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Contact mechanics is the study of the deformation of solids that touch each 

other at one or more points. 

From Wikipedia

https://en.wikipedia.org/wiki/Deformation_(mechanics)
https://en.wikipedia.org/wiki/Solids
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Atomic simulation
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Finite element simulation based on Continuum mechanics
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Asperity contact behavior Path dependent
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Normalized shear displacement



The cause of path dependency

Different loading path may cause 
different tangential traction 
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Extension of Hertz-Mindlin Theory

We derived a general procedure to get the tangential 
traction by superposition of the basic solution, which 
records all the loading history.

Based on the traction obtained, displacement, 
stiffness and energy dissipation can be determined.

Only the shear behavior is path dependent, affected 
by loading ratio and loading history.
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This procedure allows us to 
solve any loading conditions 
in-plane
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Extension of Hertz-Mindlin Theory: Example
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Asperity contact mechanics:
Out-of-plane loading
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Hertz - Mindlin theory only 
concerned with in - plane loading
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Asperity contact  
may experience 
out-of-plane 
loading



Difference between in-plane and out-of-plane loading
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T1 and T2 are in shear plane, apply T1 
first, T2 second



Solutions for the out-of-plane loading

2 2
1 2 2 1

2 2 2
1 2 1 2

2/3 2/31 2 2 2 1

1 2 1 2

1

3(2 )( cos cos ) cos cos
(1 )

16 cos cos cos cos

3(2 )( cos cos ) cos cos
(1 (1 ) (1 ) )

16 cos cos cos cos

x

v f k N k fb c
a f k a f k a

v f k N k T f T
a f k kN f k fN

�G
�T �T �T �T

�T �T �T �T
�T �T �T �T

�T �T �T �T

�P

�P

� � � �
� �� ��

� � � �

� � � �
� �� �� �� ��

� � � �

Satisfy the Amonton Law

Has the same slip annulus

Equilibrium and boundary condition 

1 22 cos( )k f � T � T�  � � ��

19

T1 and T2 are in shear plane, apply T1 

first, T2 second.

�Gx2 is the shear displacement in x 
direction
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Comparison in plane and out-of-plane loading
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Tangential tractions



Comparison in plane and out-of-plane loading
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Conclusion from asperity contact mechanics

Out-of-plane loading may cause loading and unloading 
simultaneously

Tangential traction is path dependent

Energy dissipation could be avoided by choosing the 
path

The upper bound energy dissipation can be determined 
by in-plane loading, loading the normal direction first, 
shear second.

However, for engineering applications, the path 
dependency can be ignored because dissipation is small

22



Asperity contact

1�'

2�'
The number of asperity contact

The orientation of asperity contact

The displacement and curvature of 
the asperity contact
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Why statistical method

We have N=100000000 asperity contact points

the probability of the following conditions is: 
displacement( �G= �G0 )
Radius of curvature(R=R 0 )
Contact orientation( �T=0)
p=1/100000

N 0= Np =1000 points have the same behavior 

One calculation for 1000 asperity contacts=Efficiency

The key is to get the probability distribution



Statistical description of the rough interface-
Fundamental equations
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Statistical description of the rough interface –
Fundamental equations
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Statistical parameters for the profile vs surface
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Statistical description of the rough interface-
Fundamental equations
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Surface description of contact surface
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Where Mij the inverse of the convariance matrix 
Nij

Joint probability of these variables

Alternatively
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Slope is independent of 
height and curvature



Statistical description of the rough interface-
Fundamental equations
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Interface description of contact surface
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Criteria for an asperity contact: find the summit of composite surface

Probability distribution of asperity contact height:
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Interface description of contact surface
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Mean curvature

Joint probability distribution of height and curvature:

Substitute in probability distribution of asperity contact height:

Define:
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Interface description of contact surface

Joint probability distribution of height and radius of curvature:
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Consider shifted asperity contact height r=rm-�[1 and radius of 
curvature R :
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Asperity contact orientation distribution
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Probability distribution of asperity contact slope for surface 1:

After simplification for isotropic surface:

Similarly for surface 2:

34

Slope is independent of height and curvature



Asperity contact orientation distribution
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Upon simplification:

Using the coordinate transformation:

Probability distribution of asperity contact 
orientation in spherical coordinates:
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Asperity contact

1�'

2�'

The number of asperity contact 

The orientation distribution

Height and curvature distribution

Local displacement -displacement 
consistency

Homogenization method
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Micromechanical stress-displacement relationship

Global-local displacement relationship (displacement consistency)
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Interface stress-displacement relationship

Integrate asperity forces to obtain the interface stress as 
follows

Since closed-form inverse of Fi is not possible, thus 
linearization of the equation above is needed to get �' i
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Newton-Raphson method for linearization

�¾Define the residual force vector as

�¾Expand in Taylor’s series

�¾Iteration procedure
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Interface behavior - Results

�¾Sliding boundary

�¾Normal contact behavior

�¾Shear behavior

�¾Coupling effect between shear and normal loading
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Sliding behavior

�Z
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1 2� ' � 'F is in the plane of

Using the Amonton-Coulomb law for sliding 
criteria: �O�P�Gn�d�Gst
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Projection of 
contact direction 
in �' 2 �' 3 plane.



Sliding behavior

0� �Z
30

210

60

240

90

270

120

300

150

330

180 0no sliding area

sliding area

1�P�O� 

30

210

60

240

90

270

120

300

150

330

180 0

no sliding area

sliding area

no contact area

/ 3� Z � S� 
1�P�O� 

42

�Zeffect



Sliding behavior
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Normal behavior
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R Changes
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Shear behavior
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Amonton law 
failure
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Shear behavior
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Cross-over behavior is observed 
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Interface sheared in 2-direction keeping normal stress F1 constant.

Cross-over behavior is not observed by 
the difference only height distribution
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Shear behavior
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Coupling effect between normal and tangential 
loading
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Coupling effect between normal and shear
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High resolution
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Scale dependency of rough contact
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Statistical parameters are dependent on 
sample size, resolution and fractal dimension



Scale dependency of rough interface distributions
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Effect of fractal dimension: Normal and shear behavior
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Effect of sample size and resolution : Normal behavior
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Effect of sample size and resolution: Shear behavior
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Conclusion

Summary of main contributions:

�¾ Further developed asperity contact mechanics for changing oblique 
loading and out-of-plane loading.

�¾ Developed statistical description of rough interfaces (formed by two 
rough surfaces) using random process theory.  The asperity contact 
orientation was considered for the first time in rough contact 
mechanics.

�¾ Refined the micromechanical theory of rough contact using the 
developed statistical descriptions and asperity contact mechanics.  
Introduced numerical method for evaluating the resultant stress-
displacement relationship

�¾ Investigated scale-dependency of interface behavior using the 
developed rough contact theory.
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Thank you very much!
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