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Introduction

This dissertation is devoted to the study of the so called “Turnpike Property”
in Optimal Control Theory. In abstract terms, the problem can be formulated
as follows. For appropriate Banach Spaces U and X and for every time
horizon T' € (0, 4+00), we consider a NonStationary Control System taking
place in [0,7] described by an operator A. For every Admissible Control
Function u € U the corresponding State of the System is = € AC([0,T7]; X)
solution of the functional equation

d
prids A(z,u)=0  in (0,7).

The aim of the optimization is to minimize a certain functional, which is
defined as an integral of an appropriate Lagrangian function

L:XxUr—R

1.e.:
JUU— R

u—)/o L(x(t),u(t))dt.

Therefore, VI' € (0,400), the Optimal Control Problem (OCP)T consists
in finding

inf J7

u

On the other hand, we formulate the stationary version (OCP)*. First of all,
we define
M = {(z,u) € X x U | A(z,u) = 0}.

Then, (OCP)* is the problem of minimizing £ [/, namely:
inf L.
M

At this stage, it is natural to find a certain link between (OCP)T and
(OCP)*, at least if we suppose that both (OCP)T and (OCP)* are well
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posed and admit a unique minimizer. The idea of the Turnpike is that for
time horizon T large enough, the optimal triple (z7, pT, uT) of (OCP)T, far
away from the initial point and the terminal point, is close to the optimal
triple (Z,p,u) of (OCP)*. More precisely the idea is that, for a positive

T-independent time 7 € [0,T):

1. in the interval [0, 7] the optimal triple (7, pT u™) for (OCP)T moves

roughly from (27 /(0), p”(0),u”(0)) to (7,7, );

2. for a long time arc [r,T — 7| (27, pT, uT) stays near (Z,p, u);
3. for a final arc [T — 7, 7] (27, p",u’) moves roughly from (Z,p,u) to
(@"(T),p"(T), u™(T)).

For general initial-terminal conditions, it is not possible to expect a proximity
of (zT,pT,uT) to (Z,p,u) Vt € [0,T]. For example, if x(0) = x¢ and zy is
away from Z, in an initial time interval [0, 7], x will be far away from 7.
Moreover, the transversality condition p? (T') = 0 entails that, if the norm of
p is big, pT is away from p in a final arc [T — 7,T].

Historically, this question arises in many fields of application. For ex-
ample, in Econometry, where the stationary optimal state * € X is named
“Von Neumann point”. One of the pioneers was the econometrician Paul
Samuelson, awarded the Nobel Prize in Economic Sciences in 1970. Samuel-
son’s reference [8] gave this property the name of “Turnpike”: ... if we are
planning long-run growth, no matter where we start and where we desire to
end up, it will pay in the intermediate stages to get into a growth phase of
this kind. It is exactly like a turnpike paralleled by a network of minor roads.
There is a fastest route between any two points; and if origin and destina-
tion are close together and far from the turnpike, the best route may not
touch the turnpike. But if origin and destination are far enough apart, it
will always pay to get on to the turnpike and cover distance at the best rate
of travel, even if this means adding a little mileage at either end. Later on,
Paul Samuelson investigated the fulfillment of this property in [17] and in
[13] and this subject has been widely studied all throughout the second half

of the 20th Century both in Mathematics and in fields of application like
Econometry. More recently, Alexander J. Zaslavski wrote a book [23] on this
topic, where different definitions of the Turnpike Property are presented and
corresponding Optimization Problems, where they are fulfilled, are studied.
Furthermore, some results in Mean Field Games Theory (see [5] and [6]) mo-
tivated a new source of investigation of the Turnpike Property in Optimal
Control Theory, specifically in an Infinite Dimensional Setting, where the

nearness of (x7, pT,u”) to (Z,p,u) on [r,T — 7] is required to be exponential.



This led to the paper “Long time versus steady state optimal control” by
Alessio Porretta and Enrique Zuazua [16], which is the origin of the present
thesis. Furthermore, in “The turnpike property in finite-dimensional non-
linear optimal control” by Emmanuel Trélat and Enrique Zuazua [20], it is
proved a Local Turnpike Property with exponential nearness for a wide class
of NonLinear Optimal Control Problems. Moreover, [20] has been employed
by some fields of application like biology (e.g. [11]). Finally, Turnpike Prop-
erty has surprising consequences in Numerical Analysis. In fact, when it
is fulfilled, (7(L),p"(£),u” (%)) is close to (Z,p,w). This provides a good
initialization for Indirect Shooting Methods employed to solve numerically
(OCP)T. This idea is described by Emmanuel Trélat and Enrique Zuazua
in [20].

