(X) = w

obtaining the desired inequality.

Let’s see now that (b) implies (a). We can assume that p+ N(r,d) > g. Let M be a
coherent sheaf on X satisfying (b). The inequality says that every torsion subsheaf of
M has no global sections and thus must be zero, so M is torsion-free and thus locally

free by lemma 7.3.1}

We are going to prove that M is semistable using semistable quotient sheaves. Let
M — € — o be a semistable quotient sheaf such that pu(€) < p. Then we have that,

using the hypothesis and lemma

1— g+ p+ndeg(X) = x—(J\/E‘(n)) <

from which we conclude that p— g < p(€).

It easily follows from a similar argument as before that the family B of coherent
sheaves satisfying the hypothesis of the proposition for some integer n is bounded,
and the same is true for the family of quotients & we are considering, since they are
semistable and their slope is bounded above by p. We can take N(r, d) large enough
so that for every n > N(r,d) we have x(€(n)) = h°(€(n)) and x(M(n)) = h°(M(n)).
From the inequality in the hypothesis, we arrive at

1—g+p+ndeg(X) <1—g+ u(€) +ndeg(X)
concluding that u = p(€) and thus M is semistable. H

Lemma 9.2.4. There is an integer N(r, d) satisfying the conditions of proposition such
that for every semistable locally free sheaf & € S(v,d), every coherent subsheaf 3 C € and
every 1. > N(r, d) the following are equivalent

(a) w(F) = u(€)
(b)
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Proof. Consider the family A :={J C € coherent: £ € 5(r,d) and pu(F) = (&) = d/r}.
Every coherent subsheaf J € A is necessarily semistable because each € is semistable.
Besides, there is only a finite number of possible values of rank and degree of coher-
ent subsheaves of any € € S(r, d), so the family A is bounded by proposition [8.4.1}

We can then choose N(r, d) sufficiently large so that h*(F(n)) = o for every J € A
and every n > N(r, d) (in particular, h*(€(n)) = o). In this case, we have that

h°(F(n))  x(Fn))
k(F) k()

=1—g+ wF) +ndeg(X) =

x(€(n))  ho(&(n))
k(&)  rk(&)

=1—g+ (&) +ndeg(X) =
And thus (b) follows.

Suppose now that (b) holds for a coherent subsheaf ¥ C €. From the proof of
proposition we can see that (0 (F) > @, and thus the family of such coherent
subsheaves is bounded. The same argument as above shows that u(JF) = p(&) H

9.2.3 GIT set up for the construction of the moduli space

Let v >o0and d > r(2g — 1). Let N(r, d) be as in proposition[g.2.2land N > N(r, d).

For every € € 5(r, d), we have that £(N) is globally generated and H' (X, £(N)) = o.
There is a surjective homomorphism

HO(X,E(N)) @ Ox — E(N) — 0
and, by the Riemann-Roch formula, we have that
h°(E(N)) =r(1—g)+d+rdeg(X) N

Let H be a vector space of dimension r(1 — g) + d + rdeg(X) - N. For every € € S(r,d),
there is a linear isomorphism H ~ H°(X, £(N)), and thus every £ € S(r,d) can be
presented as a quotient

H®y Ox(—N) —» & — 0

Denote H := H ®yx Ox(—N). Every € € 5(r,d) defines a closed point of the Quot
scheme 9 := Quot;(m) (), with P(m) =r(1 — g) + d + rdeg(X) - m.
Consider the subset of Q°(k) given by quotients p : H — & — o such that
(a) € is semistable
(b) The natural homomorphism H°(p(N)) : H — H°(X, E(N)) is an isomorphism

These conditions are open by proposition and the semicontinuity theorem. De-
note by Q the open subset of Q that they define. The subset QO°® C Q given by stable
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sheaves is also open by proposition

A natural candidate for a moduli space of semistable (resp. stable) sheaves can be
found at Q (resp. Q°), but there is a crucial ambiguity: there are many possible linear
isomorphisms H — H°(X, £(N)) for each € € S(r, d).

We will identify these possible isomorphisms by considering a right action of
GL(P(N)) on £ defined by

0°(S) x GL(P(N))*(S) — Q°(S)
(p,g) = pol(g®ldy, ¢(—N))

for points with values in some scheme S.

Clearly, O and Q° are GL(P(N))-invariant open subsets of 9 with respect to this
action.

