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Introduction

This master’s thesis is a bibliographic review of geometric invariant theory and the
construction of the moduli spaces of vector bundles over a smooth projective alge-
braic curve defined over an algebraically closed field of characteristic zero. The main
objective is to provide a complete introduction to the study of moduli problems, devel-
oping all the necessary tools from geometric invariant theory and studying a concrete
example in detail.

Geometric invariant theory is a collection of techniques developed by David Mum-
ford that can be used to construct quotients of schemes by actions of algebraic groups.
This theory of passage to the quotient is one of the most fundamental tools used in
the study of moduli problems.

Let G be a topological group acting on a topological space X. Then, the set of
G-orbits X/G is a topological space with the quotient topology. What happens when
we have some geometric structure (i.e., if X is a scheme, a smooth manifold or a com-
plex manifold and G is respectively an algebraic group, a Lie group or a complex Lie
group)? In this case, the set of G-orbits X/G may present many pathological proper-
ties.

The properties that a quotient is expected to have can be isolated to give the notion
of categorical quotient for a G-action, that is, the properties that an object in a given
category must satisfy in order to be considered a quotient for a group action. For ex-
ample, in the category of topological spaces, the categorical quotient of a topological
space X with respect to an action of a topological group G always exists and is given
by the set of G-orbits X/G with the quotient topology.

In the case of differential or complex geometry there is not a general theory that
determines the conditions under which a categorical quotient exists. However, in al-
gebraic geometry there is such a theory: geometric invariant theory.

Geometric invariant theory was first developed in a 1965 monograph by David
Mumford, based partly on some results of Hilbert in classical invariant theory. Among
other results, in this monograph Mumford proved that categorical quotients for re-
ductive algebraic group actions on finite type schemes always existed over fields of
characteristic zero (in the same monograph, Mumford conjectured that the same re-
sults held in any characteristic, and this was later confirmed).
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The general idea of geometric invariant theory is that the functions of the quotient
space for the G-action should be the functions that are invariant with respect to that
action. Over affine schemes, this idea can be applied by considering the spectrum of
the algebra of invariant functions. This construction is then generalized, after some
technicalities, to arbitrary finite type schemes.

Geometric invariant theory has profound connections with symplectic quotients,
equivariant cohomology or Yang-Mills theory. The standard reference for the sub-
ject is Mumford’s book [MFK94]. The theory presented in this thesis assumes that
we are considering actions of algebraic groups that are reductive. This is a technical
condition that ensures that the quotient schemes that are obtained are of finite type.
However, reductivity is not a necessary condition to obtain finite type quotients, and
many important algebraic groups are not reductive (for example, the additive group
is not reductive). For a survey about geometric invariant theory for non reductive
algebraic groups see [DK07].

We will apply the results of geometric invariant theory to the construction of a
concrete moduli space: the moduli space of vector bundles over a smooth projective
algebraic curve X.

It’s well known that, if E is a locally free OX-module on X, then VE := Spec Sym•E∨

is a vector bundle over X, where E∨ := HomOX
(E,OX) is the dual module. This corre-

spondence is an equivalence of categories, so we will speak about locally free sheaves
instead of vector bundles.

Intuitively, a moduli space of locally free sheaves on X is a scheme whose points
parameterize locally free sheaves on X (the exact definition, in terms of schemes corep-
resenting a contravariant functor, is given in the thesis). The moduli problem of locally
free sheaves on X consists, then, in proving the existence of those moduli spaces.

Some concrete instances of this problem are well known. For example, the moduli
space of locally free sheaves of rank 1 on a curve is the Jacobian variety of the curve,
and its construction is classical (see for example [CS86, Chapter VII]). The moduli
problem for a genus zero curve was solved by Grothendieck in [Gro57], and the case
of elliptic curves is solved in [Ati57] by Atiyah.

The techniques used by Grothendieck and Atiyah in these particular cases could
not be immediately generalized to curves of higher genus. A first approach, due to
André Weil, consisted of studying the problem in terms of the vector bundles that
arose as associated bundles to representations of the fundamental group of the Rie-
mann surface associated to X.

This point of view is particularly well-behaved when restricting to the case of uni-
tary representations of the fundamental group. Narasimhan and Seshadri utilized
these techniques to construct moduli spaces of sheaves of degree zero, and obtained
moduli spaces for higher degree sheaves when studying unitary representations of
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more complicated groups.

At the same time, Mumford was working on notions of stability and semistability
for locally free sheaves in the sense of geometric invariant theory (see chapter 4 in this
thesis). Narasimhan and Seshadri proved that stable sheaves, in the sense of Mum-
ford, are in a one to one correspondence with irreducible unitary representations of
the groups that they considered.

Furthermore, they constructed moduli spaces of stable sheaves that were smooth,
irreducible quasiprojective varieties. More generally, they proved that semistable
sheaves were in a one to one correspondence with arbitrary unitary representations,
and the associated moduli spaces were normal irreducible projective varieties, that
were seen as natural compactifications of the moduli spaces of stable sheaves.

In this thesis, we will give a construction of the moduli spaces of semistable and
stable sheaves using a method due to Simpson (see [Sim94]). This approach has the
advantage of being easily generalizable to base schemes of higher dimension.

We will now give a brief description of the contents of the thesis:

• Chapter 1 contains the basic definitions and results from the theory of algebraic
groups that are needed for the rest of the thesis

• In chapter 2 we introduce the notion of categorical quotient by an action of an
algebraic group and study its main properties. We also define some stronger
notions of quotients called good and good geometric quotients

• In chapter 3 we motivate the definition of reductive algebraic group and prove
that there are always good quotients for actions of reductive algebraic groups
on affine schemes

• In chapter 4 we introduce the concept of linearization of an algebraic group
action in terms of equivariant sheaves. The notion of linearization allows one to
define when a point is stable or semistable with respect to an algebraic group
action. With these technical concepts, we generalize the results of chapter 3 and
prove that, for an action of a reductive algebraic group on a finite type scheme
and with respect to a fixed linearization of the action, there exists a good (resp.
good geometric) quotient of the set of semistable (resp. stable) points of the
action

• In chapter 5 we prove a criterion to decide if a point of a projective scheme is
semistable or stable with respect to an action of a reductive algebraic group

• In chapter 6 we prove the so-called Luna’s étale slice theorem, a result concern-
ing the local structure of the quotients studied in chapter 4. This result is very
useful in the study of the local properties of moduli spaces
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• In chapter 7 we prove the Riemann-Roch theorem for coherent sheaves on a
smooth projective algebraic curve. This allows us to introduce many properties
of coherent sheaves on curves that will be useful later

• In chapter 8 we introduce the notions of semistable and stable sheaves on a
smooth projective algebraic curve and study their main properties. In partic-
ular, we prove that the notion of semistability of a family of coherent sheaves
on a curve is, essentially, a necessary and sufficient condition for that family
to be parameterized by the points of some scheme. This property shows the
fundamental importance of semistable and stable sheaves in moduli problems

• Finally, in chapter 9 we describe the moduli problem of semistable sheaves over a
smooth projective algebraic curve, and give a detailed construction of the moduli
space using techniques from geometric invariant theory

By convention, we will use the word scheme to mean a connected scheme of finite
type over an algebraically closed field k. Sometimes, however, we will emphasize that
the schemes considered are of finite type (for example, in chapter 4).

We will use the word variety to mean a separated scheme of finite type over an
algebraically closed field.

If X is an integral scheme and x0 is its generic point, we will denote k(X) = OX,x0
.

If X is a scheme, we will denote by X• its functor of points. For any k-algebra A,
we will denote X•(A) = X•(SpecA).

If F is a sheaf on X, we will denote hi(F) = dimkH
i(X,F). We will denote with

lower case letters the dimension of the space of global sections of a sheaf. For exam-
ple, we will write hom(F,G) = dimkHomOX(F,G) or exti(F,G) = dimkExti(F,G).

We will denote by Sch the category of schemes, Grp the category of groups and
Sets the category of sets
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Geometric invariant theory
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Chapter 1

Actions of algebraic groups

In this chapter we will define what is an algebraic group, study some of their main
properties and present some examples. We will also define the notion of an action of
an algebraic group on a scheme and see how the usual notions associated to group
actions (orbits, stabilizers...) behave in algebraic geometry. We will finish this chapter
by studying the algebro-geometric structure of the orbits of an action. Some references
for the topics covered in this chapter are [Mil17, Chapters 1, 2 and 3] and [Bor91,
Chapter I]

1.1 Basic notions of algebraic groups

Definition 1.1.1. A schemeG is an algebraic group if there are morphisms of schemesm : G×
G→ G, i : G→ G and e : Speck→ G such that the following diagrams are commutative

G×G×G
(IdG,m)//

(m,IdG)
��

G×G
m
��

G×G m
// G

Speck×G
(e,IdG)//

'
&&

G×G
m
��

G× Speck
(IdG,e)oo

'
xx

G

G
(IdG,i) //

��

G×G
m
��

G
(i,IdG)oo

��
Speck e

// G Specke
oo

where the vertical morphisms G→ Speck in the bottom diagram are the structure morphism
of G as a k-scheme

Observation 1.1.1. Let (G,m, i, e) be an algebraic group. We will usually call m : G×
G → G the multiplication operation of the group, i : G → G the inversion operation and
e : Speck → G the identity element of the group. When there is no danger of confusion, we
will simply say that G is an algebraic group, without making any reference to m, i or e

We will now give an alternative presentation of algebraic groups that is more
natural for many purposes

8
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Lemma 1.1.1. Let G be an algebraic group and G• : Sch → Sets the functor of points of G.
There is a unique functor FG : Sch → Grp from the category of schemes to the category of
groups such that the diagram of functors

Sch G• //

FG
��

Sets

Grp
for

<<

is commutative, where for : Grp→ Sets is the forgetful functor

Proof. Let m : G×G → G and i : G → G be the group operations in G. Let S be a
scheme. For any f,g ∈ G•(S) = Hom(S,G), define

f+ g := m ◦ (f,g)
−f := f ◦ i

0 := e ◦ str, where str : S→ Speck is the structure morphism of S

It’s easy to prove that (G•(S),+) is a group with identity element 0 and such that the
inverse element of any f ∈ G•(S) is −f. For example, given f,g,h ∈ G•(S) we have
that

(f+ g) + h = m ◦ (f+ g,h) =
= m ◦ (m ◦ (f,g),h) =
= (m ◦ (m, IdG)) ◦ (f,g,h) =
= (m ◦ (IdG,m)) ◦ (f,g,h) =
= m ◦ (f,m ◦ (g,h))) =
= f+ (g+ h)

so + is associative in G•(S). The rest of the group axioms for G•(S) follow similarly.

We define FG(S) := (G•(S),+). Clearly, this defines a functor FG : Sch→ Grp that
satisfies the conditions of the lemma

Definition 1.1.2. Let (G,mG, iG, eG) and (H,mH, iH, eH) be algebraic groups. A morphism
of schemes ϕ : G → H is a morphism of algebraic groups if the following diagrams are
commutative

G×G ϕ×ϕ //

mG
��

H×H
mH
��

G ϕ
// H

G
ϕ // H

Speck

eG

OO

eH

;; G
ϕ //

iG
��

H

iH
��

G ϕ
// H

We will denote by AlgGrp the category of algebraic groups with morphisms given
by definition 1.1.2. The next proposition will allow us to work with algebraic groups
using the language of points with values in a scheme
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Proposition 1.1.1. There is an equivalence of categories

AlgGrp =
Representable functors

Sch→ Grp

G 7→ FG

where FG : Sch→ Grp is the group-valued functor associated to G, as defined in lemma 1.1.1

Proof. Let F : Sch → Grp be a representable functor. Then, there is a scheme X such
that F = X•. Let’s prove that X has an algebraic group structure such that F = FX.

We have to give group operations m : X × X → X, i : X → X and a closed
point e : Speck → X making the diagrams in definition 1.1.1 commutative. Since
(X× X)• = X• × X•, by Yoneda’s lemma we just have to give morphisms of functors
m• : X• × X• → X•, i• : X• → X• and e• : (Speck)• → X• making the diagrams of
definition 1.1.1 commutative at the level of valued points.

For every scheme S, by definition there is a group operation +S : X
•(S)×X•(S)→

X•(S). We can define m•S := +S. We define i• and e• similarly. It’s now easy to prove
that (X,m, i, e) is an algebraic group such that FX = F

Observation 1.1.2. If G is an algebraic group and FG is the group-valued functor associated
to G, we will denote FG = G•

Definition 1.1.3. An algebraic group G is affine if G is an affine scheme

Since the category of affine schemes is anti-equivalent to the category of commu-
tative rings, we can define the notion of an affine algebraic group solely in terms of
the ring of regular functions of the scheme. The notion that arises is that of a Hopf
algebra

Definition 1.1.4. Let A be a finite type k-algebra. A is a Hopf algebra if there are k-algebra
homomorphisms m∗ : A → A⊗k A, i∗ : A → A and e∗ : A → k such that the following
diagrams are commutative

A⊗A⊗A A⊗AIdA⊗m∗oo

A⊗A
m∗⊗IdA

OO

A
m∗

oo

m∗

OO k⊗A A⊗Ae∗⊗IdAoo IdA⊗e∗// A⊗ k

A

m∗

OO

'

ee

'

99

A A⊗AIdA⊗i∗oo i∗⊗IdA// A

k

OO

A

m∗

OO

e∗
oo

e∗
// k

OO

where the vertical morphisms k → A in the bottom diagram are given by the structure mor-
phism of A as a k-algebra
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Observation 1.1.3. Note that the diagrams of definition 1.1.4 are, essentially, dual to the
diagrams of definition 1.1.1

We can define a morphism of Hopf algebras as a morphism of k-algebras that pre-
serves the Hopf algebra structures in the obvious way. We will denote by HopfAlg the
category of Hopf algebras and by AffAlgGrp the category of affine algebraic groups

Lemma 1.1.2. There is an anti-equivalence of categories

HopfAlg = AffAlgGrp
(A,m∗, i∗, e∗) 7→ (SpecA,m, i, e)

(O(G),m∗, i∗, e∗)← (G,m, i, e)

where we denote by f∗ : B→ A the k-algebra homomorphism induced by a morphism of affine
schemes f : SpecA→ SpecB

Proof. Let (G,m, i, e) be an affine algebraic group. G is, as an affine scheme, com-
pletely determined by its ring of regular functions O(G), and the morphisms of
schemes m : G×G → G, i : G → G and e : Speck → G induce k-algebra homo-
morphisms

m∗ : O(G×G) ' O(G)⊗O(G)→ O(G)

i∗ : O(G)→ O(G)

e∗ : O(G)→ k

that clearly make commutative the diagrams of definition 1.1.1 on regular functions.
These diagrams are exactly the ones in definition 1.1.4, so (O(G),m∗, i∗, e∗) is a Hopf
algebra. The same argument proves that every Hopf algebra defines an affine alge-
braic group

We will now give some basic examples of algebraic groups

Example 1.1.1. Denote Ga := Speck[t]. Ga is an affine algebraic group, called the additive
group. By lemma 1.1.2, giving the structure of an algebraic group on Ga is the same as giving
a Hopf algebra structure on k[t]. Consider the following k-algebra homomorphisms

m∗ : k[t]→ k[t]⊗k k[t]
t 7→ t⊗ 1 + 1⊗ t

i∗ : k[t]→ k[t]

t 7→ −t

e∗ : k[t]→ k

t 7→ 0

it’s easy to check that (k[t],m∗, i∗, e∗) is a Hopf algebra. For example, let’s prove that (IdA ⊗
e∗) ◦m∗ = IdA. We have that

((IdA ⊗ e∗) ◦m∗)(t) = (IdA ⊗ e∗)(t⊗ 1 + 1⊗ t) =
= t⊗ 1 + 1⊗ 0 =

= t⊗ 1 =

= (via A⊗ k ' A) =
= t



1.1 12

This proves that (Ga,m, i, e) is an affine algebraic group. For every k-algebra (A,+, ·), we
have that

G•a(A) = Homk−alg(k[t],A) = (A,+)

In virtue of proposition 1.1.1, this could have been an alternative definition of the additive
group: the algebraic group representing the group-valued functor that assigns to every k-
algebra (A,+, ·) its additive group (A,+)

Example 1.1.2. Denote Gm := Speck[t, t−1]. Gm is an affine algebraic group called the
multiplicative group. We can give a Hopf algebra structure on k[t, t−1] by considering the
following k-algebra homomorphisms

m∗ : k[t, t−1]→ k[t, t−1]⊗ k[t, t−1]

t 7→ t⊗ t
i∗ : k[t, t−1]→ k[t, t−1]

t 7→ t−1

e∗ : k[t, t−1]→ k

t 7→ 1

it’s easy to check that (k[t, t−1],m∗, i∗, e∗) is a Hopf algebra, so (Gm,m, i, e) is an affine
algebraic group. For every k-algebra (A,+, ·), we have that

G•m(A) = Homk−alg(k[t, t−1],A) = (A×, ·)

because every k-algebra homomorphism k[t, t−1] → A is determined by the image of t in A,
and the image of t must be invertible in A, because t is invertible in k[t, t−1]. The multiplica-
tive group Gm is, then, the representative of the group-valued functor that assigns to every
k-algebra (A,+, ·) its multiplicative group (A×, ·)

Example 1.1.3. Let E be a k-vector space. Consider the group-valued functor

GL(E) : Algk → Grp
A 7→ GL(E)(A) := AutA−mod(A⊗k E)

where Algk denotes the category of k-algebras. The representative of GL(E), if it exists, is an
affine algebraic group denoted by GL(E) and called the general linear group of E.

For example, GL(E) is representable if E is finite-dimensional over k. Suppose in particular
that E = kn. Then GL(kn) will be denoted by GL(kn) = GL(n,k) and GL(n,k) is, as a
scheme, the open subset of Speck[{xij}i,j=1,...,n] given by the complement of the zero set of the
determinant det ∈ k[{xij}i,j=1,...,n]. In other words,

GL(n,k) = Speck[{xij}i,j=1,...,n]det

and the group operations are the ones induced by the usual multiplication of matrices

Example 1.1.4. The usual closed subgroups of the general linear group are algebraic groups.
For example, the special linear group SL(n,k) := {det− 1 = 0} is a closed algebraic subgroup
of GL(n,k). It’s not hard to define the classical groups PGL(n,k), PSL(n,k), O(n,k),
SO(n,k)... in the category of affine algebraic groups
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Example 1.1.5. A very important family of examples of algebraic groups is the one given
by abelian varieties. An abelian variety is a separated algebraic group that is proper over k.
For example, every elliptic curve (smooth projective algebraic curve of genus 1 with a rational
point) is an abelian variety. For more on abelian varieties, see [Mum70]

For more examples of algebraic groups, see [Mil17, Chapter 2].

We are now going to study some basic properties of algebraic groups

Lemma 1.1.3. Every algebraic group is a separated scheme

Proof. Let G be an algebraic group and denote by δG = (IdG, IdG) : G → G×G the
diagonal morphism of G. It’s easy to check that there is a cartesian diagram

G //

δG
��

Speck

e
��

G×G
m◦(Idg×i)

// G

where the horizontal top arrow G → Speck is the structure morphism of G as a k-
scheme.

By definition, the identity element e : Speck → G is a closed point, and thus the
diagonal δG : G → G×G is the base change of a closed immersion, hence a closed
immersion, so G is a separated scheme

Algebraic groups come with many automorphisms

Definition 1.1.5. Let G be an algebraic group and let g : Speck→ G be a closed point. The
left translation by g is the morphism of schemes Lg : G→ G defined by Lg := m ◦ (g, IdG)

Observation 1.1.4. Note that, by proposition 1.1.1, the set G•(k) of closed points of G is a
group

Lemma 1.1.4. The map

G•(k)→ Autk−sch(G)

g 7→ Lg

is a group homomorphism. The induced left action of G•(k) on G is transitive when restricted
to G•(k)

Proof. For every g,h ∈ G•(k), denote i(g) = g−1 and m(g,h) = gh. Then it’s easy to
prove that, for every g1,g2,g ∈ G•(k), we have that

Lg1g2
= Lg1

◦ Lg2

(Lg)
−1 = Lg−1

Le = IdG

so G•(k) → Autk−sch(G) is a group homomorphism. For any g1,g2 ∈ G•(k), we have
that

g2 = (g1 · g−1

2
) · g2 = Lg1g

−1

2

(g2)

and thus the restriction of the induced left action to G•(k) is transitive
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The fact that G•(k) acts transitively on itself has many interesting consequences.
Schemes satisfying the condition that their groups of automorphisms act transitively
on their sets of closed points are called homogeneous schemes. As an example, we
have the following result

Proposition 1.1.2 ([Mil17] Proposition 1.18). Let G be an algebraic group. Then

G is reduced⇔ G is smooth

Observation 1.1.5. If char(k) = 0, then it can be proven that every algebraic group is
reduced ([Mil17, Corollary 10.36]) so, by lemma 1.1.3 and proposition 1.1.2, every algebraic
group defined over a field of characteristic zero is a smooth algebraic variety

1.2 Actions of algebraic groups

A good reference for this section is [Mil17, Chapter 9]

Definition 1.2.1. Let X be a scheme and G an algebraic group. A left action of G on X is a
morphism of schemes σ : G×X→ X making the following diagrams commutative

G×G×X IdG×σ//

m×IdX
��

G×X
σ
��

G×X σ
// X

G×X σ // X

Speck×X

e×IdX

OO

'
// X

IdX

OO

Right actions of an algebraic group can be defined in a completely analogous way.
In general, we will always work with left actions unless we say the contrary. A pair
(X,σ) given by a scheme X and an algebraic group action σ : G×X→ X will be called
a G-scheme

Definition 1.2.2. Let (X,σX) and (Y,σY) be G-schemes. A morphism of schemes f : X → Y

is G-equivariant if the square

G×X IdG×f//

σX
��

G× Y
σY
��

X
f

// Y

is commutative.

IfG acts trivially on Y (i.e. if σY : G×Y → Y is the natural projection on Y) and f : X→ Y

is G-equivariant, we will say that f is G-invariant

We will denote by SchG the category of G-schemes with G-equivariant morphisms.

For almost every purpose, it’s easier to work with actions of algebraic groups on
schemes defined in a functorial way
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Definition 1.2.3. Let G be an algebraic group and X a scheme. A functorial action of the
group-valued functor G• : Sch → Grp (recall observation 1.1.2) on X• : Sch → Sets is a
morphism of functors

σ• : G• ×X• → X•

such that, for any scheme S, σ•S : G
•(S)×X•(S)→ X•(S) is an action of G•(S) on X•(S)

Definition 1.2.4. LetG be an algebraic group and let X and Y be schemes. Let σ•X : G•×X• →
X• and σ•Y : G•× Y• → Y• be functorial actions of G• on X• and Y• respectively. A morphism
of schemes f : X→ Y is functoriallyG•-equivariant if, for every scheme S and every p ∈ X•(s),
g ∈ G•(S), we have that

f•S(σ
•
X,S(g, x)) = σ•Y,S(g, f•S(x))

where f• : X• → Y• is the morphism of functors induced by f : X→ Y.

f : X→ Y is functorially G•-invariant if f is functorially G•-equivariant and the functorial
action of G• on Y• is trivial (i.e. if σ•Y : G• × Y• → Y• is the natural projection on Y•)

Denote by FunSchG the category of functors of points of schemes with a functorial
G•-action and functorially G•-equivariant morphisms

Proposition 1.2.1. There is an equivalence of categories

SchG = FunSchG
(X,σ) 7→ (X•,σ•)

where σ• : (G×X)• = G•×X• → X• is the morphism of functors induced by σ : G×X→ X

Proof. The proof of this proposition follows easily by Yoneda’s lemma using the same
ideas as in proposition 1.1.1

The action of an algebraic group on a scheme induces a notion of functions that
are invariant with respect to the action. We will now introduce some basic definitions
in regard to this concept

Definition 1.2.5. Let (G,m, i, e) be an affine algebraic group and let A be a k-algebra (resp.
a vector space). A dual action of G on A is a k-algebra homomorphism (resp. a k-linear
homomorphism) σ∗ : A→ O(G)⊗A making the following diagrams commutative

A
σ∗ //

σ∗

��

O(G)⊗A
m∗⊗IdA
��

O(G)⊗A
σ∗⊗IdA

// O(G)⊗O(G)⊗A

k⊗A ' A IdA //

e∗⊗IdA
��

A

O(G)⊗A
σ∗

99

Definition 1.2.6. Let G be an affine algebraic group and let (A,σ∗) be a k-algebra (resp. a
k-vector space) with a dual action of G. An element a ∈ A is G-invariant if σ∗(a) = 1⊗ a

Definition 1.2.7. Let B ⊆ A be a subalgebra (resp. a subspace) of A. B is G-invariant or
G-stable with respect to the dual action σ∗ on A if σ∗(B) ⊆ O(G)⊗B
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We state without proof the following easy result

Lemma 1.2.1. Let G be an affine algebraic group and let (A,σ∗) be a k-algebra (resp. a
k-vector space) with a dual action of G. Then, the set of G-invariant elements of A

AG := {a ∈ A : σ∗(a) = 1⊗ a}

is a subalgebra (resp. a vector subspace) of A

There is a natural notion of a morphism between k-algebras that have a dual ac-
tion of an affine algebraic group. We denote by AlgG the category of k-algebras with
a dual action of the affine algebraic group G.

Note that the diagrams in definition 1.2.5 are dual to the diagrams that appear in
definition 1.2.1. This observation yields the following

Proposition 1.2.2. Let G be an affine algebraic group. There is an anti-equivalence of cate-
gories

AffSchG = AlgG
(X,σ) 7→ (O(X),σ∗)

Proof. Let (X,σ) be an affine G-scheme and let σ∗ : O(X) → O(G)⊗ O(X) be the k-
algebra homomorphism induced by σ. Since σ makes the diagrams of definition 1.2.1
commutative, it’s easy to check that σ∗ makes the diagrams of definition 1.2.5 com-
mutative, and thus (O(X),σ∗) is a k-algebra equipped with a dual action. On the other
hand, every k-algebra with a dual action of G induces, using the anti-equivalence of
commutative rings and affine schemes, an action of G on its spectrum

Definition 1.2.8. Let G be an algebraic group and (X,σ) a G-scheme. A subscheme Z ⊆ X is
G-invariant if Z• is invariant with respect to the induced functorial action σ• : G•×X• → X•,
i.e., if there is a functorial action σ̃• : G• × Z• → Z• such that the following diagram of
functors commutes

G• ×X• σ• // X•

G• ×Z•
IdG•×i•

OO

σ̃•
// Z•
i•

OO

where i : Z ↪→ X is the natural inclusion of Z in X

We will now define the notion of an invariant function with respect to an action of
an affine algebraic group

Lemma 1.2.2. Let G be an affine algebraic group and (X,σ) a G-scheme. Let Xaff =
SpecO(X) be the affine scheme associated to X. There is a unique action σ̃ : G×Xaff → Xaff

of G on X such that the following diagram commutes

G×X σ //

IdG×p
��

X

p
��

G×Xaff
σ̃

// Xaff

where p : X→ Xaff is the natural morphism of X to its asociated affine scheme Xaff
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Proof. We have a morphism p ◦σ : G×X→ Xaff of G×X on an affine scheme Xaff. It’s
easy to check that (G×X)aff = G×Xaff, since Gaff = G because G is an affine scheme.
Using the universal property of the associated affine scheme (see [Liu02, Chapter 2,
Proposition 3.25]), there is a unique morphism of schemes σ̃ : G×Xaff → Xaff making
the diagram of the lemma commutative. It’s easy to check that σ̃ is an action of G on
Xaff

From the definition of an invariant subscheme, lemma 1.2.2 and proposition 1.2.2,
it follows that if G is an affine algebraic group acting on a scheme X and U ⊆ X is a
G-invariant open subset of X, then O(U)G is well defined, so it makes sense to speak
about functions that are invariant with respect to an algebraic group action.

We will now define some of the basic concepts associated to group actions in the
context of algebraic geometry

Let G be an algebraic group

Definition 1.2.9. Let (X,σ) be a G-scheme and x ∈ X•(k). Let (IdG, x) : G → G× X and
σx := σ ◦ (IdG, x). The orbit of x by the G-action is

G · x := Im(σx) ⊆ X

Definition 1.2.10. Let (X,σ) be a G-scheme, x ∈ X•(k) and σx : G → X as in definition
1.2.9. The stabilizer subgroup of G at x, denoted by Gx, is

Gx := σ
−1

x (x) = G×X {x}

Lemma 1.2.3. Gx is a closed algebraic subgroup of G

Proof. By definition, the following diagram is cartesian

Gx //

��

G

σx
��

Speck x
// X

so the top horizontal arrow Gx → G is the base change of a closed embedding x :
Speck → X, and thus it’s a closed embedding. On the other hand, it’s easy to prove
that, for every scheme S, we have that

G•x(S) = {g ∈ G•(S) : g · x = x} (1.1)

where x : Speck → X is thought as an element of X•(S) via the top horizontal arrow
of the following diagram

S

��

// X

Speck
x

<<

and the vertical arrow S → Speck is the structure morphism of the k-scheme S (in
other words, x is thought as a S-valued point by considering it as the constant mor-
phism S→ X equal to x). Equation 1.1 clearly shows that G•x is a group-valued functor,
and hence Gx is an algebraic group in virtue of proposition 1.1.1
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The algebro-geometric structure of the orbits of an action of an algebraic group on
a scheme is given by the following

Proposition 1.2.3. Let (X,σ) be a G-scheme and x ∈ X•(k)

(a) G · x is a locally closed subset of X. In particular, it has a unique structure of reduced
subscheme of X

(b) The boundary G · x−G · x is an union of G-orbits of strictly less dimension than G · x.
In particular, G · x−G · x contains, at least, one closed orbit of minimal dimension

Proof. It suffices to prove that G · x is an open subset of G · x. Chevalley’s theorem
ensures the existence of an open subset U ⊆ G · x, dense in G · x, such that

U ⊆ G · x ⊆ G · x

(see [An12, Lemma 2.1]). By definition, for every closed point z ∈ G · x there is some
g ∈ G•(k) such that g · x = z. In particular, z ∈ σg(U), and σg(U) is an open subset of
G · x because σg : X→ X is an automorphism of X. This proves that

G · x =
⋃

g∈G•(k)
σg(U)

and thus G · x is an open subset of G · x. In particular, the G-orbit G · x is a locally
closed subset of X and thus it has a unique structure of reduced subscheme.