In the present dissertation, we analyse the Turnpike Property for cer-
tain classes of Optimal Control Problems. We have divided this thesis into
4 chapters. The first one introduces the reader to some concepts that will
be useful in the understanding of what follows. In the following chapters,
for several classes of problems, we will prove a Turnpike Property, where the
nonstationary optimal triple (z7, pT, u”) is exponentially near to the station-
ary one (T,p,u) on a long time interval [7,T — 7].
ond Chapter

The 20d Chapter deals with Finite Dimensional Linear Quadratic Prob-
lems. We will work with a triple of matrices (A, B,C) € M(N,N;R) x
M(N, M;R)x M(N, N;R), where (A, B) is controllable and (A, C') is observ-
able. Moreover, we will take into account an arbitrary initial data z, € RV
and an arbitrary target z € RY. For any u € L*((0,T); RM), we will consider
the unique x solution of:

(1)

{%x(t) + Az(t) = Bu(t) a.e. t € (0,7)
z(0) = .

The nonstationary optimization (OC P)? consists in minimizing the following

functional:
JU D20, T); RM) — R

1 T
uw—s 5/0 [l + | — 2[12] .

On the other hand, in order to define the stationary functional we need to
define the vector subspace:

M = {(z,u) € RN x RM | Az = Bu}. (2)



The stationary functional to be minimized is:
JP M — R
1
(r,u) — 5 [l + €z — 2|17

At the beginning we will show that the Kalman-Controllability of (A, B) is
essential. As a matter of fact, we will show a counterexample where the pair
(A, B) is not Kalman-Controllable and the Turnpike Property does not hold.

The conclusion of this 21d chapter is the following Theorem.

Theorem 0.1 (Global Turnpike Property). We assume (A, B) controllable
and (A, C) observable. Hence, there exists (C, ) € (0,400)? such that for
every T € (0,400), ¥Vt € [0,T]:

=" (&)= ll+lp" (&) =Bl +][u” (1) =7l < C [llzo — Tle™ + [Pl 7] (3)

The proof of this Theorem is based on the dynamic approach of [16].
ard Chapter

The purpose of the 3rd Chapter is to show a Global Turnpike Property for the
NonLinear Convex Case. In the first section, we will prove again the Turn-
pike Property for the Finite Dimensional Linear Quadratic Case, with some
different hypotheses and by an algebraic approach. This approach essentially
deals with a decomposition of the optimality system into a contracting part
and an expanding one. It was firstly presented in [2] and [21]. More recently
it has been applied to the Turnpike Theory in [20]. In the second section,
we begin working with the NonLinear Convex case. We will take (A, B)
Kalman-Controllable and 2 functions (F, L) € C*(RY R) x C?(RM R) char-
acterized by the existence of (o, 8) € (0,+00)? such that aly < F,, and
aly < Ly, < BIy. For every control function u € L2((0,7T); RM) we take
into account x the unique solution of (1). The functional to be minimized is:

JU D20, T); RM) — R

u—>/ (2)] dt

Furthermore, we define M as in (2). When we address the stationary prob-
lem, we seek for a minimizer of.

JPM—R
(x,u) — [F(x) + L(u)].

b}



The first object of the first section is the well posedeness of the problem.
Then, we will prove that the time-averages of the optimal triple (T, p?, uT)
converge to (Z,p,u). In the third section we show a Local Turnpike Property
for the NonLinear Convex Case, by studying the Linearised Optimality Sys-
tem employing the algebraic approach already mentioned. In the last section,
the Convergence of Averages and the Local Turnpike Property allow us to

prove a Global Turnpike Property for the NonLinear Convex Case, i.e.:

Theorem 0.2 (Global Turnpike Property). We suppose (A, B) Kalman-
Controllable and (F, L) € C*(RY ,R)xC?*(RM™,R) such that (c, 8) € (0, +00)?
such that aly < Fu, and aly < Ly, < BIy. Hence, there exists (C,p) €

(0, +00)? such that the optimal triple (z7,p*,u’) satisfies:

=" () =z + Ip" (1) =Bl + [[u” (t) @] < C [ + e+ Vie [Oaa])-

4th Chapter
In the last Chapter we work in an Infinite Dimensional Context. We will
construct a framework which corresponds to Parabolic Distributed Control
Case. This Chapter is the generalization of the ond Chapter to the Infinite
Dimensional Case. At the end of the chapter, we will make an example with
a Distributed Control of a Parabolic Divergential System. We will follow the
dynamic approach of [16].