Let o : H — € and B : H — J be closed points of Q. Recall that « = 3 if and only
if there is a sheaf homomorphism ¢ : € — F such that p = o«

Lemma 9.2.5. Let p : H — € be a closed point in Q such that E(N) is generated by its global
sections and the natural homomorphism H°(p(N)) : H — H°(C, &(N)) is an isomorphism.
There is an injective homomorphism Autg, (€) — GL(P(N))*(k) whose image is the stabilizer
subgroup GL(P(N)),

Proof. Consider

A': Autg, (€) — GL(P(N))*(k)
@ = Al@) :=H(p(N)) " o H(@(N)) o H°(p(N))

A is clearly a group homomorphism, and it takes values in GL(P(N)),, because a
direct computation shows that ¢ " o (A(@) - p) = p for every ¢ € Autp, (€).

Besides, A is injective, because if A(¢@) = Id, then necessarily H°(¢(N)) = Id and

thus @(N) o p(N) = p(N), but p(N) is a sheaf epimorphism because £(N) is generated
by its global sections and thus ¢(N) =1d, so ¢ =1Id and we conclude H

From lemma we deduce that
0°(k)/GL(P(N))*(k) = {Semistable sheaves of rank r and degree d on X} / ~

We will now reduce the construction of the moduli space of semistable sheaves to a
problem in geometric invariant theory.

First, we will recall some basic definitions
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Definition 9.2.2. Let S be a scheme and & a locally free sheaf of rank v on S, and let
Homy (05", &) — X be the vector bundle associated to the locally free sheaf Hom (05", &).

The frame bundle of € is the open sub-bundle R(€) = Isomx (0§, &) of Homx (0", &) — X
given by isomorphisms Of" =&

We state without proof the following well-known result

Lemma 9.2.6. Let S be a scheme and € a locally free sheaf of rank v on S. GL(r) acts on R(E)
and, with respect to this action, R(E) — S is a principal GL(r)-bundle

Proposition 9.2.3 ([HL10], Lemma 4.3.1). With the previous notations, let M be a scheme.
Then, QO — M (resp. Q% — M) is a categorical quotient for the action of GL(P(N)) on Q
(resp. Q%) if and only if M corepresents M3 (r, d) (resp. M5 (7, d))

Proof. Let S be a scheme and denote by mx : X xS — X and g : X xS — S the
natural projections. Let M € M§(r,d)(S). By theorem and the theorem of
Grauert-Grothendieck (see for example [Mum7yo, Chapter 2, § 5, Corollary 2]), we
have that Vy; = (715)+(M ® 3 Ox(N)) is a locally free sheaf on S of rank P(N). Us-
ing the adjunction of 7§ and (7ts)., we obtain a canonical surjective homomorphism
O - 7I§VM ® ﬂ;OX(—N) — M.

Let 7t : R(Vyy) — S be the frame bundle associated to Vj; and denote by qy :
GP(N)
Oriv)
we obtain a surjective homomorphism H ® Og(y, ) (—N) — (Idx x 71)*M that defines a

point of Q with values in R(Vy). Equivalently, we have a morphism @y : R(Vyy) — Q.

~ H ®y Og(v,,) — "V the canonical isomorphism. Composing ¢y and qyy,

Since M is a family of semistable sheaves, clearly ®(R(Vy()) € Q, and Dy, :
R(Va) — Q is GL(P(N))-equivariant. From this, we have that ®,; induces a mor-
phism of functors (T)M : R(V)/GL(P(N)) — Q/GL(P(N)). Besides, : R(Vy) — Sisa
principal GL(r)-bundle, so by lemma(2.1.1{we have that S corepresents R(Vy)/GL(P(N))

and thus induces a morphism S* — Q/GL(P(N)) or, equivalently, an element of
Q/GL(P(N))(S) by Yoneda’s lemma.

We have thus defined, for every M € M$®(r, d)(S), an element of Q/GL(P(N))(S).
It’s easy to prove that this defines a morphism of functors M3®(r,d) — Q/GL(P(N)).

On the other hand, let U be the restriction of the universal quotient sheaf on X x Q
to X x Q. U defines an inverse morphism of functors QO/GL(P(N)) — M§(r,d), and
thus corepresenting M5 (r, d) is the same as corepresenting () /GL(P(N)) O

9.2.4 Semistable points of the SL(P(N))-action
In virtue of lemma the action of GL(P(N)) on 9 induces an action of SL(P(N)).
We will work with respect to the action of SL(P(N)).