On the other hand, since G · x is a G-invariant open subset of G · x, then the bound-
ary G · x−G · x is also G-invariant, so we have that

G · x−G · x =
⋃

z∈G·x−G·x

G · z

and these G-orbits are clearly of less dimension than G · x because they are contained
in the complement of an open dense subset G · x ⊆ G · x. In particular, G · x−G · x
contains orbits of minimal dimension, and these orbits must be closed because if they
were not closed then they would contain orbits of less dimension in their bound-
aries, and that’s impossible because we had already assumed that their dimension is
minimal

Lemma 1.2.4. Let (X,σ) be a G-scheme and x ∈ X•(k). Then σx : G → G · x is a flat
morphism

Proof. This morphism takes values in the reduced scheme G · x. By generic flatness
(see for example [GW10, Corollary 10.85]) there is a non empty dense open subset
U ⊆ G · x such that σ−1

x (U) → U is a flat morphism. The action of G on G · x is
transitive, so we can cover G · x by the translates σg(U), and for each g we have
that σ−1

x (σg(U)) → σg(U) is flat because it is the base change of a flat morphism
σ−1

x (U)→ U. This proves that σx : G→ G · x is locally flat, hence flat

Proposition 1.2.4. Let (X,σ) be a G-scheme. We have that
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(a) For every x ∈ X•(k),
dimG = dimGx + dim (G · x)

(b) For every n > 0, the set {x ∈ X•(k) : dimGx > n} is the set of closed points of a closed
subset of X

Proof. By lemma 1.2.4, σx : G→ G · x is a flat morphism of schemes. By the formulas
for the dimension of the fibers of a flat morphism (see for example [GW10, Corollary
14.95]), we have that

dim (G · x) = dimG− dimσ−1

x (x) = dimG− dimGx

and hence (a) follows. In an analogous way, (b) is deduced from the fact that for every
n > 0 then {x ∈ X : dimσ−1

x (x) > n} = {x ∈ X : dimGx > n} is closed (see [GW10,
Theorem 14.110])



Chapter 2

Quotient by an algebraic group action

In this chapter we will define the notion of categorical quotient. These are the type
of quotients that we will seek to construct using geometric invariant theory. We will
study their main properties and give some examples. Some references for this chapter
are [MFK94, Chapter 0], [Hos15, Chapter 3], [New78, Chapter 3] or [Dol03, Chapter
6]

2.1 Categorical quotients

Let C be a locally small category with products

Definition 2.1.1. Let X be an object of C. An equivalence relation on X is a morphism
R→ X×X such that, for every object A of C, the induced map

R•(A)→ X•(A)×X•(A)

is an ordinary equivalence relation on the set X•(A)

Definition 2.1.2. Let R be an equivalence relation on X. If it exists, the colimit of the diagram

R //

��

X

X

is called the categorical quotient of X by the equivalence relation R

Observation 2.1.1. Clearly, if it exists, the categorical quotient by an equivalence relation is
unique

For some applications that will be developed in the following chapters, it’s conve-
nient to have an alternative characterization of categorical quotients

Definition 2.1.3. Let F : C→ Sets be a contravariant functor and let F be an object of C. Let
ξ : F → F• be a morphism of functors. The pair (F, ξ) corepresents F if, for every object X of C

20
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and every morphism of functors η : F → X•, there is a unique morphism f : F→ X such that
the following diagram of functors is commutative

F
η //

ξ
��

X•

F•
f•

>>

where f• : F• → X• is the morphism of functors induced by f : F→ X

Let X be an object of C and R→ X×X an equivalence relation on X. Consider the
following functor

X/R : C→ Sets

A 7→ X/R(A) := X•(A)/R•(A)

Lemma 2.1.1. An object Q in C is a categorical quotient for X by the equivalence relation R
if and only Q corepresents the functor X/R : C→ Sets

Proof. Let Y be an object of C. Then, for every object A in C we have that

Hom(X•(A)/R•(A), Y•(A)) =
{ Commutative diagrams R•(A) //

��

X•(A)

��
X•(A) // Y•(A)

}

from this, and from the definition of the colimit of a diagram, we have that an object
Q in C is a categorical quotient for the equivalence relation R on X if and only if it
corepresents the functor X/R : C→ Sets

Example 2.1.1. Let C = Top be the category of topological spaces. Let G be a topological
group and X a topological space. Suppose that we have a continuous action σ : G×X→ X of
G on X. Then, σ induces an equivalence relation on X in the following way

ψ : R = G×X→ X×X
(g, x) 7→ (x,σ(g, x))

Let X/G := {G-orbits of the action σ in X} and π : X → X/G be the natural map. Then, the
topological space given by X/G with the quotient topology induced by π : X → X/G is the
categorical quotient of X by the equivalence relation ψ : G×X→ X×X

The previous example shows that categorical quotients for equivalence relations
defined by group actions always exist in the category of topological spaces. Does the
same happen in the category of schemes?

Let G be an algebraic group and X a scheme. Let σ : G×X→ X be an action of G
on X. This action induces the following morphism of schemes

ψ := (πX,σ) : G×X→ X×X

where πX : G × X → X is the natural projection on X. It’s easy to check that ψ :
G×X→ X×X is an equivalence relation on X in the sense of definition 2.1.1
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Definition 2.1.4. A categorical quotient for the G-action σ : G×X→ X on X is a categorical
quotient for the equivalence relation ψ = (πX,σ) : G×X→ X×X on X

Observation 2.1.2. Alternatively, it’s easy to check that a categorical quotient for theG-action
on X is a pair (Y,π) where Y is a scheme and π : X→ Y is a G-invariant morphism satisfying
the following universal property: for every scheme Z and every G-invariant morphism f : X→
Z, there is a unique morphism of schemes h : Y → Z such that h ◦ π = f

Suppose that π : X → Y is a categorical quotient for the G-action on X. It’s easy
to see that there is a unique morphism ψY : G× X → X×Y X such that the following
diagram is commutative

G×X ψ //

ψY
��

X×X

X×Y X

99

where the diagonal arrow X×Y X → X× X is the natural morphism induced by π :
X → Y. If ψY : G× X → X×Y X is surjective then, for every x,y ∈ X•(k) such that
π(x) = π(y), there is some g ∈ G•(k) such that g · x = y. That is, the morphism
π : X→ Y parameterizes G-orbits, i.e. for every x ∈ X•(k) we have that

G · x = π−1(π(x))

In general, if π : X → Y is a (not necessarily surjective) categorical quotient, we can
only prove that π(G · x) = π(x), but disjoint orbits may have the same image in Y via
π. We will later encounter examples of this behaviour

Definition 2.1.5. Let (X,σ) be a G-scheme and π : X → Y a categorical quotient for the
G-action on X. π : X → Y is a geometric quotient if π and ψY : G × X → X ×Y X are
surjective

Example 2.1.2. Consider the following action of the multiplicative groupGm = Speck[t, t−1]
on the affine line A1 = Speck[x]

σ• : G•m × (A1)• → (A1)•

(λ,p) 7→ σ•(λ,p) := λ · p

where λ and p are understood respectively as points ofGm and A1 with values in some scheme.
Alternatively, σ : Gm ×A1 → A1 is induced by the dual action of Gm on k[x] defined as
(recall proposition 1.2.2)

σ∗ : k[x]→ k[x]⊗ k[t, t−1]

x 7→ x⊗ t

We will prove later that the categorical quotient of the affine line by this action is the structure
morphism A1 → Speck. The orbits of this action in A1 are the punctured lines passing
through the origin in (A1)•(k) = k
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Example 2.1.3. The previous example is part of a more general behaviour. Consider the
following action of Gm = Speck[t, t−1] on An = Speck[x1, . . . , xn]

σ• : G•m × (An)• → (An)•

(λ,p) 7→ σ•(λ,p) := λ · p

where λ and p are points of Gm and An respectively with values in some scheme. Alterna-
tively, σ : Gm ×An →An is induced by the following dual action

σ∗ : k[x1, . . . , xn]→ k[t, t−1]⊗ k[x1, . . . , xn]
xi 7→ σ∗(xi) = t⊗ xi

The categorical quotient for this action is the structure morphism π : An → Speck. In
particular, it is not a geometric quotient. It can be proven that An − {0} is a Gm-invariant
open subset of An and that the natural morphism An − {0} → Pn−1 is a geometric quotient
for the Gm-action

Example 2.1.4 ([SR16], Chapter 6, Example 4.10). Unlike in the case of topological spaces
(recall example 2.1.1), the categorical quotient for an algebraic group action does not always
exist.

For example, let k be a field of characteristic 0 and consider the following action of the
additive group Ga on the space of order 2 square matrices M(2,k)

σ• : G•a ×M(2,k)• →M(2,k)•

(λ,
(
a b

c d

)
) 7→

(
a+ λ · c b+ λ · d
c d

)
(where, as usual, we are defining the action over points of Ga and M(2,k) valued on some
scheme). This Ga-action on M(2,k) does not have a categorical quotient. The main reason
behind this is that the additive group Ga is not a reductive algebraic group. We will define
what a reductive group is later

The main objective of geometric invariant theory is to give necessary and suffi-
cient conditions for the existence of categorical quotients for algebraic group actions
on schemes.

Let’s study some basic properties of categorical quotients for algebraic group ac-
tions

Lemma 2.1.2. Let G be an algebraic group and (X,σ) a G-scheme. Suppose that there is a
categorical quotient π : X → Y for the G-action. Then, π : X → Y is an epimorphism in the
category of schemes

Proof. Suppose that there are morphisms f,g : Y ⇒ Z such that f ◦ π = g ◦ π. Clearly,
f ◦ π and g ◦ π are G-invariant morphisms from X to Z. By the definition of the
categorical quotient for an algebraic group action, we have that f = g
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Proposition 2.1.1. Let G be an algebraic group and X a G-scheme. Let π : X → Y be a
G-invariant morphism

(a) If there is an open cover {Ui}i∈I of Y such that the restriction π|π−1(Ui) : π
−1(Ui)→ Ui

is a categorical quotient for every i ∈ I, then π : X→ Y is a categorical quotient

(b) Suppose that π : X→ Y is a categorical quotient for the G-action on X. If X is a reduced
(resp. connected, irreducible, integral, normal) scheme, then Y is also a reduced (resp.
connected, irreducible, integral, normal) scheme

Proof. Let’s see (a). Suppose that f : X → Z is a G-invariant morphism. Then, for
every i ∈ I, π−1(Ui) is a G-invariant open subset of X and the restriction f|π−1(Ui) :
π−1(Ui)→ Z is G-invariant. By the definition of categorical quotient, there is a unique
morphism hi : Ui → Z such that hi ◦ π|π−1(Ui) = f|π−1(Ui). The family of morphisms
{hi : Ui → Z}i∈I glues to a unique morphism h : Y → Z such that h|Ui = hi for every
i ∈ I. Besides, h ◦ π = f by construction. Since this holds for every G-invariant mor-
phism f : X→ Z, we conclude that π : X→ Y is a categorical quotient.

Let’s prove (b). Suppose that X is a reduced scheme and that π : X → Y is a
categorical quotient for the G-action on X. Let j : Yred ↪→ Y be the canonical inclusion
of the reduced model of Y in Y. Since X is a reduced scheme, there is a unique
morphism π̃ : X → Yred such that j ◦ π̃ = π, and π̃ : X → Yred is G-invariant because
π : X → Y is. Besides, π : X → Y is a categorical quotient, so there is a unique
morphism of schemes i : Y → Yred such that π̃ = i ◦ π. We then have that

j ◦ i ◦ π = j ◦ π̃ = π

i ◦ j ◦ π̃ = i ◦ π = π̃

and thus
j ◦ i = IdY and i ◦ j = IdYred

because π : X → Y and π̃ : X → Yred are epimorphisms in the category of schemes.
The remaining properties are proven in a very similar way. For example, if X is a
normal scheme, then π : X → Y factors through the normalization of Y and the same
arguments as above apply

Example 2.1.5 ([Muk03], Example 5.1). If X is a separated G-scheme and π : X → Y is a
categorical quotient for the G-action, then Y is not a separated scheme in general.

For example, consider the open subscheme of A2 given by X = A2 − {(0, 0)} and define a
Gm-action by

σ : G•m ×X• → X•

(λ, (x,y)) 7→ σ(t, (x,y)) := (t · x, t−1 · y)

where λ and (x,y) are valued points of Gm and X. The categorical quotient for the Gm-action
on X exists and is isomorphic to the affine line with a double origin, so it’s not a separated
scheme. However, the quotients that we will construct using techniques from geometric in-
variant theory will always be separated schemes



2.1 25

For the rest of this chapter, we will suppose that G is an affine algebraic group

Observation 2.1.3. Let X be a G-scheme and let π : X → Y be a G-invariant morphism.
For every open subset U ⊆ Y, π−1(U) is a G-invariant open subset of X, so the k-algebra
OX(π

−1(U))G is well defined.

Let π∗OGX be the sheaf of algebras on Y defined by π∗OGX(U) := OX(π
−1(U))G for every

open subset U ⊆ Y. It’s easy to check that the image of the sheaf homomorphism OY → π∗OX
induced by π is contained in π∗OGX

In practice, the quotients that we will construct will satisfy some additional prop-
erties that are given in the following definition

Definition 2.1.6. Let X be a G-scheme. A morphism π : X → Y is a good quotient for the
G-action if it satisfies the following properties

(a) π : X→ Y is surjective

(b) π : X→ Y is G-invariant

(c) The sheaf homomorphism OY → π∗O
G
X (see observation 2.1.3) is an isomorphism

(d) For every G-invariant closed subset C ⊆ X, the image π(C) is a closed subset of Y

(e) For every pair of disjoint G-invariant closed subsets C1,C2 ⊆ X, their images π(C1)
and π(C2) are also disjoint

If, besides, the natural morphism ψY : G× X → X×Y X is surjective (see definition 2.1.5),
then π : X→ Y is called a good geometric quotient

Lemma 2.1.3. Let X be a G-scheme and let π : X → Y be a good quotient for the G-action.
Then, Y has the quotient topology of π : X→ Y

Proof. Let U ⊆ Y be a subset of Y such that π−1(U) ⊆ X is an open subset of X
and C := X − π−1(U). C is a G-invariant closed subset of X, because π−1(U) is G-
invariant. By condition (d) of definition 2.1.6, π(C) is a closed subset of Y, and clearly
π(C) ⊆ Y −U. On the other hand, if y ∈ Y −U, then there is some x ∈ X such that
π(x) = y, and necessarily x ∈ X − π−1(U) = C. This proves that Y −U = π(C) is
closed, and hence U = Y − π(C) is open

Example 2.1.6. The categorical quotient for the Gm-action of example 2.1.3 was given by the
structure morphism An → Speck. A direct computation shows that k[x1, . . . , xn]Gm = k, so
this categorical quotient is a good quotient. However, it is not a good geometric quotient. The
action of Gm induced on the Gm-invariant open subset An − {0} ⊆ An had the categorical
quotient An − {0}→ Pn−1. This is a good geometric quotient

Proposition 2.1.2. Every good quotient is a categorical quotient
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Proof. Let X be a G-scheme and π : X → Y a good quotient for the G-action. Let
f : X → Z be a G-invariant morphism. If we prove that there is a unique morphism
h : Y → Z such that h ◦ π = f, then π : X→ Y is a categorical quotient.

Let {Ui}
n
i=1

be an affine open cover of Z. For every i = 1, . . . ,n, since f is G-
invariant, then Ci := X − f−1(Ui) is a G-invariant closed subset of X, and clearly
∩ni=1

Ci = ∅ because X = ∪ni=1
f−1(Ui) = f−1(∪ni=1

Ui) = f−1(Z). Properties (d) and (e)
in definition 2.1.6 show that {π(Ci)}

n
i=1

is a family of closed subsets of Y such that
∩ni=1

π(Ci) = ∅. Let Vi := Z− π(Ci). Then {Vi}
n
i=1

is an open cover of Y, and besides
π−1(Vi) ⊆ f−1(Ui) by construction. For every i = 1, . . . ,n, let h∗i : OZ(Ui)→ OY(Vi) be
defined by the following diagram

OZ(Ui)
h∗i //

f∗
��

OY(Vi)

OX(f
−1(Ui))

G
res
// OX(π

−1(Vi))

(π∗)−1

OO

where res : OX(f
−1(Ui))

G → OX(π
−1(Vi))

G is the restriction homomorphism induced
by the inclusion π−1(Vi) ⊆ f−1(Ui) and π∗ : OY(Vi)→ OX(f

−1(Vi))
G is an isomorphism

by condition (c) in definition 2.1.6.

Recall that we have chosen the open subsets Ui ⊆ X to be affine, and thus h∗i :
OZ(Ui) → OY(Vi) induce morphisms hi : Vi → Ui that are uniquely determined. The
morphisms {hi : Vi → Ui}

n
i=1

glue to a unique morphism h : Y → Z such that h|Vi = hi
for every i = 1, . . . ,n and, by construction, f = h ◦ π. We conclude that π : X→ Y is a
categorical quotient for the G-action on X

Proposition 2.1.3. Let X be a G-scheme and π : X→ Y a G-invariant morphism

(a) If π : X→ Y is a good quotient for the G-action, then (Y,π) is the unique pair satisfying
the properties of definition 2.1.6

(b) For every x ∈ X•(k), the quotient π : X→ Y is constant on G · x, i.e.

π(G · x) = π(x)

(c) For every x,y ∈ X•(k), we have that

G · x∩G · y 6= ∅ ⇒ π(x) = π(y)

Furthermore, if π : X→ Y is a good quotient for the G-action, then

G · x∩G · y 6= ∅ ⇔ π(x) = π(y)

(d) If π : X → Y is a good quotient for the G-action, then, for every y ∈ Y•(k), there is a
unique closed G-orbit contained in π−1(y)
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(e) Suppose that π : X→ Y is a good quotient for the G-action. Then, π : X→ Y is a good
geometric quotient if and only if the G-action on X is closed, i.e., if and only if for every
x ∈ X•(k) the G-orbit G · x is a closed subset of X

(f) If there is an open cover {Ui}i∈I of Y such that π|π−1(Ui) : π−1(Ui) → Ui is a good
quotient (resp. good geometric quotient) for every i ∈ I, then π : X → Y is a good
quotient (resp. good geometric quotient)

Proof. (a) is a direct consequence of proposition 2.1.2, because categorical quotients
are uniquely determined for satisying a universal property.

Let’s prove (b). π : X → Y is a continuous map and thus for every subset A ⊆ X
we have that π(A) ⊆ π(A). In particular, for every x ∈ X•(k) we have

π(G · x) ⊆ π(G · x) =
= (π is G-invariant) =

= π(x) =

= π(x)

and thus π(G · x) = π(x).

Property (c) is a direct consequence of (b). Indeed, given x,y ∈ X•(k) such that
G · x∩G · y 6= ∅,

π(x) = π(G · x) = π(G · x∩G · y) = π(G · y) = π(y)

Suppose now that π : X→ Y is a good quotient for the G-action and that G · x∩G · y =
∅. Then, by properties (d) and (e) from definition 2.1.6 we have that

π(G · x)∩ π(G · y) = {π(x)}∩ {π(y)} = ∅

and thus π(x) 6= π(y). This proves that G · x ∩G · y = ∅ ⇒ π(x) 6= π(y), and thus
π(x) = π(y)⇒ G · x∩G · y 6= ∅.

Let’s now prove (d). If there were two closed G-orbits G · x,G · z ⊆ π−1(y) then
by (c) we would have G · x ∩G · y 6= ∅ and thus G · x = G · y. Condition (e) follows
easily from conditions (c) and (d), because π : X → Y is a good geometric quotient if
and only if the fiber of any point in Y is a unique orbit, and there is always a unique
closed orbit contained in the fiber of each point. Finally, (f) is proven in a very similar
way to the analogous statement for categorical quotients

Definition 2.1.7. Let G be an algebraic group and (X,σ) a G-scheme. Suppose that a cate-
gorical (resp. good, resp. good geometric) quotient π : X → Y for the G-action exists. Then,
π is a universal (resp. uniform) categorical (resp. good, resp. good geometric) quotient if for
every scheme Z and every morphism (resp. every flat morphism) f : Z → Y, then the natural
morphism π̃ : X×Y Z→ Z is a categorical (resp. good, resp. good geometric) quotient, where
the G-action on X×Y Z is given by

σ̃ = (σ ◦ (IdG,πX),πZ) : G× (X×Y Z)→ X×Y Z

and πX : G× (X×Y Z)→ X, πZ : G× (X×Y Z)→ Z are the natural projections



Chapter 3

Quotients on affine schemes

In this chapter we will prove that the categorical quotient for an action of a reductive
algebraic group on an affine scheme always exists, and it’s an affine scheme given
by the spectrum of the algebra of invariant functions. We will give some examples
and prove that we can obtain geometric quotients for the action if we restrict to the
so-called open subset of stable points. Some references for this chapter are [MFK94,
Chapter 1], [Hos15, Chapter 4] or [New78, Chapter 3]

3.1 Reductive groups

Definition 3.1.1. Let G be a group, V a vector space and σ : G× V → V an action of G
on V by linear automophisms. σ is rational if, for every v ∈ V , there is a finite dimensional
G-invariant subspace W ⊆ V such that v ∈W

Let G be an affine algebraic group and (X,σ) an affine G-scheme. Let σ∗ : O(X)→
O(G) ⊗ O(X) be the induced dual action of G on O(X). For every g ∈ G•(k), let
µg : O(G) → k = k(g) be the morphism to the residual field of g. We define σ∗g :
O(X)→ O(X) by the composition σ∗g := (µg ⊗ IdO(X)) ◦ σ∗

Lemma 3.1.1. With the previous notations, the map

G•(k)→ Autk−alg(O(X))
g 7→ σ∗g−1

is a group homomorphism

Proof. For every g ∈ G•(k), σ∗g : O(X)→ O(X) is the k-algebra homomorphism induced
by σg = σ ◦ (g, IdX) : X→ X, and clearly for every g,h ∈ G•(k) we have that

σgh = σg ◦ σh

from this, it follows that

σ∗(gh)−1 = σ
∗
h−1g−1 = σ∗g−1 ◦ σ∗h−1

so we conclude

28
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This shows that the action of an affine algebraic group G on an affine scheme X
induces an action of G•(k) on the k-algebra O(X). We will see now that this action is
rational

Lemma 3.1.2 ([MFK94], Chapter 1, § 1). Let (G,m, i, e) be an affine algebraic group and
(X,σ) an affine G-scheme. Then, O(X) is a union of finite dimensional G-invariant vector
subspaces

Proof. We just have to prove that, for every finite dimensional subspace V ⊆ O(V),
there is a G-invariant finite dimensional subspace Ṽ ⊆ O(X) such that V ⊆ Ṽ .

Denote by < , >: O(G)∗ ⊗O(G)→ k the canonical duality and define

α := (< , > ⊗IdO(X)) ◦ (IdO(G)∗ ⊗ σ∗) : O(G)∗ ⊗O(X)→ O(X)

let Ṽ := α(O(G)∗ ⊗ V). Let’s see that Ṽ is a finite dimensional G-invariant vector
subspace of O(X) containing V

(a) V is a finite dimensional vector space, so there are f1, . . . , fn ∈ V such that
V =< f1, . . . , fn >. For every j ∈ {1, . . . ,n}, we have

σ∗(fj) =
∑
i

hij ⊗ fij ∈ O(G)⊗O(X)

and thus Ṽ =< {fij}i,j >, so it is a finite dimensional vector space

(b) Let (e∗)t : k→ O(G)∗ be the transpose of e∗ : O(G)→ k. Then, the composition

O(X) // O(G)∗ ⊗O(X)
α // O(X)

where the first arrow is (e∗)t ⊗ IdO(X), is equal to IdO(X), because (e∗ ⊗ IdO(X)) ◦
σ∗ = IdO(X) since σ∗ is a dual action. From this, we have that V = α(((e∗)t ⊗
IdO(X))(V)) ⊆ Ṽ

(c) Finally, let’s prove that Ṽ is invariant with respect to the dual action. From the
definition of Ṽ , we just have to prove that, for every ω ∈ O(G)∗ and every v ∈ V ,
we have that (σ∗ ◦ α)(ω ⊗ v) ∈ O(G) ⊗ V . It suffices to prove that, for every
ω ′ ∈ O(G)∗, we have

< ω ′, (σ∗ ◦α)(ω⊗ v) >∈ Ṽ

But σ∗ is a dual action and hence (σ∗⊗ IdOX) ◦ σ
∗ = (IdO(G)⊗ σ∗) ◦ σ∗ so, if (σ∗)t

is the transpose of σ∗, we obtain

< ω ′, (σ∗ ◦α)(ω⊗ v) >= α((σ∗)t(ω ′ ⊗ω)⊗ v) ∈ Ṽ

Lemma 3.1.3. Let G be an affine algebraic group and (X,σ) an affine G-scheme. The action
of G•(k) induced in O(X) by lemma 3.1.1 is rational
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Proof. For every f ∈ O(X), the subspace generated by f is clearly finite dimensional
and thus, by lemma 3.1.2, there is some finite dimensional G-invariant subspace V ⊆
O(X) such that f ∈ V

We will now introduce the notion of reductive algebraic group

Definition 3.1.2. Let G be an affine algebraic group and let E be a finite dimensional k-vector
space. A linear representation of G in E is an algebraic group homomorphism (recall example
1.1.3)

ρ : G→ GL(E)

Observation 3.1.1. Let G be an affine algebraic group and ρ : G→ GL(E) a linear represen-
tation of G. Denote by E := Spec Sym•(E∗) the scheme induced by E. For every k-algebra A,
we have that

E•(A) = Homk−alg(Sym•(E∗),A) = Homk−lin(E
∗,A) = E⊗k A

and thus, the natural group action

AutA(E⊗k A)× (E⊗k A)→ E⊗k A
(f, (e⊗ a)) 7→ f(e⊗ a)

induces a functorial action of GL(E) on E•

GL(E)×E• → E•

the linear representation ρ• : G• → GL(E) induces then a functorial group action of G• on
E• via the diagram

G• ×E•

ρ•×id
��

// E•

GL(E)×E•

99

In particular, G•(k) acts on E•(k) = E⊗ k = E

Since every G-invariant morphism π : X → Y induces a sheaf homomorphism
OY → π∗O

G
X , a natural candidate for a categorical quotient of an affine scheme X by

the action of G is SpecO(X)G.

The problem with this construction is that, in general, O(X)G is not a k-algebra of
finite type. In order for this to be true, we have to impose additional conditions on G

Definition 3.1.3 ([MFK94], Chapter 0, Definition 1.4). Let G be an affine algebraic group.
G is linearly reductive if every linear representation of G splits as a direct sum of irreducible
subrepresentations

Example 3.1.1. Suppose that k is a field of characteristic 0

• Every classical group GL(n,k), SL(n,k), O(n,k), SO(n,k), PGL(n,k), PSL(n,k), ...
is linearly reductive
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• Every finite group is linearly reductive

The following result shows the importance of linearly reductive groups

Theorem 3.1.1 ([MFK94], Theorem 1.1). Let G be a linearly reductive group and X an affine
G-scheme. Then, O(X)G is a k-algebra of finite type

The problem is that, in positive characteristic, many important algebraic groups
are not linearly reductive. In fact, in [Nag61], Nagata gave a classification of linearly
reductive groups in char(k) = p > 0: the only examples are extensions of algebraic

torii Grm = Gm
r)

× . . .×Gm (where G0

m = Speck by convention) by a finite group of
order coprime with p.

This shows that the notion of linearly reductive algebraic group is not sufficient to
develop geometric invariant theory over fields of arbitrary characteristic. To overcome
this problem, we introduce the following concepts

Definition 3.1.4. Let G be an affine algebraic group

• G is geometrically reductive if for every linear representation ρ : G → GL(E) the
following property is true: for every G-invariant vector e ∈ EG there is a non-constant
G-invariant homogeneous polynomial f ∈ O(E)G = k[ω1, . . . ,ωn]G such that f(e) 6=
0, where E = Spec Sym•(E∗) and {ω1, . . . ,ωn} is a basis of E∗

• G is reductive if it’s smooth (note that, by 1.1.5, every algebraic group over a field of
characteristic 0 is a smooth algebraic variety) and every smooth, normal and unipotent
subgroup of G is trivial

Example 3.1.2. We give some examples

• Every linearly reductive group is reductive and geometrically reductive

• Every algebraic torus Grm = Gm
r)

× . . .× Gm is linearly reductive (see for example
[Hos15, Proposition 3.12])

• Every classical group is geometrically reductive

• Suppose that k is a field of characteristic 0 and let G be an affine algebraic group over k.
Then (see [Nag61])

G linearly reductive⇔ G geometrically reductive⇔ G reductive

Theorem 3.1.2 (Nagata, Mumford, Haboush, Popov). Let G be a smooth affine algebraic
group. The following properties are equivalent

(a) G is geometrically reductive

(b) G is reductive
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(c) For every finitely generated k-algebra A and every rational action of G on A, then AG

is a finitely generated k-algebra

Proof. Nagata proved in [Nag63] that every geometrically reductive algebraic group
is reductive. The converse statement was conjectured by Mumford and proven by
Haboush in [Hab75]. For a proof of the equivalence of these results with the finiteness
of the algebra of invariants, see for example [New78, Theorem 3.4]

Observation 3.1.2. The additive group Ga is not a reductive algebraic group. The problem of
determining if the algebra of invariants for an algebraic group action is of finite type was one
Hilbert’s original 23 problems. The first counterexample was given by Nagata in [Nag59] for
an action of the additive group

Corollary 3.1.1. Let G be a reductive algebraic group and X an affine G-scheme. The algebra
of invariants O(X)G is of finite type over k

Proof. This is a direct consequence of theorem 3.1.2 and lemma 3.1.3

3.2 Geometric invariant theory over affine schemes

We start by proving a fundamental technical result. In general, the functions of an
affine scheme separate closed subsets of the scheme. The same property holds in
the context of reductive algebraic group actions: the invariant functions of an affine
scheme on which a reductive algebraic group acts separate invariant closed subsets

Lemma 3.2.1. Let G be a reductive algebraic group and X an affine G-scheme. For every
pair of closed, disjoint, G-invariant subsets C1,C2 ⊆ X, there is some f ∈ O(X)G such that
f|C1

= 0 and f|C2
= 1

Proof. Since C1 and C2 are closed subsets of an affine scheme X, they are defined
respectively by some ideals I(C1) and I(C2) of O(X). The condition C1 ∩ C2 = ∅ is
expressed in terms of the associated ideals as I(C1)+ I(C2) = O(X), and thus there are
f1 ∈ I(C1) and f2 ∈ I(C2) such that f1 + f2 = 1. From this, it follows that f

1|C1
= 0 and

f
1|C2

= 1. We will now construct from f1 a G-invariant function on X satisfying the
same properties.

From lemma 3.1.2, V =< G•(k) · f1 > is a G-invariant finite dimensional vector
subspace of O(X). Let {h1, . . . ,hn} be a basis of V . Then there are {λij}i,j ⊆ k and
{gij}i,j ⊆ G•(k) such that

hj =
∑
i

λij · (gij · f1) for every j = 1, . . . ,n

so, by the definition of each hj and the properties of f1 we have that

hj|C1
=
∑
i

λij · (gij · f1|C1
) = 0 for every j = 1, . . . ,n

hj|C2
=
∑
i

λij · (gij · f1|C2
) = vj 6= 0 for every j = 1, . . . ,n
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We can define a morphism h : X → An given by h = (h1, . . . ,hn), i.e. induced by the
homomorphism of k-algebras

h∗ : k[x1, . . . , xn]→ O(X)

xj 7→ h∗(xj) := hj

by definition, h satisfies

h|C1
= 0

h|C2
= v = (v1, . . . , vn) ∈An with v 6= 0

On the other hand, V is a G-invariant subspace of O(X) and thus we have that σ∗(V) ⊆
O(G)⊗ V . Since {h1, . . . ,hn} is a basis of V , then

σ∗(hj) =
n∑
i=1

aji ⊗ hi with aji ∈ O(G)

consider the following k-algebra homomorphism

ρ∗ : k[{xij}i,j=1,...,n]→ O(G)

xij 7→ aij

We have that ρ∗(det) = det(aij) ∈ O(G). Since {hi}i=1,...,n is a basis of V , for every
g ∈ G•(k) we have that det(aij(g)) 6= 0, and thus det(aij) ∈ O(G)×. This means that
ρ∗ factors through k[{xij}i,j=1,...,n]det = O(GL(n,k)) and thus induces a morphism

ρ : G→ GL(n,k)

It’s not hard to prove that ρ is a linear representation ofG. Following the same ideas as
in observation 3.1.1, ρ : G→ GL(n,k) induces an action of G on An = Spec Sym•(kn),
and by construction h : X → An is G-equivariant with respect to this action. In
particular, we have that

g · v = g · h(C2) =

= h(g ·C2) =

= h(C2) =

= v

and thus v ∈ An is a non-zero G-invariant element of An. G is a geometrically
reductive group, so by definition there is some φ ∈ O(An)G such that φ(v) 6= 0.
Clearly f := h∗(φ)

φ(v) satisfies the conditions of the lemma

We will now introduce the concept of Reynolds operator.

