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ABSTRACT. We present a stochastic Justh-Krishnaprasad flocking model de-
scribing interactions among individuals in a planar domain with their positions
and heading angles. The deterministic counterpart of the proposed model de-
scribes the formation of nematic alignment in an ensemble of planar particles
moving with a unit speed. When the noise is turned off, we show that the
nematic alignment state, in which all heading angles are either same or the
opposite, is nonlinearly stable using a Lyapunov functional approach. We em-
ployed a diameter-like functional via the rearrangement of heading angles in the
27-interval. In contrast, under the additive noise, a continuous angle configu-
ration will be deviated asymptotically from the nematic state. Nevertheless, in
any finite-time interval, we will see that some part of angle configuration will
stay close to the nematic state with a positive probability, where we call this
phenomenon as stochastic persistency. We provide a quantitative estimate
on the probability for stochastic persistency and compare several numerical
examples with analytical results.
Alignment, emergence, Justh-Krishnaprasad model, nematic alignment, stochas-

tic noises. AMS Subject Classification: 70K20, 34D05.

1. INTRODUCTION

The emergence of coherent collective motions in natural and man-made com-
plex systems is ubiquitous, e.g., synchronization of biological cells[1, 34], flocking
of migratory birds[7, 37, 39], swarming phenomenon[14, 17, 31, 38], consensus of
opinions[35] and swarming dynamics of active complex systems [2, 3, 4, 5] etc. In
recent years, modeling of such coherent collective motions has received intensive
attention in control theory community[24, 29, 33, 36], due to the increasing needs
of decentralized control algorithm motivated by biological systems. For the model-
ing of such collective motions, several phenomenological models were proposed in
literature.

In this paper, we are interested in the modeling of nematic alignment which
is often observed in a group of Myxobacteria[12, 13] in which bacteria moves ei-
ther in the same direction or in the opposite direction and form a traveling band
asymptotically. In aforementioned literature, it has been studied based on the cor-
responding hydrodynamic models, which consists of deterministic dynamics and
stochastic Poisson process. Unfortunately, it is not easy to analyze temporal evo-
lutions in such hybrid agent-based models. Thus, we propose a simple planar
solvable particle model exhibiting formation of nematic alignment. Our model cor-
responds to the stochastic counterpart of the particle model[19], which generalizes
the particle model proposed by Justh and Krishnaprasad[25, 26]. Compared to
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the Justh-Krishnaprasad (J-K) model, we modified the communication weight and
coupling function in order to represent nematic alignment.

Our primary goal is to observe a persistence of the nematic alignment under the
effect of additive noise. To fix the idea, let 27 € R? and 6] € R be the position
and heading-angle for the j-th particle, respectively, which follows the system of

stochastic ordinary differential equations (SDEs):

dx{ = (cos@ﬂsin@f) dt, t>0,j=1,--- N,

N
(1) d] = == > w(lef — ai]) sin2(6f — 67)dt + V20dB],
(20, 00) = (21,,67,),

where k is a nonnegative coupling strength, v (-) is the communication weight and
Bg are independent and identically distributed Brownian motions. We also assume
that the interaction is global but decreases along with the distance: (-) is an
analytic function and there exist positive constants 1, and ¥ ,; such that

0<tm <t(r) <dm, Y720, [, <oo,
((r1) —Y(r2))(r1 —r2) <0, 71,72 > 0.

Since the right-hand side of (1) is Lipschitz continuous and uniformly bounded
in state variables, the standard existence theory for SDEs implies a global well-
posedness[32].

Note that if the communication weight is constant, 1 = 1, then the dynamics of
6] in (1) corresponds to the Kuramoto model[27, 28] with respect to 267. In the
absence of noise, the generalized J-K model was derived and analyzed by the first
author and his collaborators[19] from the Cucker-Smale flocking model[8, 11, 22,
23, 30] with unit speed constraint.

The main results are two-fold. First, we provide a nonlinear stability analysis
for the nematic alignment (see Definition 2.1) in the corresponding deterministic
system:

(2)

day i in gl ,
E:(cos@t,sm@t)7 t>0,j=1,---,N,
(3) b x . o
o Nzw(”xt — &||)sin2(6F — 7).

k=1

Note that the states with
(4) 200! —67) =0, mod 27

are clearly equilibria for #/ in (3). Our first result in Theorem 3.1 shows that
nematic alignment states (which is characterized by (4)) are nonlinearly stable. For
this, we adopt a Lyapunov functional approach[19], where we extended the previous
result to the interactions with doubled angles, 2(6F — 0{ ). More precisely, as long as
initial angle configurations are in the range of w/4 from a pair of antipodal points
{6o, 00 + 7}, the diameter-like Lyapunov functional of the heading angles £(O(t))
decays to zero exponentially.

Second, we present the persistency of nematic state in the presence of white
noise. Due to the effect of additive noise, the heading angles will diffuse out from
the nematic alignment state. Thus, it is not reasonable to discuss asymptotic
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dynamics, instead, we estimate the escaping time of heading angles from a given
area. Thus, our second result deals with the following probability: For a given T
and ¢, we estimate the probability:

IP{ max £((1)) < a},
which is roughly in the order of (1 — T exp(—&?)) (see Theorem 5.1 for detail).
We follow the sample-path tracking method[6, 18] to estimate the maximum of the
Lyapunov function. Since the underlying dynamics (1) contains a nonlinear kernel
(+), we construct several reference processes and use technical arguments involved
with several stopping times (see Section 4.2). We leave its detailed discussion in
Section 4.1.

The rest of the paper is organized as follows. In Section 2, we briefly study the
dynamics of order parameters, and introduce the concept of nematic alignments for
the deterministic J-K model (3). We also provide some basic elementary lemmas for
the stochastic model (1) to be used for stochastic estimates later. In Section 3, we
present the first result, a nonlinear stability result for the nematic alignment state
in the deterministic model (3). Here, we will define the diameter-like functional of
heading angles £(O(t)) and prove that it decays exponentially. In Section 4, for
the preparation of stochastic result, we introduce a concept ‘relaxed collision’ and
provide several estimations on probabilities. In Section 5, we provide the second
result, the stochastic persistence on stability, which is a lower bound estimate for the
probability that £(©) stays small for a finite-time interval. In Section 6, we provide
several numerical simulations for the deterministic (¢ = 0) and the stochastic case
(0 > 0), and compare them with the analytic results. Finally, Section 7 is devoted
to a brief summary of the main results and some discussion on remaining issues for
a future work.

Notation: Throughout the paper, we represent (X(¢),©(t)) and (X;,0;) as a
family of positions and heading angles for deterministic and stochastic J-K models,
respectively:

X=(z- 2N eR?® o=@ - V)eR",
Xe=(af, - ,2)) eR?™, O, =(0,---,0) eR".

For the heading angles, we represent them on both unit circle S' ~ R/(27Z) and
its covering space R with natural quotient maps p and e’"):

p:R—=R/(27Z), ) :R—Sh

2. PRELIMINARIES

In this section, we briefly discuss basic properties of the deterministic and sto-
chastic J-K models exhibiting nematic alignment asymptotically, and present a
priori estimates for a later use.
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2.1. The deterministic J-K model. Let (X, ©) be the phase vector for positions
and heading angles of J-K particles without noise. Then, its dynamics is governed
by the following ODE model:

:tj:(cosﬂj sing?), t>0, j=1,---,N,

(1) J J
Nzw 2% — 7)) sin2(* — 67).

In this model, we will analyze symmetries and order parameters which can explain
dynamical properties.

2.1.1. elementary estimates. First, we consider a transformation (X, 0) — (X, 0):
for any s € R, we set

2) P {c.oss SiIlS:|mj7 gj::9j+3’ j=1,---,N.
sins  coss

This implies that system (1) is invariant under the rotational transformation (2).
Moreover, as in the Kuramoto model[27], we can see that the total sum of heading
angles is conserved along the dynamics (1).