In this subsection, we will find a linearization of the action of SL(P(N)) on £ such
that its set of semistable (resp. stable) points is Q) (resp. ()°). In virtue of proposition
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and theorem this will end the construction of the moduli space.

The idea will be to embed £ inside a suitable grassmannian scheme and use the
stability criterion of proposition to find the semistable (resp. stable) points with
respect to the linearization associated to the embedding.

Let S be a scheme and denote by 7tx : X x S — Xand 75 : X x S — S the natural pro-
jections. By Mumford-Castelnuovo regularity (see [Nitos, § 2]), there is a sufficiently
large integer g > N such that, for every S-valued point iy H — € of 9, then

o (715)+E(q) is a locally free sheaf on S of rank P(q) =r(1 —g) + d +rdeg(X) - q
o (7). H(q) ~ Os @ HO(X, H(q)) =~ Os @k (H® H(X, Ox(q — N)))
In particular, (ms).myH(q) — (ms)«€(q) is a S-valued point of the grassmannian

scheme & := Grassk( )(H®H°(X Ox(q—N))).

This correspondence defines a morphism of functors Q° — &* that is a closed
SL(P(N))-equivariant embedding (see [Nitos, § 5] for the details), where SL(P(N))
acts on ® on the H-component as in section [5.3] of chapter

Furthermore, we can embed & in P(A™**(H ® H°(X, Ox(q — N)))) via the Plucker
embedding. Denote by £ the induced SL(P(N))-linearized sheaf on

Definition 9.2.3. Let H' C H be a vector subspace and let p : 5 — M be a closed point in
Q. The coherent subsheaf of M generated by H' is

N := Coker(Ker(H’' @, Ox(—N) = M) = H’ @ Ox(—N))
Lemma 9.2.7. Let p : H{ — M be a closed point in Q. The following properties are equivalent
(a) p € Q%(Ly) (resp. p € Q%(Lr))

(b) For each vector subspace o # H' C H, denote by N be the coherent subsheaf of M
generated by H'. Then

h°(N(q)) _ h°(M(q)) h°(N(q)) _ h°(M(q))
dm(H) = dim(H) (”S S dEm(H)  dim(H) )

(c) For each vector subspace o # H' C H, denote by N be the coherent subsheaf of M
generated by H'. Then

X(N(m)) _ x(M (m))
dlm(H’) dim(H

X(N(m)) _ x(M (m))

for every m > 0( resp. i H ) dim(H

for every m > 0)

Proof. This in an immediate consequence of proposition because & is a grass-
mannian scheme of quotients of a vector space of the form H ®y V. Proposition
was stated for grassmannian schemes of vector subspaces, but the same holds for
grassmannian schemes of quotients by just reversing the inequalities O
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Proposition 9.2.4. With the previous notations, we have that
¢ 9%(L,) =0
o Q°(Ly) =0QF°

Proof. Let p : H{ — € be a closed point in Q). For every coherent subsheaf ¥ C &
generated by a vector subspace H’ C H, we have the commuting square

H—=>H°(C,&(N))

R

H'—H°(C, F(N))

where the vertical arrows are inclusions. From the diagram and proposition we
have that
dim(H’)  h°(F(N)) o h°(E(N))  dim(H)

k(F)  rk(F) T rk(&)  rk(€)

And thus
rk(€) o rk(F)

dim(H) = dim(H’)

x(&(m)) x(F(m))
dim(H) and dim(H)”

But these are the leading coefficients of the rational polynomials
so we conclude that p € Q%%(£4) by lemma

Furthermore, from lemma we deduce that

k(&)  rk(F)
dim(H)  dim(H’)

wd) =p(é) &
So Q% C 9%(Ly).

Suppose now that p : 7 — M is a closed point of £, semistable with respect to the
action of SL(P(N)).

Let’s see that H* (X, M(N)) = o. By Serre duality, we have that
H* (X, M(N))* ~ Homg, (M(N), wx)

Suppose that H' (X, M(N)) # o. Then, there is a non-zero homomorphism M(N) —
wy. Denote by £ the image of this homomorphism; £ is an invertible subsheaf of wx.

From the fact that M is SL(P(N))-semistable, we have that

x(M(m)) S x(£(m))
dim(H) =~ he(L)

and thus, using the Riemann-Roch formula and comparing the dominant terms, we

obtain the inequality
T 1

=
dim(H) ~ ho(£)
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Finally, we have that

1—g+p+N-deg(X) = X(M:N)) = dm;(H) <h(L) <h®(wx) =¢

On the other hand, we have that by hypothesis d > r(2g — 1) and hence p > 2g —1, so
g >1—g+ pn+ Ndeg(X) > g+ Ndeg(X)

and thus Ndeg(X) < o, which is impossible because N,deg(X) > o, so it must be
H*(X, M(N)) = o.