Let G be an affine algebraic group and ρ : G→ GL(E) a linear representation of G.
Denote by EG the subspace of G-invariant elements of E. If G is a linearly reductive
group, there is a G-equivariant decomposition of E as a direct sum of G-invariant
subspaces

E ' EG ⊕W
and this decomposition induces a canonical projection homomorphism E→ EG. If we
try to extend this to k-algebras with a dual action of G, we obtain the following
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Definition 3.2.1. Let G be an affine algebraic group and (A,σ∗) a k-algebra with a dual
action of G. A Reynolds operator is a surjective k-algebra homomorphism RA : A→ AG such
that RA(ab) = aRA(b) for every a ∈ AG and every b ∈ A

Proposition 3.2.1 ([Hos15], Lemma 4.22). Let G be a linearly reductive algebraic group
and (A,σ∗) a k-algebra with a dual action of G. Then, (A,σ∗) has a unique Reynolds operator

Lemma 3.2.2. Let G be an affine algebraic group and (A,σ∗) be a k-algebra with a dual action
of G. Suppose that a Reynolds operator RA : A → AG exists for the dual action. Then, for
every family of ideals {Ij}j∈J of AG, we have that

(
∑
j∈J
IjA)∩AG =

∑
j∈J
Ij

Proof. We will prove this result for the case of a single ideal. The general case follows
from the fact that

∑
j∈J Ij ·A = (

∑
j∈J Ij) ·A.

Let I be an ideal of AG. Then, clearly we have the inclusion I ⊆ (I ·A) ∩AG. Let
now be x ∈ (I ·A) ∩AG. We can write x as x =

∑
i aibi for some ai ∈ I and bi ∈ A.

From the definition of Reynolds operators, we have

x = RA(x) = RA(
∑
i

aibi) =
∑
i

aiRA(bi) ∈ I

so (I ·A)∩AG ⊆ I and thus I = (I ·A)∩AG

The following theorem is the central result of this chapter

Theorem 3.2.1 ([MFK94], Theorem 1.1). Let G be a reductive algebraic group and (X,σ) an
affine G-scheme. Let X//G := SpecO(X)G and let π : X → X//G be the morphism induced
by the natural inclusion O(X)G ↪→ O(X). Then, π : X → X//G is a uniform good quotient
for the G-action on X. Besides, if k is a field of characteristic 0, π : X → X//G is a universal
good quotient

Proof. Let’s start by proving that π : X→ X//G is a good quotient. We will prove this
result in the case that char(k) = 0.

Clearly, π : X→ Y isG-invariant. Since the image of π : X→ X//G is a constructible
set by Chevalley’s theorem, to prove that π : X → X//G is surjective it suffices to
prove that π•k : X•(k) → (X//G)•(k) is surjective. Let y ∈ (X//G)•(k) and denote
by my ⊆ O(X)G the associated maximal ideal. Let {f1, . . . , fm} ⊆ O(X)G be a set of
generators for my. Suppose that G is linearly reductive so that a Reynolds operator
for the dual action on O(X) exists (for the general case, see [New78, Lemma 3.4.2]).
From lemma 3.2.2, we deduce that

m∑
i=1

fiO(X) 6= O(X)
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and thus there is a maximal ideal m ⊆ O(X) such that
∑m
i=1
fiO(X) ⊆ m. Let x ∈ X•(k)

be the point associated with m. By construction, π(x) = y, so π : X→ Y is surjective.

Let’s prove that OX//G ' π∗OGX . It suffices to prove that O((X//G)f) = (π∗O
G
X)((X//G)f)

for every f ∈ O(X//G) = O(X)G. Indeed, we have that

O((X//G)f) = (O(X)G)f =

= (f is G-invariant) =

= (O(X)f)
G =

= O(Xf)
G =

= O(π−1((X//G)f))
G =

= (π∗O
G
X)((X//G)f)

so we conclude. The rest of properties of definition 2.1.6 follow directly from lemma
3.2.1 .

Let’s prove that π : X → X//G is a uniform good quotient for the G-action. We
will denote Y = X//G. Let f : T → Y be a flat morphism. We have to prove that the
natural morphism π̃ : X×Y T → T is a good quotient for the G-action induced by σ
on X×Y T . By proposition 2.1.3, this is a local condition on T , so we can suppose that
T = SpecO(T). We have the cartesian square

X = SpecO(X)

π
��

X×Y T = Spec(O(X)⊗O(X)G O(T))

π̃
��

oo

Y = SpecO(X)G T = SpecO(T)
f

oo

if we prove that O(T) = [O(X)⊗O(X)G O(T)]G, then we would conclude by the previous
constructions.

Consider the k-algebra homomorphism 1 ⊗ IdO(X) : O(X) → O(G) ⊗ O(X). Let
φ := σ∗ − 1⊗ IdO(X). Clearly, there is an exact sequence of O(X)G-modules

0
// O(X)G // O(X)

φ // O(G)⊗O(X)

Let σ̃ be the action of G on X×Y T induced by σ and f : T → Y. Then, it’s easy to check
that

σ̃∗ = σ∗ ⊗ IdO(T)

σ̃∗ − 1⊗ IdO(X)⊗
O(X)G

O(T) = φ⊗ IdO(T)

so, since O(T) is a flat O(X)G-module, we have the exact sequence of O(T)-modules

0
// O(T) // O(X)⊗O(X)G O(T) // O(G)⊗ (O(X)⊗O(X)G O(T))
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where the last arrow is equal to φ⊗ IdO(T), and thus

[O(X)⊗O(X)G O(T)]G = Ker(φ⊗ IdO(T)) = O(T)

so we conclude

Observation 3.2.1. The morphism π : X → X//G constructed in theorem 3.2.1 is usually
called the GIT quotient

Example 3.2.1. Consider the action of Gm on An = Speck[x1, . . . , xn] given in example
2.1.3. Since Gm is a reductive algebraic group, by theorem 3.2.1 the morphism π : An →
Speck[x1, . . . , xn]Gm is the categorical quotient for this action.

By definition, for every i we have that σ∗(xi) = t⊗ xi, and thus k[x1, . . . , xn]Gm = k.
This proves that the structure morphism An → Speck is the categorical quotient for the
Gm-action. Besides, it is a good quotient by theorem 3.2.1, although it’s not a good geometric
quotient

Example 3.2.2 ([Hos15], Example 4.39). Consider the following action of GL(2,k) on
M(2,k) defined by

GL(2,k)• ×M(2,k)• →M(2,k)•

(A,X) 7→ cA(X) := AXA
−1

where A and X are points of GL(2,k) and M(2,k) with values in some scheme.

Clearly, for any X, Y ∈M(2,k)•(k) we have that

GL(2,k) ·X = GL(2,k) · Y ⇔ The endomorphisms of k2 defined by X and Y are equivalent

Using the Jordan canonical decomposition and the fact that k is algebraically closed we can
distinguish 3 different types of orbits

• Case
(
α 0

0 β

)
with α 6= β. It corresponds to the case of characteristic and minimal

polynomials of the form c(t) = p(t) = (t−α)(t−β). These are closed orbits

• Case
(
α 1

0 α

)
. It corresponds to the case of c(t) = p(t) = (t−α)2

• Case
(
α 0

0 α

)
it corresponds to the case c(t) = (t− α)2 and p(t) = (t− α). These

orbits are in the closure of orbits of the form
(
α 1

0 α

)
, because

lim
t→0

(
t 0

0 t−1

)(
α 1

0 α−1

)(
t−1

0

0 t

)
=

(
α 0

0 α

)
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Given some M ∈M(2,k), then its characteristic polynomial can be written as

c(t) = t2 − tr(M)t+ det(M)

so tr, det are GL(2,k)-invariant regular functions onM(2,k). It can be shown that O(M(2,k))GL(2,k) =
k[tr, det] and thus the GIT quotient is, in terms of points with values,

π• :M(2,k)• → (M(2,k)//GL(2,k))• = (Speck[tr, det])•

M 7→ (det(M), tr(M))

The trace and determinant of a matrix do not, however, determine its Jordan canonical form.
This means that π is not a good geometric quotient

Example 3.2.3. Consider the action of Gm = Speck[t, t−1] on A2 = Speck[x,y] defined by

σ• : G•m × (A2)• → (A2)•

(t, (x,y)) 7→ σ•(t, (x,y)) = (tx, t−1y)

where t and (x,y) are, respectively, points of Gm and A2 with values in some scheme. Alter-
natively, σ is induced by the following dual action of Gm on k[x,y]

σ∗ : k[x,y]→ k[t, t−1]⊗ k[x,y]
x 7→ t⊗ x
y 7→ t−1 ⊗ y

Clearly, xy is a Gm invariant function for this action because σ∗(xy) = (t⊗ x)(t−1 ⊗ y) =
1⊗ (xy). It’s easy to see that k[x,y]Gm = k[xy], and thus, by theorem 3.2.1, the induced
morphism π : A2 → Speck[xy] = A1 is a good quotient for the Gm-action σ on A2.

The orbits for this action of Gm on A2 fall into the four following types

(a) Hyperbolas {xy = a} with a ∈ k− {0}

(b) The X-axis {y = 0} minus the origin {(0, 0)}

(c) The Y-axis {x = 0} minus the origin {(0, 0)}

(d) The origin {(0, 0)}

The orbits given by hyperbolas are closed and pairwise disjoint, and their images via the
quotient morphism π : A2 → A1 are given by π({xy = a}) = a. The remaining orbits have
closures that contain the origin (0, 0) ∈A2, so by proposition 2.1.3 they have the same image
via π

π({y = 0}− {(0, 0)}) = π({x = 0}− {(0, 0)}) = π((0, 0)) = 0

This proves that π : A2 →A1 is not a good geometric quotient
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In the previous example, we did not obtain a good geometric quotient because
some orbits in A2 did not behave well: the orbits given by the axes were not closed
and their boundaries overlapped, so they were identified in the quotient space.

Intuitively, if we had these orbits removed, then we would not identify disjoint
orbits in the quotient because the rest of the orbits are closed. We will follow this idea
to obtain good geometric quotients from the GIT quotient construction

Definition 3.2.2. Let G be a reductive algebraic group and X an affine G-scheme. Let x ∈
X•(k). x is stable for the G-action if

• G · x is closed

• dimGx = 0

Observation 3.2.2. Note that, for every closed point y ∈ G · x, we have dimGy = dimGx
and G · y = G · x, so we can speak of stable orbits instead of stable points

Example 3.2.4. In example 3.2.3, the orbits given by the X-axis minus the origin and the
Y-axis minus the origin are not stable because they are not closed. In the same example, the
orbit given by the origin is not stable, because its stabilizer subgroup is equal to Gm, which
has dimension 1.

We ask a stable point to satisfy the condition dimGx = 0 so we can have nice topological
properties for the set of stable points. The role of this condition will be made explicit in lemma
3.2.4

The following result is elementary, although very important

Lemma 3.2.3. Let G be an algebraic group. For every x ∈ X•(k), we have that

G · x is closed⇔ for every closed point y ∈ G · x we have dimGy = dimGx

Proof. If G · x is closed, then clearly the dimension of the stabilizer subgroups are the
same for every closed point of G · x = G · x, so the result follows.

Suppose now that for every closed point y ∈ G · x we have that dimGy = dimGx.
If G ·x is not closed, then there is some closed point z ∈ G · x−G ·x, but by proposition
1.2.3 the dimension of G · z has strictly less dimension than G · x. On the other hand,
by proposition 1.2.4 and dimGx = dimGz we have that

dimG · z = dimG− dimGz = dimG− dimGx = dimG · x

which is a contradiction

Lemma 3.2.4. Let G be a reductive algebraic group and X an affine G-scheme. Then, the set
of stable points for the G-action are the set of closed points of a unique G-invariant open subset
Xs ⊆ X
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Proof. Since X is a finite type scheme, it suffices to prove that the set of stable points
is an open subset of X•(k) with the induced topology. Let x ∈ X•(k) be a stable point.
Consider

X+ := {y ∈ X : dimGy > 1}

this is a G-invariant closed subset of X by proposition 1.2.4. On the other hand, G · x
is also a G-invariant closed subset of X by definition, and we have that X+ ∩G · x = ∅.
By lemma 3.2.1, there is some f ∈ O(X)G such that f|G·x 6= 0 and f|X+ = 0. The comple-
ment of the set of zeroes of f, Xf, is an affine G-invariant open subset of X and clearly
x ∈ Xf. If we prove that every closed point of Xf is stable, we conclude.

Let y ∈ Xf be a closed point. Then, f(y) 6= 0, and thus y /∈ X+, so dimGy = 0.
In particular, this means that the dimension of the stabilizer subgroup of any closed
point of Xf is zero, so by lemma 3.2.3 every closed point of Xf is stable

Observation 3.2.3. We will usually call Xs the set of stable points for the G-action on X

We will finish this chapter proving that the quotient for the induced action on
the set of stable points is a good geometric quotient. In order to prove this, we will
introduce some useful concepts

Definition 3.2.3. Let G be an affine algebraic group and X a G-scheme. A G-invariant open
subset U ⊆ X is saturated for the G-action if, for every x ∈ U•(k) and every y ∈ X•(k), we
have that

G · x∩G · y 6= ∅ ⇒ y ∈ U

Lemma 3.2.5. Let G be an affine algebraic group and X a G-scheme. Suppose that there is a
good quotient for the G-action π : X → Y and let U ⊆ X be a saturated open subset of X for
the G-action. Then, π(U) is an open subset of Y, and π−1(π(U)) = U

Proof. Since U is a G-invariant open subset of X, we have that X−π(U) is a G-invariant
closed subset of X and thus π(X− π(U)) is a closed subset of Y, because π is a good
quotient. π is a surjective map, so π(U) = Y − (π(X− π(U)) and thus π(U) is an open
subset of Y.

Let’s prove that π−1(π(U)) = U. Clearly, we have that U ⊆ π−1(π(U)). If we prove
that every closed point of π−1(π(U)) is an element of U, then we conclude because X is
a finite type scheme. Let x ∈ π−1(π(U)) be a closed point. By definition, there is some
y ∈ U•(k) such that π(x) = π(y). By proposition 2.1.3, this means that G · x∩G · y 6= ∅
and thus y ∈ U because U is saturated

Observation 3.2.4. In particular, the restriction π|U : U → π(U) is a good quotient for the
induced G-action on U by theorem 3.2.1

Lemma 3.2.6. Let G be a reductive algebraic group and X an affine G-scheme. Then, Xs is a
saturated open subset of X for the G-action

Proof. Let x be a closed point of Xs and y ∈ X•(k). Suppose that G · x∩G · y 6= ∅. Since
x is a stable point for the G-action, G · x = G · x and thus G · x ⊆ (G · y−G · y).
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Suppose that y /∈ Xs. Then, G · y 6= G · y and thus, by propositions 1.2.3 and 1.2.4
we have

dimG · x < dimG · y 6
6 dimG =

= dimG · x− dimGx =

= dimG · x

and this is a contradiction, so y must be an element of Xs

Proposition 3.2.2. Let G be a reductive algebraic group and (X,σ) an affine X-scheme. Let
π : X → X//G be the GIT quotient. Let Xs the open subset of stable points for the G-action
and denote Xs//G := π(Xs). Then

• Xs//G is an open subset of X//G

• The restriction π|Xs : Xs → Xs//G is a uniform good geometric quotient. Furthermore,
if k is a field of characteristic 0, then it is a universal good geometric quotient

Proof. By lemmas 3.2.6 and 3.2.5, Xs//G is an open subset of X//G and the restriction
π|Xs : X

s → Xs//G is a uniform good quotient.

By definition, the action of G on Xs is closed, so π|Xs : Xs → Xs//G is a good
geometric quotient by proposition 2.1.3.

Finally, let f : T → Xs//G be a flat morphism. By theorem 3.2.1, the natural
morphism π̃ : Xs ×X//G T → T is a good quotient for the induced G-action σ̃ on
Xs ×X//G T . On the other hand, for every (x, t) ∈ (X×X//G T)•(k) we have that σ̃(x,t) =
(σx, t) and thus G · (x, t) = (G · x)× {t}, so σ̃ is a closed action on Xs ×X//G T → T and
thus π̃ : Xs ×X//G T → T is a good geometric quotient by proposition 2.1.3. The same
argument is valid in the case that k is a field of characteristic 0 and f : T → Xs//G is a
(non necessarily flat) morphism

Observation 3.2.5. In general, Xs//G is not an affine scheme

Example 3.2.5. Consider the action of Gm on A2 given in example 3.2.3. In example 3.2.4,
we saw that

(A2)s = A2 − {xy = 0}

so, by proposition 3.2.2, the restriction

π : A2 − {xy = 0}→A1 − {0}

(x,y) 7→ xy

is a good geometric quotient

Example 3.2.6. The set of stable points for an action might be an empty set. Consider the
action of Gm on An given in example 2.1.3. Let (x1, . . . , xn) be a closed point in An. Then
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• If (x1, . . . , xn) = (0, . . . , 0) thenGm · (0, . . . , 0) = {(0, . . . , 0)} is closed, but (Gm)(0,...,0) =
Gm, so (0, . . . , 0) is not a stable point

• If (x1, . . . , xn) 6= (0, . . . , 0) then (Gm)(x1,...,xn) = {e}, but Gm · (x1, . . . , xn) is not closed,
because (0, . . . , 0) ∈ (Gm · (x1, . . . , xn) −Gm · (x1, . . . , xn)), so it’s not a stable point

This proves that (An)s = ∅



Chapter 4

Quotients on finite type schemes

In this chapter we will extend the construction of quotients we gave for affine schemes
to the general case of a finite type scheme over k.

Let G be a reductive algebraic group and X a G-scheme. We would like to construct
a categorical quotient for the G-action on X. In chapter 3, we constructed categorical
quotients in the case when X were an affine scheme. In general, we could consider
an open cover {Ui}i∈I of X by affine G-invariant open subsets, take the GIT quotient
πi : Ui → Ui//G for each i (recall theorem 3.2.1) and glue these morphisms to a global
morphism π : X → Y such that π|Ui = πi for every i ∈ I. π : X → Y would then be a
categorical quotient for the G-action by proposition 2.1.1.

This approach presents two main problems

• In general, a scheme X does not have an affine G-invariant open cover, so we will
construct rational categorical quotients π : X 99K Y, i.e., categorical quotients for
a G-invariant open subset U ⊆ X

• There is not a canonical way of choosing G-invariant open subsets of X, so we
may have many different rational categorical quotients for a given action on X,
defined on different G-invariant open subsets of X. We will solve this problem
by fixing additional data: a linearization of the G-action. Different linearizations
will yield different rational categorical quotients for the G-action. The study of
how these rational quotients vary is a subject called variation of the GIT quotient
(see for example [DH98])

Let’s see an example of how we can solve the previous problems in the particular
case that our scheme is projective

Example 4.0.1. Suppose that X is a projective scheme. We will fix the following data

• A closed immersion i : X ↪→ Pn = Projk[x0, . . . , xn]. With respect to this immersion,
we can write X = Projk[x0, . . . , xn]/Ix for some homogeneous ideal IX ⊆ k[x0, . . . , xn]

• A linear representation ρ : G→ GL(n+1,k) inducing aG-action on Pn = Projk[x0, . . . , xn]

42
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• We ask for the previous data to satisfy a compatibility condition, in particular, we ask
that i : X ↪→ Pn is G-equivariant

Later, we will prove that the natural rational morphism π : X 99K Proj (k[x0, . . . , xn]/IX)G

is a good categorical quotient for the G-action on an open subset of X. The G-invariant open
subset on which π is defined is called the subset of semistable points for the G-action on X

In the previous example, the data that we fixed was essentially a presentation of
X as a subscheme of a projective space in which G acted by a linear representation.
This could have been expressed in terms of the invertible sheaf on X associated to the
closed immersion i : X ↪→ Pn. This is the approach that we will follow for a general
finite type scheme.

Some references for this chapter include [MFK94, Chapter 1] and [Dol03, Chapters
7-8]

4.1 G-equivariant sheaves

Let G be an affine algebraic group and let (X,σ) be a G-scheme. Let p2 : G× X → X

denote the natural projection on X and p23 : G×G×X→ G×X the natural projection
on the second and third components

Definition 4.1.1. A G-equivariant sheaf on (X,σ) is a pair (M,Φ), where M is a coherent
sheaf on X and Φ : σ∗M→ p∗

2
M is a OG×X-module isomorphism such that

1. (m× idX)∗Φ = p∗
23
Φ ◦ (IdG × σ)∗Φ

2. (e× IdX)∗σ∗ : M→M is the identity morphism

Definition 4.1.2. Let (X,σ) be a G-scheme and let (M,Φ), (N,Ψ) be G-equivariant sheaves
on X. A morphism of G-equivariant sheaves from (M,Φ) to (N,Ψ) is a morphism of OX-
modules α : M→ N such that the following diagram commutes

σ∗M Φ //

σ∗(α)
��

p∗
2
M

p∗
2
(α)

��
σ∗N

Ψ
// p∗

2
N

Every G-equivariant sheaf comes with a natural notion of sections that are invari-
ant with respect to the action of G

Lemma 4.1.1. Let (X,σ) be a G-scheme and (M,Φ) a G-equivariant sheaf on X. There is a
dual action of G on H0(X,M) induced by Φ : σ∗M→ p∗

2
M

Proof. Denote by p1 : G× X → G the natural projection on G. The Künneth formula
(see for example [Kem80]) yields the following isomorphism

H0(G×X,p∗
2
M) = H0(G×X,p∗

1
OG ⊗ p∗2M) ' O(G)⊗H0(X,M)
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Now it’s easy to prove, using the conditions from definition 4.1.1, that the composition

H0(X,M)
σ∗ // H0(G×X,σ∗M)

Φ∗' // H0(G×X,p∗
2
M)

' // O(G)⊗H0(X,M)

is a dual action of G on H0(X,M)

Observation 4.1.1. In particular, for everyG-equivariant sheaf M on X, the spaceH0(X,M)G

is well defined

Definition 4.1.3. Let X be a G-scheme. A linearization of the G-action is a G-equivariant
invertible sheaf on X

Observation 4.1.2. A linearization of theG-action will also be called aG-linearized invertible
sheaf

Example 4.1.1. Let (X,σ) be a G-scheme and let OX be the structure sheaf. Clearly, we have
that

σ∗OX = p∗
2
OX = OX×G

and also {
Isomorphisms OG×X → OG×X

}
= O(G×X)×

(Φ : OG×X → OG×X) 7→ ΦG×X(1)

In particular, if we take Φ = IdOG×X , then it’s easy to prove that (OX, IdOG×X) is a lineariza-
tion of the G-action on X. This is called the trivial linearization

The set of isomorphism classes of G-linearized invertible sheaves on a G-scheme
has a group structure induced from the group structure of the Picard group of the
scheme

Definition 4.1.4. Let X be a G-scheme. The G-equivariant Picard group of X is

PicG(X) := {(L,Φ) G-linearized invertible sheaves on X}/ '

Lemma 4.1.2. PicG(X) is an abelian group

Proof. We define the product of isomorphism classes ofG-linearized invertible sheaves
as

(L,Φ) · (L ′,Φ ′) := (L⊗L ′,Φ⊗Φ ′)
using the compatibility of the tensor product and inverse image operations, we have
that

(m× IdX)∗(Φ⊗Φ ′) = (m× IdX)∗Φ⊗ (m× IdX)∗Φ ′ =
= (p∗

23
Φ ◦ (IdG × σ)∗Φ)⊗ (p∗

23
Φ ′ ◦ (IdG × σ)∗Φ ′) =

= p∗
23
(Φ⊗Φ ′) ◦ (IdG × σ)∗(Φ⊗Φ ′)

and thus (L ⊗ L ′,Φ ⊗Φ ′) is a G-linearized invertible sheaf on X. This product is
commutative and its identity element is the trivial G-linearization (OX, IdOG×X). It’s
easy to check that, for every (L,Φ) ∈ PicG(X), we have that

(L,Φ) · (L−1, (Φt)−1) ' (OX, IdOG×X)

and thus (L,Φ)−1 = (L−1, (Φt)−1)
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Example 4.1.2. As we have seen in example 4.1.1, a linearization of the G-action on the
structure sheaf OX is an invertible element of O(G×X) plus some additional data. Explicitly,
there is a group isomorphism

{G-linearizations of OX}
'→ Z1 :=

{
φ ∈ O(G×X)× such that
(m× IdX)∗φ = (p∗

23
φ) · (IdG × σ)∗φ

}
(OX,Φ) 7→ φ = ΦG×X(1)

Definition 4.1.5. A character of G is an algebraic group homomorphism χ : G→ Gm

Lemma 4.1.3. The set of characters of G is a group denoted by

X(G) = Homalg−grp(G,Gm) = {φ ∈ O(G)× : m∗φ = φ⊗φ}

Proof. We have that

G•m(G) = Hom(G,Gm) = Homk−alg(k[t, t−1],O(G)) = O(G)×

The characters of G can be identified with the elements of O(G)× that induce algebraic
group homomorphisms. Using definition 1.1.2, the conditions of the lemma follow

Example 4.1.3. Via the projection on the first component p1 : G× X → G, the elements of
O(G)× can be thought as elements of O(G×X)×. If Z1 is the group defined in example 4.1.2,
p1 induces an injective group homomorphism X(G) ↪→ Z1 ⊆ PicG(X). In other words, every
character of G induces a linearization of the G-action on OX

In general, PicG(X) is not a subgroup of Pic(X), because a fixed invertible sheaf on
X may have many different linearizations. For example, as we have just shown, every
character of G induces a linearization of the action on OX. In general, there is a group
homomorphism

α : PicG(X)→ Pic(X)
(L,Φ) 7→ L

and clearly
Kerα = {G-linearizations on OX}/ '= Z1/ '

We have a bijection

{Ψ : σ∗OX
'→ p∗

2
OX} = {ψ ∈ O(X)× : φ ′ · σ∗ψ = p∗

2
ψ ·φ}

where ψ = ΨX(1),φ = ΦG×X(1) and φ ′ = Φ ′G×X(1). There is a group isomorphism

{ψ ∈ O(X)× : φ ′ · σ∗ψ = p∗
2
ψ ·φ} ' B1 := {σ∗ψ · (p∗

2
ψ)−1 : ψ}

and thus
(OX,Φ) ' (OX,Φ ′)⇔ φ ′ ·φ−1 ∈ B1

we have proven the following
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Lemma 4.1.4. Let X be a G-scheme and α : PicG(X)→ Pic(X). There is a group isomorphism

PicG(X) ' Z1/B1

Observation 4.1.3. The quotient group Z1/B1 is isomorphic to the first cohomology group
of G with values in the G-module O(X)×. See [Dol03, Theorem 7.1]. For more on group
cohomology, see [dS01, Chapter 4], or [Mil17, Chapter 16]

There is an exact sequence

0
// Z1/B1 // PicG(X) α // Pic(X)

Example 4.1.4. Let X = An. It’s well known that Pic(An) = 0 and thus PicG(An) '
Z1/B1. A direct computation shows that

Z1/B1 = X(G)/ < 1 >= X(G)

So the group of G-linearized invertible sheaves for a G-action on An is isomorphic to X(G)

Since we will construct categorical quotients for actions of algebraic groups by
fixing a linearization of the action on an invertible sheaf, it’s fundamental to know
under which conditions we can ensure the existence of linearizations.

Suppose thatG is a reductive algebraic group and that (X,σ) is a normalG-scheme.

Let x0 ∈ X•(k) and define

δ : Pic(X)→ Pic(G)

L 7→ δ(L) := (p∗
2
L⊗ σ∗L−1)|G×{x0}

If L ∈ Ker δ then
(p∗

2
L⊗ σ∗L−1)|G×{x0} ' OG

so we have an isomorphism

p∗
2
L|G×{x0} ' σ

∗L|G×{x0}

It can be proven that the fact that X is normal and G is smooth implies that this
isomorphism extends to an isomorphism of OG×X-modules

p∗
2
L→ σ∗L

this extension can be modified to give a linearization of the G-action on L (see [Dol03,
Lemma 7.2]), so L ∈ Imα. This proves that Ker δ = Imα so we have the exact
sequence

0
// Z1/B1 // PicG(X) α // Pic(X) δ // Pic(G)

Theorem 4.1.1 ([Dol03], Corollary 7.2). Let G be a reductive algebraic group and (X,σ) a
normal G-scheme. Let L ∈ Pic(X). There is a positive integer N such that L⊗N admits a
linearization of the G-action

Proof. Under the hypotheses of the theorem, it can be proven that Pic(G) is a finite
group, and thus Pic(X)/Imα ' Ker δ ↪→ Pic(G) is finite. In particular, every element
of Pic(X)/Imα has finite order, and that condition is exactly what we wanted to prove
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4.2 Geometric invariant theory over finite type schemes

Let G be a reductive algebraic group and (X,σ) a G-scheme

Definition 4.2.1. Let L be a G-linearized invertible sheaf on X and x ∈ X•(k)

• x is semistable with respect to L if there are n > 0 and s ∈ H0(X,L⊗n)G such that
Xs := {y ∈ X : s(y) 6= 0} is a G-invariant affine open subset of X and x ∈ Xs

• x is stable with respect to L if x is semistable, the action of G on Xs is closed, and
dimGx = 0

Observation 4.2.1. For every s ∈ H0(X,L⊗n)G, Xs is a G-invariant open subset of X, so the
important condition in definition 4.2.1 is that Xs is affine. The fact that Xs is affine will allow
us to form its GIT quotient, using theorem 3.2.1

The proof of the following result is analogous to the proof of lemma 3.2.4, so we
omit it

Lemma 4.2.1. Let L be a G-linearized invertible sheaf on X. The set of semistable and stable
points with respect to L are, respectively, the sets of closed points of G-invariant open subsets
Xss(L) and Xs(L) of X. Besides, Xs(L) is a saturated open subset of X for the G-action

Observation 4.2.2. Let L be a G-linearized invertible sheaf on X and s ∈ H0(X,L)G. For

every n > 0, let s⊗n := s
n)

⊗ . . .⊗ s ∈ H0(X,L)
n)

⊗ . . .⊗H0(X,L) ⊆ H0(X,L⊗n). It’s easy to
check that Xs⊗n = Xs, so we have that

Xss(L⊗n) = Xss(L) and Xs(L⊗n) = Xs(L) for every n > 0

Observation 4.2.3. Recall that an invertible sheaf L on X is ample if and only if there is
some n > 0 and sections s1, . . . , sr ∈ H0(X,L⊗n) such that Xsi are affine open subsets of X
and X = Xs1

∪ . . . ∪ Xsr (see [Sta19, Tag 01PR]). As a consequence, if L is a G-linearized
invertible sheaf on X, then the restriction L|Xss(L) is ample

Example 4.2.1. Suppose that X is an affine scheme. Consider the trivial linearization (OX, IdOG×X)
(recall example 4.1.1). For every n > 0, we have that

H0(X,O⊗nX )G = H0(X,OX)G = O(X)G

and thus 1 ∈ H0(X,O⊗nX )G for every n > 0. This implies that Xss(OX) = X. On the other
hand, it can be proven easily that

Xs(OX)
•(k) =

{
x ∈ X•(k) : G · x is closed

and dimGx = 0

}
When we constructed the affine GIT quotient in section 3.2, we were working implicitly with
respect to the trivial linearization. This is the reason why we did not have to define the notion
of semistable point

The following theorem is the most fundamental result of geometric invariant the-
ory
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Theorem 4.2.1 ([MFK94], Theorem 1.10). Let G be a reductive algebraic group and (X,σ)
a G-scheme. Let L be a G-linearized invertible sheaf on X

(a) There is a uniform (resp. universal if char(k) = 0) good quotient for the G-action

π : Xss(L)→ Xss(L)//G

Furthermore, π is an affine morphism and there is an ample invertible sheaf M on
Xss(L)//G such that π∗M = L⊗N

|Xss(L)
for some N > 0. In particular, Xss(L)//G is a

quasiprojective scheme

(b) There is an open subset Xs(L)//G ⊆ Xss(L)//G such that π−1(Xs(L)//G) = Xs(L)
and the restriction π|Xs(L) : Xs(L) → Xs(L)//G is a uniform (resp. universal if
char(k) = 0) good geometric quotient for the G-action

Proof. From definition 4.2.1, we deduce that there is a sufficiently large integer N > 0

and G-invariant sections s1, . . . , sr ∈ H0(X,L⊗N)G such that, denoting Ui = Xsi , we
have

Xss(L) = U1 ∪ . . .∪Ur
where Ui is an affine G-invariant open subset of X for every i = 1, . . . , r.