Notation

e For every A set, #A is the cardinality of A;

e N are the natural numbers including 0;

e {e1,...,en} is the canonical basis of RY;

o M(M,N;R) is the set of M x N matrices with real coefficients;
o GL(N;R)={A € M(N,N;R) | Ais invertible};

o AC([0,T],RN) = {f:10,T] — RY | f is absolutely continuous};

e For any I C R interval
AC1. (I, RY) = { f:I+—RY | fis absolutely continuous
in each compact subinterval of I} ;
e For any given € open subset of RM and k € NU {+o00}

C*(Q,RY) = {f:Q+——RY| fis k times continuously differentiable on Q}

e for every Q C R open and for all

F:Q+—— R € C(Q,RP)



Vr € Q) we define the Jacobian of F' at = as follows:
%F (x) ... %Fl(:v)
Fi(x)=| : : € M(p, N:R).
%Fp(:c) . %Fp(:ﬁ)
e For any given F closed subset of RM and k € NU {400}
CH(F,RY) =
{f : F— RY | f has an extention on a open neighborhood of F

such that is k times continuously differentiable}

(., ey :RY xRY — R

N
(CL, b) — Z aibz-
i=1
denotes the Euclidean scalar product.

e in RY |- | indicates the Euclidean norm;

e in M(M,N;R), | - | denotes the matricial norm induced by the Eu-
clidean norm,;

e in RY, dg~ the Euclidean distance;

e Sym(N,R) is the set of N-dimensional symmetric real matrices.

e for any (X, | ||x) and (Y,]| ||y) normed spaces B(X,Y’) indicates the
set of bounded linear operators from X to Y.

e let (X,|| |lx) and (Y, || |ly) be 2 normed spaces, K(X,Y) denotes the
set of compact linear operators from X to Y.



Let (X, d) be a metric space, (zg,r) € X x RT we denote by
BX(zo,7) = {r € X | d(x,20) < 1}

and by
SX(mo,r) ={zr e X | d(z,xg) =r};

We take into account (X,d,) and (Y,d,) 2 metric spaces, we name

Co(X,Y)={f: Xr—Y | feC’'X,Y)A fis bounded} ;

Let (X,d,) and (Y, d,) be 2 metric spaces, we define henceforth
deo - Oy(X,Y) x Cy(X,Y) —s RY

(f,9) — sup {d,(f(z),9(x)) | # € X};

Let V; and V5 be 2 vector spaces over R, T': V; —— V5 a linear map,
then we define

Ker(T)={ve V| T(v) =0} and
R(T) =A{T(v) | veVi}
ey 1S the Lebesgue Measure.

Given (X, ||||x) a Banach space, we name o (X, X’) the weak topology
of X.

T — &
k—+o0

means the sequence {xy},.y converge weakly to x.
If Q is an open subset of RY, CF>(Q R) = {f € C®(Q,R) | supp(f) is compact};

sp(INV,R) is the Lie Algebra associated to the Lie Group Sp(N;R) of
Symplectic Matrices.



Chapter 1

Preliminaries

Let us introduce some notions that are useful for the understanding of the
present work. First of all, the reader interested in an introduction on Finite
Dimensional Optimal Control Theory should refer to [19]. Furthermore, a
classical book on Optimal Control of Partial Differential Equations is [14].
Another book about Control of PDEs is [3], whose approach is based on
Semigroup Theory. First of all we give some basic notions on Ordinary
Differential Equations. We follow the approach of [18] page 474.

Definition 1.1. Let I C (0, +00) be an interval and let 2 C RY be an open

set and
f:IxQ—RY

be such that

1. Vz € Q
fC,z): I — RY

is measurable;

2.Vtel
ft,): Qr—RY € C°(Q,RY)

1S continuous.

V(yo,t0) € Q2 x I,if J C I is a subinterval of I containing ¢y, then a function
y(;90) : J — RY € AC),e(J,RY)

is a solution of the Cauchy Problem

{%y(t) = f(t,y(1)) ae tel

4(0) = 4o 1)

if
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FCu(500)) € Lig(J;RY);
2. Vte J .
y(t;0) = Yo +/t f(s,y(s;90))ds.