Proposition 2.1. Let (X,0) be a smooth solution to system (1) with the initial
data (Xin,©in). Then, the total sum of heading angles is conserved along the
dynamics (1):

N
> () Zﬁm,tz
j=1

Proof. We sum (1), over all j and use the index exchange trick j <= k:

d N K N . .
G = S (e a7 sin2(6 )
j=1 k=1
[ - ;
N Z (|27 — z*||) sin2(#7 — 8F) =0

to get the desired estimate. O

Next, we present elementary calculus type lemma to be used in Section 3 and
Section 4.

Lemma 2.1. [9] Let © = (01,--- ,0N) be a heading angle configuration in RN such
that

max |0 — 67| < 27.
i

If there exists a constant § > 0 and indices m,l, M € {1,--- N} satisfying
—5<o <M 45,
then we have

(3) sin(A™ — ™) — sin(AM — 0') — sin(p' — ™) < 20.
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Proof. For simplicity, we set
0 :=0' — 67, 1<i,j<N.
Then we can transform our target function
sin(0M — ™) — sin(6M — 0") — sin(6' — ™)

to
sin 0M™ — sin 6M! — gin 9™
eMm ng QMZ _ elm QJV[m oMl elm
= 2sin cos —cos —— | = —4sin sin — sin ——.
2 2 2 2

Now, we consider the following trichotomy:
(1) O <om(< O +6) (2) M <O(<OM +6) (3) ™ < 6 < oM.
For the first two cases, we have
cither 0™ <6 or |§M!] <4,

This yields
HMm 9Ml 91m
sin 5 sin

)
sin O™ — sin AM! — sin 9™ = —4sin §4-1-1~Sin§§25.

Mm 0Ml

For the third case, since QT, “5- and % are all contained in [0, 7] and therefore

their sine values are all nonnegative. Thus, we can immediately see that (3) holds.
g

Remark 2.1. In the previous paper [9], the estimate (3) was obtained for § = 0.
However, for later analysis dealing with the first relaxed collision time 7°(8) in
Section 4.2, we will use (3) with 6 > 0.

2.1.2. Order parameters. Before we introduce the order parameters of phase config-
uration, we first define the notion of asymptotic alignment and nematic alignment.

Definitino 2.1. Let © = (6',---,0Y) € RY be an angle configuration whose
dynamics is governed by (1).

(1) We call the configuration © exhibits asymptotic alignment if
tlim [0:(t) —0;(t)) =0 mod 2w, V1<i,j<N.
— 00
(2) We call the configuration © exhibits asymptotic nematic alignment if
tlim [0;(t) —60;(t)) =0 mod m, VI1<i,j<N.
— 00

It is easy to see that the (asymptotic) alignment of © implies (asymptotic)
nematic alignment.

Now, for © = (#',--- ,6") and n € N, we introduce the n-th order parameters
(Rp, ¢n) by the following implicit relation:
N
(4)  Rn(©)eln®n(®) .= ~ S e R,(©)>0 and ¢,(0) € R/(2rZ).
k=1

By using the order parameters defined above, we can recharacterize the asymptotic
alignment and nematic alignment as follows.
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Proposition 2.2. Let © = (6%,
is governed by (1).

-,0N) be an angle configuration whose dynamics

(1) The configuration © exhibits alignment asymptotically if and only if
tlg(r)lo R1(O(t)) = 1.

(2) The configuration © exhibits nematic alignment asymptotically if and only
if
lim Ry(O(t)) = 1.

t—o00
Proof. First, we observe that the order parameter R,,(©) can be represented by the
average of N cosine terms:
L jin(0—6n(0)) Lo in@ on@n| _ Ly
Rn(@):NZe B =Re NZ@ n :NZCosnG —pn(0)).
k=1 k=1 k=1
Then, since cos(+) is even and sin(-) is odd, we have

1 1 &
— Zcosn (0n(O) — 03 ( Z cosn(6 (@))>
N

5
(

|Ra?

(5)
! 3 in(6n(©)=6) <;{Z n(6"~on @)))

and therefore

N k 1 k_gi 1 I
—gJ in —7 ;
|R,(© Z mOT=0") — Re N2 Z (=0 = 2 Z cos n(0%—67).
k= Jk=1 Jk=1
Hence, the convergence of R,,(©) to 1 is equivalent to the convergence of cosn(6* —
7) to 1 for all j and k, which concludes the desired result. (]

2.1.3. The diameter of heading angles. Though the order parameter explains a lot
on the bifurcation phenomena such as stability, the diameter function is more useful
to show the emergence of collective behavior. In a series of papers [10, 15, 16, 20]
for the synchronization estimates to the Kuramoto model, the diameter of heading
angles

_ i _ Qi
(6) D(©) =  max [0"— 0]
and that of the derivatives D(©) := max; ; |6 — 67| play the key roles as Lyapunov
functionals when the heading angles are confined in a half circle. Indeed, at least
intuitively, D(©) should refer to the minimal length of the connected arc contain-
ing the set P(©) := {eiel, e ,eigN} C S for any given angle configuration ©, while
definition (6) does not always give this ‘intuitive’ diameter for general angle configu-
ration ©. The simplest example of this disagreement is when © = (6, 62) = (0, 2).
Although definition (6) may not give the intuitive diameter in S for every generic
phases, (6) has been mainly used as definition of phase diameter in [10, 15, 16, 20],
when the configuration P(0) is confined in a half circle. This is because the oscil-
lator phases {#*}}¥, in Kuramoto model has a 2r—periodicity, and therefore the
27 translation of 6° does not affect the dynamics. Thus, if P(©) is in a half circle,
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we can apply 2m—translations to ‘lifted’ phases 6% € R several times if necessary so
that the intuitive diameter coincides with (6).

However, to describe the nematic alignment state, this modification of angles by
2m—translation is not allowed anymore. For the nematic alignment state, we may
consider £(0) as the half of (intuitive) phase diameter D(20) for the heading angle
configuration ©:

LO)=0 <= D(20)=0 <= 0O : nematic alignment state.

The problem arises when we apply 27 —translation to doubled angles {267}
odd times. If so, the corresponding # must be translated by 7 odd times and re-
verse the heading angle of the individual. Therefore, this modification may cause
a miscalculation of relative distances ||2* — 27| and affect the evaluation of whole
state variables {(z%, %)} .

In order to define £(©) properly, i.e., evaluate intuitive diameter D(20) unam-
biguously, we first consider the connected components in the excluded set S—P(20).
Since each connected component ¢ of S — P(20) has a connected complement
S — ¢ containing P(20), the maximum length among them coincides with the value
21 — D(20). Thus, we define a set of intervals I'(20) and Lyapunov functional
L(©) for nematic alignment states as below:

I'(20) := set of all connected components in S — P(20),

1
L£(O) = 7(2 - )
(0) =327 = max
where |v| is the length of the interval . Therefore, £(©) denotes the minimal
length of arc A C R/(27Z) which satisfies

PO) C AU (A+T).

2.2. Elementary stochastic estimates. In this subsection, we recall two ele-
mentary lemmas in relation with the stochastic process. First, we list some basic
properties of Brownian motion to be used in Section 4 whose proof can be found
in [6, 32].

Lemma 2.2. Let B; be the standard one-dimensional Brownian motion. Then, the

following assertions hold:

(1) (Andre’s reflection Principle[32]): for any time T > 0 and positive number
a?

M)

]P’{ sup B; > a} =2P{Br > a} < £e_gf.

0<t<T ma?
(2) (Bounded Ornstein-Uhlenbeck (O-U) process|6]): there exist co,r9 > 0 such

that if
\VVh o —cou?
[ — 2 <
r( . T \/;h—i—Z/Te <o,

we have

t
h vh?
]P’{ sup V2 [ eV dB, > } < Ae” 222,

0<t<T 0 o
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where A = A (%, v, T) has an following order with respect to g, v,T:

37272
A:\/72V T2h [1+O<T(ﬁh,yT)+1+110g<1+ﬁh>)].
o o v T o

Next, we define a martingale process Y; as a solution of the following SDE: for
eachi=1,--- N,

(7) dY, =V20DdB,, t>0, Yy=0, where|D,|<1.