By theorem 3.2.1, for every i = 1, . . . , r there is a good quotient πi : Ui → Yi =
Ui//G for the induced G-action on Ui. The idea will be to glue the morphisms
{πi : Ui → Yi}

r
i=1

to a good quotient for the G-action defined on Xss(L). This will
be possible because the categorical quotient for an algebraic group action is unique.

For every j = 1, . . . , r, we have that {sj} is a basis of the free O(Uj)-module L⊗N(Uj),
and thus there is a regular function si

sj
∈ O(Uj) such that si =

si
sj
· sj as elements of

L⊗N(Uj), for every i = 1, . . . , r. Besides, since si and sj are G-invariant sections, we
have that sisj ∈ O(Uj)

G = O(Yj).

Denote by φij ∈ O(Yj) the element of O(Yj) induced by si
sj

, and consider D(φij) =

{φij 6= 0} ⊆ Yj. Clearly, we have that π−1

j (D(φij)) = Ui ∩Uj for every i, j = 1, . . . , r, and
the restriction πj : Ui ∩Uj → D(φij) is a good quotient for the induced G-action. We
have the commuting diagram

Ui

πi
��

Ui ∩Uj ' //

πi
��

oo Ui ∩Uj
πj
��

// Uj

πj
��

Yi D(φji)oo '
αij

// D(φij) // Yj

where αij : D(φji) → D(φij) is an isomorphism that is uniquely determined, because
D(φij) and D(φji) are both categorical quotients for the same G-action on Ui ∩Uj,
and the categorical quotient is unique. The triple ({Yi}

r
i=1

, {D(φji)}
r
i,j=1

, {αij}ri,j=1
) de-

termines a glueing data for the family of morphisms {πi : Ui → Yi}
r
i=1

, so there is a
scheme Y and a morphism π : Xss(L) → Y such that π|Ui = πi for every i = 1, . . . , r.
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By proposition 2.1.3, π : Xss(L) → Y is a good quotient for the G-action. By theorem
3.2.1, π is also a uniform (resp. universal if char(k) = 0) quotient, since this property
is local on the target scheme.

Consider hij := φij|Yi∩Yj ∈ O(Yi ∩ Yj)×. It’s easy to check that {hij}ri,j=1
determines a

Cech 1-cocyle for the sheaf O×Y , i.e.

[{hij}] ∈ H1(X,O×Y ) ' Pic(Y)

and thus [{hij}] defines an invertible sheaf M on Y. Besides, π∗M ' L⊗N
|Xss(L)

, because

[{sisj }] ∈ H
1(Xss(L),O⊗

Xss(L)
) is a Cech 1-cocycle associated to the invertible sheaf L⊗N

|Xss(L)

on Xss(L).

Let t1, . . . , tr ∈ H0(Y,M) be such that tj|Yi = φij for every i = 1, . . . , r. Clearly,
Ytj = Yj for every j = 1, . . . , r and Y1 ∪ . . . ∪ Yr = Y, so M is an ample invertible sheaf
on Y.

Finally, the action of G on Xs(L) is closed by definition and Xs(L) is a saturated
open subset of X for the G-action. By proposition 2.1.3 and lemma 3.2.5, the restriction
π : Xs(L)→ Xs(L)//G is a good geometric quotient for the G-action

The following proposition formalizes example 4.0.1

Proposition 4.2.1. Let G be a reductive algebraic group and X a projective G-scheme. Let L
be an ample G-linearized invertible sheaf on X. Then, Xss(L)//G is a projective scheme

Proof. Let R = ⊕n>0H
0(X,L⊗n). R is a k-algebra of finite type, because L is am-

ple. Let i : X = ProjR ↪→ PN be the closed immersion given by L and let RG =
⊕n>0H

0(X,L⊗n)G. Clearly, RG is a finitely generated k-algebra by theorem 3.1.2. Be-
sides, we can suppose that RG is generated by degree 1 elements {si}i, so ProjRG is a
projective scheme.

The inclusion RG ⊆ R induces a rational morphism π : ProjR 99K ProjRG defined
on the open subset ProjR − (RG+)0, where RG+ is the irrelevant ideal of RG. Clearly,
Xss(L) = ProjR− (RG+)0. Let Yi = Spec [RGsi ]0. We have that [RGsi ]0 = ([Rsi ]0)

G and thus

O(Yi) = [RGsi ]0 = ([Rsi ]0)
G = O(Xsi)

G

so, for every i, πi : Xsi → Yi is a good quotient for the G-action by theorem 3.2.1,
and by proposition 2.1.3 we have that π : Xss(L) → ProjRG is a good quotient.
Since the categorical quotient for a G-action is unique, there is a natural isomorphism
Xss(L)//G ' ProjRG, and thus Xss(L)//G is a projective scheme

Observation 4.2.4. Let G be a reductive algebraic group and X a projective G-scheme. Let L
be an ample G-linearized invertible sheaf on X. By proposition 4.2.1, the geometric quotient
Xs(L)//G is an open subset of a projective scheme Xss(L)//G. In this way, Xss(L)//G can
be seen as a compactification of the orbit space Xs(L)//G, obtained by adding semistable orbits
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4.3 Example: the Proj construction

Consider the following categories

• The category of Z-graded k-algebras: the objects of this category are finite type
k-algebras A with a decomposition A = ⊕n∈ZAn as a direct sum of abelian
groups such that An ·Am ⊆ An+m. The morphisms of this category are k-algebra
homomorphisms f : A→ B such that f(An) ⊆ Bn for every n ∈ Z

• The category of affine Gm-schemes (see section 1.2)

Lemma 4.3.1. The category of Z-graded k-algebras is anti-equivalent to the category of affine
Gm-schemes

Proof. Let (X = SpecA,σ) be an affine Gm-scheme. The action σ : Gm×X→ X induces
a k-algebra homomorphism

σ∗ : A→ k[t, t−1]⊗A

a 7→
∑
n∈Z

tn ⊗ an

Define ρn : A → A as ρn(a) = an where σ∗(a) =
∑
n∈Z t

n ⊗ an for each a ∈ A.
Clearly, ρn is a group homomorphism. Denote An = Im ρn for every n ∈ Z. It’s easy
to check that

An = {a ∈ A : σ∗(a) = tn ⊗ a}

and there is a direct sum decomposition A = ⊕n∈ZAn, because a =
∑
n∈Z an for

every a ∈ A. This proves that we can associate a Z-graded k-algebra to every affine
Gm-scheme.

Consider now a Z-graded k-algebra A = ⊕n∈ZAn and let X = SpecA. Define
σ : Gm × X → X as the morphism of affine schemes induced by the k-algebra homo-
morphism

σ∗ : A→ k[t, t−1]⊗A

a 7→
∑
n∈Z

tn ⊗ an

where a =
∑
n∈Z an is the decomposition of a as a Z-graded sum of homogeneous

elements of A = ⊕n∈ZAn. It’s easy to prove that σ : Gm ×X→ X is a Gm-action on X
and that these constructions give an anti-equivalence of categories

Observation 4.3.1. Let X = SpecA be an affine Gm-scheme and let A = ⊕n∈ZAn be the
associated Z-graded decomposition. There is a bijection{

Gm-invariant
closed subsets of X

}
=

{
Homogeneous ideals of

A = ⊕n∈ZAn

}
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Let X = SpecA be an affine Gm-scheme and let A = ⊕n∈ZAn be the associated
Z-graded decomposition. Then, we have that

AGm = {a ∈ A : σ∗(a) = 1⊗ a} = A0

In particular, the quotient for the Gm-action on X with respect to the trivial Gm-
linearization is the morphism X→ SpecA0 induced by the natural inclusion A0 ⊆ A

Example 4.3.1. Consider the action of Gm on An defined in example 2.1.3. The induced Z-
graded decomposition of k[x1, . . . , xn] is given by k[x1, . . . , xn] = ⊕m>0k[x1, . . . , xn]m, where
k[x1, . . . , xn]m is the set of homogeneous polynomials of degree m. Clearly, k[x1, . . . , xn]Gm =
k[x1, . . . , xn]0 = k, and thus π : An → Speck is the quotient for the Gm-action with respect
to the trivial linearization

Let’s see what happens when we vary the Gm-linearization on X. Recall that the
group of characters of Gm is isomorphic to Z via

X(Gm)→ Z

χr 7→ r

where χ∗r : k[t, t−1] → k[t, t−1] is given by χ∗(t) = tr (see for example [Hos15,
Lemma 3.11]). For every α ∈ Z, by example 4.1.3 the character χα induces a Gm-
linearization on OX given by multiplying by tα ⊗ 1 on OGm×X, using that tα ⊗ 1 ∈
O(Gm)

× ⊗O(X)× ⊆ O(Gm ×X)×.

Denote by Lα the Gm-linearization on OX induced by χα. For every m, this con-
struction induces a dual action of G on A = H0(X,L⊗mα ) given by

A
·tαm→ k[t, t−1]⊗A

a 7→ tαm ⊗ a =
∑
n∈Z

tαm+n ⊗ an

and thus
H0(X,L⊗mα )Gm = A−αm

Suppose now that the action of Gm on X is such that A = ⊕n>0An and let α = −1.
Then, we have that

Xss(L−1) = (Definition 4.2.1) =

= X− (⊕m>0H
0(X,L⊗m−1

)Gm)0 =

= (Using that H0(X,L⊗m−1
)Gm = Am) =

= X− (⊕m>0Am)0 =

= X− (A+)0

where A+ = ⊕m>0Am is the irrelevant ideal of A.
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Choose homogeneous elements f1, . . . , fr ∈ A+ such that A+ = (f1, . . . , fr). In
general, if f ∈ A+ is homogeneous of degree d, then D(f) = SpecAf is a Gm-invariant
open subset of Xss(L−1). Indeed, the dual action of Gm on A restricts to Af as

Af → k[t, t−1]⊗Af
a

fr
7→
∑
n∈Z

tn−dr ⊗ an
fr

and thus
AGmf = [Af]0 = {

a

fr
: a is homogeneous of degree d · r}

from this, by theorem 3.2.1 we have that the GIT quotient of D(f) by the Gm-action is

D(f)//Gm = SpecAGmf = D+(f)

so we have that

Xss(L−1)//Gm = D(f1)//Gm ∪ . . .∪D(fr)//Gm =

= D+(f1)∪ . . .∪D+(fr) =

= {p ∈ SpecA : fi /∈ p for some i} =
= (f1, . . . , fr are generators of A+) =

= {p ∈ SpecA : A+ * p} =

= ProjA



Chapter 5

Numerical criterion of stability

In this chapter, we will prove a criterion for deciding if a closed point of a projective
scheme is stable.

So far, we have constructed categorical quotients for algebraic group actions by
defining a notion of semistable and stable points with respect to a G-linearized in-
vertible sheaf. In general, it’s not an easy task easy to determine which points are
semistable or stable. This problem can be simplified by using a criterion given in
terms of the restriction of the action to what are called one-parameter subgroups. We
will start by proving an alternative characterization of stability that goes back to the
work of David Hilbert.

Let G be a reductive algebraic group and X a projective G-scheme. Let L be
a very ample G-linearized invertible sheaf on X. L induces a linear representation
ρ : G → GL(n + 1,k) such that the inclusion i : X ↪→ Pn = Projk[x0, . . . , xn] is a
G-equivariant embedding. For every sufficiently large m > 0, we have that

H0(X,L⊗m) ' k[x0, . . . , xn]/IX,m

where IX = ⊕m>0IX,m is an homogeneous ideal of k[x0, . . . , xn] such that X = Projk[x0, . . . , xn]/IX

Proposition 5.0.1 (Hilbert). In the previous hypotheses, let x ∈ X•(k) and x∗ ∈An+1 − {0}

a preimage of x via the quotient map An+1 − {0}→ Pn. Then

x ∈ Xss(L)⇔ 0 /∈ G · x∗

Proof. For every sufficiently large m > 0, we have the isomorphism

H0(X,L⊗m)G ' (k[x0, . . . , xn]/IX,m)
G

Suppose that 0 ∈ G · x∗. From the above isomorphism, we that for every s ∈ H0(X,L⊗m)G

there is a homogeneous polynomial P ∈ k[x0, . . . , xn]m that is G-invariant modulo IX,m,
and clearly

s(x) 6= 0⇔ P(x∗) 6= 0

53
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but, since G-invariant functions are constant on the closure of G-orbits

P(x∗) = P(G · x∗) =
= P(0) =

= 0

and thus we deduce that

0 ∈ G · x∗ ⇒ x /∈ Xss(L), or equivalently x ∈ Xss(L)⇒ 0 /∈ G · x∗

Suppose now that 0 /∈ G · x∗. Then, G · x∗ and {0} are G-invariant disjoint closed sub-
sets of An+1. By lemma 3.2.1, there is some G-invariant polynomial P ∈ k[x0, . . . , xn]G

such that P(x∗) 6= 0 and P(0) = 0. Decomposing P as a sum of G-invariant ho-
mogeneous polynomials, we conclude that there is some G-invariant homogeneous
polynomial P ∈ k[x0, . . . , xn]Gm such that P(x∗) 6= 0. Since m can be taken to be as
large as we want to, the image of P in (k[x0, . . . , xn]m/IX,m)

G defines a homogeneous
G-invariant section s ∈ H0(X,L⊗m)G such that s(x) 6= 0, and thus x ∈ Xss(L)

Using proposition 5.0.1, we can study the stability of a closed point x ∈ X with
respect to a G-linearized invertible sheaf by studying G · x∗ ⊆ An+1, where x∗ is any
point lying over x. For every subgroup H ⊆ G, we have the inclusion H · x∗ ⊆ G · x∗,
and thus 0 ∈ H · x∗ ⇒ 0 ∈ G · x∗, so we can check the conditions of proposition 5.0.1
by looking at H · x∗ for subgroups H ⊆ G. We will be considering a particular type of
subgroups

Definition 5.0.1. A one-parameter subgroup of G is an algebraic group homomorphism λ :
Gm → G

By analogy with the group of characters of G, we will denote

X∗(G) =

{
one-parameter subgroups

λ : Gm → G of G

}
For example, in virtue of proposition 5.0.1, the fact that 0 /∈ λ(Gm) · x∗ for every
λ ∈ X∗(G) is a necessary condition for a point to be semistable. We will later express
this condition in terms of the so-called Hilbert-Mumford weights. The surprising fact
is that, when G is reductive, this condition is also sufficient. That will be the main
result of this chapter.

The main references followed to write this chapter are [MFK94, Chapter 2] and
[Dol03, Chapter 9]

5.1 The Hilbert-Mumford weights

Let G be a reductive algebraic group and (X,σ) a G-scheme. Let x ∈ X•(k) and let
λ : Gm → G be a one-parameter subgroup of G. Let σx = σ ◦ (IdG, x) : G → X and
consider λx := σx ◦ λ : Gm → X.
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Recall that Gm = Speck[t, t−1] = A1 − {0}, where A1 = Speck[t]. X is a projec-
tive scheme, so in particular it’s proper over Spec k, and thus there exists a unique
morphism λ̃x : P1 → X such that λ̃x ◦ j = λx (see [GW10, Corollary 15.10]), where
j : Gm 'A1 − {0} ↪→ P1 = Projk[x,y] is the natural inclusion with t = y

x .

We denote

limt→0λ(t) · x := λ̃x([1 : 0]) limt→∞λ(t) · x := λ̃x([0 : 1])

Lemma 5.1.1. Let λ : Gm → G be a one-parameter subgroup of G and x ∈ X•(k). Let
λ−1 = i ◦ λ ∈ X∗(G), where i : G→ G is the inversion morphism of G. Then

limt→∞λ(t) · x = limt→0λ
−1(t) · x

Proof. Consider the automorphism φ of P1 induced by the automorphism of graded
k-algebras

φ∗ : k[x,y]→ k[x,y]
x 7→ φ∗(x) = y

y 7→ φ∗(y) = x

i.e., φ([x0,y0]) = [y0, x0] for every closed point [x0,y0] ∈ P1. A direct computation
shows that λ−1

x is equal to λx ◦φ over Gm, so we conclude by the uniqueness of the
extension to P1

Lemma 5.1.2. Let λ : Gm → G be a one-parameter subgroup of G and x ∈ X•(k). Then,
limt→0 λ(t) · x is a fixed point for the induced action of λ(Gm) on X

Proof. We have to prove that, for every t̃ ∈ G•m(k) = k×

λ(̃t) · lim
t→0

λ(t) · x = lim
t→0

λ(t) · x

Using the notations of section 1.2, we have that

λ(̃t) · lim
t→0

λ(t) · x = λ(̃t) · λ̃x([1 : 0]) =

= α̃x([1 : 0])

where α : Gm → G is a one-parameter subgroup of G defined by α = λ ◦ Lt.

The translation Lt : Gm → Gm admits a unique extension Lt : P1 → P1 that fixes
the closed point [1 : 0]. From the uniqueness of extensions, it’s easy to check that

α̃x = λ̃x ◦ Lt
and thus

λ(̃t) · lim
t→0

λ(t) · x = λ(̃t) · λ̃x([1 : 0]) =

= α̃x([1 : 0]) =

= (̃λx ◦ Lt)([1 : 0]) =

= λ̃x([1 : 0]) =

= lim
t→0

λ(t) · x

so we conclude
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Let L be a G-linearized invertible sheaf on X and x ∈ X•(k). Let λ : Gm → G be
a non trivial one-parameter subgroup of G. By lemma 5.1.2, x0 = limt→0 λ(t) · x is a
fixed point for the action of λ(Gm) ' Gm. The restriction of L to {x0} admits a natural
Gm-linearization given by a character χr ∈ X(Gm) ' Z (because the pullback of a
G-equivariant sheaf is a G-equivariant sheaf)

Definition 5.1.1. With the previous notations, the Hilbert-Mumford weight of x ∈ X•(k)
with respect to a non trivial one-parameter subgroup λ : Gm → G and a G-linearized invert-
ible sheaf L is

µL(x, λ) := −r

We will now give an alternative definition of Hilbert-Mumford weights that is eas-
ier to compute and work with.

Suppose that L is a very ample G-linearized invertible sheaf on X and let i : X ↪→
Pn be the G-equivariant closed embedding associated to L, where G acts on Pn via the
induced linear representation ρ : G→ GL(n+ 1,k) and L = i∗OPn(1). Let λ : Gm → G

be a non trivial one-parameter subgroup of G.

The linear representation ρ : G → GL(n+ 1,k) induces a linear representation of
Gm ' λ(Gm). Since Gm is linearly reductive, this representation splits as a direct sum
of irreducible representations of Gm, and thus we can find a basis {e0, . . . , en} of An+1

such that
λ(t) · ei := tmiei ∀t ∈ G•m(k) = k×

where mi ∈ Z for every i = 0, . . . ,n.

Let x∗ = (x0, . . . , xn) be a point of An − {0} lying over x, i.e., such that x = [x0 : . . . :
xn]

Lemma 5.1.3. With the previous notations

µL(x, λ) = min
i=0,...,n

{mi : xi 6= 0}

Proof. Denote
α = min

i=0,...,n
{mi : xi 6= 0}

for every t ∈ G•m(k), we have that

λ(t) · x = [tm0x0 : . . . : tmnxn] =

= [tm0−αx0 : . . . : tmn−αxn]

and, from the definition of α, mi −α > 0 for every i = 0, . . . ,n. Let

y = lim
t→0

λ(t) · x = [y0 : . . . : yn]

for each i = 0, . . . ,n, it’s easy to check that

yi 6= 0⇔ xi 6= 0 and mi = α
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For any y∗ ∈An+1 − {0} lying over y, a direct computation shows that

λ(t) · y∗ = tαy∗

On the other hand, let π : An+1 − {0}→ Pn be the quotient morphism. We have that

π−1(y) = OPn(−1)y − {0}

where OPn(−1) → Pn is the tautological bundle. Clearly, the group λ(Gm) acts on
OPn(−1)y − {0} by the character α. This implies that λ(Gm) acts on OPn(1)y − {0} via
the character −α. Since L = i∗OPn(−1), we have that

µL(x, λ) = −(−α) = α

so we conclude

The Hilbert-Mumford weights give necessary conditions for the stability of a closed
point

Lemma 5.1.4. Let G be a reductive algebraic group and X a projective G-scheme. Let L be an
ample G-linearized invertible sheaf on X and x ∈ X•(k). Then

x ∈ Xss(L)⇒ µL(x, λ) 6 0 for every λ ∈ X∗(G)
x ∈ Xs(L)⇒ µL(x, λ) < 0 for every λ ∈ X∗(G)

Proof. By observation 4.2.2, we can suppose that L is very ample. If there were some
λ ∈ X∗(G) such that µL(x, λ) not= µ(x, λ) > 0, then clearly limt→0 λ(t) · x∗ = 0 and thus
0 ∈ G · x∗, so x wouldn’t be semistable in virtue of proposition 5.0.1.

Suppose now that x ∈ Xs(L) and that µ(x, λ) = 0. Then y = limt→0 λ(t) · x is well
defined and belongs to G · x = G · x because x is a stable point. But λ(Gm) fixes y by
lemma 5.1.2, and thus the stabilizer of y is isomorphic to Gm, so x cannot be a stable
point

5.2 The numerical criterion of stability

In this section we will prove the converse to lemma 5.1.4. Let R = k[[t]] be the ring of
formal series with coefficients in k and denote by Q = k((t)) its field of fractions.

Let G be an algebraic group. Every one-parameter subgroup λ : Gm → G of G
defines an element of G•(Q). Indeed, Gm = Speck[t, t−1] and we have the inclusions

k[t, t−1] ↪→ k(t) ↪→ Q = k((t))

so, composing with SpecQ → Speck[t, t−1] = Gm, every one-parameter subgroup
λ : Gm → G defines an element of G•(Q).

When G is a reductive algebraic group, this interpretation of one-parameter sub-
groups as Q-valued points is particularly important
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Theorem 5.2.1 (Cartan-Iwahori-Matsumoto, [IM65]). LetG be a reductive algebraic group.
Every element of the set of double cosets G•(R)�G•(Q)/G•(R) is given by a one-parameter
subgroup of G, thought as a Q-valued point of G

Proof. We will prove this result for G = GL(n,k) and k = C. In this case

GL(n, C)•(A) = {n×n invertible matrices with coefficients in A}

for any C-algebra A. In particular, for any M ∈ GL(n, C)•(Q) there is some non
negative integer r > 0 such that M = tr ·M, where M ∈ GL(n, C)•(R). R is a principal
ideal domain, so we can diagonalize M, obtaining a decomposition

M = B1 ·D ·B2

where B1,B2 ∈ GL(n,k)•(R) and D = diag(tr1 , . . . , trn) where r1, . . . , rn ∈ Z. The
one-parameter subgroup

λ : Gm → GL(n, C)

t 7→ λ(t) := diag(tr1 , . . . , trn)

represents the double coset given by M ∈ GL(n, C)•(Q)

Theorem 5.2.2 (Hilbert-Mumford, [Dol03], Theorem 9.1, [MFK94], Theorem 2.1). Let
G be a reductive algebraic group and let X be a projective G-scheme. Let L be an ample
G-linearized invertible sheaf on X and x ∈ X•(k). Then

x ∈ Xss(L)⇔ µL(x, λ) 6 0 for every λ ∈ X∗(G)
x ∈ Xs(L)⇔ µL(x, λ) < 0 for every λ ∈ X∗(G)

Proof. The ⇐ implications were proven in lemma 5.1.4. By observation 4.2.2, we can
replace L by a sufficiently high power, and we can suppose that we there is a linear
representation ρ : G → GL(n+ 1,k) with respect to which there is a G-equivariant
closed embedding i : X ↪→ Pn such that i∗OPn(1) = L. We will drop L by denoting
µL(x, λ) = µ(x, λ) for any λ ∈ X∗(G).

Suppose that µ(x, λ) < 0 for every λ ∈ X∗(G) and that x /∈ Xs(L). Let x∗ ∈
An+1 − {0} be a point lying over x. Consider the morphism

φ : G→An+1

g 7→ φ(g) := g · x∗

φ : G → An+1 cannot be a proper morphism, because if it were then the restriction
φ−1(x∗) → {x∗} ' Speck would be proper (because it would be the base change of φ
by {x∗} ↪→An+1) and φ−1(x∗) is an affine scheme, so the dimension of φ−1(x∗) would
be zero. This would imply that G · x is closed and Gx is zero dimensional, so x would
be a stable point and we have supposed that x /∈ Xs(L).

So φ : G → An+1 is not a proper morphism. Using the valuative criterion of
properness (see [GW10, Theorem 15.9]), we deduce that there must be some g ∈
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G•(Q) such that g /∈ G•(R) and φ(g) = g · x∗ ∈ (An+1)•(R) = Rn+1.

By theorem 5.2.1, there is a decomposition

g = g1 · λ · g2

with g1,g2 ∈ G•(R) and where λ is the Q-valued point of G defined by some one-
parameter subgroup λ : Gm → G.

Consider the following homomorphism of k-algebras

R→ k∞∑
i=0

ait
i 7→ a0

it induces a map G•(R) → G•(k). Let g2 ∈ G•(k) be the image of g2 ∈ G•(R) via this
map. We have that

g−1

2
g−1

1
g = g−1

2
λg2 = (g−1

2
λg

2
) · (g−1

2
g2)

consider the one-parameter subgroup λ ′ = g−1

2
λg

2
ofG. We can find a basis {e0, . . . , en}

of An+1 such that
λ ′(t) · ei = triei ∀t ∈ G•m(k) = k×

where ri ∈ Z for every i = 1, . . . , r. Suppose that x∗ is expressed as (x0, . . . , xn) in the
basis {e0, . . . , en}. Then

(g−1

2
g−1

1
g · xi) = tri(g−1

2
g2 · xi)

but by hypothesis g · x∗ ∈ Rn+1 and thus

g−1

2
g2 · xi ∈ t−ri · R

so there is then some ai ∈ R such that

g−1

2
g2 · xi = t−riai

note that g−1

2
g2 = 1 mod (t). If xi 6= 0, then it must be −ri 6 0 so that xi 6= 0 mod (t).

So necessarily
ri > 0 for every i such that xi 6= 0

this is equivalent to saying that µ(x, λ ′) > 0. But we had supposed that µ(x,α) < 0 for
every one-parameter subgroup α ∈ X∗(G), so we arrive at a contradiction and thus it
must be x ∈ Xs(L). The proof of the other implication is similar and can be found in
[Dol03, Theorem 9.1]

5.3 Example: stability on the Grassmannian

Let k be a field of characteristic zero and let H and V be k-vector spaces. Denote by
Grassm(H⊗V) the grassmannian scheme ofm-dimensional vector subspaces ofH⊗V .
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There is a natural representation of GL(H) on H⊗ V given by

GL(H)• → GL(H⊗ V)•

ρ 7→ ρ⊗ IdV

for points valued in some scheme.

The inclusion SL(H) ↪→ GL(H) induces a linear representation of SL(H) on H⊗ V ,
that lifts to an action of SL(H) on Grassm(H⊗ V) given by

SL(H)• ×Grassm(H⊗ V)• → Grassm(H⊗ V)•

(g,K) 7→ g ·K := (g⊗ IdV)(K)

in valued points. On the other hand, the representation of SL(H) on H⊗ V induces a
representation on Λm(H⊗ V), and thus an action of SL(H) on the projective scheme
P(Λm(H⊗ V)) = Proj Sym•(Λm(H⊗ V)∗). Consider the Plücker embedding, given
over point with values by

Grassm(H⊗ V)• → P(Λm(H⊗ V))•

K =< e1, . . . , em > 7→ [e1 ∧ . . . ∧ em]

With the actions that we have defined, this is clearly a SL(H)-equivariant embedding,
so we can use the Hilbert-Mumford numerical criterion to compute the stable and
semistable points for the SL(H)-action on Grassm(H⊗ V) with respect to the SL(H)-
linearization of the action induced by this embedding

Proposition 5.3.1 ([LP97], § 6.6). Let K ∈ Grassm(H⊗V)•(k), i.e., let K be am-dimensional
subspace of H⊗ V . The following statements are equivalent

• K is a semistable (resp. stable) point for the SL(H)-action with respect to the SL(H)-
linearization induced by the Plücker embedding Grassm(H⊗ V) ↪→ P(Λm(H⊗ V))

• For every non-zero vector subspace H ′ ( H we have, denoting K ′ := (H ′ ⊗ V)∩K

dimK ′

dimH ′
6

dimK

dimH

(
resp.

dimK ′

dimH ′
<

dimK

dimH

)
Proof. We will use theorem 5.2.2 to compute the stable and semistable points of the
SL(H)-action.

Let λ : Gm → SL(H) be a one-parameter subgroup. λ induces a representation
of Gm on H by elements of SL(H). Since Gm is a reductive algebraic group and
char(k) = 0, there is a decomposition

H ' ⊕si=1
Hi

where each Hi is a direct sum of one-dimensional representations of Gm of weight
ri ∈ Z (i.e., Gm acts on each one-dimensional component of Hi as t 7→ tri). Since Gm
acts on G by elements of SL(H), the determinant of the diagonal matrix (tri)i must be
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1, and thus
∑s
i=1
ridimHi = 0. We can suppose that r1 > . . . > rs.

Define Fi := ⊕j6iHj for each i = 1, . . . , s and F0 = 0. Then, {Fi}si=0
is an ascending

filtration of H such that Fi/Fi−1 ' Hi for every i = 1, . . . , s. This filtration induces an
ascending filtration {Ki := K∩ (Fi ⊗ V)}i=1 of K.

Let gr(K) := ⊕si=1
(Ki/Ki−1). gr(K) is a m-dimensional vector subspace of H⊗ V .

Besides, it can be proven (see [MFK94, Chapter 4, § 4]) that gr(K) ∈ SL(H) ·K, and
thus we can compute µ(K, λ) using gr(K).

