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Hamilton-Jacobi equations

We consider the following initial-value problem

owu+ H(Dxu) =0, (f,x)e(0,T)xR"
{ u(0, x) = up(x), x €R", L3t
where up € Lip(R") is the initial condition and
H:R" — R
is a C? Hamiltonian satisfying
D?H(x) > 0, ¥x € R" and H‘()'(TD e oo (H)
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A problem in calculus of variations

We are given T > 0 and two cost functions:

Runningcost: L:R” — R Initial cost: up : R” — R

For any (t, x) €]0, T[xR", we introduce the set of admissible arcs
A(t, x) = {a € C'([0, t|; R"); a(t) = x},

and consider the following minimization problem:

t
minimize / L(c/(s))ds + up((0)) over all arcs a € A(t, x).
0

Carlos Esteve Yagiie Hamilton-Jacobi equations



A problem in calculus of variations

We are given T > 0 and two cost functions:

Runningcost: L:R” — R Initial cost: up : R” — R

For any (t, x) €]0, T[xR", we introduce the set of admissible arcs
A(t, x) = {a € C'([0, t|; R"); a(t) = x},

and consider the following minimization problem:

t
minimize / L(c/(s))ds + up((0)) over all arcs a € A(t, x).
0

We define the value function:

u(t,x) = inf {/ L(a'(s))ds + uo(a(0 ))}

()€ A(t,x)
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A problem in calculus of variations

We are given T > 0 and two cost functions:

Runningcost: L:R” — R Initial cost: up : R” — R

For any (t, x) €]0, T[xR", we introduce the set of admissible arcs
A(t, x) = {a € C'([0, t|; R"); a(t) = x},

and consider the following minimization problem:

t
minimize / L(c/(s))ds + up((0)) over all arcs a € A(t, x).
0

We define the value function:

u(t,x) = inf {/ L(a'(s))ds + uo(a(0 ))}

EA(LX)
This function satisfies the equation
d:u+ H(Dxu) =0
at all points of differentiability of u. Here, H is given by
H(v) = sup{z-v — L(2)}.
ZERN

We remark that u is Lipschitz in [0, T] x R provided uy € Lip(R) and H
satisfies (H).
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Viscosity solutions

{ B+ H(Dyu) =0, (t,x) € (0,T) x R”

u(0, x) = uo(x), x e R", (HY)

In general we cannot expect to have C' solutions. Therefore, we need to con-
sider generalized solutions:
ue W satisfying (HJ) a.e.

loc >

We have no uniqueness of generalized solutions.
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Viscosity solutions

{ du+ H(Dxu) =0, (t,x)€(0,T)xR" (HJ)
u(0, x) = uo(x), x €R",

Definition
We say u € C([0, T] x R") is a viscosity solution if

U(O,X) = UO(X)
and for any (t, x) € (0, T) x R” we have

pr+ H(px) <0 forall (pr, px) € Dt u(t, x)
p: + H(px) > 0 forall (pr, px) € D™ u(t, x)

where the super- and sub-differentials are defined by

D+U(t,X) = {(pt,px) S pr= Lpf(tax)7 Px = D(p(t,X), El(P € C17
U—op < 07 (u—go)(hx) = 0}7

D*u(t,x) = {(pfvpx) L pr= QDt(t,X), Px = DSO(LXL 390 € C1a
u—¢@ >0, (u—p)(t,x) =0}
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Viscosity solutions

{ du+ H(Dxu) =0, (t,x)€(0,T)xR" (HJ)
u(0, x) = uo(x), x €R",

Theorem: Crandall-P.L. Lions, 1980’s

Let T > 0, up € Lip(R") and H satisfy (H). The problem (HJ) admits a unique
viscosity solution and coincides with the value function of the problem in
calculus of variations.

We define the following nonlinear operator:

Si: Lip(R) —» Lip(R)
Uy — S_-;——Uo = U( T, )
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Goals

Consider the nonlinear operator:
St Lip(R) — Lip(R)
Up — S_-;——Uo = U(T, )
where u is the viscosity solution of (HJ).