In the following lemma, we provide the worst bound estimate from Doob’s expo-
nential martingale inequality.

Lemma 2.3. [32] For a constant h > 0, the process Y; defined by (7) satisfies

h2
8 ]P’{ su Y>h}§ex (——)
( ) ogth t P 40T
Remark 2.2. Note that the estimate (8) has the same order as for Brownian
motion (see (1) in Lemma 2.2).

3. THE DETERMINISTIC JUSTH-KRISHNAPRASAD FLOW

In this section, we study a nonlinear stability of the nematic alignment state to
the deterministic J-K model. To verify an asymptotic stability, we begin with an
initial datum close to a nematic alignment configuration (bi-polar configuration in
angle), and show that the particles will stay in their own groups and will align with
either ¢ or g9 +7 asymptotically. We denote 1, by the minimum of 9 (||z* —z7|)
for all %, 27 € R2.

Theorem 3.1. Let (27,607) be a smooth solution of (1) with initial configuration
{(xzn795n) “;,\[:1 Sa’tlsfylng
i
ﬁ(@zn) < 5

Then, the Lyapunov functional L(©) shows the following decay:
tan £(O(t)) < e~ 2¥mt tan £(0;,), t > 0.

For the proof of Theorem 3.1, as in the Kuramoto model, we first show that
L(©) is non-increasing along the flow (1), and then we will prove that it decays
to zero exponentially fast, as long as it is smaller than /2. In the sequel, the
assumption on the analyticity of the communication weight ¢ will guarantee the
piecewise analyticity of £(©) in t.

Lemma 3.1. (Contractivity of the Lyapunov functional) Let (X,0) be a smooth
solution of (1) with an initial configuration (X;,, ©;n) satisfying

™

5"

Then, the Lyapunov functional L(©) is non-increasing in t:

L(O(t)) < L(Oin), Vt=0.

0< ﬁ(@m) <
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Proof. We split the proof into several steps.

e (Step 1): First, from the construction of £(0;,), we may choose a well-ordered

phase configuration (a},,- -, ) which represent D(20;,) in the sense that
(1) 2L(O) = max laf, —a |, 20 = elohn for all j.

More explicitly, the angles {agn ;_vzl above can be defined by following way:
For a maximal open interval vy € I'(20,,,), we choose one lifted interval (ag, bg) of
~o satisfying the following constraints:

'yO:{eiS ZSG(ao,bo)}, bo—a():"}/o| <2m, 0<by<2m.

Then, for each j, we denote a{n as a unique element of {20% +2n7w :n € Z}
contained in (ag, ag + 27]:

{ad ¥ = {207 + 2n7:n € Z} N (ap,ao + 27).
Since 9 € T'(20;,,) and e = 621‘0{"’ these agns are indeed contained in
[bo,ao + 277] = (ao,ao + 271'] — (ao,bo),

and
(ao +2m) — by = 27 — || = 2L(Osn).

One the other hand, the maximality of 7 implies that e?® = ¢*(%0+27) and e are
contained in P(20;, ), and therefore

: - -
min o) =b max o) =ag+ 27
1<jen im0 gy im0 ’
so that the configuration {c/,, j-Vzl satisfies (1). Then, we find N integers nq, - ,ny

satisfying
a{n = 20gn +2n;m, j=1,---,N,
and define o’ (t) by
ol (t) := 207 (t) + 2nm
so that €@ (1) = 207 (1) for all 1 < j< Nandt>0.

Now, from the analyticity of the communication weight t(-), the solution {(z7, 67) ;-V:l
of system (1) is analytic. Since each o/ differs to 267 up to constant, o’ is also ana-
lytic. Therefore, any zero set of @’ —a? has no limit point unless 26* = 267 along the

whole time. This implies that o™ and o™ are continuous and piecewise smooth in .

e (Step 2): Next, we can choose indices m, M for each time ¢, where o™ (t) and
aM(t) are the minimum and maximum values in R. Then, from the initial data,

aM — o =2L(0,,).

in
From the continuity of o/(t), there exists a time Ty > 0 satisfying

Mty —a™t) <7, 0<t<Ty.
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Then, it follows from (1) that

da™M 2k X
% — ﬁ“ D p(flak — 2M ) sin(a® — M) <0,
(2) P
o™ K . m
N Z¢(”Ik — ™) sin(a” — a™) >0,

ES
Il
—

for all but countably many t where a™ and o™ are both differentiable at ¢t. There-
fore, since o™ (t) — a™(t) is absolutely continuous and its derivative is nonpositive,
it is non-increasing for all time ¢ > 0.

e (Step 3): Since aM(t) —a™(t) < 7 for all t > 0, the arc

{eis is € (O‘M(t) —2m,a™(t)) }

is an element of T'(20(¢)) with the length larger than w. Therefore, this interval
has the largest arclength among I'(20(¢)) and o™ (t) — a™(t) is still the same as
the diameter D(20(t)), i.e.,

2£(0(1)) = 27 — (a™ () — (2™ (1) — 2m)) = (™ () — @™ (1)),

and hence £(O(t)) is non-increasing in ¢. O

Remark 3.1. 1. In the proof of Lemma 3.1, we use the condition L(©;,) > 0 to
guarantee the existence of o™ and o™ for a.e. t. On the other hand, if the J-K
particles are initially nematically aligned, that is, £(©;,) = 0, the heading angles
of those all particles are unchanged for whole time t. Therefore, we exclude this
trivial case from our analysis.

2. Since o < a™(t) < () < aM(t) < oM, ai(t) is contained in the fived
interval [, aM] for allt > 0 and 1 < j < N. Therefore, if we fir two closed
intervals

m M m M
YA = {e”:se {OZ”,OZ”]}, vB = {e”:se [OZ” + 7, O;" —|—7r]},

and two index sets

A= {j el ¢ ’)/A}, B = {j L etfin € ”yB},

we have
e ey, for A, and €”W ey for jeB.

for all time t. That is, there exist two fized closed connected arcs with arclength
L(O;,) at the opposite so that each heading angles stay exactly one of them all the
time.
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Proof. Proof of Theorem 3.1 We combine the two inequalities in (2) and apply
Lemma 2.2 for § = 0 to get

(3)

LL(0) = 5 F(aM —a™)
o N
=N > {d}(ffk — ) sin(oe — anr) = Y([|2e — Tml]) sin(ar — am)
k=1
< % ’;d)m [sin(ak —ay) —sin(ag — o)

<~k sin(a™ — ™) = —kap,, sin 2L(O).
Then, we use
/csc 2z do = %log (tanz) + C
to integrate (3):
(Z (log (tan £(©))) + 2k, < 0.
This yields our desired estimate:
tan £(O(t)) < tan L£(O;,)e 2Vt
(I

Remark 3.2. Consider the generalized J-K particles in the whole space R? again:
@zl
@ dt
4 ; N
¢’k I & ; ;
— = — — 2(0% — 67 J e R.
&~ 3l - Dsnat -0, 0

= (cos#?,sin®?), t>0, z/ecR?® j=1,---,N

) )

From these equations, one can show that D(X (t)) is differentiable for all but count-
ably many (and not accumulating) time t, and its derivative is less than or equal

to 2:
) o

Then, we can combine (3) and (5) to obtain the sharper differential inequality when
1 does not have a positive lower bound:

dL(®) _
dt —

<2.

—kp(D(Xip) + 2t) sin 2£(0).
This implies
D(X )42t
tan £(O(t)) < tan L(O )e —r oy w(s)ds

In particular, whenever v is not integrable, i.e.,

A“M@@:m

L(O) vanishes asymptotically and nematic alignment occurs.
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4. THE STOCHASTIC JUSTH-KRISHNAPRASAD FLOW

In this section, we present preparatory lemmas for the stochastic persistency
estimation in Section 5. We introduce a relaxed version of collision and provide
some probability estimates of stopping times related to this relaxed collision event.