Denote υi := dim (Ki/Ki−1) for every i = 1, . . . , s. Then, the Plücker embedding
yields an inclusion

Λmgr(K) ⊆ Λυ1(H1 ⊗ V)⊗ . . .⊗Λυs(Hs ⊗ V)

clearly, Λmgr(K) is a one-dimensional representation of Gm of weight
∑s
i=1
riυi. This

proves that

µ(K, λ) =
s∑
i=1

riυi

We will now apply the Hilbert-Mumford numerical criterion. A direct computation
(noting that K0 = 0) shows that we can write

µ(K, λ) =
s∑
i=1

rivi = rs ·m+

s−1∑
i=1

dimKi · (ri − ri+1)

Suppose that for every non zero vector subspace H ′ ( H we have

dimK ′

dimH ′
6

dimK

dimH

(
resp.

dimK ′

dimH ′
<

dimK

dimH

)
where K ′ = K∩ (H ′ ⊗ V). In particular, for each Fi ⊆ H, we have that

dimKi 6
m

dimH
dim Fi
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and thus

µ(K, λ) = rs ·m+

s−1∑
i=1

dimKi · (ri − ri+1) =

6 rS ·m+

s−1∑
i=1

m

dimH
dim Fi · (ri − ri+1) =

=
m

dimH
(rs · dimH+

s−1∑
i=1

dim Fi · (ri − ri+1)) =

=
m

dimH
(

s∑
i=1

ridimHi) =

= (Recall that
s∑
i=1

ridimHi = 0) =

= 0

so we have that µ(K, λ) 6 0 (the inequality would be strict in case we had dimK ′

dimH ′ <
dimK
dimH). By theorem 5.2.2, K is SL(H)-semistable (resp. stable).

Suppose now that K is a SL(H)-semistable (resp. stable) point. Then, theorem
5.2.2 implies that µ(K, λ) 6 0 (resp. µ(K, λ) < 0) for every one-parameter subgroup
λ : Gm → SL(H). Let H1 ( H be a non zero p-dimensional vector subspace of H and
let H2 be a suplementary vector space, i.e., such that H ' H1 ⊕H2.

Consider the one-parameter subgroup λ : Gm → SL(H) given by

λ(t) =

(
tn−p · IdH1

0

0 tn−p · IdH2

)
where n = dimH. Then, we have that

µ(K, λ) = n · dimK ′ − p · dimK

where K ′ = K∩ (H1 ⊗ V). Since µ(K, λ) 6 0 (resp. µ(K, λ) < 0), then

dimK ′

dimH1

6
dimK

dimH

(
resp.

dimK ′

dimH1

<
dimK

dimH

)
so we conclude



Chapter 6

Luna’s étale slice theorem

In this chapter we will prove Luna’s étale slice theorem, a result about the local struc-
ture of GIT quotients. Luna’s theorem is a fundamental technical tool when study-
ing the local geometry of moduli spaces. We will work under the hypothesis that
char(k) = 0. The main references for this chapter are [Dré04] and [Lun73]

6.1 G-equivariant Zariski’s main theorem

Let G be a reductive algebraic group. We are going to prove a version of Zariski’s
main theorem for G-equivariant morphisms. We start with a lemma

Lemma 6.1.1. Let X and Y be affine G-schemes, φ : X → Y a quasi-finite G-equivariant
morphism, and suppose that the induced k-algebra homomorphism φ∗ : O(Y) → O(X) is
injective. There are affine integral G-schemes X ′ and Y ′, containing X and Y respectively as
closed subschemes, such that

• The action of G on X ′ induces the action of G on X and the action of G on Y ′ induces
the action of G on Y

• There is a dominant quasi-finite G-equivariant morphism φ ′ : X ′ → Y ′ such that
φ ′
|X = φ

• X ′ is a normal scheme

Proof. Let {f1, . . . , fn} be a set of generators of O(X) as a k-algebra. By lemma 3.1.2,
there is aG-invariant finite dimensional vector subspaceW ⊂ O(X) such that f1, . . . , fn ∈
W.

The dual action of G on W induces a dual action of G on the symmetric algebra
Sym•(W) such that the canonical morphism ρ : Sym•(W) → O(X) is a G-equivariant
surjective k-algebra homomorphism.

Let I = Ker ρ. Then, O(X) ' Sym•(W)/I, and thus X is isomorphic to a closed
G-invariant subscheme of X ′′ := Spec Sym•(W). Again, by lemma 3.1.2, we can find
a G-invariant finite dimensional vector subspace V ⊂ Sym•(W) containing a system

63
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of generators of I and a set of elements whose images via ρ : Sym•(W) → O(X) are
generators of O(Y) ⊆ O(X) as a k-algebra. Let A = Sym•(V) ⊆ Sym•(W) and denote
Y ′ := SpecA.

By construction, Y is isomorphic to a closed G-invariant subscheme of Y ′ via the
homomorphism ρ : A → O(Y). On the other hand, the inclusion A ⊆ Sym•(W) in-
duces a dominant G-equivariant morphism φ ′′ : X ′′ → Y ′ such that φ ′′

|X = φ.

For every y ∈ Y•(k), let my ⊂ O(Y) be the associated maximal ideal and let
ρ−1(my) = m ′y ⊂ A be the maximal ideal induced by ρ : A→ O(Y). A direct computa-
tion shows that ρ−1(myO(X)) = m ′yO(X

′′), and thus we have that

O(X ′′)/m ′yO(X
′′) ' O(X)/myO(X)

but O(X)/myO(X) is a finite dimensional k-vector space because φ is a quasi-finite
morphism, so O(X ′′)/m ′yO(X

′′) is also finite dimensional and thus the fiber (φ ′′)−1(y) '
SpecO(X ′′)/m ′yO(X ′′) is a finite set.

Consider
X̃ := {x ′′ ∈ X ′′ : (φ ′′)−1(φ ′′(x ′′)) : is finite}

By the previous computation, X̃ is a G-invariant open subset of X ′′ such that X ⊆ X̃.
By lemma 3.2.1, there is some G-invariant function h ∈ O(X ′′)G such that h

|X ′′−X̃ = 0

and h|X 6= 0. Let X ′ := X ′′h = {h 6= 0}. X ′ is a G-invariant affine open subscheme of X ′′,
and the restriction φ ′ := φ ′′

|X ′ : X
′ → Y ′ is a quasi-finite morphism that satisfies the

desired conditions

Theorem 6.1.1 (G-equivariant Zariski’s main theorem). Let X and Y be affine G-schemes
and let φ : X→ Y be a quasi-finite G-equivariant morphism. Then

(a) There are an affine G-scheme Z, a G-equivariant open immersion i : X ↪→ Z and a
G-equivariant finite morphism ψ : Z→ Y such that φ = ψ ◦ i

(b) Denote by φ̃ : X//G → Y//G the morphism induced by φ : X → Y, and suppose that
φ̃ is finite. If there is some x ∈ X•(k) such that G · x and φ(G · x) are closed, then
φ : X→ Y is a finite morphism

Proof. Let φ∗ : O(Y) → O(X) be the k-algebra homomorphism induced by φ : X → Y,
and denote Y0 := SpecO(Y)/Kerφ∗. The canonical morphism O(Y)/Kerφ∗ → O(X) is
injective, and φ(X) ⊆ Y0. Besides, φ : X → Y0 is also a quasi-finite morphism, and
it’s G-equivariant because Kerφ∗ ⊆ O(Y) is invariant by the dual action of G on O(Y).
This proves that we can suppose that φ∗ : O(Y) → O(X) is injective, so we are in the
hypotheses of lemma 6.1.1.

Let X ′ and Y ′ as in lemma 6.1.1; there is a quasi-finite dominant G-equivariant
morphism φ ′ : X ′ → Y ′ such that φ ′

|X = φ. Let B ′ be the integral closure of O(Y ′) in
O(X ′). B ′ is then a finitely generated O(Y ′)-module, and thus a k-algebra of finite type.
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Let B be the image of B ′ in O(X) via the homomorphism induced by the inclusion
X ↪→ X ′. Denote Z = SpecB and Z ′ = SpecB ′. There are inclusions

O(Y ′) ⊆ B ′ ⊆ O(X ′)

O(Y) ⊆ B ⊆ O(X)

that induce G-equivariant morphisms

i ′ : X ′ → Z ′ ψ ′ : Z ′ → Y ′

i : X→ Z ψ : Z→ Y

if we prove that i ′ is an open immersion and that ψ ′ is a finite morphism, then, by
restriction, i and ψ would also be an open immersion and a finite morphism respec-
tively, so we would conclude.

Let’s start proving that i ′ : X ′ → Z ′ is an open immersion. X ′ and Z ′ are normal
varieties, so by Zariski’s main theorem (see [Sta19, Tag 02LQ]), we just have to prove
that i ′ : X ′ → Z ′ is birational and quasi-finite. Since φ ′ = ψ ′ ◦ i ′ and φ ′ is quasi-finite,
then i ′ is also quasi-finite. If we prove that k(Z ′) = k(X ′), then i ′ would be birational.

In general, we have the inclusion O(Z ′) ↪→ O(X ′), so k(Z ′) ⊆ k(X ′). If we prove
that O(X ′) ⊆ k(Z ′), then we conclude. Let α ∈ O(X ′). Since φ ′ : X ′ → Y ′ is dominant
and quasi-finite, then k(X ′) and k(Y ′) have the same trascendence degree, so α must
be integral over k(Y ′). This proves that there are f1, . . . , fn ∈ k(Y ′) such that

αn + f1α
n−1 + . . . + f1α+ fn = 0

If we write fi =
ai
bi

for each i = 1, . . . ,n and denote b := b1 · . . . ·bn, then b ·α is clearly
integral over O(Y ′), but B ′ is the integral closure of O(Y ′) in O(X ′), so b · α ∈ B ′, and
thus α ∈ k(Z ′), so i ′ : X ′ → Z ′ is indeed birational and thus an open immersion.

On the other hand, ψ ′ : Z ′ → Y ′ is a finite morphism, since it’s induced by the
inclusion O(Y ′) ↪→ B ′ of O(Y ′) in its integral closure, and B ′ is a finitely generated
O(Y ′)-module.

The proof of (b) uses the decomposition given in (a) and the topological properties
of G-invariant sets. For a proof, see [Lun73, p.89]

Observation 6.1.1. If X is an integral scheme, it follows immediately from the proof of theorem
6.1.1 that Z can be taken to be the spectrum of the integral closure of φ∗(O(Y)) in O(X)

6.2 G-equivariant étale morphisms

In this section, we will prove some technical results about G-equivariant étale mor-
phisms used to prove Luna’s theorem.
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We will start by recalling some relations between étale morphisms and quotients
by finite group actions.

Let G be a finite reductive algebraic group and X an affine normal G-scheme. Since
G is finite, every G-orbit in X is closed, and thus the GIT quotient π : X → X//G is a
good geometric quotient. Besides, X//G is also a normal scheme by proposition 2.1.1.
We state without proof the following

Proposition 6.2.1 ([Dré04] Propositions 4.10-4.12). Suppose that the action of G on X is
faithful, i.e. the only element of G that acts via the identity is the identity element e ∈ G•(k).
Then,

(a) The field extension k(X//G) ↪→ k(X) is a finite Galois extension, and its Galois group
is isomorphic to G

(b) For every x ∈ X•(k), the quotient morphism π : X → X//G is étale on x if and only if
Gx = {e}

(c) For every x ∈ X•(k) and every subgroupH ⊆ G, the induced morphism X//H→ X//G

is étale on the image of x in X//H if and only if Gx ⊆ H

Let G be a reductive algebraic group (not necessarily finite) and let X and Y be
affine G-schemes. Denote by πX : X → X//G and πY : Y → Y//G the associated GIT
quotients

Definition 6.2.1. Let φ : X→ Y be a G-equivariant morphism. φ is strongly étale if

• The induced morphism φ̃ : X//G→ Y//G is étale and surjective

• The square

X
φ //

πX
��

Y

πY
��

X//G
φ̃

// Y//G

is cartesian. In other words, (φ,πX) : X → Y ×Y//G X//G is an isomorphism of G-
schemes

Lemma 6.2.1. Let φ : X → Y a G-equivariant strongly étale morphism. The following
properties are true

• φ : X→ Y is étale and surjective

• For every u ∈ (X//G)•(k), φ induces a G-equivariant isomorphism

φ : π−1

X (u)
'→ π−1

Y (φ̃(u))

• For every x ∈ X•(k), the restriction φ|G·x : G · x → φ(G · x) is injective. Besides,
G · x ⊆ X is closed if and only if φ(G · x) = G ·φ(x) ⊆ Y is closed
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Proof. Since φ : X → Y is a G-equivariant strongly étale morphism, the following
diagram is cartesian

X
πX //

φ
��

X//G

φ̃
��

Y πY
// Y//G

By definition, φ̃ : X//G→ Y//G is a surjetive étale morphism, so φ : X→ Y, being the
base change of φ̃ via πY : Y → Y//G, is also surjective and étale.

For every u ∈ (X//G)•(k), we have that

π−1

X (u) = X×X//G {u} '
' (Y ×Y//G X//G)×X//G {u} '

' Y ×Y//G {φ̃(u)} '

' π−1

Y (φ̃(u))

so φ : π−1

X (u)→ π−1

Y (φ̃(u)) is a G-equivariant isomorphism.

Finally, for every x ∈ X•(k), we have that G · x ⊆ π−1

X (πX(x)), so the restriction to
G · x of the isomorphism

φ : π−1

X (πX(x))
'→ π−1

Y (φ̃(πX(x))) ' π−1

Y (πY(φ(x))

is injective. In particular, G · x ⊆ π−1

X (πX(x)) is closed if and only if φ(G · x) = G ·
φ(x) ⊆ π−1

Y (πY(φ(x))) is closed

We will now study some important technical conditions under which we can con-
struct strongly étale morphisms

Lemma 6.2.2. Let X and Y be normal affine G-schemes and let θ : X → Y be a finite G-
equivariant morphism. Let u ∈ (X//G)•(k), and let G · x be the unique closed G-orbit
contained in π−1

X (u) (recall proposition 2.1.3). Suppose that

• θ : X→ Y is étale on x

• θ|G·x : G · x→ G · θ(x) is injective

then, the induced morphism θ̃ : X//G→ Y//G is étale on u

Proof. We will suppose that G is connected (see [Lun73, § II, Lemme 1] for the general
case).

X and Y are normal schemes and θ : X → Y is étale on x, so the induced k-
algebra homomorphism OY,y → OX,x is injective. Besides, being étale is an open and
G-invariant property and the conditions of the lemma are local, so we can suppose
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that θ : X→ Y is étale and that O(Y) is a subalgebra of O(X).

θ : X → Y is a finite morphism, so k(Y) ↪→ k(Y) is a finite field extension and we
can find a finite Galois extension k(Y) ↪→ K such that k(X) ⊆ K. Let G be the Galois
group of the extension k(Y) ↪→ K, and let H be a subgroup of G such that KH = k(X).

Let C be the integral closure of O(Y) in K, and let C ′ be the integral closure of
O(Y)G in K. C and C ′ are finite type G-invariant k-algebras. Denote Z := SpecC and
Z ′ := SpecC ′. Since G is a finite group, it’s reductive, so the quotients πG : Z → Z//G

and π ′G : Z ′ → Z ′//G exist by theorem 3.2.1. We have that

(a) Z//G ' Y
Indeed, we have that

Z//G = SpecCG =

= (C is the integral closure of O(Y) in the Galois extension k(Y) ↪→ K) =

= SpecO(Y) =
= Y

(b) Z ′//G ' Y//G
By theorem 3.2.1, we just have to prove that O(Y)G ' (C ′)G. We have that
O(Y)G ⊆ C ′ because C ′ is the integral closure of O(Y)G in K. Besides, the ele-
ments of O(Y)G are G-invariant, since

O(Y)G ⊆ O(Y) = CG

and thus O(Y)G ⊆ (C ′)G.

On the other hand, C ′ is integral over O(Y)G, so (C ′)G is also integral over O(Y)G.
Besides, (C ′)G ⊂ KG = k(Y). Since Y is a normal scheme, O(Y) is integrally closed
in k(Y) and thus (C ′)G ⊆ O(Y). If we prove that O(Y)G is integrally closed in
O(Y), we conclude.

Let f ∈ O(Y) be such that there exist a1, . . . ,an ∈ O(Y)G with

fn + a1f
n−1 + . . . + an = 0

for every g ∈ G we have that

(g · f)n + a1(g · f)n−1 + . . . + an = 0

but the polynomial tn+a1t
n−1 + . . .+an has at most a finite number of roots in

K, so G · f must be a finite set. Since G is connected, it must be f ∈ O(Y)G, so we
conclude

(c) Z//H ' X and Z ′//H ' X//G
These isomorphisms can be proven in a completely analogous way to (a) and (b)
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We have thus proven that there is a commutative diagram

Z

πH
��

// Z ′

π ′H
��

Z//H = X

θ
��

πX // Z ′//H = X//G

θ̃
��

Z//G = Y πY
// Z ′//G = Y//G

such that θ ◦ πH = πG and θ̃ ◦ π ′H = π ′G. Let z ∈ π−1

H (x) and denote by z ′ the image of
z via Z→ Z ′. Clearly, π ′H(z

′) = u ∈ X//G.

θ : X = Z//H→ Y = Z//G is étale on πH(z) = x, so by proposition 6.2.1 we deduce
that Gz ⊆ H. If we prove that

θ̃ : X//G = Z ′//H→ Y = Z//G

is étale on u, we conclude. Again, by proposition 6.2.1, it suffices to prove that
Gz ′ ⊆ H.

Let σ ∈ Gz ′ . Then, if y = θ(x), we have that θ(πH(σ · z)) = πG(σ · z) = πG(z) = y.
Analogously, we have that πX(πH(σ · z)) = π ′H(σ · z

′) = π ′H(z
′) = u.

θ is a finite morphism and G · x is a closed orbit by hypothesis, so G · y and
G · πH(σ · z) are also closed. On the other hand, G · x is the unique closed orbit in
π−1

X (u), so πH(σ · z) ∈ G · x. The restriction θ|G·x is injective, so πH(σ · z) = x = πH(z)
and there must be some τ ∈ H such that τ · z = σ · z and thus τ−1 · σ ∈ Gz ⊆ H, so
σ ∈ H and we conclude

Lemma 6.2.3. Let X and Y be affine G-schemes and θ : X → Y a G-equivariant morphism.
Suppose that X is normal at x ∈ X•(k) and that

• θ : X→ Y is étale on x

• G · θ(x) ⊆ Y is closed

• θ|G·x : G · x→ G · θ(x) is injective

then, there is an affine open subset Ũ ⊆ X//G containing πX(x) such that, if U := π−1

X (Ũ),

• θ|U : U→ θ(U) and the induced morphism θ̃
|Ũ

: Ũ→ θ̃(Ũ) are étale

• V := θ(U) and Ṽ := θ̃(Ũ) are affine open subsets and V = π−1

Y (Ṽ)

• The image by θ of every closed orbit in U is closed
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Proof. Being normal is an open and G-invariant property. Besides, the image of a nor-
mal point by an étale morphism is a normal point, hence Y is normal at θ(x).

By lemma 3.2.1, there are f ∈ O(X)G and h ∈ O(Y)G such that Xf and Yh are nor-
mal affine schemes containing x and θ(x), respectively. Since f and h are G-invariant
functions, Xf ∩ θ−1(Yh) = Xf·θ∗(h) is a normal, saturated affine open subset of X such
that θ(Xf ∩ θ−1(Yh)) ⊆ Yh. Hence, we can suppose that X and Y are normal schemes.
By a similar argument, we can suppose that X//G and Y//G are irreducible schemes
and that θ : X→ Y is a quasi-finite morphism.

By theorem 6.1.1, there is a normal scheme Z (recall observation 6.1.1), a G-
equivariant open immersion i : X ↪→ Z and a finite G-equivariant morphism ψ : Z→ Y

such that θ = ψ ◦ i.

Since ψ is a finite morphism, ψ−1(G · θ(x)) contains only a finite number of orbits
of the same dimension as G · x, hence G · x is closed in Z. Besides, ψ is étale on x.
By lemma 6.2.2, the induced morphism ψ̃ : Z//G→ Y//G is étale on πZ(x) = ĩ(πX(x)).

Let f ∈ O(Z)G. The set {z ∈ Z : z /∈ Xf and ψ is not étale on z} is a closed
G-invariant subset of Z. Besides, it does not contain the closed orbit G · x. By
lemma 3.2.1, we can suppose that Zf = Xf and that ψ and ψ̃ are étale on Xf and
Xf//G = (X//G)f, respectively.

Since θ|Xf = ψXf ◦ iXf is a composition of an open immersion and an étale mor-
phism, it’s étale, and thus θ(Xf) is open. By the same arguments as before, there is
some h ∈ O(Y)G such that G · θ(x) ⊆ Yh ⊆ θ(Xf).

Define Ũ := (X//G)f ∩ θ̃−1((Y//G)h). We have that Ṽ = θ̃(Ũ) = (Y//G)h, because
Yh ⊆ θ(Xf). Clearly, U = π−1

X (Ũ) = Xf ∩ θ−1(Yh) and V = θ(U) = Yh.

Finally, we have seen that θ is étale on U. Similarly, θ̃ is étale on Ũ because θ̃ = ψ̃◦ ĩ
and ψ̃ is étale on Zf = Xf. The image of every closed orbit in U by θ is closed, because
every closed orbit of U is closed in Z and ψ : Z→ Y is finite

Proposition 6.2.2. Let X and Y be affine G-schemes and suppose that X is normal at x ∈
X•(k). Let θ : X→ Y be a G-equivariant morphism such that

• θ is étale on x

• θ(G · x) = G · θ(x) is closed

• The restriction θ|G·x : G · x→ G · θ(x) is injective

Then, there is an affine G-invariant open subset U ⊂ X such that x ∈ U and

(a) U is saturated with respect to the G-action

(b) V = θ(U) is an affine G-invariant saturated open subset of Y with respect to the G-
action
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(c) The restriction θ|U : U→ V is strongly étale

Proof. Properties (a) and (b) follow directly from lemma 6.2.3. Besides, also from
lemma 6.2.3, we have that the induced morphism θ̃ : U//G → V//G is étale. It only
remains to prove that the square

U
θ //

πU
��

V

πV
��

U//G
θ̃

// V//G

is cartesian, and this is a consequence of the fact that the GIT quotient is uniform
(recall theorem 3.2.1)

In the proof of Luna’s theorem we will need a way to restrict the previous con-
structions to G-invariant subschemes. This is given by the following

Lemma 6.2.4. With the previous notations, let Y ′ ⊆ Y be a G-invariant affine subscheme of
Y and X ′ := Y ′ ×Y X. Let θ ′ = IdY ′ × θ : X ′ = Y ′ ×Y X → Y ′ ×Y Y ' Y ′. Suppose that
θ : X → Y and θ̃ : X//G → Y//G are G-equivariant étale morphisms, and suppose that
(πX, θ) : X → X//G×Y//G Y is a G-equivariant isomorphism (locally, this is the situation of
proposition 6.2.2). Then, θ ′ : X ′ → Y ′ and θ̃ ′ : X ′//G → Y ′//G are étale morphisms, and
besides (θ ′,πX ′) : X ′ → Y ′ ×Y ′//G X ′//G is a G-equivariant isomorphism

Proof. θ ′ : X ′ → Y ′ is an étale morphism, because it’s the base change of the étale
morphism θ : X→ Y by the inclusion Y ′ ↪→ Y.

On the other hand, we have that

X ′ = Y ′ ×Y X '
' Y ′ ×Y (X//G×Y//G Y) '
' Y ′ ×Y//G X//G

and thus
X ′//G ' Y ′//G×Y//G X//G

so θ̃ ′ : X ′//G → Y ′//G is an étale morphism, since it’s the base change of the étale
morphism θ̃ : X//G→ Y//G by Y ′//G ↪→ Y//G.

Finally, we have that

X ′//G×Y ′//G Y ′ ' (X//G×Y//G Y ′//G)×Y ′//G Y ′ '
' X//G×Y//G Y ′ '
' X ′

and we conclude
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6.3 Étale slice theorem

Let G be a reductive algebraic group and X an affine G-scheme

Lemma 6.3.1. Let x ∈ X•(k) be a regular point such that Gx is a reductive algebraic
group. Denote by TxX = Spec Sym•(T∗xX) the scheme associated to the tangent space
TxX = (mx/m

2

x)
∗ to X at x. There is a morphism φ : X→ TxX such that

• φ : X→ TxX is Gx-equivariant

• φ is étale at x

• φ(x) = 0 ∈ (TxX)
•(k) = TxX

Proof. Let mx ⊂ O(X) be the maximal ideal given by x ∈ X•(k). X is regular at x,
so mx/m

2

x ' T∗xX as vector spaces. A direct computation shows that the quotient
morphism

dx : mx → mx/m
2

x ' T∗xX

is Gx-equivariant. Since Gx is reductive, we can use Schur’s lemma to find a finite
dimensional Gx-invariant subspace V of mx containing a system of generators of mx
such that the restriction dx : V → mx/m

2

x is a Gx-equivariant isomorphism. Denote by
α : mx/m

2

x → V its inverse.

Composing the extension α : Sym•(mx/m2

x) → Sym•(V) with the canonical mor-
phism Sym•(V)→ O(X), we obtain a morphism Sym•(T∗xX)→ O(X).

Let φ : X → TxX be the morphism of schemes induced by Sym•(T∗xX) → O(X).
φ is étale at x because, by construction, the tangent map at x is the transpose to the
linear isomorphism dx : V

'→ mx/m
2

x. The rest of the conditions of the lemma follow
immediately

Before proving Luna’s theorem, we will recall some useful results about associated
bundles.

Let H be a reductive algebraic subgroup of G. There is a natural left action

H• ×G• → G•

(h,g) 7→ g · h−1

defined at points of G and H with values in some scheme. Clearly, G → G/H is a
principal H-bundle.

Let Y be an affine H-scheme. There is a natural H-action on G× Y given by

H• × (G× Y)• → (G× Y)• = G• × Y•

(h, (g,y)) 7→ h · (g,y) := (g · h−1,h · y)
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defined at points with values.

The bundle associated to the principal H-bundle G→ G/H and the H-scheme Y is

G×H Y := (G× Y)//H

where the quotient is taken with respect to the H-action on G× Y that we have just
defined, and exists by theorem 3.2.1

Proposition 6.3.1 (Properties of the associated bundle). With the previous notations, let
X = G×H Y. The following properties are true

(a) Consider the G-action on X = Y ×H Y by multiplication on the G-component. The
quotient X//G exists, and it’s isomorphic to Y//H

(b) For every u ∈ (X//G)•(k), we have a G-equivariant isomorphism

π−1

X (u) ' G×H π−1

Y (u)

(c) For every y ∈ Y•(k) and g ∈ G•(k), if we denote by u = (g,y) the image of (g,y) ∈
(G× Y)•(k) in X, then Gu = g ·Hy · g−1

(d) Let X ′ ⊆ X be a G-invariant affine subscheme of X. There is a H-invariant affine
subscheme Y ′ ⊆ Y such that

X ′ ' G×H Y ′

(e) For every y ∈ Y•(k), let y := (e,y) ∈ X•(k). There is an isomorphism of vector spaces

TyX ' (TeG⊕ TyY)/TeH

Proof. We will prove each property separately

(a) Consider the inclusion of Y in G× Y via the identity element e ∈ G•(k)

Y• → G• × Y•

y 7→ (e,y)

defined at points with values. The induced morphism Y → X//G is clearly H-
invariant, and thus induces a morphism Y//H→ X//G.

On the other hand, consider the projection on the Y-component G × Y → Y.
The composition G× Y → Y//H is H-invariant and induces a morphism X →
Y//H. It’s easy to prove that X → Y//H is G-invariant and induces a morphism
X//G → Y//H. A direct computation shows that the morphisms that we have
constructed are mutually inverse
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(b) For every u ∈ (X//G)•(k), we have that

π−1

X (u) ' X×X//G {u} '
' (G×H Y)×X//G {u} '
' (By (a) we have X//G ' Y//H) '
' ((G× Y)//H)×Y//H {u} '
' G×H π−1

Y (u)

(c) Let h ∈ G•(k) be such that h · (g,y) = (g,y). By definition, there is some
ĥ ∈ H•(k) such that

(h · g,y) = ĥ · (g,y) = (g · ĥ−1, ĥ · y)

and thus ĥ · y = y and h = g · ĥ−1 · g−1, so h ∈ g ·Hy · g−1

(d) Let πG×Y : G× Y → X be the quotient morphism. Since GIT quotients are uni-
versal quotients, if we denote Z := π−1

G×Y(X
′) = (G× Y)×X X ′, then the induced

morphism Z → X ′ is a quotient for the H-action on Z (note that Z is an affine
scheme since X ′ is affine and GIT quotients are affine morphisms). On the other
hand, X ′ ⊆ X is a G-invariant subscheme, so Z ⊆ G× Y is H-invariant and G-
invariant with respect to the G-action by multiplication on the G-component.
This means that necessarily Z = G× Y ′, where Y ′ is a H-invariant affine sub-
scheme of Y. Since X ′ = Z//H, then X ′ ' G×H Y ′

Theorem 6.3.1 ([Lun73], § 3). Let G be a reductive algebraic group, (X,σ) an affine G-
scheme, and x ∈ X•(k). If G · x is closed, there is a locally closed subscheme U ⊆ X such
that

• U is affine and x ∈ U

• U is Gx-invariant

• The restriction of the G-action to U is a Gx-invariant morphism G×U → X, and the
induced morphism ψ : G×Gx U → X has an open saturated affine image V := ψ(U)
with respect to the G-action

• ψ : G×Gx U→ V is a G-equivariant strongly étale morphism

Proof. By lemma 3.1.2, we can find a finite dimensional G-invariant subspace W ⊆
O(X) containing a system of generators of O(X) such that the induced k-algebra ho-
momorphism Sym•(W) → O(X) is G-equivariant and surjective, so X is isomorphic
to a G-invariant closed subscheme of the smooth affine scheme Spec Sym•(W). By
lemma 6.2.4 and proposition 6.3.1, we see that it suffices to prove the result for the
case of a smooth scheme.
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We will suppose then that X is a smooth scheme at x. Since the G-orbit G · x is
closed, the stabilizer subgroup Gx is a reductive algebraic group (see [Mat60]), and
thus, by lemma 6.3.1, there is a Gx-equivariant morphism φ : X→ TxX that is étale at
x and that satisfies φ(x) = 0.

Gx is a reductive algebraic group, so there is a Gx-invariant vector subspace N ⊆
TxX such that (recall that char(k) = 0)

TxX = Tx(G · x)⊕N

If we also denote by N the subscheme of TxX induced by the subspace N, then we
can take Y := φ−1(N), a closed Gx-invariant subscheme of X that is smooth at x (since
φ : Y → N is étale at x and N is smooth at x).