The inverse problem: for a given target ur € Lip(R”) and T > 0 fixed,
@ Study the reachability of ur, i.e. determine if the set

Ir(ur) == {Uo € Lip(R); SfrrUO = UT}

is empty or not.
@ If ur is reachable, construct all the initial conditions in I+ (ur).

@ If ur is not reachable, define a projection of ur on the set of reachable
targets and study its geometrical properties.

Long-time behavior: for a given initial condition uy € Lip(R"), set the target
ur := Sjup and the set of initial conditions /r(ur) # 0, for each T > 0.

@ Describe the evolution of Ir(ur) as T increases.
@ Study the behavior of I+(ur) as T goes to infinity.
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The backward operator

Definition

A uniformly continuous function w : [0, T] x R" — R is called a backward
viscosity solution of (HJ) if the function v(¢, x) := w(T — t, x) is a viscosity
solution of

0v — H(Dxv) =0, in[0, T]xR".
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The backward operator

Definition

A uniformly continuous function w : [0, T] x R" — R is called a backward
viscosity solution of (HJ) if the function v(¢, x) := w(T — t, x) is a viscosity
solution of

0v — H(Dxv) =0, in[0, T]xR".

We say w € C([0, T] x R") is a backward viscosity solution if and only if for
any (t,x) € (0, T) x R” we have

P+ H(pe) >0 forall (pr, py) € D*w(t,x)
pi + H(px) <0 forall (pi, px) € D~ w(t, x)
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The backward operator

Using similar arguments as for (forward) viscosity solutions, for any terminal
condition ur € Lip(R"), the problem

{ atW+H(6XW):O7 in [077—] x R ’ (BHJ)

w(T,x) = ur(x), in R

admits a unique backward viscosity solution.
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The backward operator

Using similar arguments as for (forward) viscosity solutions, for any terminal
condition ur € Lip(R"), the problem

ow + H(Oxw) =0, in[0, T] x R",

‘ (Oxw) | [0, 7] (BHJ)
w(T,x) = ur(x), in R

admits a unique backward viscosity solution.

We define the following nonlinear operator:

S;: Lip(R) — Lip(R)
ur — S-FUT = w(0,-)

where w is the backward viscosity solution of (BHJ).
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The backward operator

Using similar arguments as for (forward) viscosity solutions, for any terminal
condition ur € Lip(R"), the problem

ow + H(Oxw) =0, in[0, T] x R",

‘ (Oxw) | [0, 7] (BHJ)
w(T,x) = ur(x), in R

admits a unique backward viscosity solution.

We define the following nonlinear operator:

S;: Lip(R) — Lip(R)
ur — S-FUT = w(0,-)

where w is the backward viscosity solution of (BHJ).

Hopf formula

St = i 1) - 7 ()

R )
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Semiconcavity and semiconvexity

@ We say that a function f : R” — R is semiconcave with linear modulus if
it is continuous and there exists C > 0 such that

f(x + h) +f(x — h)y —2f(x) < ChH*,  forallx,h e R".

The constant C above is called a semiconcavity constant of f.

© We say that f is semiconvex with linear modulus and constant C > 0 if
the function g = —f is semiconcave with linear modulus and constant C.

4
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Semiconcavity and semiconvexity

@ We say that a function f : R” — R is semiconcave with linear modulus if
it is continuous and there exists C > 0 such that

f(x + h) +f(x — h)y —2f(x) < ChH*,  forallx,h e R".

The constant C above is called a semiconcavity constant of f.

© We say that f is semiconvex with linear modulus and constant C > 0 if
the function g = —f is semiconcave with linear modulus and constant C.

Let T > 0 and up, ur € Lip(R). Then,
@ the function Sfuo is semiconcave with linear modulus;

@ the function S7 ur is semiconvex with linear modulus.
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x+1]—1 if —2<x<0
n(x):=<¢ [x—1]—-1 if0<x<?2
0 else.

A A2

For T = 1, the function Sfu; at the left and the function ST uy at the right.
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1-2|x+1] if —15<x<0
w(x):=¢ 1-2|x—-1] f0<x<15
0 else.