Due to additive white noise, the continuous sample trajectory will depart from
the nematic alignment state eventually even if they are initially close to it. Thus,
from the view point of dynamical systems theory, the nematic alignment state is
unstable in the sense that there always exists a continuous sample path depart
from the small neighborhood of nematic state asymptotically. In the following two
sections, we are interested in the following stochastic persistency question:

“For a given initial configuration close to nematic alignment state
and finite-time window [0, 7|, what will be the probability that the
stochastic flow stays in an e-neighborhood of the nematic alignment
state?” To fix the idea, note that £(0©;) = 0 denotes the nematic
alignment state. So for a given T and e, the probability

(1) lP’{ sup L(©) > 5}
0<t<T
will measure how much the configuration deviates from the nematic
alignment state.

Since the stochastic J-K flow is nonlinear, we might not be able to have an exact
probability (1) depending of T" and e. Therefore, our primary goal of the following
two sections is to provide a non-trivial lower bound for such probability. To do this,
we will employ several stopping times in the sequel analysis. Below, we introduce
a relaxed first collision time and its related probabilistic estimate.

4.1. Relaxed first collision-time. Consider a general stochastic Justh-Krishnaprasad
model:

dz{ = (cos@{,sinf){) dt, t>0,j=1,--- N,

N
o7 = % S w(|lzf — 2] sin2(6F — 6)dt + V2odB].
k=1

In the deterministic flow (1), once the communication weight function 1 is ana-
lytic, then the collisions between two heading angles occur only finitely in a finite-
time interval. Thus, the Lyapunov function £(©;) can be described in terms of
maximum and minimum phases o™ (¢) and o™ (t) which are piecewise analytic.

However, in the stochastic flow, the zero set of phase differences o’ — a? can
be infinite in a finite time interval due to the lack of regularity. Thus, we need to
modify the concept of the maximum and minimum phases. We adopt the technique
of “relaxed first-collision time” [18] and estimate the dynamics of £(0;) until the
collision time.

For this system of stochastic differential equations, we repeat the phase repre-
sentation (aj,--- ,al’) from the proof of Lemma 3.1 with respect to D(20;):

N
2 . . :
SIS (|l — |l sin(af — of dt + 2v/20dB],
k=1

2 S
() dat N
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whose initial data satisfy

25(@”1) = ma}gx |ai€n - azn :
J

)

As we have seen in Lemma 3.1, the above equation also holds for ¢ > 0 whenever

max |afn — a{n| <.
J.k

For a given § > 0 and initial configuration (X;,,0;,) € R2Y x RM, we choose
one pair of indices (My, mg) and relaxed first collision-time 7°(8) := 7°(6; Xip, Oin)
of the time-dependent interval [a]™ — &, a;™ + 6] as follows:

mo .__ : J Mo
in = HUD QG Ay,

‘= max o’ , and
1<j<N

Q.
1<G<N

79(0; Xin, Oin) := inf {t >0:al ¢ [a™ — 5,0t + 6] for some z} .

Note that the indices My, my are determined only by the initial data and will

not be changed for all time #. From definition of 7°(d), a/™ and a;’ may not be
the minimum or maximum of {aj,--- ,al¥} for some ¢t < 7°(§). On the other hand,

for t < 79(8), we have the following estimates on the diameter of o7 :

mz}x@x|af —al| <aMo—qa"™ 425
7,

Therefore, we can use the equations (2) to bound £(0), which will be presented in
Section 5. Before this, we need to estimate the collision time 7°(5).

4.2. Estimate on the relaxed first collision-time. In this subsection, we present
a quantitative estimate on 7°(d). Even in the deterministic case, 7°(4) is not in-
finity in general. Hence, we estimate the probability that 79(§) is less than a small
constant value. For this, we set

. )
(4) Cs := (1 +sind)yp — cosdpy, and Ts:= 0y

Note that for 0 < § < 1,
Ts 1

s, Cs = ¥n = ¢m >0, lim -2 = 2o

Let (X4, ©;) be a stochastic J-K flow issued from the initial state (X;,,, ©;,). Below,
we provide an estimation on the probability:

P{To(é;Xm, Oin) < T5}.
Note that the defining relation (3) implies
7°(8; Xin, Oin) < Ts
(5) <~ 3Jje{l,---,N}, t<Ts such that
either of <™ —§ or of >aM 44

Hence, we introduce the collision time of a pair of angles: for § > 0 and a configu-
ration (X;,, ©in),

(6) 79(8; Xin, O;p) := inf {t >0: a;‘; +0< a{, (X0,00) = (Xin, @m)} .
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Then, the probability for the event (5) can be expressed in terms of (6):

P{7°(8; Xin, Oin) < Ts}
_ : : Jj__ . mo _ : Mo _ J _
(7) =P{3j s.t. t1<n7£5(at ;) < —=§ or tliqué(at ay) < =6}
<P{3j:1I™(8; Xin, Oin) < Ts} +P{3 5 : 7M09(§; X;,,,0i) < Ts}.

In the following lemma, we estimate the above probabilities quantitatively.

Lemma 4.1. For any ¢ € (0, %), the following estimates hold.

j 320 16C
. Jmo(s. Y. ) < ~5%s
() P55 5 XinyOun) < Ti) < | o=
(ZZ) P{TMOj((S' Xin @Zn> < T[;} < 4\/We_ N:f;ré .
o ="V 7rdCs

Proof. Since the derivation of the estimate (ii) will be similar to that of (i), we only
consider the estimate (i) below. The proof looks complicated and technical, but
basically we want to bound a{ by drifted Brownian motions, whose probabilities
are discussed in Lemma 2.2. We split the proof into three steps.

e Step A: For each j, from the sample space (2, consider a continuous sample path
al™(w) = af (w) — " (w) for w € Q, where

w e { inf (a{ —a") < —5} = {79™0(8; Xin, Oin) < Ts}.
t<Ts

Since each o/ has a continuous path, we know
7m0 (0; X, Oin) < 7™0(8; X, Oin)-

Thus, we may change the initial time into 79™°(0) in the following way: For given
initial data (X, 0;,) and ¢ > 0,

{w s inf o™ (w) < —6} = {w : inf o™ (w) < —6}
rimo

t<Ts (0)<t<Ts

™) < -3}

Clw: inf
7Imo (0)<t<Ts+7i™0(0)

= N i f ( J — Bno ) -
{5, dnt, (6= prow) < o},
where £} (w) := ai+7jm,0(0) (w) foralli=1,--- N and t > 0.

Since we do not have enough information on 3§, we do the Worst—caselanalysis.
Let A be the set of all initial configuration (X, ©;,) satisfying &}, = &,,. Then,
the collision-time 7% = 7Y(§, X;p, O4n) for (Xipn, ©in) € A% can be defined by

F9(85 Xin, Oin) = inf {t > 0 |af — of| > 8, (Xo,00) = (Xin, Oun) } -
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Since Bjmo = 0 and the stochastic process ; satisfies the same SDE (2) as «y, we
have

P{77™(8; Xin, Oin) < Ts}

= ]P’{w: inf o™ (w) <
) <

5}
t<Ts

®) <P . inf gI™o )
< w-tngaﬁ (w) < —
(6; Xin,©

< sup P{7imo
(X’inyein)EAjmo

m) < T(;}.

e Step B: Consider the initial configuration (Xm, ém) € AV and for simplicity,
we set
;] = 'd](”l't_th) and 5‘? ::dl_aga Z?j:17 aN-

We claim: for t < 77m0(§; Xin, (:)m) A Té,

& —ap > —- + 2v20(B] — B{™),
(9)
&l —amo <2 + 220 (B) — B™).