Consider the associated bundle G×Gx Y and the restriction σ̃ : G× Y → X of the
G-action on X to Y. σ̃ is clearly a Gx-invariant morphism, because for every scheme S,
h ∈ G•x(S) and every (g,y) ∈ (G× Y)•(S), we have that

σ̃(h · (g,y)) = σ̃((g · h−1,h · y)) =
= (g · h−1) · (h · y) =
= g · y =

= σ̃(g,y)

so it induces a morphism ψ : G×Gx Y → X. Besides, by proposition 6.3.1, the associ-
ated bundle G×Gx Y is smooth at x = (e, x), and we have that

Tx(G×Gx Y) = (TeG⊕ TxY)/TeGx '
' (Since Y = N×TxX TxX its tangent space at x is N) '
' (TeG⊕N)/TeGx '
' Te(G/Gx)⊕N '
' Tx(G · x)⊕N '
' TxX

We have obtained a morphism ψ : G×Gx Y → X such that

• ψ is G-equivariant with respect to the action of G on G×Gx Y given by multipli-
cation on the G-component

• ψ is étale at x

• G×Gx Y is smooth at x (in particular, it’s a normal scheme at x)

• ψ(x) = x, and ψ(G · x) = G · x is closed by hypothesis

• By proposition 6.3.1, there is an isomorphism G · x ' G×Gx (Gx · x) ' G×Gx {x},
and thus ψ|G·x is injective
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by proposition 6.2.2, there is a G-invariant saturated affine open subset U ′ ⊆ G×Gx Y
such that V := ψ(U ′) is a saturated affine open subset of X and the restriction ψ :
U → V is a G-equivariant strongly étale morphism. By proposition 6.3.1, there is a
Gx-invariant affine open set U ⊆ Y and a G-equivariant isomorphism U ′ ' G×Gx U.
By definition, U is an open subset of the closed subscheme Y ⊆ X and thus it’s a
locally closed subscheme of X satisfying the conditions of the theorem

Corollary 6.3.1. Let G be a reductive algebraic group and let X be a G-scheme. Let L be a
G-linearized invertible sheaf on X. Then, π : Xs(L)→ Xs(L)//G is a principal G-bundle. In
particular, if x ∈ Xs(L)•(k) is smooth, then π(x) ∈ Xs(L)//G is also smooth

Proof. By definition, for every x ∈ Xs(L)•(k) we have that G · x is closed and Gx = {e}.
By theorem 6.3.1, there is a locally closed affine subscheme U ⊆ X containing x such
that the restriction of the action G×{e} U ' G×U → V is a strongly étale morphism,
where V is an affine saturated open subset of Xs(L).

Since G×U → V is strongly étale, the induced morphism (G×U)//G ' U →
V//G is a surjective étale morphism, and V//G ⊆ X//G is an affine open subset of
Xs(L)//G by lemma 3.2.5. Besides, we have a G-equivariant isomorphism V//G×X//G
U ' G×U. This proves that Xs(L)→ Xs(L)//G is a principal G-bundle
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Chapter 7

Riemann-Roch theorem for algebraic
curves

In this chapter, we will extend the Riemann-Roch formula for invertible sheaves on a
smooth projective algebraic curve to arbitrary coherent sheaves.

Let X be a smooth projective algebraic curve of genus g, and let L be an invertible
sheaf on X. The Riemann-Roch formula is a well known result that computes the
Euler characteristic of L in terms of its degree and the genus of X

Theorem 7.0.1 (Riemann-Roch, [Har77], Chapter IV, Theorem 1.3). Denote by χ(L) the
Euler characteristic of L. Then

χ(L) = χ(OX) + deg(L) = 1 − g+ deg(L)

In this chapter, we will extend this formula to an arbitrary coherent sheaf M on X.
This will allow us to introduce several important notions that will be useful for the
construction of moduli spaces of vector bundles over curves

7.1 Rank of a coherent sheaf

In this section, X will denote an integral algebraic variety

Lemma 7.1.1. Let M be a coherent sheaf on X. There is an open subset U ⊆ X such that M|U

is locally free

Proof. The condition of being a locally free OX-module is open. Let x0 ∈ X be the
generic point of X. If Mx0

6= 0, then Mx0
is a free k(X)-vector space, and hence M is

locally free on an open neighbourhood of x0. The result follows

Observation 7.1.1. The open subset U in lemma 7.1.1 is empty if Mx0
= 0

Definition 7.1.1. Let X be an integral algebraic variety and let M be a coherent sheaf on X.
Let U ⊆ X be an open subset such that M|U is locally free. The rank of M is

rk(M) := rk(M|U)

78
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Observation 7.1.2. The rank of M is independent of the open subset chosen in lemma 7.1.1.
Indeed, if x0 ∈ X is the generic point of X, then x0 is contained in every non-empty open
subset U ⊆ X and rk(M|U) = rk(Mx0

). Note that the rank of M will be zero if Mx0
= 0

Recall that the support of a coherent sheaf M on X is defined as

Supp(M) := {x ∈ X : Mx 6= 0}

Supp(M) is a closed subset of X (see [GW10, Corollary 7.31])

Lemma 7.1.2. The following statements are equivalent

(a) rk(M) = 0

(b) Supp(M) 6= X

(c) For every x ∈ X, Mx is either zero or a torsion OX,x0
-module

Proof. Let x0 ∈ X be the generic point of X. Then, {x0} = X and we have

rk(M) 6= 0⇔ x0 ∈ Supp(M)⇔ Supp(M) = X

because Supp(M) ⊆ X is a closed subset. This proves the equivalence between (a)
and (b).

Suppose now that rk(M) = 0, i.e., that Mx0
= 0. Moreover, for every x ∈ X there is

a natural isomorphism
Mx0

'Mx ⊗OX,x OX,x0

and thus Mx is a torsion OX,x0
-module. On the other hand, if Mx is a torsion OX,x0

-
module for any x ∈ X, then Mx0

= Mx ⊗OX,x OX,x0
= 0 and thus Mx0

= 0, so (a) and
(c) are equivalent

We will denote by Coh(X) the category of coherent sheaves on X. We will write
M ∈ Coh(X) to say that M is an object of Coh(X), i.e., a coherent sheaf on X

Lemma 7.1.3. Let M ′,M,M ′′ ∈ Coh(X) and suppose that we have an exact sequence

0→M ′ →M→M ′′ → 0

then
rk(M) = rk(M ′) + rk(M ′′)

Proof. Let x0 ∈ X be the generic point of X. There is an induced exact sequence of
OX,x0

-vector spaces:

0→M ′
x0

→Mx0
→M ′′

x0

→ 0

so the result follows from the fact that the dimension of a vector space is an additive
function
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7.2 The Grothendieck group of a curve

Let X be a smooth projective algebraic curve and let OX(1) be a very ample invertible
sheaf on X.

We will start this section by proving that every coherent sheaf on X has a finite
locally free resolution

Lemma 7.2.1. Let (A,m) be a local ring and let M be a finitely generated A-module. Then

M is a free A-module⇔ Tor1(M,A/m) = 0

Proof. If M is a free A-module, then M is flat and thus Tor1(M,−) = L1(M⊗A−) = 0,
so in particular Tor1(M,A/m) = 0.

Suppose now that Tor1(M,A/m) = 0. Let {m1, . . . ,mr} be a minimal system of
generators of M. There is an exact sequence

0
// N // A⊕r

φ //M //
0

where φ = (m1, . . . ,mr). Applying A/m⊗A −, we obtain the long exact sequence

· · · // Tor1(M,A/m) = 0
// N/mN // (A/m)⊕r ' //M/mM //

0

where (A/m)⊕r ' M/mM by Nakayama’s lemma and the choice of {m1, . . . ,mr} as a
minimal system of generators. From this, we deduce that N/mN = 0, so N = 0 by
Nakayama’s lemma and thus A⊕r 'M

Lemma 7.2.2. Let (A,m) be a one-dimensional regular local ring and let M be a finitely
generated A-module. Then

Torp(M,A/m) = 0 for every p > 1

Proof. A is a one-dimensional regular local ring, so m is generated by a single element
and thus m is a free A-module. We obtain a finite free resolution of A/m

0
// A ' m // A // A/m //

0

and hence Torp(M,A/m) = 0 for every p > 1

Proposition 7.2.1. Let M ∈ Coh(X). There is an exact sequence

0→ E ′ → E→M→ 0

where E and E ′ are locally free sheaves on X of finite rank

Proof. By Serre’s theorems (see [Har77, Chapter III, Theorem. 5.2]), there is a suffi-
ciently big N > 0 such that M(N) = M⊗ OX(N) is generated by its global sections,
and thus there is some r > 0 and a surjective homomorphism

O⊕rX →M(N)→ 0
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tensoring with OX(−N), we obtain

OX(−N)⊕r →M→ 0

and E := OX(−N)⊕r is a locally free sheaf on X of finite rank r. We have an exact
sequence

0→ E ′ → E→M→ 0

where E ′ is a coherent sheaf on X because it’s the kernel of a morphism between
coherent sheaves. Let’s see that E ′ is also locally free. It suffices to show that E ′x is a
free OX,x-module for every x ∈ X. We have an exact sequence of OX,x-modules

0→ E ′x → Ex →Mx → 0

By lemma 7.2.1, we just have to check that Tor1(E ′x,k(x)) = 0, where k(x) = OX,x/mx.
Tensoring with k(x) and using lemma 7.2.2, we get an exact sequence

· · · → Tor2(Mx,k(x)) = 0→ Tor1(E ′x,k(x))→ Tor1(Ex,k(x)) = 0→ · · ·

and thus Tor1(E ′x,k(x)) = 0, so we conclude

Observation 7.2.1. Proposition 7.2.1 extends to arbitrary quasiprojective schemes over a
noetherian ring. See [Har77, Chapter III, Example 6.5.1]

We will now introduce the Grothendieck group of X

Definition 7.2.1. Let G be the free abelian group generated by coherent sheaves on X. The
Grothendieck group of X is the quotient group

K(X) := G

/{
M−M ′ −M ′′ where M,M ′,M ′′ ∈ Coh(X) and
there is an exact sequence 0→M ′ →M→M ′′ → 0

}
Denote by G0 the subgroup of G given by locally free sheaves of finite rank on X

and let
K0(X) := G0/(G0 ∩H)

where H = {M−M ′ −M ′′ : there is an exact sequence 0→M ′ →M→M ′′ → 0}.

The groups K(X) and K0(X) are fundamentally related by the following proposition

Proposition 7.2.2 ([LP97], Proposition 2.6.6). The canonical homomorphism i : K0(X) →
K(X) is a group isomorphism

We will denote by j : K(X)→ K0(X) the inverse j = i−1

Corollary 7.2.1. Via the identification j : K(X) → K0(X), the Grothendieck group of X is a
ring with the tensor product of locally free sheaves on X

The isomorphism j : K(X) → K0(X) will allow us to define a notion of degree for
arbitrary coherent sheaves. First recall the following easy result
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Lemma 7.2.3 ([Sta19], Tag 0B37). Let

0→ E ′ → E→ E ′′ → 0

be an exact sequence of locally free sheaves. Then

det(E) = det(E ′)⊗ det(E ′′)

From lemma 7.2.3 and the universal property of the Grothendieck group, we have
that

det : K0(X)→ Pic(X)
E 7→ det(E)

is a group homomorphism.

Definition 7.2.2. The determinant of a coherent sheaf M ∈ Coh(X) is the invertible sheaf

det(M) := Λmax(j(M)) = det(j(M)) ∈ Pic(X)

Definition 7.2.3. The degree of a coherent sheaf M ∈ Coh(X) is

deg(M) := deg(det(M)) ∈ Z

From this, we deduce immediately the following proposition

Proposition 7.2.3. The degree

deg : K(X)→ Z

M 7→ deg(M)

is a group homomorphism

Observation 7.2.2. In general, deg(M⊗N) 6= deg(M) ·deg(N), so the degree is not a ring
homomorphism

7.3 Riemann-Roch formula for coherent sheaves on a curve

Let X be a smooth projective algebraic curve. From now on, every locally free sheaf
that we consider will be of finite rank

Lemma 7.3.1. Let M ∈ Coh(X). Then

M is torsion-free⇔M is locally free

Proof. Clearly, every locally free sheaf is torsion-free.

Suppose that M is torsion-free. For every x ∈ X, Mx is a torsion-free finitely
generated module over the principal ideal domain OX,x, so Mx is free for every x ∈ X
and thus we conclude
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Let M ∈ Coh(X). The double dual M∨∨ = HomOX
(M∨,OX) of M is a coherent

sheaf on X and we have the canonical exact sequence

0→ T →M→M∨∨

Let W := {x ∈ X : Mx is a free OX,x-module}. W is an open subset of X on which T

vanishes. This means that

• By lemma 7.1.1, T is a torsion sheaf on X, because we have that Supp(T) 6= X. In
particular, Supp(T) is a finite subset of X and thus H1(X,T) = 0

• E := M/T is a torsion-free sheaf on M, so it’s locally free by lemma 7.3.1

Every finitely generated module over a principal ideal domain splits as a direct
sum of a free module and a torsion module. The following proposition generalizes
this well-known fact to coherent sheaves on smooth projective algebraic curves

Proposition 7.3.1. Let M ∈ Coh(X). There is an exact sequence

0→ T →M→ E→ 0

where T is a torsion sheaf and E is locally free. Furthermore, this sequence splits, and we have
that

M ' T ⊕ E

Proof. The exact sequence of the statement of the proposition is constructed from
the double dual of M as above. We just have to check that it splits. Applying
HomOX

(E,−) = E∨ ⊗OX (−) and using that E∨ is locally free (and thus flat), we have
the exact sequence

0→ HomOX
(E,T)→ HomOX

(E,M)→ HomOX
(E,E)→ 0

taking cohomology, we obtain

0→ HomOX(E,T)→ HomOX(E,M)→ HomOX(E,E)→ H1(X, HomOX
(E,T))→ · · ·

but H1(X, HomOX
(E,T)) = 0 because HomOX

(E,T) = E∨ ⊗OX T has finite support

We are now ready to prove the general form of the Riemann-Roch formula for
coherent sheaves over X. We will prove first some auxiliary results

Lemma 7.3.2. Every coherent subsheaf of a locally free sheaf E on X is also locally free

Proof. Let M ⊆ E be a coherent subsheaf. In virtue of lemma 7.2.1, we just have to
check that for every x ∈ X we have Tor1(Mx,k(x)) = 0.

Consider the exact sequence

0→M→ E→ N→ 0

N is a coherent sheaf because it’s the cokernel of a morphism between coherent
sheaves. We have the exact sequence

· · · → Tor2(Nx,k(x)) = 0→ Tor1(Mx,k(x))→ Tor1(Ex,k(x)) = 0→ · · ·

(where Tor2(Nx,k(x)) = 0 by lemma 7.2.2) so Tor1(Mx,k(x)) = 0, as we wanted to
see
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Lemma 7.3.3. Let M ∈ Coh(X). The degree of the invertible subsheaves of M is bounded
above by parameters depending only on the genus of X and M

Proof. Let L be an invertible subsheaf of M. Using the Riemann-Roch formula for
invertible sheaves, we obtain

deg(L) = h0(L) − h1(L) − χ(OX) 6 h
0(M) − χ(OX) = h

0(M) − 1 + g

Lemma 7.3.4. Let E be a locally free sheaf on X and let L be an invertible sheaf. Every
homomorphism L→ E is either zero or injective

Proof. Let ϕ : L→ E be a homomorphism. Consider the associated exact sequence

0→ Ker(ϕ)→ L→ Im(ϕ)→ 0

clearly, Ker(ϕ) and Im(ϕ) are coherent sheaves on X and we have, by lemma 7.1.3

1 = rk(L) = rk(Ker(ϕ)) + rk(Im(ϕ))

so there are two possibilities

(a) If rk(Ker(ϕ)) = 0, then Ker(ϕ) is a torsion subsheaf of L. By lemma 7.3.1, that’s
impossible, so Ker(ϕ) = 0

(b) If rk(Ker(ϕ)) = 1, then Im(ϕ) is a torsion subsheaf of E, which is again impos-
sible by lemma 7.3.1 and thus Ker(ϕ) = L

Lemma 7.3.5. Let 0→ L ′ → L be an injective homomorphism between invertible sheaves on
X. Then, deg(L ′) 6 deg(L). Furthermore, if deg(L) = deg(L ′), then it is an isomorphism

Proof. We have the exact sequence

0→ L ′ → L→ T → 0

where T is a torsion sheaf because rk(T) = rk(L) − rk(L ′) = 1 − 1 = 0.

Taking global sections and noting that H1(X,T) = 0, we deduce that

h0(L ′) 6 h0(L)

h1(L) 6 h1(L ′)

and thus, by the Riemann-Roch formula for invertible sheaves, we obtain

deg(L ′) = χ(L ′) − χ(OX) =
= h0(L ′) − h1(L ′) − χ(OX) 6

6 h0(L) − h1(L) − χ(OX) =

= deg(L)

If, besides, we have that deg(L) = deg(L ′), then

χ(T) = χ(L) − χ(L ′) = 0 = h0(T) =
∑

x∈Supp(T)

dimk(Tx)

and thus T = 0, so we conclude
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Observation 7.3.1. The previous results show that every locally free sheaf E on X has invert-
ible subsheaves. Indeed, by Serre’s theorems, there is a sufficiently large n such that E(n) is
generated by its global sections, and thus there is a surjective homomorphism

OX(−n)⊕ · · · ⊕OX(−n)→ E→ 0

In particular, there exists a nonzero homomorphism

OX(−n)→ E

which, by lemma 7.3.4, must be injective. So E admits invertible subsheaves.

Combining this result with lemmas 7.3.3 and 7.3.5, we conclude that E admits invertible
subsheaves of maximal degree

Proposition 7.3.2. Let E be a locally free sheaf on X. Then

χ(E) = rk(E)χ(OX) + deg(E)

Proof. We proceed by induction on rk(E). The case of rk(E) = 1 is theorem 7.0.1.

Suppose that the result holds for every locally free sheaf on X of rank less than
rk(E). By observation 7.3.1, there is an invertible subsheaf L of E with maximal
degree. Consider the associated exact sequence

0→ L→ E→M→ 0

M is a coherent sheaf on X. Let’s see that it is locally free. By proposition 7.3.1, there
is a split exact sequence

0→ T →M→ F → 0

where T is a torsion sheaf and F is locally free. Let L ′ = Ker(E → F); we have the
commutative diagram

0

0

��

F

OO

0
// L //

  

E //

>>

M //

OO

0

L ′

OO

T

OO

0

OO

0

OO

L ′ is an invertible subsheaf of E because

rk(L ′) = rk(E) − rk(F) =
= rk(E) − (rk(M) − rk(T)) =
= rk(E) − rk(M) =

= rk(L) = 1
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Besides, there is a natural morphism L → L ′ that is injective by lemma 7.3.4, and
furthermore deg(L) = deg(L ′) by the construction of L and lemma 7.3.5, so L ' L ′

and thus F ' E/L 'M, so M is a locally free sheaf of rank rk(M) = rk(E)− 1 < rk(E).
Applying the induction hypothesis and lemmas 7.2.3 and 7.1.3, we obtain

χ(E) = χ(L) + χ(M) =

= χ(OX) + deg(L) + rk(M)χ(OX) + deg(M) =

= rk(E)χ(OX) + deg(E)

Lemma 7.3.6. Let T be a torsion sheaf on X. Then

deg(T) = h0(T)

In particular, the degree of a torsion sheaf is always non negative

Proof. By proposition 7.2.1 there is a resolution of T by locally free sheaves

0→ L0 → L1 → T → 0

and thus, applying proposition 7.3.2 and using that rk(L0) = rk(L1) − rk(T) = rk(L1),
we obtain

h0(T) = χ(T) =

= χ(L0) − χ(L1) =

= rk(L1)χ(OX) + deg(L1) − (rk(L0)χ(OX) + deg(L0)) =

= deg(L1) − deg(L0) =

= deg(T)

Proposition 7.3.3 (Riemann-Roch formula for coherent sheaves). Let X be a smooth
projective algebraic curve and let M be a coherent sheaf on X. Then

χ(M) = rk(M)χ(OX) + deg(M)

Proof. Consider the split exact sequence associated to M by proposition 7.3.1

0→ T →M→ E→ 0

where T is a torsion sheaf on X and E is locally free. Applying proposition 7.3.2 and
lemma 7.3.6, we obtain

χ(M) = χ(T) + χ(E) = deg(T) + rk(E)χ(OX) + deg(E) = rk(M)χ(OX) + deg(M)
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7.4 Applications

We are going to give some useful consequences of this generalization of the Riemann-
Roch formula. Let’s start by extending lemma 7.3.3 to arbitrary coherent subsheaves

Proposition 7.4.1. Let X be a genus g smooth projective algebraic curve and M ∈ Coh(X).
Let N be a coherent subsheaf of M

• If g = 0, then
deg(N) 6 deg(M) + h1(M) + rk(M) = h0(M)

• If g > 0, then
deg(N) 6 deg(M) + h1(M)

Proof. Suppose that g = 0, 1. Then, χ(OX) = 1 − g > 0, and thus, by proposition 7.3.3,

deg(N) = χ(N) − rk(N)χ(OX) 6

6 h0(M) − rk(N)χ(OX) 6

6 h0(M)

because −rk(N)χ(OX) 6 0. Again, by proposition 7.3.3, we have that

h0(M) = deg(M) + h1(M) + rk(M)(1 − g)

so, plugging in the values g = 0, 1, we obtain the desired bounds.

Suppose now that g > 1. Then χ(OX) = 1 − g < 0, and thus −rk(N)χ(OX) 6
−rk(M)χ(OX) so

deg(N) 6 h0(M) − rk(M)χ(OX) =

= h0(M) − (χ(M) − deg(M)) =

= deg(M) + h1(M)

Observation 7.4.1. Note that, although we have arrived at the same bound, the cases g = 1

and g > 1 in proposition 7.4.1 have been proven differently

Lemma 7.4.1. Let M and N be coherent sheaves on X of the same rank such that N ⊆ M.
Then, deg(N) 6 deg(M). Furthermore, deg(M) = deg(N) if and only if M = N

Proof. Consider the associated exact sequence

0→ N→M→ T → 0

T is a torsion sheaf because rk(T) = 0. We have that

deg(M) = deg(N) + deg(T) > deg(N)

because deg(T) > 0 by lemma 7.3.6. Besides

deg(M) = deg(N)⇔ deg(T) = 0⇔ T = 0⇔M = N



7.4 88

Corollary 7.4.1. Let M be a coherent sheaf on X. Then, for each 0 < r 6 rk(M), M contains
coherent subsheaves of rank r and maximal degree

Proof. This follows easily from proposition 7.4.1 and lemma 7.4.1

Definition 7.4.1. Let E be a locally free sheaf on X. A coherent subsheaf F ⊆ E is called a
sub-bundle of E if, for every x ∈ X, the canonical homomorphism

Fx/mxFx → Ex/mxEx

is injective

Lemma 7.4.2. Let E be a locally free sheaf on X and F ⊆ E a coherent subsheaf. Then, F is a
sub-bundle of E if and only if the quotient sheaf E/F is locally free

Proof. It’s easy to deduce from the definition that F is a sub-bundle of E if and only
if, for every x ∈ X, we have

Tor1((E/F)x,k(x)) = 0

we conclude by lemma 7.2.1

Corollary 7.4.2. Let E be a locally free sheaf and let F be a coherent subsheaf of E with
maximal degree. Then, F is a sub-bundle of E

Proof. Consider the exact sequence

0→ F → E→M→ 0

By lemma 7.4.2, it suffices to show that M is locally free. Consider the splitting
M ' T⊕G, where T is a torsion sheaf and G is locally free (proposition 7.3.1). let F ′ :=
Ker(E→ G). By similar arguments as in proposition 7.3.2, we have that rk(F) = rk(F ′).
Besides, there is an injective homomorphism F → F ′. This means that deg(F) 6
deg(F ′) by lemma 7.4.1. But deg(F) > deg(F ′) by hypothesis so F ' F ′ again by
lemma 7.4.1 and thus

M ' E/F ' E/F ′ ' G

so M is locally free and we conclude

Corollary 7.4.3. Let E be a locally free sheaf on X. Every coherent subsheaf of E is contained
in some subbundle of E

Proof. This follows easily from corollaries 7.4.1 and 7.4.2

We will end this chapter giving an explicit computation of the Hilbert polynomial
of a coherent sheaf on a smooth projective algebraic curve

Proposition 7.4.2. Let M ∈ Coh(X) and E a locally free sheaf. Then

deg(M⊗ E) = deg(M)rk(E) + rk(M)deg(E)
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Proof. First note that a direct computation shows that, for every torsion sheaf T on X,
we have that

deg(T ⊗ E) = h0(T ⊗L) = rk(E)h0(T) = rk(E)deg(T) = deg(T)rk(E) + 0 · deg(E)

because E is locally free of rank rk(E).

In general, we proceed by induction on rk(M). We have just proven the case
rk(M) = 0. Suppose that the result is true for any coherent sheaf on X of rank less
than rk(M). Choose any invertible subsheaf L of M (it exists as a subsheaf of the
locally free part of M, by observation 7.3.1). We have the exact sequence

0→ L→M→ N→ 0

with rk(N) = rk(M) − 1 < rk(M). Tensoring with E, we obtain the exact sequence

0→ L⊗ E→M⊗ E→ N⊗ E→ 0

and thus, by induction hypothesis we have that

deg(M⊗ E) = deg(L⊗ E) + deg(N⊗ E) =

= deg(L)rk(E) + deg(E) + deg(N)rk(E) + rk(N)deg(E) =
= deg(M) + rk(M)deg(E)

Observation 7.4.2. Given M,N ∈ Coh(X), we can’t give a concise formula for deg(M⊗N),
because it would involve computing terms of the form deg(T ⊗ T ′), where T,T ′ are torsion
sheaves on X. We would have

deg(T ⊗ T ′) = h0(T ⊗ T ′) =
∑
x∈X

dimk(Tx ⊗ T ′x)

Lemma 7.4.3. Let E be a locally free sheaf on X and E∨ = HomOX
(E,OX) the dual sheaf.

Then
deg(E∨) = −deg(E)

Proof. We proceed by induction on rk(E). This is a well known result for rk(E) = 1.
Suppose that the result holds for every locally free sheaf of rank less than rk(E).

Let L be an invertible subsheaf of E of maximal degree and consider the associated
exact sequence

0→ L→ E→ F → 0

F is a locally free sheaf by corollary 7.4.2. Besides, rk(F) = rk(E) − 1 < rk(E) and thus
deg(F∨) = −deg(F) by induction hypothesis. The sequence

0→ F∨ → E∨ → L∨ → 0

is exact because F is a locally free sheaf, so

deg(E∨) = deg(L∨) + deg(F∨) = −deg(L) − deg(F) = −deg(E)
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Proposition 7.4.3. Let OX(1) a very ample invertible sheaf on X and M ∈ Coh(X). The
Hilbert polynomial of M with respect to OX(1), P(M,m) := χ(M(m)), is given by

P(M,m) = χ(M) + rk(M)deg(X)m = rk(M)(1 − g) + deg(M) + rk(M)deg(X)m

Proof. In virtue of propositions 7.3.3 and 7.4.2 we have

χ(M(m)) = rk(M(m))χ(OX) + deg(M(m)) =

= rk(M)χ(OX) + deg(M) + rk(M)deg(OX(1))m =

= χ(M) + rk(M)deg(X)m



Chapter 8

Stable and semistable sheaves

In this chapter, we will introduce the notion of semistable and stable sheaves on a
smooth projective algebraic curve. We will study their main properties, introduce the
Jordan-Hölder and Harder-Narasimhan filtrations, and prove that, essentially, a fam-
ily of locally free sheaves on a smooth projective algebraic curve is bounded if and
only if it is semistable.

Some references for this chapter are [HL10, Chapters 1-2], [Sch08, Chapter 2, § 2]
and [LP97, Chapter 5]

8.1 Basic definitions

Let X be a smooth projective algebraic variety and let OX(1) be a very ample invertible
sheaf on X

Definition 8.1.1. Let M be a coherent sheaf on X. The dimension of M is

dim(M) := dim(Supp(M))

Definition 8.1.2. A coherent sheaf M on X is pure of dimension d if every coherent subsheaf
0 6= N ⊆M is of dimension d

Lemma 8.1.1 ([HL10], § 1.2). Let M be a coherent sheaf on X. The Hilbert polynomial of M
can be written as

P(M,m) = χ(M⊗OX(m)) =

dim(M)∑
k=0

ak(M)

k!
mk

where ak(M) ∈ Z for every k = 0, . . . , dim(M)

Definition 8.1.3. The reduced Hilbert polynomial of M is

p(M,m) :=
P(M,m)

adim(M)

Definition 8.1.4. A coherent sheaf M on X is Gieseker-semistable (resp. Gieseker-stable) if it
is pure and for every coherent subsheaf 0 6= N (M we have that

p(N,m) 6 p(M,m) for m� 0 (resp. p(N,n) < p(M,m) for m� 0)

91
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8.2 Stability on curves

Let X be a smooth projective algebraic curve of genus g. Let OX(1) be a very ample
invertible sheaf on X and denote by dX = deg(OX(1)) the degree of X.

Let M be a coherent sheaf on X of rank r and degree d. In proposition 7.4.3 we
gave an explicit computation of the Hilbert polynomial of M with respect to OX(1)

P(M,m) = χ(M⊗OX(n)) = r(1 − g) + d+ rdXm

Lemma 8.2.1. The reduced Hilbert polynomial of M is

(a) If r > 0

p(M,m) =
1 − g

dX
+

1

dX

d

r
+m

(b) If r = 0

p(M,m) = 1

Definition 8.2.1. If r > 0, µ(M) := d
r is called the slope of M

Definition 8.2.2. Let M be a coherent sheaf on X of positive rank. M is slope-semistable (resp.
slope-stable) if for every coherent subsheaf 0 6= N (M we have that

µ(N) 6 µ(M) (resp. µ(N) < µ(M))

Lemma 8.2.2. Let M be a coherent sheaf on X

(a) M is pure of dimension 1 if and only if M is locally free

(b) M is pure of dimension 0 if and only if M is a torsion sheaf

Proof. Every locally free sheaf on X is pure of dimension 1 by lemma 7.3.1.

On the other hand, M is pure on dimension 1 if Supp(M) = X and every proper
coherent subsheaf of M has dimension 1; in particular this means that M can’t contain
torsion subsheaves and thus it must be locally free in virtue of lemma 7.3.1.

Finally, we have that

M is pure of dimension 0⇔ dim(M) = 0⇔M is a torsion sheaf

In a smooth projective algebraic curve, Gieseker-stability and slope-stability turn
out to be equivalent concepts

Lemma 8.2.3. Let M be a coherent sheaf on X

(a) If M is pure of dimension 1, then M is Gieseker-semistable (resp. Gieseker-stable) if and
only if it is slope-semistable (resp. slope-stable)
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(b) If M is pure of dimension 0, then M is Gieseker-semistable

Proof. If M is a pure sheaf of dimension 1 we have that, by lemma 8.2.1

p(M,m) − p(N,m) =
1

dX
(µ(M) − µ(N))

so the result follows.

Suppose now that M is pure of dimension 0. Then M is a torsion sheaf on X by
lemma 8.2.2, and thus M is semistable because its reduced Hilbert polynomial is equal
to 1

Observation 8.2.1. In general, Gieseker-stability is better suited for constructions of geomet-
ric invariant theory. On the other hand, slope-stability behaves well under pullbacks, products
and coproducts. The equivalence of these two notions in the case of curves simplifies their
study.