P 3 2 A 0 1 2 3 4 4 3 2 A 0 1 2 3 4

For T = 0,5, the function SFwu, at the left and the function S7 uz at the right.
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Reachability condition

Lemma

Let T > 0 and up € Lip(R"). Set the function
Uo(x) == S7(Stw)(x), forall x € R".
Then it holds
Stuy = St i, and  uUp(x) > fo(x), forall x € R".
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Reachability condition

Lemma

Let T > 0 and up € Lip(R"). Set the function
Uo(x) := Sy (Stto)(x),  forallx € R".
Then it holds
Siup = Sti, and  uUp(x) > fo(x), forall x € R".
ST Uo) = Uo S+Uo S;—rao
=
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Reachability condition

Lemma

Let T > 0 and up € Lip(R"). Set the function
Uo(x) := S7(SFw)(x),  forall x € R".
Then it holds
Stuy = St i, and  uUp(x) > fo(x), forall x € R".

Theorem (reachability condition)

Let ur € Lip(R") and T > 0. Then, the set I (ur) is nonempty if and only if
S;—r (ST_-UT) = ur.
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Initial data construction

Theorem (initial data construction)

Let T > 0 and consider ur € Lip(R") such that It (ur) # 0. Define the
function

U := ST ur.
For any up € Lip(R"), the two following statements are equivalent:
Q w < Ir(ur);
Q uo(x) > lip(x), Vx € R” and wo(x) = o(x), Vx € X7(ur),
where X7 (ur) is the subset of R defined by

Xr(ur) := {z — T Vxur(z); Vz € R" such that ur(-) is differentiable at z} .

<

Remark: Observe that, by the reachability condition,

IT(UT) 75 @, implies flo & IT(UT)~
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Initial data construction

Theorem (initial data construction)

Let T > 0 and consider ur € Lip(R") such that It (ur) # 0. Define the
function

Uy == S-,T ur.
For any up € Lip(R"), the two following statements are equivalent:
Q w € Ir(ur);

Q uo(x) > lip(x), Vx € R” and wo(x) = o(x), Vx € X7(ur),
where X7 (ur) is the subset of R defined by

Xr(ur) := {z — T Vxur(z); Vz € R" such that ur(-) is differentiable at z} .

<

Remark: Observe that, by the reachability condition,

IT(UT) 75 @, implies flo & IT(UT)~

In view of this theorem, we can write

Ir(ur) = {lb + ¢; ¢ € Lip(R) such that ¢ > 0 and supp(¢) C R\ Xr(ur)}.
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Consider T = 0,5 and the target function

1-|x+1] if —2<x<0
ur(x) := Sfus(x), where wuz(x):=< 1—|x—1| if|0 <x<2
0 else.

Xr(ur) =R\ ([-1,5,—0,5] U[0,5,1,5]).

The function ur is represented at the left. The function iy is represented at the
right. The restriction of i to the set Xr(ur) is marked by a red line.
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Examples

Consider T = 0,5 and the target function

—(1—4/x]%) if [x] < %
— ot -
0 else.

2 2 2 2 24 0 1 2 3 4

From left to right we have: the function ur, the function &y and the set Xr(ur)
in blue.
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The concave envelope

For a given function f : R” — R, the concave envelope f* is the smallest
concave function which stays above f.

f*(x) := inf{v(x); v is concave and v(x) > f(x), Vx € R"}.
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The concave envelope

For a given function f : R” — R, the concave envelope f* is the smallest
concave function which stays above f.

f*(x) := inf{v(x); v is concave and v(x) > f(x), Vx € R"}.

Theorem: (Oberman in 2007) Let f € Lip(R"), then f* is the viscosity
solution of the following fully nonlinear obstacle problem:
min{v(x) — f(x), —An[D?v(x)]} = 0.

Here, An[D?v(x)] denotes the biggest eigenvalue of the Hessian matrix
D?v(x).
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The concave envelope

For a given function f : R” — R, the concave envelope f* is the smallest
concave function which stays above f.

f*(x) := inf{v(x); v is concave and v(x) > f(x), Vx € R"}.
Theorem: (Oberman in 2007) Let f € Lip(R"), then f* is the viscosity
solution of the following fully nonlinear obstacle problem:

min{v(x) — f(x), —Aa[D?v(x)]} = 0.
Here, An[D?v(x)] denotes the biggest eigenvalue of the Hessian matrix

D?v(x).