Proof of (9): Note that for t < 7m0 ((5' Xin,Oin), we use the trignometry identity:

km ~kj

~kj
sin ;™" = sin dy 7

cos @™ + cos a Ao

sin (e

to get
N
. 2 . ,
d&i™ = ﬁ”” 3 (wfj sina® — gFmo sin &fmf)) dt + 2v/20d(B] — B™)
k=1
N
(10) - Z (( PFT k™0 cos aI™0) sin @Y — F™0 sin ad™ cos o?kj) dt
N ¢ t t t
k=1
::J]g'mo

+2v20d(B) — B™).
o Case A (Derivation of (9),): To derive a worst lower bound for 7, we use

|at - at 0| < 6 for t < %jmo(é‘;Xm’ ézn)

and
.y ~
¥l cos @™ | < ahap — P €OS 6, ‘wkmo sin a2 cos @i | < ppy sin é,
to see
, .y . Y
T = (7 = PFm cos &™) sin @y? — pF™ sin &)™ cos é)’
(11)

f(wM(l + sind) — ¢y, cos 6) = —Cs.
We combine (10) and (11) to get

(12)  dal™ > —2kCsdt 4 2v20d(B] — B™), t < 7™ (5; Xin, Oim).
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Next, we integrate the above inequality (12) using the relations:

) ) -
& —ame =0 and 2kCst < 2kC5Ts5 = 2 for t < 77M0(8; X, ©4n) A T
to get
. ) ) ) .
(13) &l —are > -5+ 2V20(B] — B"™), t<#™(§; X4, 0i,) A Ts.

o Case B (Estimate of (9),): Similar to Case A, we have

, 5 , , -
(14) di—d:ﬂo < §+2\/20’(Bg _ano), t<7~']m0((5;Xin,®in)/\T5.
Finally, (13) and (14) yield the desired estimate (9).
e Step C: Next, we show the following inclusion relation:

(15) {77085 Xin, Oin) < Ts} C { sup |2v20(B! — B"™)| >

t<Ts

)

Suppose that there exist a sample point w satisfying

7~_jmg (67 Xina éin)(w) < T(57

and 5
sup [2v20 (B — B™)| (w) < .
t<Ts 2
Then, we have
sup |&d — @
t<Fimo
< sup |& —a™ —2v20(B! — B™)|+ sup [2v20(B] — B™)
tS,":jnlU tS‘T’ij
< sup |&l —a"™ —2v20(B! — B™)| + sup |2v20(B) — BI"™)
t<Fimo AT t<Ts
o 6
<z +z-=0.
2 * 2

Since this gives a contradiction to definition of 770, the inclusion relation (15)
holds.

e Final step: Let (f(m, (:)m) be any initial configuration in A7™°. Then, we use the
relation (15), Andre’s reflection principle (see (i) in Lemma 2.3) and the relation

B] — B™ = /2B, for some standard Brownian motion B;

to obtain

2v20 (B! — B"™)| >

IP{TJmO( Xm,@m) <Ts} < ]P’{sup
t<Ts

(16) = QP{sup 2v/20(B] — B™) > g} = QP{sup B; > 0 }

t<Ts

/20T5 _ [ 320 g»éca
128 T5 — 32
7TI€(5C5

Finally, the desired estimate follows from (7),(8) and (16). O
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As a direct application of Lemma 4.1, we obtain the probability estimate on the
event {7°(8; Xin, ©in) < Ts} as follows.

Proposition 4.1. Suppose that for a positive number € > 0, the system parameters
K,0 and control parameter § satisfy

32
(17) k>0, 0>0’5€<Qg)”/mg <e,
§

and let (X, 04) be a stochastic J-K flow with the initial state (X;n, ©ipn). Then, for
any small § > 0, we have

8N —2
1 P{7r°(0; X, ©; Ts) < 2 ce®
(8) {T (57 ma®m)< 6}_ﬁ6€

Proof. We combine (8)-(16) to deduce
P{7%(0; Xin, Oin) < Ts}
<Y P{FIT (8 Xin, Oin) < To} + Y P{FMOI (6 X0, ©50) < T}

J J

= Z [ sup P{77™(8; Xjn, Qi) < Ts} + sup P{#M7(8; X, ©in) < Ts}
(
J

Xin,©in)EAI™0 (Xin,©in)EAMI
320 KOCs
<8N,/ IEEE N
- 7k0Cs €
Now, we use the relation (17) to get the desired estimate. O
Remark 4.1. (1) For the constant ¥(r) = oo, we can improve the estimate
(18) as follows.
. ity o . ,
da]™ = TOO Z (sin ol —sin afmo) dt + 2v20d(B] — B{™)
k=1

—2k1hoo0dt + 2v20d(Bi — B, t < 7"(8; Xin, Oin).
Therefore, for any 6 > 0, we have
20
2

Y

P {%jmo (6; X’im ém) < } < [P{ sup ‘2\/ 20’(35 - B"™)
)

4Ktoo

t<1/(4Kvoo
; ) 32 oo 52
= 2P sup  2v20(B! — B*°) > < \/7026— 5 ,
t<1/(4Ktpoo) 2 TR ool
320 Koo 82
P{r°(5; Xy, © Tsy < 2N,/ —"2 e~ 3% -
{77(6; X0,00) < T5} < wn@bmé?e

Note that this coincides with the result in [18] for the identical Kuramoto
model (D(€2) = 0) with additive noise.

(2) The N—dependency of the result (18) comes from definition of ° and the
additive noise in (1). Since 7° = 7°(8) is defined as the first collision time
of ozg to either aj"® — 6 or aiwo + § for at least one j, the probability of the
event

{7‘0 < Tg}



18 SEUNG-YEAL HA, DONGNAM KO, WOOJOO SHIM, AND HUI YU

can only be controlled by the N—times of probability for the collision event
for each o, unless we can relate the event of collsions for different a’s.
However, as the additive noises {ng}é-Vzl are assumed to be independent
to each other, we are not able to acheive this.

5. STOCHASTIC PERSISTENCY OF NEMATIC ALIGNMENT STATE

In this section, we conclude the stochastic persistency estimate, which provides
us a nontrivial lower bound for the probability in which the system stays near the
nematic alignment state. Since the proof for our second main result will be very
lengthy, we first briefly discuss our main result and a strategy to prove it, and then
provide its detailed proof in the second part.

5.1. Main result and strategy. Consider the following system of stochastic dif-
ferential equations:
dxl = (cos 6!, sin6?) dt, t>0, j=1,---,N,

(1) 261

N
% S w(|laf — 2] sin2(6F — 6)dt + V2odB],
k=1

where o is a positive noise strength and we assume that the communication weight
function v is Lipschitz continuous and strictly positive such that there exist positive
constants 1, and s such that

(2) 0<tm <¥(lz—yll) <o, Va,yeR>

Our goal for this stochastic differential equation (1) is the derivation of a similar
result to Theorem 3.1. Although we cannot expect the asymptotic nematic align-
ment of the stochastic flow (X, ©) as in Section 3, we analyze the first exit time of
a process L£(0;) from finite interval [0, Do], where D, is a given positive constant
smaller than 7. In fact, we need some time-dependent barrier function L(s) which
gives a sharper bound on £(0y), i.e., L(s) < Dy for all s > 0. Then, under some

sufficient framework, we estimate the probability of the event
{E(@S) exceeds L(s) at least once for s € [O,t]},

which naturally induces the boundedness (by D) and decreasing behavior of
L(O).

Before we present the stochastic persistency estimate for (1) - (2), we introduce
several notation including the barrier function L(s): for positive constants § and
Do < 3, we set

sin 2D ) 5
Ry = 5D Cs = (1 +sind)yn — cos oy, T = yeR
1
L(S) = (‘C(@O) +5)672mﬁme5 + %(1 _ 672;<me005) +6
(3) S
+2§Ze RWYm oo (=T SX(rT57 00)s

r=1

1) ot Roo 62 320 6xCy
Po = A o 2 Ro, Ty ) e~ 22855 44N, f =
(ﬁg wp 5>e AN ToRes €
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where r = r (‘/Eh,uT) and A = A (%, v, T) are the functions defined in Lemma
2.2:

h 2
r (ﬁ 71/T> R 0,
o N

37212
A(h’y,T): 2VT’2h|:1_~_O<T<\ﬁh’VT>+1+1IOg(1+
o o v T

)]

Now, we are ready to state our second main result on the emergent dynamics
for (1) - (2).