In particular, this means that h°(M(N)) = x(M(N)) = dim(H). Besides, if the natu-
ral homomorphism H°(p(N)) : H — H°(C, M(N)) had a kernel, then by the SL(P(N))-
semistability of M we would have that

o< rk(M) <o
= dim(H)

which is impossible, so the natural homomorphism H°(p(N)) : H — H°(X,M(N)) is
an isomorphism.

Let’s now see that M is a semistable sheaf. Let N C M be a coherent subsheaf and
denote by H' the vector subspace of H that it generates. M is SL(P(N))-semistable, so
we have the inequality

rk(N) < rk(M)
dim(H’) © dim(H)
but H ~ H°(X, M(N)) and thus H' ~ H°(X,N(N)), so

R(M(N)) _ ho(N(N))
k(M) ~ rk(N)

Since N > N(r, d), M is semistable by proposition This proves that p is a closed
point of Q, so Q = Q%(Ly).

The fact that Q° = Q°%(L4) can be proved in a completely analogous way. O
We finally obtain the main result of this chapter

Theorem 9.2.1. Let X be a smooth projective algebraic curve, v > oand d € Z. There exists a
moduli space of semistable sheaves of rank v and degree d, denoted by M3 (r, d). Furthermore,
M3¢ (1, d) is a projective variety, and there is an open subscheme M5 (r, d) of M§ (v, d) that
is a coarse moduli space for M5 (r, d).

Besides, the closed points of M’ (r, d) are in a one to one correspondence with polystable
sheaves (recall definition of rank v and degree d on X
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Q//SL(P(N)), and proposition proves that M3®(r,d) is the moduli space of
semistable sheaves of rank r and degree d on X.

Proof. Proposition|g.2.4land theor shows that there is a good quotient M§¢(r, d) :=

By the same arguments, M§(r,d) = Q%//SL(P(N)) is an open subscheme of
M3 (r, d) that corepresents the functor M5 (r, d).

The facts that the closed points of M$}(r,d) are in a one to one correspondence
with polystable sheaves of rank r and degree d and that M (r, d) is a coarse moduli
space for M3 (r, d) are a direct consequence of the following lemma O

Lemma 9.2.8. Let € and J be semistable sheaves on X of rank v and degree d. Then, € and
J define the same closed point of M’ (v, d) if and only if € and T are S-equivalent (recall

definition [8.3.2)

Proof. Let € be a semistable sheaf on X of rank r and degree d. We are going to prove
that, for any exact sequence of semistable sheaves

o8& se5¢e"50

then € and &' @ £” define the same closed point in M§(r, d). Applying this result
repeatedly to any Jordan-Holder filtration of a semistable sheaf, we would prove that
S-equivalent sheaves define the same closed point on M§(r, d).

Denote by 7tx : A" x X — X the projection on X and let i = (o,Idx) : X = A®" x X
be the inclusion of X in A" x X via the closed point o € A'. We have the following
exact sequence of coherent sheaves on X x A"

0—>F > —1&"—o

and J is a flat family of semistable sheaves of rank r and degree d on X parameterized
by A' such that, by construction

Fo~&' e’ Fi ~ & for any t € (A")*(k) distinct from o

so J defines a morphism A' — M$?(r, d) that is constant on A* —{o}, and hence con-
stant because M5’ (r, d) is a projective variety. This proves that £ and &’ ® £” define
the same closed point of M (r, d).

Let’s now prove that, if € is a polystable sheaf on X of rank r and degree d, then
SL(P(N)) - € is closed. If we proved this, we would conclude, because the closed
points of the GIT quotient are in a one-to-one correspondence with closed orbits.

Let C be a curve, p, € C*(k) and let M be a flat family of semistable sheaves on X
parameterized by C such that M, ~ & for every p € C*(k) with p # p,. If we prove
that M,,, ~ &, we conclude by the valuative criterion of properness.