This kind of operators, and its connection with geometry and game theory,
have been largely studied during the past 10 year by many authors:

A.M Oberman, L. Silvestre, I. Birindelli, F.R. Harvey, H.B. Lawson, H. Ishii, M.
Parviainen, P. Blanc, J.D. Rossi...
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The concave envelope

For a given function f : R” — R, the concave envelope f* is the smallest
concave function which stays above f.

f*(x) := inf{v(x); v is concave and v(x) > f(x), Vx € R"}.
Theorem: (Oberman in 2007) Let f € Lip(R"), then f* is the viscosity
solution of the following fully nonlinear obstacle problem:

min{v(x) — f(x), —An[D?v(x)]} = 0.

Here, An[D?v(x)] denotes the biggest eigenvalue of the Hessian matrix
D?v(x).

L % o n &

25 2 A5 1 05 0 0.5 1 15 2 25

Carlos Esteve Yagiie Hamilton-Jacobi equations



Semiconcave envelopes

What if the target ur is not reachable?
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Semiconcave envelopes

What if the target ur is not reachable?
Consider the composition operator
SfoS7y: Lip(R") —  Lip(R")
ur —  SF(Srur)
Note the the function u7 := S (S5 ur) satisfies Ir(ur) # 0.

The operator S§ o S can be viewed as a projection of Lip(R") onto the set
of reachable targets.
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Semiconcave envelopes

What if the target ur is not reachable?
Consider the composition operator
SfoS7y: Lip(R") —  Lip(R")
ur —  SF(Srur)
Note the the function u7 := S (S5 ur) satisfies Ir(ur) # 0.

The operator S§ o S can be viewed as a projection of Lip(R") onto the set
of reachable targets.

Let H(p) = % and ur € Lip(R"). Then, the function u7 := SF(S7 ur) is the
viscosity solution of the obstacle problem

min{v(x) — ur(x), —Aa[D?v(x)] + lT} =0.

1
T 1
semiconcave with linear modulus and constant C = T

Observe that, the inequality A\,[D?u%(x)] < = implies that the function u3 is
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Semiconcave envelopes

What if the target ur is not reachable?
Consider the composition operator
SfoS7y: Lip(R") —  Lip(R")
ur —  SF(Srur)
Note the the function u7 := S (S5 ur) satisfies Ir(ur) # 0.

The operator S§ o S can be viewed as a projection of Lip(R") onto the set
of reachable targets.

Let H(p) = % and ur € Lip(R"). Then, the function u7 := SF(S7 ur) is the
viscosity solution of the obstacle problem

min{v(x) — ur(x), —Aa[D?v(x)] + lT} =0.

In analogy with the concave envelope, we refer to the function u7 as the

1 . .
7—semlconcave envelope of ur in R".
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Semiconcave envelopes

What if the target ur is not reachable?
Consider the composition operator
SfoS7y: Lip(R") —  Lip(R")
ur —  SF(Srur)
Note the the function u7 := S (S5 ur) satisfies Ir(ur) # 0.

The operator S§ o S can be viewed as a projection of Lip(R") onto the set
of reachable targets.

Let H(p) = % and ur € Lip(R"). Then, the function u7 := SF(S7 ur) is the
viscosity solution of the obstacle problem

min{v(x) — ur(x), —Aa[D?v(x)] + lT} =0.

v

Corollary (reachability condition)

Let ur € Lip(R") and T > 0, then the set It (ur) is nonempty if and only if ur

satisfies the inequality A,[D?ur(x)] < 17. in a viscosity sense.

i
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|x +1] —1
u(x) = |x —1] —1
0
1—2|x+1|
u(x) := 1—-2|x—1|
0

o

02

0.4

06

08

“

EE
- 3 2 a o 1 2 3 a

if —2<x<0
fo<x<2
else.

if —15<x<0
fo0<x<15
else.

Here can see the lT—semiconcave envelopes of uy; and u» respectively and
the functions vy and u, represented by dotted lines.
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