Yo

Theorem 5.1. Suppose that the initial data ©¢ and system parameters K, o, §
satisfy the following relations:

. 5¢M 20 m
L(Og) + 26, +0+ = <Dy < =,
(@ max{ ©o)+20 o R PO T } 2
4
) (i) r (5\/ meRoo,Zmz/)mRooT(;) <o,
o

(iii) Py < 1,

and let © be a solution to (1) - (2) with the initial data ©;, (see Lemma 2.2 for
definition of r). Then, for any positive integer £ > 1,

(5) 1}»{35 < Ts: L(O,) > L(s)} <1-(1-Py)"

Proof. We use iterative methods using the time step 75, which is given by the
collision time 7°(§). In order to use induction, we split the proof into several steps.
Here, we briefly sketch three main steps:

e Step A: As we explained in Section 4.1, we first define phase process a; =
(af,-++,ad). At t = 0, we choose the maximal and minimal values among
{a},--,al}, ozéwo and «af, and fix the indices My and mg. Then, for
t €0,7°(6)), we have

under the assumption of

max la¥ —al| < 2D.
Js

We estimate the process oziwo —a*?, which is expected to decrease in a high
probability from the deterministic model.

e Step B: Provided that 7°(§) > T, we reindex maximal and minimal indices
of « at the time ¢t = Ts defined in (3) and do Step A again: We choose
the maximum and minimum indices M; and m; at time Ty, and estimate
the process £(0;) until t = 275 by using a1 and o™ . By iterating this
procedure, we may estimate the probability on the bounds of £(O11)7;)
under proper assumptions on L(O,r; ).
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e Step C: After estimating £(0;) inductively, we will estimate the probability
for the whole interval [0,¢]. We split this probability into three parts. The
first part is from the fluctuation of a{ from noise, which can be estimated by
Lemma 2.2 (ii). Secondly, the estimation of {7(d) > T5} in Proposition 4.1
at each time t = kT}s. The last one is on the assumption of max; ; |of —a| <
D, which will be treated by the assumptions (4). In conclusion, we build
a recurrence inequality

(6) P{r, > ({+ 1)T5} > (1 — Poo)P {7y, > (T5},
for the stopping time 77, which represent the left-hand side of (5),
7 :=inf{s > 0: L(O;) > L(s)}.

Remark 5.1. Note that the estimate (5) can be rewritten as follows.

]P’{ onax L£(8,) < L(s)} > (1— Py)b.
Thus, in a finite-time interval [0, (Ts], at least with the probability (1 — Ps), sto-
chastic J-K particles will stay in a region where L(O) is less than L(s). Since the
estimate becomes trivial as { — 0o, our estimate (5) provides a useful information
only in a finite-time interval. Moreover, from how we defined Py in (3), one can
see that choosing the constant § arbitrarily small makes P, larger than 1. There-
fore, in Theorem 5.1, it is more likely to consider § as a fixed positive constant, and
Py now becomes small when % is large.

5.2. Stochastic persistency of nematic alignment state. From now on, we
provide the detailed proof of Theorem 5.1.

5.2.1. Step A (Initial time-zone estimates). We first consider the time ¢ € [0, Tj].
From the initial data, we choose extremal indices My, mg as in (3). Then, we need
to study the evolution of aiwomo = oMo — ay, where the phases are in a half
circle, max; ; [af — of| < 2D

For the condition on the half circle, we define the first hitting time of aiwomo +20
to 2D, as follows:

5 (8) =75 (8, Xin, Op) :=1inf{t > 0: o™ +25 >2D,}.
~max; g ok —ad|

Note that for t < 7°(4),

a —§ < af Saiwo-ké’ k=1,---,N.
This yields
(7) 0<afmoys  ofMo_g§<o.
On the other hand, for ¢t < 7-2,00 (%),
(8) a0 426 = (0% 4 8) + (af™ +0) < 2D

Finally, we combine (7) and (8) to see that for ¢t < 7°(8) A 7p_(9),

0<af™ 4 §<2Dy <7 and —7< 2Dy <afM _§5<0, k=1,---,N.
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Now, we use the inequalities |sinz — siny| < |z — y| to see
(9) | sin Mo — gin(afMo — §)] <4, |sinal™ —sin(af™ +§)] < 6.
Then, we use (9) to see that for ¢ < 7°(6) A 7D _(6),

Momo
dag

=

N
2
_ 2R E [ fMO sinanO — kmo smafmo}dt + 2\/200[(35\40 — B™)
k

=1
< kXN:l [ fMO(Sm(anO —9) +5) - fmo(sm(oztmo +9)— )}dt

+ 2v20d(BM — B™)

2\“

e
1) N
+2V20d(BM° — B™)

g?@"i[— EV0 (R (@ + 6) = 8) = 6™ (Roo(af™ +6) — 8) | at

fM(’(sm( Mok+5) 5)7 fmo(sm(atmoJré) 6)]dt

k=1
+2V20d(B" — B;™)
N
< % >~ 2001 — Y Roo (@™ + 26)|dt + 2v/20d(B}" — B;™)
k=1

= 262001 — Y Reo (a0 + 28)]dt + 2V20d(BM — By™).
Here in the fourth equality, we used the relations:

Roo(ap’o% 4-6) .= 75112112)D (affoF 4 5) < sin(ap ™% 4 9),

and  Reo(a¥™ 4 6) < sin(af™ +§).
Thus, relation (10) can be rewritten as
(11) d(ap™™ 4 28) < 2K[209ps — P Roo (0™ + 28)dt + 2v/20d(BM0 — BJ™).
We apply Ito’s lemma to (aMo™0 4 25)e2m¥m Bt ysing (11) to see

d((aiwomo T 25)62nmemt> < dkdipp e Vm Bt dt 1 9/2ge2rYm Bact g(pMo _ pmoy,

This yields that for t < 70(6) A7]_,

1 1 5 ~
5(0475\40#10 —|—25> < 5(O[é\/lomo +25>6—2n¢mRmt + Ji‘é\/;(l _ e—2mmeoot) + /ZO'Zt(O),

where the O-U process Zt(o) is given by the following relation:

t
70 = / e~ 2m B (t=5) g(gM1 _ gy,
0
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Next, we also define the zeroth barrier function and stopping times:

Y
VUmRoo

1
77, := inf {s >0: 5(1?407”0 +0> Lo(s)} ,

Lo(s) = (L(GO) _|_5)e—2mmeoos =+ (1 _ e—Qme,Rocs) 1,

(12)

L, i=1inf{s > 0: L(O;) > Lo(s)}.

Below, we provide some stochastic estimates for Zt(o) and 77,. For notational
simplicity, we set
_ AYm Rood? 320 _sx0s

)
P =A(—,2k¢nRoo, T 20 P, :=4N 320
1 ( o Km R 5) e 2 775/*6056

Lemma 5.1. Suppose that the coupling strength k is sufficiently large such that

r (51/”%&”,25%1%&73) <.
g

(1) ]P’{ sup \/QUZt(O) > 5} < P,

0<t<T;
(ZZ) ]P){TLO <T5} <P +P =P,

Then, we have

Proof. (i) We choose k sufficiently large such that

7”(6 V ’ﬂ/}mRoo/Ua QmeRooTé) S To-
Then, we have
/9,70 _ rtm Rogd?
P sup v20Z; ' >0, < A(0/V20,260m Reo, Ts)e 2% = Pj.
0<t<Ts
(ii) Note that the relations:

1 1
L(Og) = ia(])\/[omo and L(0;) < 5Oéé\/fomo 46 fort< 7'0(5),

1
]P’{Els <Ts ATY(S) ATD_ - §ai\40mo +46> Lo(s)}

(13)
< IP’{ sup \/202,5(0) > (5} < P.

0<t<T

Next, we bound the probability for the event {71, < T5} as follows.
(14)

P{r, <T5} <P{rp, AT2(6) < T5} < P{rf, A 0(8) < Ts}

<P{r, STsAT(S)ATH_}+P{r0(8) < Ts} +P{rp_ < Ts AT°(8) A7}, }

=:T11 + iz + 13-
Here we used the following relations:

(1) 7, AT°(8) < 71,: This is clear.