Let € ~ ®;&; be the decomposition of € as a direct sum of stable sheaves. Denote
by mx : X x C — X the projection on X and consider the flat family n3€Y @ M of
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semistable sheaves on X parameterized by C. Clearly, for every p € C*(k), we have
that
HO(X, (m€¥ ® M)p) =~ Homp, (€, M)

so, by the semicontinuity theorem, the fact that M,, ~ € for every p # p, and propo-
sition we have that M, contains &; as a direct summand with the same multi-
plicity as in € for every 1i, and thus M,,, ~ &, so we conclude O

We will finish this chapter proving that the moduli space of stable sheaves is
smooth. First, we recall a smoothness criterion for Quot schemes

Theorem 9.2.2 ([HL10], Propositions 2.2.7-2.2.8). Let X be a smooth projective scheme and

H a coherent sheaf on X. Let P(m) € Q[m] and Q = QuotX )( H) the associated Quot
scheme. Let q : H — € be a closed point in Q and X := Ker q. We have that

e T,Q ~ Homy, (X, &)

hom(X, €) > dimqQ > hom(X, €) —ext' (X, &)
in particular, if Ext' (K, ) = o, then Q is smooth in an open neighbourhood of q

Proposition 9.2.5. The moduli space of stable sheaves M (r, d) is a smooth quasiprojective
algebraic variety of dimension v*(g —1) + 1

Proof. Let p : H — & be a closed point of O° and X := Kerq. We have the exact
sequence
0—-XK—=>H—->E—=o0

taking Homg, (—, €), we obtain the long exact sequence
-+ = Homy, (K, ) — Ext'(€, &) — Ext'(3(, &) — Ext' (X, &) — o
and we have that

Ext* (7, €) ~ H'(X, Hom, (7, €)) ~
(X, J{V@»s) ~
(X

(X

(X,

(X,

12

1

N O (=N ® &) =

12

(03
(02PN g e(N)) =
Hom,,_ (05"™, e(N))) =
E(N))*N =

1

1

H
H
H(X
H
H
0

this proves that Ext*(X, £) = o, and thus £ is smooth in an open neighbourhood of q

by theorem
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On the other hand, TqQ ~ Homg, (X,€). By the same arguments as above,
H?(X,Hom (3, €)) ~ H°(X, &(N))P™M and thus we have the exact sequence

0 — Endg, (&) — HO(X, E(N))P™N) — Homg, (K, &) — Ext'(E,€) — o

So
dimqQ =hom(XK, &) = P(N) - h°(E(N)) +ext' (€, &) —end(E)

but

e From the fact that d > r(2g — 1), we have h°(£(N)) = P(N)

e We have the isomorphisms Ext*(¢, ) ~ H'(C, Hom,, (€&, €)) ~ H*(C, &V ®E)so,
from the Riemann-Roch formula

ext'(€,8) =h'(€Y ® &) =
=h(eV®eE) —x(E ®eE) =
=end(&) —1*(1—g)
and thus
dimyQ = P(N)*+1*(g—1)
This proves that QO is a smooth quasiprojective variety of dimension P(N)?+1*(g—1).

By corollary 6.3.1} the geometric quotient 7t : Q% — M3 (, d) is a principal SL(P(N))-
bundle, and thus M3 (r, d) is a smooth quasiprojective algebraic variety of dimension

dim Mg (r, d) = dim Q% — dim SL(P(N)) = dim Q% — (P(N)> —1) =1%(g—1) + 1



Conclusions

In this thesis we have given an introduction to the study of moduli problems, devel-
oping the necessary tools from geometric invariant theory in part I, and studying a
concrete example in part[[I; the construction of the moduli space of semistable sheaves
on a smooth projective algebraic curve.

Due to a lack of space, we have not given a more complete study of the geometric
properties of the moduli spaces of sheaves, apart from the fact that the moduli space
of stable sheaves is a smooth quasiprojective algebraic variety. For example, we could
have proven that the moduli space of semistable sheaves is irreducible (see [LP97,
Chapter 8, § 8.5]) or that the moduli space of stable sheaves of rank r and degree d
is a fine moduli space if and only if gcd(r,d) = 1 (see [New78|, Chapter 5, § 5] and
[Ramz73]).

Also, we have not studied the moduli problem of vector bundles from the point
of view of complex differential geometry and its relation with the theory of unitary
representations (see [NS65]]) or Yang-Mills theory (see [AB83]). In particular, the ap-
proach of Donaldson (see [Don83|] and [Don85])) is the starting point of the so-called
Hitchin-Kobayashi correspondence, that relates stable holomorphic bundles over cer-
tain complex manifolds with the existence of Einstein-Hermite metrics. For an intro-
duction to these topics, see for example [WGPo8, Appendix]
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