For a general smooth projective algebraic variety X we can also define the slope of a coherent
sheaf, and for a pure coherent sheaf M of dimension d = dim(X) we have that (see [HL10,
Lemma 1.2.13])

M is slope-stable⇒M is Gieseker-stable⇒M is Gieseker-semistable⇒M is slope-semistable

Observation 8.2.2. In view of lemma 8.2.3, we will say that a pure coherent sheaf of dimen-
sion 1 on X is semistable (resp. stable) to mean that it’s Gieseker-semistable or slope-semistable
(resp. Gieseker-stable of slope-stable)

Lemma 8.2.4. Let M be a coherent sheaf on X with rk(M) > 0 and consider an exact sequence
of coherent sheaves

0→ N→M→ P→ 0

Then
µ(M) =

rk(N)µ(N) + rk(P)µ(P)
rk(M)

Proof. The proof follows easily from the additivity of the degree of coherent sheaves
and the definition of slope

µ(M) =
deg(M)

rk(M)
=

deg(N) + deg(P)
rk(M)

=
rk(N) · µ(N) + rk(P) · µ(P)

rk(M)

We will now focus on pure sheaves of dimension 1 on X, i.e., locally free sheaves
on X

Lemma 8.2.5. Let E be a locally free sheaf on X. The following statements are equivalent

(a) E is semistable (resp. stable)
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(b) For every sub-bundle (recall definition 7.4.1) 0 6= F ( E, then µ(F) 6 µ(E) (resp.
µ(F) < µ(E))

(c) For every proper (i.e. distinct from zero or E) coherent quotient sheaf E→M→ 0, then
µ(E) 6 µ(M) (resp. µ(E) < µ(M))

Proof. Clearly (a)⇒ (b). By corollary 7.4.3, every coherent subsheaf of E is contained
in some sub-bundle of E, so (b)⇒ (a) by lemma 7.4.1.

Let’s see that (a) ⇒ (c). Suppose that E is semistable and consider an exact
sequence in Coh(X)

0→ F → E→M→ 0

By lemma 8.2.4, we have that

µ(E) =
rk(F)µ(F) + rk(M)µ(M)

rk(E)
6

rk(F)µ(E) + rk(M)µ(M)

rk(E)

and thus
rk(E)µ(E) − rk(F)µ(E) 6 rk(M)µ(M)

but rk(E)µ(E) − rk(F)µ(E) = rk(M)µ(E), so (a) ⇒ (c). The implication (c) ⇒ (a) can
be proven similarly

Example 8.2.1. Every invertible sheaf L on X is stable. Indeed, for every invertible subsheaf
L ′ ( L, by lemma 7.3.5 we have that deg(L ′) < deg(L) and thus µ(L ′) < µ(L)

Proposition 8.2.1. Let E and F be semistable locally free sheaves on X. Then

• HomOX(E,F) 6= 0⇒ µ(E) 6 µ(F)

• Suppose that µ(E) = µ(F) and let ϕ : E→ F be a non-zero homomorphism. Then

• If E is stable, then ϕ : E→ F is injective
• If F is stable, then ϕ : E→ F is surjective

Proof. Suppose that HomOX(E,F) 6= 0. Then, there is a non-zero homomorphism
ϕ : E→ F. Clearly, Im(ϕ) is a coherent sheaf on X and, by lemma 8.2.5, we have that

µ(E) 6 µ(Im(ϕ)) 6 µ(F) (8.1)

so the result follows.

Suppose now that µ(E) = µ(F). Then, all the inequalities in equation 8.1 are
equalities, and the result follows from the definition of slope-stability

Corollary 8.2.1. Let E be a stable locally free sheaf on X. Then, EndOX(E) is isomorphic to k
as a k-algebra

Proof. Clearly, EndOX(E) = H
0(X, EndOX

(E)) is a finite dimensional k-algebra. Besides,
EndOX(E) is a division algebra in virtue of proposition 8.2.1.

Every finite dimensional division algebra A over an algebraically closed field k is
trivial, because every element a ∈ A not in k would span a commutative algebraic
field extension k ↪→ k[a]
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8.3 Jordan-Hölder and Harder-Narasimhan filtrations

Let µ ∈ Q and denote by S(µ) the category of semistable locally free sheaves of slope
µ on X

Lemma 8.3.1. Let
0→ F → E→ G→ 0

be an exact sequence of locally free sheaves on X such that F,G ∈ S(µ). Then, E ∈ S(µ)

Proof. By lemmas 8.2.4 and 7.1.3, we have that

µ(E) =
rk(F)µ+ rk(G)µ

rk(E)
= µ

Let F ′ be a coherent subsheaf of E and denote F ∩ F ′ := Ker(F ′ → G). We have the
commutative diagram

0

��

0

��

0

��
0

// F ∩F ′ //

��

F ′ //

��

F ′/(F ∩F) //

��

0

0
// F // E // G //

0

whose rows and columns are exact.

Applying again lemma 8.2.4 and using that, by hypothesis, µ(F ∩ F ′) 6 µ(F) = µ

and µ(F ′/(F ∩F)) 6 µ(G) = µ, we obtain that µ(F ′) 6 µ(F) = µ, so we conclude

Observation 8.3.1. Note that, if F,E ∈ S(µ) and F ⊆ E with rk(F) = rk(E), then it must
be deg(F) = deg(E) and thus E = F by lemma 7.4.1

Proposition 8.3.1. S(µ) is an abelian category. Furthermore, given any E ∈ S(µ), then
every descending chain of elements of S(µ) contained in E stabilizes, i.e., S(µ) is an Artinian
category

Proof. S(µ) is clearly a (linearly) additive category, because its hom-sets are finite di-
mensional vector spaces over k = H0(X,OX). Finite coproducts exist in S(µ) by lemma
8.3.1.

Let E,F ∈ S(µ) and let f : E→ F be a homomorphism. We have to prove that Ker(f)
and Im(f) are objects of S(µ). Clearly, we have that Im(f) is a coherent subsheaf of F
and thus it’s locally free by lemma 7.3.2. Besides, by the semistability of E and F we
have that

µ = µ(E) 6 µ(Im(f)) 6 µ(F) = µ

so µ(Im(f)) = µ. This proves that Im(f) must be semistable, because if it were not the
case it would contain coherent subsheaves of slope greater than µ, contradicting the



8.3 96

semistability of F. A similar argument shows that Ker(f) ∈ S(µ).

Finally, let’s see that S(µ) is an Artinian category. If F,E ∈ S(µ) and F ( E is a
coherent subsheaf of E then, in virtue of observation 8.3.1, we have that rk(F) < rk(E).
This proves that the rank decreases in subobjects, and thus every chain of subobjects
must stabilize because the rank is always non-negative

Definition 8.3.1. Let E ∈ S(µ). A Jordan-Hölder filtration of E is a filtration

0 = E0 ( E1 ( · · · ( Er = E

such that

• Ei ∈ S(µ) for every i = 1, . . . , r

• gri(E) := Ei/Ei−1 is stable for every i = 1, . . . , r

r is called the length of the Jordan-Hölder filtration and gr(E) := ⊕ri=1
gri(E) is called the

associated graded object

Proposition 8.3.2. Let E ∈ S(µ). Jordan-Hölder filtrations of E always exist. Furthermore,
all Jordan-Hölder filtrations of E have the same length and their associated graded objects are
isomorphic

Proof. Let’s see that Jordan-Hölder filtrations of E always exist. There is some stable
subsheaf E1 ⊆ E of E of slope µ, because if it were not the case then E would have non
stabilizing decreasing sequences of subsheaves in S(µ), and that’s impossible because
S(µ) is an Artinian category.

By proposition 8.3.1, E/E1 an object of S(µ), and by the same argument as before it
contains some stable subsheaf of slope µ. We can continue the argument until we ob-
tain a Jordan-Hölder filtration of E. This process is finite, because the rank of different
elements of the filtration is different and the rank of every element of the filtration is
bounded between 0 and rk(E).

Let

0 = E0 ( E1 ( . . . ( Er = E

0 = F0 ( F1 ( . . . ( Fs = E

be Jordan-Hölder filtrations of E. Let’s prove that r = s and that ⊕ri=1
Ei/Ei−1 '

⊕si=1
Fi/Fi−1. We proceed by induction on rk(E).

If rk(E) = 1, then E is an invertible sheaf and it’s stable by example 8.2.1, so E has
only one Jordan-Hölder filtration 0 ( E and the result follows.

Suppose that the result is true for every locally free sheaf of rank less than rk(E).
Let

0 = E0 ( E1 ( . . . ( Er = E

0 = F0 ( F1 ( . . . ( Fs = E
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be Jordan-Hölder filtrations of E. There is some j = 1, . . . , s such that E1 ⊆ Fj and
E1 * Fj−1, so there is a non zero homomorphism E1 → Fj/Fj−1 of stable sheaves with
the same slope, which must be an isomorphism by proposition 8.2.1.

Consider the induced filtrations of E/E1

0 ( E2/E1 ( . . . ( E/E1

0 ( F1/(E∩F1) ( . . . ( E1/E1

of lengths r− 1 and s− 1 respectively; we are denoting E1 ∩ Fi := Ker(Fi → E/E1).
These are Jordan-Hölder filtrations because

(Ei/E1)/(Ei−1/E1) ' E1/Ei−1 and ((Fi/E1 ∩Fi))/(Fi−1/(E1 ∩Fi−1)) ' Fi/Fi−1

The second isomorphism exists because the snake lemma provides a non zero surjec-
tive homomorphism

((Fi/E1 ∩Fi))/(Fi−1/(E1 ∩Fi−1))→ Fi/Fi−1 → 0

which is an isomorphism by proposition 8.2.1 because Fi/Fi−1 is stable.

We have that rk(E/E1) < rk(E) and thus, by induction hypothesis,

r = s and ⊕ri=2
Ei/Ei−1 ' ⊕i 6=jFi/Fj−1

On the other hand, we already saw that E1 ' Fj/Fj−1, so the result follows

Definition 8.3.2. A semistable sheaf on X is called polystable if it’s the direct sum of stable
sheaves. Two semistable sheaves on X are S-equivalent if their associated graded objects are
isomorphic

We will now introduce the Harder-Narasimhan filtration of a locally free sheaf on
X. It can be seen as a measure of how far is a sheaf from being semistable

Lemma 8.3.2. Let E be a locally free sheaf on X. The set of slopes of coherent subsheaves of E
is bounded above

Proof. Let F ⊆ E be a coherent subsheaf of E. Since rk(F) > 0, we have that

µ(F) =
deg(F)
rk(F)

6 deg(F)

so we conclude by proposition 7.4.1

Proposition 8.3.3. Let E be a locally free sheaf on X. There is a filtration of E by sub-bundles
(recall definition 7.4.1)

0 = E0 ( E1 ( . . . ( Er = E

such that

• Ei/Ei−1 is semistable for every i = 1, . . . , r
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• µ(Ei/Ei−1) > µ(Ei−1/Ei−2) for every i = 2, . . . , r

• The filtration is unique

This filtration is called the Harder-Narasimhan filtration of E. We denote µi(E) :=
µ(Ei/Ei−1) and

µmax(E) := µ1(E) µmin(E) := µr(E)

The increasing sequence
µmax(E) > . . . > µmin(E)

is called the Harder-Narasimhan sequence of E. The sub-bundle E1 ⊆ E is called the
maximal destabilizing sub-bundle of E

Proof. (Of proposition 8.3.3) Let E1 ⊆ E be a coherent subsheaf of E satisfying the
following conditions

• µ(E1) is maximal among the slopes of coherent subsheaves of E (this is possible
by lemma 8.3.2)

• rk(E1) is maximal among the ranks of coherent subsheaves of E of maximal slope

Because of these conditions, E1 is a coherent subsheaf of E of maximal degree among
coherent subsheaves of E with rank rk(E1). By a very similar argument to the proof
of corollary 7.4.3, E1 is a sub-bundle of E. E1 is called a maximal destabilizing sub-
bundle of E (we will see later that E1 is unique satisfying these two properties).

We have the inclusions
0 ( E1 ( E

Clearly, E1 is semistable because it has maximal slope. Let E2 be a maximal destabi-
lizing sub-bundle of E/E1. Then, E2 = E2/E1 for a coherent sheaf E2 of E containing
E1. We have that µ(E1) > µ(E2) because, if it were µ(E1) = µ(E2), then we would
also have rk(E1) = rk(E2) by the properties of E1 and thus we would have E1 ' E2 by
lemma 7.4.1. From this, using lemma 8.2.4 we have that

rk(E2)µ(E1) > rk(E2) = rk(E1)µ(E1) + rk(E2/E1)µ(E1/E2)

and thus µ(E1) > µ(E1/E2). We can continue the process to obtain a filtration of E

satisfying the desired conditions.

Let
0 = E0 ( E1 ( . . . ( Er = E

be a filtration of E constructed in this way, and let

0 = F0 ( F1 ( . . . ( Fs = E

be another filtration of E satifying the same properties. Let’s see that each term is
equal. There is some j = 1, . . . , s such that E1 ⊆ Fj and E1 * Fj−1; this induces a
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non zero homomorphism E1 → Fj/Fj−1 between semistable sheaves. By the proper-
ties of E1, proposition 8.2.1 and the properties of the filtration we have the chain of
inequalities

µ(F1) 6 µ(E1) 6 µ(Fj/Fj−1) 6 µ(F1)

so all these inequalities are equalities and thus

• Fj = F1

• µ(F1) = µ(E1) and E1 ⊆ F1 ⇒ rk(E1) = rk(F1)

so E1 ' F1. We can use the same argument to conclude that E2/E1 ' F2/F1 and thus
E2 ' F2. Uniqueness follows

8.4 Boundedness

Let X be a smooth projective algebraic curve

Definition 8.4.1. Let A be a family of isomorphism classes of locally free sheaves on X. A is
bounded if there is a finite type scheme S and a coherent sheaf U on X× S, flat over S (with
respect to the natural projection on S), such that for every E ∈ A there is some s ∈ S•(k) with
Us ' E, where Us is the pullback of U by the inclusion {s} ↪→ S

In this section we will give necessary and sufficient conditions for a family of
isomorphism classes of locally free sheaves on X to be bounded. We will prove that
these conditions are fundamentally related to semistability

Observation 8.4.1. Let S be a finite type scheme and M a coherent sheaf on X × S, flat
over S. By the semicontinuity theorem (see for example [Mum70, Chapter II, § 5]), the map
s 7→ χ(Ms ⊗OX(n)) is constant on each connected component of S, so the possible values for
the rank and degree of the sheaves in the family {Ms}s∈S•(k) are finite (because S is a finite type
scheme). In particular, any bounded family A of locally free sheaves on X can take only a finite
number of values of rank and degree

Lemma 8.4.1. Let M be a flat coherent OX-module such that H1(X,M) = 0. Then, the
following properties are equivalent

• M is generated by its global sections

• H1(X,M⊗OX(−x)) = 0 for every x ∈ X•(k)

Proof. By Nakayama’s lemma, M is generated by its global sections if and only if, for
every x ∈ X•(k), the natural homomorphism H0(X,M)→Mx/mxMx is surjective.

Let x ∈ X•(k). There is an exact sequence

0→ OX(−x)→ OX → k(x)→ 0

Since M is a flat OX-module, we obtain the exact sequence

0→M⊗OX(−x)→M→Mx/mxMx → 0
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Taking cohomology, we obtain the long exact sequence

· · · → H0(X,M)→Mx/mxMx → H1(X,M⊗OX(−x))→ 0

so we conclude

Theorem 8.4.1 ([Sch08], Proposition 2.2.3.2). Let A be a family of isomorphism classes of
locally free sheaves on X. Then, A is a bounded family if and only if the following conditions
are satisfied

(a) The set {(deg(E), rk(E)) : E ∈ A} is finite

(b) There is a natural number n0 > 0 such that, for every n > n0 and every E ∈ A

• H1(X,E(n)) = 0

• E(n) is generated by its global sections

Proof. Suppose that A is a bounded family. Then, there is a finite type scheme S over
k and a coherent sheaf U on X× S, flat over S via the projection πS : X× S → S, such
that the elements of A appear as elements of the family {Us}s∈S•(k) of coherent sheaves
on X.

Observation 8.4.1 proves that condition (a) holds. Fix s0 ∈ S•(k). By Serre’s theo-
rems, there is a natural number n0 > 0 such that, for every n > n0, H1(X,Us0

(n)) = 0

and Us0
(n) is generated by its global sections. In virtue of lemma 8.4.1, we can express

this fact as a cohomological condition: H1(X,Us0
(n)⊗OX(−x)) = 0 for every x ∈ X•(k).

Let πX : X×S→ X be the natural projection on X and consider, for every x ∈ X•(k),
the coherent sheaves on X× S

U⊗ π∗XOX(n) and U⊗ π∗XOX(n− x)

These are coherent flat sheaves over S such that

(U⊗ π∗XOX(n))s ' Us(n) and (U⊗ π∗XOX(n− x))s ' Us(n)⊗OX(−x)

for every s ∈ S•(k). By construction, we have that

• H1(X, (U⊗ π∗XOX(n))s0
) = H1(X,Us0

(n)) = 0

• H1(X, (U⊗ π∗XOX(n− x))s0
) = H1(X,Us0

(n)⊗OX(−x)) = 0

and by the semicontinuity theorem

• H1(X,Us(n)) = 0 (8.2)
• H1(X,Us(n)⊗OX(−x)) = 0 ∀x ∈ X•(k) (8.3)

for every closed point s in the connected component of S containing s0 and every
n > n0.

Since S is a finite type scheme, we can take n0 sufficiently large so that the previous
conditions hold for every s ∈ S•(k) and every n > n0. In virtue of lemma 8.4.1, we
have proven that for every n > n0 and every s ∈ S•(k)
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• H1(X,Us(n)) = 0

• Us(n) is generated by its global sections

so the same follows for the elements of A.

Suppose now that A satisfies the conditions of the theorem. We can suppose,
without any loss of generality, that the elements of A have a fixed rank r and degree
d. By hypothesis, there is a natural number N > 0 such that, for every E ∈ A,

• H1(X,E(N)) = 0

• E is generated by its global sections, i.e., there is a surjective homomorphism
H0(X,E(N))⊗k OX → E(N)→ 0

In particular, every element E ∈ A can be expressed as a quotient

H0(X,E(N))⊗k OX(−N)→ E→ 0

Furthermore, by proposition 7.3.3 and using that H1(X,E(N)) = 0

h0(E(N)) = χ(E(N)) = r(1 − g) + d+ deg(X)rN

Fix a k-vector space H of dimension r(1−g)+d+deg(X)rN and a linear isomorphism
H ' H0(X,E(N) for every E ∈ A. Then, every E ∈ A can be expressed as a quotient

H⊗k OX(−N)→ E→ 0

such that the induced homomorphism

H→ H0(X,E(N))

is an isomorphism.

In other words, every E ∈ A is a closed point of the Quot scheme QuotP(m)
X (H⊗k

OX(−N)) where P(m) = P(E,m) is the Hilbert polynomial of any E ∈ A. So every ele-
ment of A arises as a pullback of the universal quotient sheaf U on X×QuotP(m)

X (H⊗k
OX(−N)), and thus A is a bounded family

Example 8.4.1. Denote by A(r,d) the family of isomorphism classes of locally free sheaves on
X of rank r and degree d. Then, A(r,d) is not bounded if r > 2.

Indeed, consider the subfamily

{En = OX(−n)⊕OX(d+n)⊕O
⊕(r−2)
X }n∈Z ⊂ A(r,d)

For every m > 0, we have that

h1(En(m)) > h1(OX(m−n)) > r(g− 1) + (m−n)

so there is not any m > 0 such that h1(En(m)) = 0 for every n ∈ Z, and thus A(r,d) is not
a bounded family by theorem 8.4.1
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We will now relate the conditions of theorem 8.4.1 to slope-semistability

Proposition 8.4.1 ([Sch08], Proposition 2.2.3.7). Let A be a family of isomorphism classes
of locally free sheaves on X. Then, A is bounded if and only if the following conditions are
satisfied

• The set {(deg(E), rk(E)) : E ∈ A} is finite

• There is a constant C ∈ R such that, for every E ∈ A,

µmax(E) 6 µ(E) +C

(recall the definition of µmax(E) in proposition 8.3.3)

Proof. First, note that the second condition of the proposition implies any of the fol-
lowing two equivalent assertions

(a) There is a constant C ∈ R such that, for every E ∈ A and every coherent subsheaf
F ⊆ E, we have that µ(F) 6 µ(E) +C

(b) There is a constant C ∈ R such that, for every E ∈ A and every sub-bundle
F ⊆ E, we have that C+ µ(E) 6 µ(E/F)

(a) follows directly from the definition of µmax(E), and the equivalence of the two is a
direct consequence of lemma 8.2.4.

Suppose that A is a bounded family. By theorem 8.4.1, we can find a sufficiently
large integer N such that, for every E ∈ A, we have that H1(X,E(N)) = 0. Suppose
that the condition of the proposition is not true. Then, for every C ∈ R we could
find some E ∈ A such that there is a sub-bundle F ⊆ E with C+ µ(E) > µ(Q), where
Q := E/F.

Since the set {µ(M) : M ∈ A} is finite by hypothesis, we can choose C ∈ R such that
µ(Q) < g− 1 −Ndeg(X). Besides, since F is a sub-bundle of E, then Q∨ is a subsheaf
of E∨. Let ωX be the canonical sheaf on X. Using Serre duality, the fact that Q∨ is a
subsheaf of E∨ and the Riemann-Roch formula, we have that

0 =
h1(E(N))

rk(Q)
=

=
h0(E∨(−N)⊗ωX)

rk(Q)
>

>
h0(Q∨(−N)⊗ωX)

rk(Q)
=

=
h1(Q(N))

rk(Q)
=

=
h0(Q(N)) + rk(Q)(g− 1) − deg(Q) − deg(X)rk(Q)N

rk(Q)
>

> g− 1 − µ(Q) − deg(X)N > 0
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which is a contradiction.

Suppose now that the conditions of the proposition hold. We will prove that A is
bounded using the criteria of theorem 8.4.1.

Let N be an integer such that there is some E ∈ A with H1(X,E(N)) 6= 0. By Serre
duality, we have that HomOX(E(N),ωX) ' H1(X,E(N))∗ 6= 0, so there is a non-zero
homomorphism f : E(N)→ ωX. Consider the associated exact sequence

0→ Ker(f)→ E(N)→ Im(f)→ 0

By lemma 8.2.4, we have that

rk(E)µ(E(N)) = rk(Ker(f))µ(Ker(f)) + rk(Im(f))µ(Im(f)) (8.4)

Besides, Ker(f)(−N) ⊆ E, so by hypothesis there exists some C ∈ R (we can suppose
that C > 0) such that

µ(Ker(f)) 6 µ(E) +C+Ndeg(X)

On the other hand, we have that µ(E(N)) = µ(E) +Ndeg(X). Substituting this on
equation 8.4, we have that

rk(E)(µ(E) +Ndeg(X)) 6 rk(Ker(f))(µ(E) +Ndeg(X) +C) + rk(Im(f))µ(Im(f)) (8.5)

Im(f) is an invertible subsheaf of ωX, so µ(Im(f)) 6 µ(ωX) = 2g− 2. Putting this on
equation 8.5 and using lemma 7.1.3, we arrive at

µ(E) + 2 − 2g−
rk(Ker(f))
rk(Im(f))

C < −Ndeg(X)

But rk(Ker(f))
rk(Im(f)) =

rk(E)
rk(Im(f)) − 1 6 rk(E) − 1, so we have that

(rk(E) − 1)C+ 2g− 2 − µ(E) > Ndeg(X)

By hypothesis, the set {(deg(E), rk(E)) : E ∈ A} is finite, so we can find bounds for
rk(E) − 1 and −µ(E), and we deduce that there is some M ∈ R such that M > N.

In other words, for every integerN >M and every E ∈ A, we have thatH1(X,E(N)) =
0. Using the same ideas, we can consider a larger M so that, for every x ∈ X•(k) and
every E ∈ A, we have that H1(X,E(N)⊗ OX(−x)) = 0. By lemma 8.4.1 and theorem
8.4.1, we conclude that A is a bounded family



Chapter 9

The moduli space of semistable sheaves

In this chapter we will define the moduli problem of semistable sheaves on a smooth
projective algebraic curve. We will prove the existence of moduli spaces using the
techniques of geometric invariant theory developed in part I. We will suppose that
char(k) = 0.

Some references for this chapter are [Hos15, Chapter 8], [LP97, Chapters 7-8] and
[HL10, Chapter 4]

9.1 The moduli functor

Let X be a smooth projective algebraic curve. Let r > 0 and d ∈ Z

Definition 9.1.1. Let S be a scheme. A flat family of semistable (resp. stable) sheaves on X
parameterized by S is a coherent sheaf M on X× S, flat over S, such that Ms is a semistable
(resp. stable) locally free sheaf on X for every s ∈ S•(k)

For every scheme S, denote by Mss
X (r,d)(S) the set of isomorphism classes of flat

families of semistable sheaves of rank r and degree d on X parameterized by S

Lemma 9.1.1. The correspondence

Mss
X (r,d) : Sch→ Sets

S 7→Mss
X (r,d)(S)

is a contravariant functor.

If Ms
X(r,d)(S) denotes the set of flat families of stable locally free sheaves of rank r and

degree d on X parameterized by S, the correspondence Ms
X(r,d) : Sch→ Sets is also functorial

Proof. Let f : S→ T be a morphism of schemes. We have the cartesian square

X× S idX×f//

πS
��

X× T
πT
��

S
f

// T

104
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Consider

Mss
X (r,d)(f) : M

ss
X (r,d)(T)→Mss

X (r,d)(S)
M 7→Mss

X (r,d)(f)(M) := (idX × f)∗M

Clearly, (idX × f)∗(M) is a coherent sheaf on X × S, flat over S. Besides, for every
s ∈ S•(k) then, if is := (IdX, s), we have that

[(idX × f)∗M]s = i
∗
s(idX × f)∗M =

= [(idX × f) ◦ is]∗M =

= i∗f(s)M =

= Mf(s)

so (idX × f)∗M ∈ Mss
X (r,d)(S), and thus Mss

X (r,d)(f) is well defined. This proves that
Mss
X (r,d) : Schk → Sets is a contravariant functor.

The analogous result for Ms
X(r,d) can be proven in a very similar way

Let S be a scheme, πS : X× S→ S the projection on S and M ∈Mss
X (r,d)(S). Then,

for every L ∈ Pic(S), it’s easy to see that M⊗ π∗SL ∈Mss
X (r,d)(S).

Consider the following equivalence relation on Mss
X (r,d)(S)

M ∼S N in Mss
X (r,d)(S)⇔M ' N⊗ π∗SL for some L ∈ Pic(S)

Denote by M̃ss
X (r,d) the functor defined by M̃ss

X (r,d)(S) := Mss
X (r,d)(S)/ ∼S for every

scheme S (we define M̃s
X(r,d) similarly)

Proposition 9.1.1 ([HL10], Proposition 2.3.1). Let M be a flat family of coherent sheaves on
X parameterized by S. The sets {s ∈ S•(k) : Ms is semistable} and {s ∈ S•(k) : Ms is stable}
are the sets of closed points of uniquely determined open subsets of S. In other words, being
stable or semistable are open conditions in flat families

Observation 9.1.1. Note that, by proposition 9.1.1, Ms
X(r,d) and M̃s

X(r,d) are, respectively,
open subfunctors of Mss

X (r,d) and M̃ss
X (r,d)

Lemma 9.1.2. A scheme corepresents Mss
X (r,d) (resp. Ms

X(r,d)) if and only if it corepresents
M̃ss
X (r,d) (resp. M̃s

X(r,d))

Proof. There is a natural morphism of functors η : Mss
X (r,d) → M̃ss

X (r,d). Let T be a
scheme and ξ : Mss

X (r,d) → T• a morphism of functors. If we prove that there is a
unique morphism of functors ξ̃ : M̃ss

X (r,d) → T• such that ξ = ξ̃ ◦ η, then we would
conclude.

Let S be a scheme and ξS : Mss
X (r,d)(S)→ T•(S). If we prove that for any L ∈ Pic(S)

we have ξS(π∗SL) = ξS(π
∗
SOS) = ξS(OT×S), then clearly ξS would factor via ηS and we

would conclude.
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By definition, ξS(π∗SL) ∈ T•(S) = Hom(S, T). If we prove that for every closed
point p : Speck → S we have ξS(π∗SL) ◦ p = ξS(OX×S) ◦ p = ξSpeck(OX), then we
conclude. This is immediate since

ξS(π
∗
SL) ◦ p = ξSpeck((IdX × p)∗π∗SL) =

= ξSpeck(Lp/mpLp ⊗k OX) =
= ξSpeck(OX)

9.2 Construction of the moduli space

Let r > 0 and d ∈ Z

Definition 9.2.1. A scheme corepresenting the functor Mss
X (r,d) : Sch → Sets is called a

moduli space of semistable sheaves of rank r and degree d

In this section, we will prove that there are always moduli spaces of semistable
sheaves, and that there exists a coarse moduli space for Ms

X(r,d) (see [Hos15, Chapter
2, § 5] for the definition of a coarse moduli space).

We outline here the main steps that we will follow in the construction

(a) We will start by reducing the moduli problem to semistable sheaves with suffi-
ciently high degree. Using proposition 8.2.1, this condition on the degree implies
the vanishing of the first cohomology group of the sheaves and the property of
being globally generated

(b) We will then prove some technical results due to Le Potier, that express the
condition of being semistable in terms of a growing condition on the Hilbert
polynomial

(c) We will transform the moduli problem into a problem of geometric invariant
theory, so that the moduli space of semistable sheaves is isomorphic to the cat-
egorical quotient of an open subset Ω of a certain Quot scheme by an action of
SL(P(N)), for some P(N)

(d) Finally, we will use the previous results of Le Potier to identify Ω as the set
of semistable points associated to a linearization of an action of SL(P(N)) on
the Quot scheme. This would prove that the categorical quotient Ω//SL(P(N))
exists by theorem 4.2.1, and we would conclude by (c)

9.2.1 Reduction to sheaves of large degree

Lemma 9.2.1. Let E be a semistable locally free sheaf on X. If deg(E) > rk(E) · (2g− 1),
then H1(X,E) = 0 and E it’s generated by its global sections
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Proof. Denote by ωX the canonical sheaf on X. By Serre duality, we have that

H1(X,E)∗ ' H0(X,E∨ ⊗ωX) = HomOX(E,ωX)

Since E andωX are semistable sheaves and µ(ωX) = deg(ωX) = 2g− 2, by proposition
8.2.1 we have that H1(X,E) = 0.

On the other hand, by lemma 8.4.1 we have that E is generated by its global sec-
tions if and only if H1(X,E⊗OX(−x)) = 0 for every x ∈ X•(k).

Again, by Serre duality this is equivalent to HomOX(E⊗OX(−x),ωX) = 0 for every
x ∈ X•(k), and the result follows from an easy computation and proposition 8.2.1,
because µ(E⊗OX(−x)) =

deg(E)−rk(E)
rk(E)

Lemma 9.2.2. Let E be a semistable (resp. stable) locally free sheaf on X and L an invertible
sheaf. Then, E⊗L is semistable (resp. stable)

Proof. Let F be a coherent subsheaf of E⊗L. Then, F⊗L−1 is a coherent subsheaf of
E, and the result follows from the semistability (resp. stability) of E and the fact that
µ(E⊗L) = µ(E) + deg(L) and µ(F⊗L−1) = µ(F) − deg(L)

Observation 9.2.1. The proof of a more general statement than lemma 9.2.2 can be found in
[Zha]

Proposition 9.2.1. Let S be a scheme, and denote by πX : X× S → X the natural projection
on X. For every n ∈ Z, there is a bijection

Mss
X (r,d)(S)→Mss

X (r,d+ rdeg(X) ·n)(S)
M 7→M⊗ π∗XOX(n)

Furthermore, this bijection extends to an isomorphism of functors Mss
X (r,d) ' Mss

X (r,d +
rdeg(X) · n) for every n ∈ Z. The same result holds for the functor of flat families of stable
sheaves

Proof. Let M ∈Mss
X (r,d)(S). Then, M⊗π∗XOX(n) is a coherent sheaf on X× S, flat over

S.