STOCHASTIC PERSISTENCY OF J-K MODEL WITH ADDITIVE NOISE 23

(2) 77, AT(6) < 72, AT0(8): This is clear when 77, > 79(6).
If 7, < 7°(6), the set

{t>0:L(0) > Lo(t) and t < 7°(0)}

is nonempty and contained in
1 Mom 0
t>0:§at°°+5>L0(t)andt<7'(5) )

since £(0;) < éaiw“mo +6 for t < 19(4).
Therefore, we have

1
71, = inf {t >0: iai‘%mo +d> Lo(t) and t < 70(6)}

<inf{t>0:L(0;) > Lo(t) and t < 7°(8)} = 71,,
and
Tzo /\70(5) = Tzo < Trg =TLg A 70(5).
(3) The last inequality comes from the following relations:
{r7, ATO(8) < T5} = {7°(0) < Ts} = {75, <T5 <7°(8)} C {7}, < Ts ANT°(6)}
C ({’TEO <TATYG)ATH_PU{rd_ < Ts ATO(6) /\Tzo}).

Below, we estimate the terms 7Zy;, @ = 1,2, 3 separately.

o (Estimate of Z11): We use (13) to get

I < P
o (Estimate of Z15): We use Lemma 4.1 to obtain
320 9rCs
T15 < AN T30 = P,
12> 7orCs 2
o (Estimate of Z;3): In this case, it follows from (4); and (12) that
[X)Ys

Lo(s) = (L(Og) + §)e2r¥mTioes 4

0P
" Ym R

T (1)

< max {E(@o) + 4 } 4+ < Dy, Vs < Tg.

This implies

Ilg = 0.
Finally, in (14), we combine all the estimates Zy;, ¢ = 1,2,3 to derive the desired
estimate. (]

5.2.2. Step B (iterative time-zone estimates). In this part, we consider the time
interval [(£ — 1)Ts, ¢T5s] to see how the iterative estimate works. First, we set £ = 2.
If we assume that 77, is larger than or equal to T, then at the instant T, we have

0
L(O1,) < Lo(Ts) = (L£(Op) +§)e2r¥mli=Ts 4 R ¢g (1—e 2m¥mBaTs) 15 < D .
From the data at Ty, we can define new indices M; and m; satisfying

L(Or,) := %(a%l - a;?).
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We define the first barrier function L;(s) as follows:
Ly (s) := Lo(s)Xx(0,15]

0
+ (Lo(T(;) +6)672nmew(57T5) + ’(/}Lg(l _ 672m[1mRoo(sz(;)) +45 X (T3 00)

= Lo(8) + X(T5,00) - 20e ™ 2 Wm Roo (= T5)

where we used the defining relation of Lo(T5s) in the second identity.

Next, we define four new stopping times analogous to (3) - (6):

T(0) :=inf {s > Ts5: ol ¢ [al" —§,a) + 6] for some i},

1
T}Dm = inf{s >Ts - iaylml +0> Doo} ,

TI, = inf{s > Ty %aylml +0> Ll(s)} ,
71, '=1inf {s > 0: Dy(as) > L1(s)} .
For Ts <t < 7'(§) A7},_, we can formulate the copy of (10):
(™™ 4+ 26) < 26[20001 — Y Roo (0™ + 20)]dt + 2v/20d(BM* — B™).
By the same argument as in Section 5.2.1, we have

1 1 5 ;
5 (™ +28) < 5(a;?"“+25)e*2mew<t*Té>+7¢fgoo (12 e T00) 135 20,

where the O-Z process Zt(l) is given by

t—Ts
(1 —26Ym Roo (t—T5—s m
zM ::/0 e 2 o (t=To=8) q(pMy — B ).

Similar to Lemma 5.1, we have the following lemma.

Lemma 5.2. The following estimates hold.

(7) ]P’{ sup V2020 > 5} < P.

Ts<s<2Ts

1
(ii) P {35 (Ts <s < 2Ty AT(S) ATh_, ia;”lml +6 > Lyi(s)

TLo = T&} < P
Proof. (i) The first estimate can be done as in Lemma 5.1:

IE”{ sup \/202t(1) > 6} < A(0/V20,26¢mRe, T5)e™ 20 = Py.

T5<t<2T;

(ii) We use the first estimate to get

1
IP’{EIS 1 Ts < s <2T5s ATH(S) ATp_, 5a§”ﬂ”l +6 > Li(s)

) Ty = Ta}

< IP’{ sup \/20’25(1) > 5} < Py.
Ts5<s<2T}s
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Therefore, we get the required estimations for [Ty, 275]. For the general step,
[(¢ — 1)T5,¢Ts), we may proceed similar estimates by considering desired data at
the time (¢ — 1)T5.

Suppose that ¢T5 < 77, _,, and set indices M, and my, such that

L m
LOer;) = 5 (alfy —afit) -
and introduce ¢-th barrier function and ¢-th stopping times as follows:
1
Th_ =inf {5 > (T iaﬁhmf +6> Dm} ,
7H(6) :==1inf {s > (Ts : ol & [aT* — 6, al’* + 6] for some i},
Li(s) == Le—1(5)X(0,015)

1)
+ |:(Lg_1(€T5) +5)672m¢me(57€T5) + ng(l o 672/{111,,,LR00(57€T5)) +45 X (6T .00)

= Lo-1(s) + 202 m Bty )

4
— Ly() 4263 e AT
r=1

1
71, = inf {s > Ty : i(ai,w"m" +20) > Lg(s)} ,
71, =inf {s > 0: L(O,) > Ly(s)}.

For (T5 <t < 7%(0) A Tfjoo, we have

1
5 (0" 426) <

5 (a%«imz+26)6_2HwWLROO(t_ZT5)+ 6wM (l_e_QHanRoo(t_éTé))_’_\/%Zt(z)’

VYmRoo

N | =

where the O-U process Zt(é) is given as

t—LTs
~(0) . _ — 2K Roo (t—0T5— M,
Z§)~—/O e 2Bl =8 g pMe e ).

Then, we have

1
P {33 ATs < s < (0+1)T5 A7) /\Tﬁ,w, —aMeme 4§ > Ly(s)|mp, , > éTg}

2

=P {Tzk <(+1)Ts A 76(5) A Téoo TLey 2 ng} ,

P {Tzz <(U+D)Ts AT ATH

LTs<t<(l+1)Ts

TLo_y = £T5} < IP{ sup \/202@ > 5} < P.

5.2.3. Derivation of the recursive inequality. Now, we are ready to derive the re-
cursive relation (6). First, we define a global barrier function and stopping time:

L(S) = LO(S) + 20 Z e_QmeROO(s_TTa)X(rTg,oo)v

r=1

7 :=inf {s > 0: L(Og) > L(s)}.
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Note that, for any integer ¢, we have
L(s) = Ly(s) for0<s < (¢+1)T5,
so that we have the equivalence between events:
(16) {rp < (+1)Ts} = {rp, < (L+1)T5}.
Therefore, we get
P{r, < (£{+1)Ts}

=P {rp <{T5} +P{{T5 <71 < (¢+ 1)T5}

(17) :P{TL<£T5}+P{TL<(€+1)T5

TL ZZT(S}P{TLZKT(;}.

=:A
In the above equality, the conditional probability A can be bounded using (16) as
follows

L,

{’T Z+1T5TLF1>£T5}
< P{T <+ 1DTs\mp,_, > £T5} ]P’{Tz[ ATHS) < (0 + V) T5|m, , > £T5}
SIF’{T 6+1Tg/\7’(5)/\7’éOo

Thy , > zTé} +P {#(5) < (0+1)T;

TLy , = fT(;}

+P {Tfjoo SUE+)Ts AT, A 72(6)

TLe_1 Z ET(;}
=:To1 + Iyo + 1Lo3.

Next, we estimate the terms Z;, ¢ = 1,2, 3, one by one.

o (Estimate of Zo;, i = 1,2): We use similar arguments as in (15) or Lemma 5.1 to
get

(19) I <P, 1< P
o (Estimate of Zag): For Zs3, we use the condition (3) in (4) to deduce
IQ3 = 07

where we used the relation:

2
Ly(s) < L(s) < max < L(Og) + 20, LY + 0+ 72,1,%05 < Dgo.
'(/JmRoo 1—e 2GCs

Finally, we combine (17)-(19) to obtain
(20)
P{TL < (€+1)T5} :P{TL < €T5}+]P{TL < (€+1)T5

T, Z@Tg}P{TL ZfT,;}

< P{TL < €T5} —|—POOP{TL > ng},
or equivalently, we get (7):
P{ry > ((+ 1)T5} > (1 — Poo)P {71 > (T5}.
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From the induction on ¢ and Lemma 5.1, we conclude Theorem 5.1:
P{r, > (T5} > (1 — Pyo) " 'P {1y > T5} > (1 — Ps)".

Remark 5.2. For completeness, we need to check whether the condition (4) can be
achievable. If we take a limit 6 — 0, the left-hand side of condition (4)(i) becomes

8Doo - ¥m
max {L(@O), W} .

Therefore, if L(©g) < Do and % <1+ %, there exists a positive § satisfying

condition (4)(i). In addition, we require \/% > 1 and k > 1 for (4)(ii). The

probability estimate Pso also gets meaningful values (that is, Ps < 1) only if \/%
and k are sufficiently large for fived Ty.
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6. NUMERICAL SIMULATIONS

In this section, we present several numerical simulations to the deterministic
and stochastic models that demonstrate the ability of the models for simulating
both alignment and nematic alignment. We here used the forward Euler method
to the time evolution, and the stochastic model is simulated using the Box-Muller
transform to generate the noise terms at each time step, i.e.,

The noise term = V20 At j7

where &7 is the random number given by the Box-Muller transform, and At is the
time step. For the communication weight function v (s), we employ the following
Cucker-Smale type:

1
wC’S(S) = m

We assume all the particles move with a constant speed vy = 1 inside a square
domain [0, 10] x [0, 10], and periodic boundary conditions are imposed. Initially,
all particle’s positions X7’s are uniformly distributed in the domain. We employed
the following parameters for simulations:

1
forﬁziorl.

1
N =500, =20 and ﬁziorl,

where some of them adopt different parameters to perform detailed analysis, which
will be specified in the context. Moreover, the moving orientations at ¢ = 0 are
tuned to serve different purposes of the simulations.

Each simulation is characterized by two pairs of order parameters (Ry, ¢1) and
(R2, ¢2) introduced in Section 2:

N
. 1 opk
Rf(t)€1€¢e(t) = N E e’wt .
k=1

Note that R; ~ 1 and Ry ~ 1 indicates that the heading angle configuration ©
is close to alignment and nematic alignment, respectively. In the following figures,
the temporal profiles of (Rl, gbl) are shown with blue circles, and (Rg, d)g) with red
solid lines.

6.1. Deterministic models. In this subsection, we consider the deterministic
model given by the system (1). To simulate the alignment, the initial data are
given by a group of randomly located particles moving upwards, i.e. their orien-
tation angles 6 are contained in a quarter circle centered around 5. Similarly, to
simulate the nematic alignment, the initial orientation angles 6 are contained in
two quarter circles centered around 7 and 37”, respectively.
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Fig. 1 - Fig. 2 show the simulations of the alignment with f = % and 1,

respectively. The left figures show the order parameters (R[, qbg) for £ = 1 (blue
circles) and 2 (red solid lines). Here, the order parameters Ry and Ry both converge
to 1 due to the absence of noise. Meanwhile, the diameter D(©) and D(20) converge
to zero, as seen in the middle figures. The right figures show the Lyapunov function
L(0;) (green crosses) and the upper bound (red solid lines) given by Theorem 3.1.

Since we considered a bounded (periodic) domain here, the interaction ¥cg has
a positive lower bound:

o 1
Yos(lla' — ') =

1
(1+(10v/2)2)8 2017
This lower bound for ¢ is used to make an upper bound (red solid lines) in the
right figure of Fig. 1 - Fig. 2.

|o
22
S
o 2
log(tan(L))
)

-30 ~—Prediction
log(tan(L) % X2 X%

3 € 8 1 0 2 a 6 8 10
t

F1GURE 1. The deterministic simulation of the alignment with 5 = %
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log(tan(L))
¥
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0 5 10 15 20 25 30 0 5 10 15 20 25 3 0 5 10 15 20 25 30

FI1GURE 2. The deterministic simulation of the alignment with g = 1.
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Fig. 3 - Fig. 4 show the deterministic simulations of the nematic alignment.
Rs converge to 1 in the left figures and D(20) converge to 0 in the middle figures,
both plotted with red solid lines. The two sets of order parameters indicates the
formulation of the nematic alignment. From the time evolution of the Lyapunov
functions in the right figures, we can observe the asymptotic vanishing behavior of
L(0;) for both =1 and 8 = %

On the other hand, the integral of ¥¢cg for § =1 and g = % are given as follows:

b arctan b — arctana B=1)
/ Yes(s)ds = {1 bt/ TEBE 1y
a 08 itar’ (B=73)
Hence, Remark 3.2 assures that £(0) vanishes asymptotically when 8 = % and the
particles are moving in unbounded domain, while it is not clear for § = 1. Still,
since we considered a bounded periodic domain for x variables, the configuration
O shows a nematic alignment as in Fig. 2.

0.9 \
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07 “o-R,|{ 725 5 5o
o ——R. =3 ——D(2 8)
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FIGURE 3. The deterministic simulation of the nematic alignment
with 8 = %

R
o
2
T
| o
Y
D(8)
S
|o
22
S
e 2
log(tan(L))
'S
£

FIGURE 4. The deterministic simulation of the nematic alignment
with g = 1.
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6.2. Stochastic models. In this subsection, we consider the stochastic model
given by the system (1). We here assume that the particles are randomly dis-
tributed in space, and 8 = % in the communicate weight function ¥cg(s). Then,
we compare the dynamics of the models with different values of ¢ in the noise term.
For each o, the average of 20 simulations resulting from the same initial data is
taken and plotted in Fig. 5 - 6. One can observe that the development of the or-
dering states is closely related to the values of 0. When o = 0.5, both tests become
disordered with Ry ~ 0 or Ry ~ 0. We used a cutoftf £(0) < 0.49987 for this large
o to plot the right figures of Fig. 5 - 6, since log(tan(£(0))) is not well defined after
L(©) > 7. Smaller values of o resulted to alignment or nematic alignment, and
these empirical average of Lyapunov functions £(©;) oscillate from some positive
equilibrium due to the presence of noise.

Note that the barrier function L(s) is close to £(0g) for all time, but this ‘ex-
pected’ £(0O) becomes significantly smaller than its intial value. From this point of

view, it is reasonable that the probability of the event
{ﬁ(@s) exceeds L(s) at least once for s € [O,t]}

is small for each fixed time ¢.

1
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FIGURE 6. The stochastic simulation of the nematic alignment
with various o s.
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7. CONCLUSION

In this paper, we provided a mathematical model for nematic alignment and
its emergent dynamics in a random environment. In the same spirit of the Vicsek
model, the generalized Justh-Krishnaprasad model describes the collective behavior
of particles with unit speed in a planar domain.

In the absence of noise, the deterministic model describes the formation of ne-
matic alignment asymptotically. In contrast, when there is the noise effect, we
can calculate some upper bound of probability that the nematic alignment breaks
down. In detail, the fluctuation of heading angles mainly follow the decreasing
property, but the probability of escaping nematic state also grows in time. In prin-
ciple, our modeling methodology and analysis can be applied to other phenomena
consisting of multiple clusters, although our analysis is restricted to the bi-polar
configurations.

Of course, there are several issues that were not discussed in our paper. For
example, our analytical framework deals with the stability of nematic alignment by
restricting the case that the initial configurations is initially close to the nematic
alignment states. Thus, a natural question is whether we can verify our analysis
for generic initial data or not. Numerical simulations suggest that this might be
true. Moreover, in our probabilistic estimate, we assume that the communication
weight has a positive lower bound, which simplifies synchronization estimates. We
leave these interesting issues for a future work.
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