For every s ∈ S•(k), let is = (IdX, s). We have that

i∗s(M⊗ π∗XOX(n)) 'Ms ⊗ (πX ◦ is)∗OX(n) 'Ms ⊗OX(n)

By lemma 9.2.2, Ms⊗OX(n) is a semistable sheaf, and clearly it has rank r and degree
d+ rdeg(X) ·n.

This proves that the map is well defined. It’s easy to see that its inverse is given
by tensoring with π∗XOX(−n), and functoriality follows immediately. The same ideas
prove the analogous result for the functor of flat families of stable sheaves

Proposition 9.2.1 shows that we can reduce the problem to moduli functors Mss
X (r,d)

with d > r(2g− 1). This has the advantage that, by lemma 9.2.1, every semistable lo-
cally free sheaf E of rank r and degree d has H1(X,E) = 0 and it’s globally generated
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9.2.2 Some results of Le Potier

In this subsection, we will prove some technical results that are useful for the con-
struction of the moduli space of semistable sheaves. They will allow us to identify
semistable locally free sheaves as those that satisfy a certain growth condition on
their Hilbert polynomials. The results presented here can be found in [LP97, Chapter
7, § 1]

Lemma 9.2.3. Let E be a semistable locally free sheaf on X. Then

h0(E)

rk(E)
6 [µ(E) + 1]+

Where [a]+ := sup(a, 0)

Proof. We proceed by induction on deg(E). If deg(E) < 0 then, by proposition 8.2.1,

H0(X,E) = HomOX(OX,E) = 0

so the inequality follows.

Suppose that the result is true for every semistable locally free sheaf on X of degree
less than deg(E). Let x ∈ X•(k) and consider the exact sequence

0→ E(−x)→ E→ Ex/mxEx → 0

By lemma 9.2.2, E(−x) is a semistable sheaf of degree

deg(E(−x)) = deg(E) − rk(E) < deg(E)

and thus, by induction hypothesis and noting that µ(E) > 0, we obtain

h0(E) = h0(E(−x)) + h0(Ex/mxEx) =

= h0(E(−x)) + rk(E) 6
6 rk(E)[µ(E(−x)) + 1]+ + rk(E) =
= rk(E)µ(E) + rk(E) =
= rk(E)[µ(E) + 1]+

so we conclude

Note that, if E is a locally free sheaf and

0 ( E1 ( . . . ( Er = E

is the Harder-Narasimhan filtration of E (recall proposition 8.3.3) then, by lemma
9.2.3, we have that

h0(E)

rk(E)
6

r∑
i=1

rk(Ei/Ei−1)

rk(E)
[µ(Ei/Ei−1) + 1]+ (9.1)
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Proposition 9.2.2. Denote by CohX(r,d) the family of isomorphism classes of coherent
sheaves of rank r > 0 and degree d ∈ Z on X. There is an integer N(r,d) such that, for
every n > N(r,d) and every M ∈ CohX(r,d), the following assertions are equivalent

(a) M is a semistable locally free sheaf

(b) For every coherent subsheaf N ⊆M, we have that

h0(N(n)) 6
h0(M(n))

rk(M)
· rk(N)

Proof. Let’s see that (a) implies (b). Let E be a semistable locally free sheaf on X and let
a be an integer such that a < µ− g · r (where µ = µ(E) = d/r). Let F ⊆ E a coherent
subsheaf (which is locally free by lemma 7.3.2) such that µmin(F) 6 a. Using lemma
9.2.3 and equation 9.1 above it’s easy to show that, for every n > −(a+ 1),

h0(F(n))

rk(F)
< µ+ndeg(X) + 1 − g

We can find a sufficiently large integerN(r,d) > −(a+1) such that, for every semistable
locally free sheaf E ∈ S(r,d) and every n > N(r,d), then h1(E(n)) = 0. By the
Riemann-Roch formula, we have that

h0(E(n))

r
=
χ(E(n))

r
=
r(1 − g) + d+ rndeg(X)

r
= 1 − g+ µ+ndeg(X)

So for every coherent subsheaf F ⊆ E such that µmin(F) 6 a and every n > N(r,d)

h0(F(n))

rk(F)
6
h0(E(n))

rk(E)

We also have to consider coherent subsheaves F ⊂ E such that µmin(F) > a. Consider
the family

A := {F ⊆ E coherent subsheaf : µmin(F) > a}

For every F ∈ A, we have the associated Harder-Narasimhan filtration

0 ( F1 ( . . . ( Fs = F

It’s easy to see that

µ(F) = µmax(F) + µ(F2/F1) + . . . + µ(F/Fs−1) > µmax(F) + (s− 1)a

But the length of Harder-Narasimhan filtrations of coherent subsheaves of E is bounded
above by r, so there exists a constant −(r− 1)a ∈ R such that, for every F ∈ A, we
have that

µmax(F) < µ(F) − (r− 1)a

and thus the family A is bounded by proposition 8.4.1.
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If necessary, we can make N(r,d) larger such that, for every n > N(r,d) and every
F ∈ A, then h1(F(n)) = 0 and, by the semistability of E, we have that

h0(F(n))

rk(F)
=
χ(F(n))

rk(F)
= 1 − g+ µ(F) +ndeg(X) 6 1 − g+ µ+ndeg(X) =

h0(E(n))

r

obtaining the desired inequality.

Let’s see now that (b) implies (a). We can assume that µ+N(r,d) > g. Let M be a
coherent sheaf on X satisfying (b). The inequality says that every torsion subsheaf of
M has no global sections and thus must be zero, so M is torsion-free and thus locally
free by lemma 7.3.1.

We are going to prove that M is semistable using semistable quotient sheaves. Let
M → E → 0 be a semistable quotient sheaf such that µ(E) 6 µ. Then we have that,
using the hypothesis and lemma 9.2.3

1 − g+ µ+ndeg(X) =
χ(M(n))

r
6

6
h0(M(n))

r
6

6
h0(E(n))

rk(E)
6

6 [µ(E) +n+ 1]+

from which we conclude that µ− g 6 µ(E).

It easily follows from a similar argument as before that the family B of coherent
sheaves satisfying the hypothesis of the proposition for some integer n is bounded,
and the same is true for the family of quotients E we are considering, since they are
semistable and their slope is bounded above by µ. We can take N(r,d) large enough
so that for every n > N(r,d) we have χ(E(n)) = h0(E(n)) and χ(M(n)) = h0(M(n)).
From the inequality in the hypothesis, we arrive at

1 − g+ µ+ndeg(X) 6 1 − g+ µ(E) +ndeg(X)

concluding that µ = µ(E) and thus M is semistable.

Lemma 9.2.4. There is an integer N(r,d) satisfying the conditions of proposition 9.2.2 such
that for every semistable locally free sheaf E ∈ S(r,d), every coherent subsheaf F ⊆ E and
every n > N(r,d) the following are equivalent

(a) µ(F) = µ(E)

(b)
h0(F(n))

rk(F)
=
h0(E(n))

rk(E)
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Proof. Consider the family A := {F ⊆ E coherent : E ∈ S(r,d) and µ(F) = µ(E) = d/r}.
Every coherent subsheaf F ∈ A is necessarily semistable because each E is semistable.
Besides, there is only a finite number of possible values of rank and degree of coher-
ent subsheaves of any E ∈ S(r,d), so the family A is bounded by proposition 8.4.1.

We can then choose N(r,d) sufficiently large so that h1(F(n)) = 0 for every F ∈ A

and every n > N(r,d) (in particular, h1(E(n)) = 0). In this case, we have that

h0(F(n))

rk(F)
=
χ(F(n))

rk(F)
= 1 − g+ µ(F) +ndeg(X) =

= 1 − g+ µ(E) +ndeg(X) =
χ(E(n))

rk(E)
=
h0(E(n))

rk(E)

And thus (b) follows.

Suppose now that (b) holds for a coherent subsheaf F ⊆ E. From the proof of
proposition 9.2.2, we can see that µmin(F) > a, and thus the family of such coherent
subsheaves is bounded. The same argument as above shows that µ(F) = µ(E)

9.2.3 GIT set up for the construction of the moduli space

Let r > 0 and d > r(2g− 1). Let N(r,d) be as in proposition 9.2.2 and N > N(r,d).

For every E ∈ S(r,d), we have that E(N) is globally generated and H1(X,E(N)) = 0.
There is a surjective homomorphism

H0(X,E(N))⊗k OX → E(N)→ 0

and, by the Riemann-Roch formula, we have that

h0(E(N)) = r(1 − g) + d+ rdeg(X) ·N

Let H be a vector space of dimension r(1− g) + d+ rdeg(X) ·N. For every E ∈ S(r,d),
there is a linear isomorphism H ' H0(X,E(N)), and thus every E ∈ S(r,d) can be
presented as a quotient

H⊗k OX(−N)→ E→ 0

Denote H := H ⊗k OX(−N). Every E ∈ S(r,d) defines a closed point of the Quot
scheme Q := QuotP(m)

X (H), with P(m) = r(1 − g) + d+ rdeg(X) ·m.

Consider the subset of Q•(k) given by quotients ρ : H→ E→ 0 such that

(a) E is semistable

(b) The natural homomorphism H0(ρ(N)) : H→ H0(X,E(N)) is an isomorphism

These conditions are open by proposition 9.1.1 and the semicontinuity theorem. De-
note by Ω the open subset of Q that they define. The subset Ωs ⊆ Ω given by stable
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sheaves is also open by proposition 9.1.1.

A natural candidate for a moduli space of semistable (resp. stable) sheaves can be
found at Ω (resp. Ωs), but there is a crucial ambiguity: there are many possible linear
isomorphisms H→ H0(X,E(N)) for each E ∈ S(r,d).

We will identify these possible isomorphisms by considering a right action of
GL(P(N)) on Q defined by

Q•(S)×GL(P(N))•(S)→ Q•(S)

(ρ,g) 7→ ρ ◦ (g⊗ IdOX×S(−N))

for points with values in some scheme S.

Clearly, Ω and Ωs are GL(P(N))-invariant open subsets of Q with respect to this
action.

Let α : H → E and β : H → F be closed points of Q. Recall that α = β if and only
if there is a sheaf homomorphism φ : E→ F such that β = φ ◦α

Lemma 9.2.5. Let ρ : H→ E be a closed point in Q such that E(N) is generated by its global
sections and the natural homomorphism H0(ρ(N)) : H → H0(C,E(N)) is an isomorphism.
There is an injective homomorphism AutOX(E)→ GL(P(N))•(k) whose image is the stabilizer
subgroup GL(P(N))ρ

Proof. Consider

Λ : AutOX(E)→ GL(P(N))•(k)

ϕ 7→ Λ(ϕ) := H0(ρ(N))−1 ◦H0(ϕ(N)) ◦H0(ρ(N))

Λ is clearly a group homomorphism, and it takes values in GL(P(N))ρ, because a
direct computation shows that ϕ−1 ◦ (Λ(ϕ) · ρ) = ρ for every ϕ ∈ AutOX(E).

Besides, Λ is injective, because if Λ(ϕ) = Id, then necessarily H0(ϕ(N)) = Id and
thus ϕ(N) ◦ ρ(N) = ρ(N), but ρ(N) is a sheaf epimorphism because E(N) is generated
by its global sections and thus ϕ(N) = Id, so ϕ = Id and we conclude

From lemma 9.2.5, we deduce that

Ω•(k)/GL(P(N))•(k) = {Semistable sheaves of rank r and degree d on X}
/
'

We will now reduce the construction of the moduli space of semistable sheaves to a
problem in geometric invariant theory.

First, we will recall some basic definitions
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Definition 9.2.2. Let S be a scheme and E a locally free sheaf of rank r on S, and let
HomX(O

⊕r
X ,E)→ X be the vector bundle associated to the locally free sheaf HomOX

(O⊕rX ,E).
The frame bundle of E is the open sub-bundle R(E) = IsomX(O

⊕r
X ,E) of HomX(O

⊕r
X ,E)→ X

given by isomorphisms O⊕rX
'→ E

We state without proof the following well-known result

Lemma 9.2.6. Let S be a scheme and E a locally free sheaf of rank r on S. GL(r) acts on R(E)
and, with respect to this action, R(E)→ S is a principal GL(r)-bundle

Proposition 9.2.3 ([HL10], Lemma 4.3.1). With the previous notations, let M be a scheme.
Then, Ω → M (resp. Ωs → M) is a categorical quotient for the action of GL(P(N)) on Ω
(resp. Ωs) if and only if M corepresents Mss

X (r,d) (resp. Ms
X(r,d))

Proof. Let S be a scheme and denote by πX : X × S → X and πS : X × S → S the
natural projections. Let M ∈ Mss

X (r,d)(S). By theorem 8.4.1 and the theorem of
Grauert-Grothendieck (see for example [Mum70, Chapter 2, § 5, Corollary 2]), we
have that VM := (πS)∗(M⊗ π∗XOX(N)) is a locally free sheaf on S of rank P(N). Us-
ing the adjunction of π∗S and (πS)∗, we obtain a canonical surjective homomorphism
ϕM : π∗SVM ⊗ π∗XOX(−N)→M.

Let π : R(VM) → S be the frame bundle associated to VM and denote by qM :

O
⊕P(N)
R(VM)

' H⊗k OR(VM) → π∗VM the canonical isomorphism. Composing ϕM and qM,
we obtain a surjective homomorphism H⊗OR(VM)(−N)→ (IdX× π)∗M that defines a
point of Q with values in R(VM). Equivalently, we have a morphismΦM : R(VM)→ Q.

Since M is a family of semistable sheaves, clearly ΦM(R(VM)) ⊆ Ω, and ΦM :
R(VM) → Ω is GL(P(N))-equivariant. From this, we have that ΦM induces a mor-
phism of functors Φ̃M : R(VM)/GL(P(N))→ Ω/GL(P(N)). Besides, π : R(VM)→ S is a
principal GL(r)-bundle, so by lemma 2.1.1 we have that S corepresents R(VM)/GL(P(N))
and thus induces a morphism S• → Ω/GL(P(N)) or, equivalently, an element of
Ω/GL(P(N))(S) by Yoneda’s lemma.

We have thus defined, for every M ∈ Mss
X (r,d)(S), an element of Ω/GL(P(N))(S).

It’s easy to prove that this defines a morphism of functors Mss
X (r,d)→ Ω/GL(P(N)).

On the other hand, let U be the restriction of the universal quotient sheaf on X×Q
to X×Ω. U defines an inverse morphism of functors Ω/GL(P(N)) → Mss

X (r,d), and
thus corepresenting Mss

X (r,d) is the same as corepresenting Ω/GL(P(N))

9.2.4 Semistable points of the SL(P(N))-action

In virtue of lemma 9.2.5, the action of GL(P(N)) on Q induces an action of SL(P(N)).
We will work with respect to the action of SL(P(N)).

In this subsection, we will find a linearization of the action of SL(P(N)) on Q such
that its set of semistable (resp. stable) points is Ω (resp. Ωs). In virtue of proposition
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9.2.3 and theorem 4.2.1, this will end the construction of the moduli space.

The idea will be to embed Q inside a suitable grassmannian scheme and use the
stability criterion of proposition 5.3.1 to find the semistable (resp. stable) points with
respect to the linearization associated to the embedding.

Let S be a scheme and denote by πX : X×S→ X and πS : X×S→ S the natural pro-
jections. By Mumford-Castelnuovo regularity (see [Nit05, § 2]), there is a sufficiently
large integer q > N such that, for every S-valued point π∗XH→ E of Q, then

• (πS)∗E(q) is a locally free sheaf on S of rank P(q) = r(1 − g) + d+ rdeg(X) · q

• (πS)∗π
∗
XH(q) ' OS ⊗k H0(X,H(q)) ' OS ⊗k (H⊗H0(X,OX(q−N)))

In particular, (πS)∗π
∗
XH(q) → (πS)∗E(q) is a S-valued point of the grassmannian

scheme G := GrassP(q)k (H⊗H0(X,OX(q−N))).

This correspondence defines a morphism of functors Q• → G• that is a closed
SL(P(N))-equivariant embedding (see [Nit05, § 5] for the details), where SL(P(N))
acts on G on the H-component as in section 5.3 of chapter 5.

Furthermore, we can embed G in P(Λmax(H⊗H0(X,OX(q−N)))) via the Plücker
embedding. Denote by Lq the induced SL(P(N))-linearized sheaf on Q

Definition 9.2.3. Let H ′ ⊆ H be a vector subspace and let ρ : H → M be a closed point in
Q. The coherent subsheaf of M generated by H ′ is

N := Coker(Ker(H ′ ⊗k OX(−N)→M)→ H ′ ⊗k OX(−N))

Lemma 9.2.7. Let ρ : H→M be a closed point in Q. The following properties are equivalent

(a) ρ ∈ Qss(Lr) (resp. ρ ∈ Qs(Lr))

(b) For each vector subspace 0 6= H ′ ( H, denote by N be the coherent subsheaf of M
generated by H ′. Then

h0(N(q))

dim(H ′)
>
h0(M(q))

dim(H)

(
resp.

h0(N(q))

dim(H ′)
>
h0(M(q))

dim(H)

)
(c) For each vector subspace 0 6= H ′ ( H, denote by N be the coherent subsheaf of M

generated by H ′. Then

χ(N(m))

dim(H ′)
>
χ(M(m))

dim(H ′)
for every m� 0

(
resp.

χ(N(m))

dim(H ′)
>
χ(M(m))

dim(H ′)
for every m� 0

)
Proof. This in an immediate consequence of proposition 5.3.1, because G is a grass-
mannian scheme of quotients of a vector space of the form H⊗k V . Proposition 5.3.1
was stated for grassmannian schemes of vector subspaces, but the same holds for
grassmannian schemes of quotients by just reversing the inequalities
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Proposition 9.2.4. With the previous notations, we have that

• Qss(Lr) = Ω

• Qs(Lr) = Ω
s

Proof. Let ρ : H → E be a closed point in Ω. For every coherent subsheaf F ⊆ E

generated by a vector subspace H ′ ⊆ H, we have the commuting square

H
' // H0(C,E(N))

H ′

OO

'
// H0(C,F(N))

OO

where the vertical arrows are inclusions. From the diagram and proposition 9.2.2, we
have that

dim(H ′)

rk(F)
=
h0(F(N))

rk(F)
6
h0(E(N))

rk(E)
=

dim(H)

rk(E)
And thus

rk(E)
dim(H)

6
rk(F)

dim(H ′)

But these are the leading coefficients of the rational polynomials χ(E(m))
dim(H) and χ(F(m))

dim(H ′) ,
so we conclude that ρ ∈ Qss(Lq) by lemma 9.2.7.

Furthermore, from lemma 9.2.4 we deduce that

µ(F) = µ(E)⇔ rk(E)
dim(H)

=
rk(F)

dim(H ′)

So Ωs ⊆ Qs(Lq).

Suppose now that ρ : H→M is a closed point of Q, semistable with respect to the
action of SL(P(N)).

Let’s see that H1(X,M(N)) = 0. By Serre duality, we have that

H1(X,M(N))∗ ' HomOX(M(N),ωX)

Suppose that H1(X,M(N)) 6= 0. Then, there is a non-zero homomorphism M(N) →
ωX. Denote by L the image of this homomorphism; L is an invertible subsheaf of ωX.

From the fact that M is SL(P(N))-semistable, we have that

χ(M(m))

dim(H)
>
χ(L(m))

h0(L)

and thus, using the Riemann-Roch formula and comparing the dominant terms, we
obtain the inequality

r

dim(H)
>

1

h0(L)
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Finally, we have that

1 − g+ µ+N · deg(X) =
χ(M(N))

r
=

dim(H)

r
6 h0(L) 6 h0(ωX) = g

On the other hand, we have that by hypothesis d > r(2g− 1) and hence µ > 2g− 1, so

g > 1 − g+ µ+Ndeg(X) > g+Ndeg(X)

and thus Ndeg(X) < 0, which is impossible because N, deg(X) > 0, so it must be
H1(X,M(N)) = 0.

In particular, this means that h0(M(N)) = χ(M(N)) = dim(H). Besides, if the natu-
ral homomorphism H0(ρ(N)) : H→ H0(C,M(N)) had a kernel, then by the SL(P(N))-
semistability of M we would have that

0 6
rk(M)

dim(H)
6 0

which is impossible, so the natural homomorphism H0(ρ(N)) : H → H0(X,M(N)) is
an isomorphism.

Let’s now see that M is a semistable sheaf. Let N ⊆M be a coherent subsheaf and
denote by H ′ the vector subspace of H that it generates. M is SL(P(N))-semistable, so
we have the inequality

rk(N)

dim(H ′)
>

rk(M)

dim(H)

but H ' H0(X,M(N)) and thus H ′ ' H0(X,N(N)), so

h0(M(N))

rk(M)
>
h0(N(N))

rk(N)

Since N > N(r,d), M is semistable by proposition 9.2.2. This proves that ρ is a closed
point of Ω, so Ω = Qss(Lq).

The fact that Ωs = Qs(Lq) can be proved in a completely analogous way.

We finally obtain the main result of this chapter

Theorem 9.2.1. Let X be a smooth projective algebraic curve, r > 0 and d ∈ Z. There exists a
moduli space of semistable sheaves of rank r and degree d, denoted byMss

X (r,d). Furthermore,
Mss
X (r,d) is a projective variety, and there is an open subscheme Ms

X(r,d) of Mss
X (r,d) that

is a coarse moduli space for Ms
X(r,d).

Besides, the closed points of Mss
X (r,d) are in a one to one correspondence with polystable

sheaves (recall definition 8.3.2) of rank r and degree d on X
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Proof. Proposition 9.2.4 and theorem 4.2.1 shows that there is a good quotientMss
X (r,d) :=

Ω//SL(P(N)), and proposition 9.2.3 proves that Mss
X (r,d) is the moduli space of

semistable sheaves of rank r and degree d on X.

By the same arguments, Ms
X(r,d) := Ωs//SL(P(N)) is an open subscheme of

Mss
X (r,d) that corepresents the functor Ms

X(r,d).

The facts that the closed points of Mss
X (r,d) are in a one to one correspondence

with polystable sheaves of rank r and degree d and that Ms
X(r,d) is a coarse moduli

space for Ms
X(r,d) are a direct consequence of the following lemma

Lemma 9.2.8. Let E and F be semistable sheaves on X of rank r and degree d. Then, E and
F define the same closed point of Mss

X (r,d) if and only if E and F are S-equivalent (recall
definition 8.3.2)

Proof. Let E be a semistable sheaf on X of rank r and degree d. We are going to prove
that, for any exact sequence of semistable sheaves

0→ E ′ → E→ E ′′ → 0

then E and E ′ ⊕ E ′′ define the same closed point in Mss
X (r,d). Applying this result

repeatedly to any Jordan-Hölder filtration of a semistable sheaf, we would prove that
S-equivalent sheaves define the same closed point on Mss

X (r,d).

Denote by πX : A1 × X → X the projection on X and let i = (0, IdX) : X → A1 × X
be the inclusion of X in A1 × X via the closed point 0 ∈ A1. We have the following
exact sequence of coherent sheaves on X×A1

0→ F → π∗XE→ i∗E
′′ → 0

and F is a flat family of semistable sheaves of rank r and degree d on X parameterized
by A1 such that, by construction

F0 ' E ′ ⊕ E ′′ Ft ' E for any t ∈ (A1)•(k) distinct from 0

so F defines a morphism A1 →Mss
X (r,d) that is constant on A1 − {0}, and hence con-

stant because Mss
X (r,d) is a projective variety. This proves that E and E ′ ⊕ E ′′ define

the same closed point of Mss
X (r,d).

Let’s now prove that, if E is a polystable sheaf on X of rank r and degree d, then
SL(P(N)) · E is closed. If we proved this, we would conclude, because the closed
points of the GIT quotient are in a one-to-one correspondence with closed orbits.

Let C be a curve, p0 ∈ C•(k) and let M be a flat family of semistable sheaves on X
parameterized by C such that Mp ' E for every p ∈ C•(k) with p 6= p0. If we prove
that Mp0

' E, we conclude by the valuative criterion of properness.

Let E ' ⊕iEi be the decomposition of E as a direct sum of stable sheaves. Denote
by πX : X × C → X the projection on X and consider the flat family π∗XE

∨ ⊗M of
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semistable sheaves on X parameterized by C. Clearly, for every p ∈ C•(k), we have
that

H0(X, (π∗XE
∨ ⊗M)p) ' HomOX(E,Mp)

so, by the semicontinuity theorem, the fact that Mp ' E for every p 6= p0 and propo-
sition 8.2.1, we have that Mp0

contains Ei as a direct summand with the same multi-
plicity as in E for every i, and thus Mp0

' E, so we conclude

We will finish this chapter proving that the moduli space of stable sheaves is
smooth. First, we recall a smoothness criterion for Quot schemes

Theorem 9.2.2 ([HL10], Propositions 2.2.7-2.2.8). Let X be a smooth projective scheme and
H a coherent sheaf on X. Let P(m) ∈ Q[m] and Q := QuotP(m)

X (H) the associated Quot
scheme. Let q : H→ E be a closed point in Q and K := Kerq. We have that

• TqQ ' HomOX(K,E)

•
hom(K,E) > dimqQ > hom(K,E) − ext1(K,E)

in particular, if Ext1(K,E) = 0, then Q is smooth in an open neighbourhood of q

Proposition 9.2.5. The moduli space of stable sheaves Ms
X(r,d) is a smooth quasiprojective

algebraic variety of dimension r2(g− 1) + 1

Proof. Let ρ : H → E be a closed point of Ωs and K := Kerq. We have the exact
sequence

0→ K→ H→ E→ 0

taking HomOX(−,E), we obtain the long exact sequence

· · · → HomOX(K,E)→ Ext1(E,E)→ Ext1(H,E)→ Ext1(K,E)→ 0

and we have that

Ext1(H,E) ' H1(X, HomOX
(H,E)) '

' H1(X,H∨ ⊗ E) '

' H1(X, (O⊕P(N)
X ⊗OX(−N))∨ ⊗ E) =

= H1(X, (O⊕P(N)
X )∨ ⊗ E(N)) =

= H1(X, HomOX
(O
⊕P(N)
X ,E(N))) =

= H1(X,E(N))⊕P(N) =

= 0

this proves that Ext1(K,E) = 0, and thus Q is smooth in an open neighbourhood of q
by theorem 9.2.2.
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On the other hand, TqQ ' HomOX(K,E). By the same arguments as above,
H0(X, HomOX

(H,E)) ' H0(X,E(N))P(n) and thus we have the exact sequence

0→ EndOX(E)→ H0(X,E(N))⊕P(N) → HomOX(K,E)→ Ext1(E,E)→ 0

So
dimqQ = hom(K,E) = P(N) · h0(E(N)) + ext1(E,E) − end(E)

but

• From the fact that d > r(2g− 1), we have h0(E(N)) = P(N)

• We have the isomorphisms Ext1(E,E) ' H1(C, HomOX
(E,E)) ' H1(C,E∨⊗E) so,

from the Riemann-Roch formula

ext1(E,E) = h1(E∨ ⊗ E) =

= h0(E∨ ⊗ E) − χ(E∨ ⊗ E) =

= end(E) − r2(1 − g)

and thus
dimqQ = P(N)2 + r2(g− 1)

This proves thatΩs is a smooth quasiprojective variety of dimension P(N)2 + r2(g−1).

By corollary 6.3.1, the geometric quotient π : Ωs →Ms
X(r,d) is a principal SL(P(N))-

bundle, and thus Ms
X(r,d) is a smooth quasiprojective algebraic variety of dimension

dimMs
X(r,d) = dimΩs − dim SL(P(N)) = dimΩS − (P(N)2 − 1) = r2(g− 1) + 1



Conclusions

In this thesis we have given an introduction to the study of moduli problems, devel-
oping the necessary tools from geometric invariant theory in part I, and studying a
concrete example in part II: the construction of the moduli space of semistable sheaves
on a smooth projective algebraic curve.

Due to a lack of space, we have not given a more complete study of the geometric
properties of the moduli spaces of sheaves, apart from the fact that the moduli space
of stable sheaves is a smooth quasiprojective algebraic variety. For example, we could
have proven that the moduli space of semistable sheaves is irreducible (see [LP97,
Chapter 8, § 8.5]) or that the moduli space of stable sheaves of rank r and degree d
is a fine moduli space if and only if gcd(r,d) = 1 (see [New78, Chapter 5, § 5] and
[Ram73]).

Also, we have not studied the moduli problem of vector bundles from the point
of view of complex differential geometry and its relation with the theory of unitary
representations (see [NS65]) or Yang-Mills theory (see [AB83]). In particular, the ap-
proach of Donaldson (see [Don83] and [Don85]) is the starting point of the so-called
Hitchin-Kobayashi correspondence, that relates stable holomorphic bundles over cer-
tain complex manifolds with the existence of Einstein-Hermite metrics. For an intro-
duction to these topics, see for example [WGP08, Appendix]
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[Mat60] Yozô Matsushima. Espaces homogenes de stein des groupes de lie com-
plexes. Nagoya Mathematical Journal, 16:205–218, 1960.

[MFK94] David Mumford, John Fogarty, and Frances Kirwan. Geometric Invariant The-
ory, third revised edition. A series of modern surveys in mathematics, volume 34.
Springer-Verlag Berlin Heidelberg, 1994.

[Mil17] James S Milne. Algebraic groups: The Theory of Group Schemes of Finite Type
over a Field. Cambdrige studies in advanced mathematics, volume 170. Cam-
bridge University Press, 2017.

[Muk03] Shigeru Mukai. An Introduction to Invariants and Moduli. Cambridge studies in
advanced mathematics, volume 81. Cambridge University Press, 2003.

[Mum70] David Mumford. Abelian varieties. 1970.

[Nag59] Masayoshi Nagata. On the 14-th problem of hilbert. American Journal of
Mathematics, 81(3):766–772, 1959.



9.2 123

[Nag61] Masayoshi Nagata. Complete reducibility of rational representations of a
matric group. Journal of Mathematics of Kyoto University, 1(1):87–99, 1961.

[Nag63] Masayoshi Nagata. Invariants of group in an affine ring. Journal of Mathe-
matics of Kyoto University, 3(3):369–378, 1963.

[New78] PE Newstead. Introduction to Moduli Problems and Orbit Spaces. Tata Institute
of Fundamental Research lectures, volume 51. 1978.

[Nit05] Nitin Nitsure. Construction of hilbert and quot schemes. arXiv preprint
math/0504590, 2005.

[NS65] Mudumbai S Narasimhan and Conjeeveram S Seshadri. Stable and unitary
vector bundles on a compact riemann surface. Annals of Mathematics, pages
540–567, 1965.

[Ram73] Sundararaman Ramanan. The moduli spaces of vector bundles over an
algebraic curve. Mathematische Annalen, 200(1):69–84, 1973.

[Sch08] Alexander HW Schmitt. Geometric Invariant Theory and Decorated Principal
Bundles. Zurich lectures in advanced mathematics, volume 11. European Math-
ematical Society, 2008.

[Sim94] Carlos T Simpson. Moduli of representations of the fundamental group of a
smooth projective variety i. Publications Mathématiques de l’IHÉS, 79:47–129,
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