Furthermore, y(:;90) € ACi.(J;RY) is called a maximal solution to
the Cauchy Problem (1.1) if for all J C J such that there exists

Y () 0 J — RY € AC),.(J;RY)
solution of the Cauchy Problem (1.1) above,
J CJ

and

y(tyo) =o' (tyo)  VEe J.
Then, we name J(yo) & J the maximal interval of definition of the
solution.

Whenever f € C°(I x Q,RY), for every solution y(-;yo) € AC(J,RY) of
(1.1), by the Fundamental Theorem of Calculus, y(+;y0) € C*(J,RY), (1.1)
holds for every t € J and y(+;yo) is named a classical solution of (1.1). An
essential tool in (ODFE) Theory is the Gronwall’s Lemma.

Lemma 1.1 (Gronwall). For every
v:[a, 0] — R € C°([a, b]; RY),
w : [a,b] — R € C%[a, b]; RT)
and Cy € (0,400) such that
v(t) < Cy+ /tw(s)v(s)ds Vt € [a,b]
then,
v(t) < Coela w()ds Vt € [a,b].
By using the transformation
T :[a,b] — [a, ]
t—(b+a)—t

it is possible to prove the following alternative version of Gronwall’s Lemma.

11



Lemma 1.2 (Gronwall). For every
v:[a,b] — RT € C%a, b]; RT),
w : [a,b] — RT € C%([a, b]; RT)
and Cy € (0,+00) such that

v(t) < Co+ /tbw(s)v(s)ds Vt € [a,b]

then,
b
o(t) < Coeli w)ds Vt € [a,b].

Sometimes, it is necessary to employ a more general version of Gronwall’s
Lemma. First of all, we provide a “forward” version.

Lemma 1.3 (Gronwall). Let
8 [a,b] — R € C°(la, b, R*)

7 : a,b] — (0, +00) € C%([a, b], RT)
w: [a,b] — RT € C%([a, b], RT).

Then,
Vg : [a,b] — RT € C°([a, b], RY)
such that: .
o) < B0+ [ AuEals)s Ve efab),
it holds:

t
g(t) < (0O [ IO sy u(s)as 1 5(e) e e [ab)
Employing the transformation:

T :[a,b] — [a,d]

t—a+b—1t

one can deduce a “backward” version of the generalised Gronwall’s Lemma.

12



Lemma 1.4 (Gronwall). For any

B :[a,b] — R* € C%[a, b],R")

7 : a, b] — (0, +00) € C%([a, b], RT)

w: [a,b] — RT € C%([a, b],RT),
whenever we take into account

g:[a,b) — R* € C°([a, b],RY)
such that: ,

o) < B0+ [ Aula(s)ds Vi o]

it follows that:

b
g9(t) < V(t)eftb“@w(gm/ e 1OOKE G (Y (s)ds + B(t) € [a,b].

t

After Gronwall’s Lemmas, another key tool to prove the local existence
and uniqueness for Cauchy Problems is the Contraction Mapping Theorem.

Theorem 1.1. Let (X, d) be a complete metric space. For every map
f:(X,d)— (X,d)
which is a contraction, i.e. there exists a € (0,1) such that:
d(f(x1), f(22)) < @ d(wr,22)  V(21,25) € X?
there exists a unique € X fized point for f, namely:
f(@) = .
At this point, we state a local existence and global uniqueness result.
Theorem 1.2. V(a,b) € (0,+00)? and VQ C RY open set, it is given
f:IxQr——RY
enjoying the following properties:

1. Vz € Q
fG,z): I —RY (1.2)

18 measurable;
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2.Vtel
ft,): Q—RY € C°(Q,RY) (1.3)

18 continuous;

3. f s locally Lipschitz on x, i.e. for all zo € Q there exists p € (0, 4+00)
and o € L}, (I, R) such that B(zg,p) C Q and

1fty) =t o)l < a@)lly—zl|  V(t,z,y) € I xB(wo, p) x B(xo, p);

4. [ is locally integrable on t, namely Vxo € Q there exists B € L}, (I;R)
such that:

If(tzo)l < B(t)  VEel
Then, there exists a unique
y(590) + J(yo) > RY € ACioe(J (y0); RY)
maximal solution of (1.1)

Fy(®) = fty®) Ve J(y) (1.4)
y(O) = Yo,
where J(yo) C I is a subinterval of I open in the relative topology of I.
We give now a global existence and uniqueness result.

Theorem 1.3. VI C (0, +00) interval and V2 C RY open set. We take into
account
f:IxQ— RN

fulfilling (1.2) and (1.2),

e [ is globally Lipschitz on x, namely there exists o € L'((a,b),R) such
that:

Ift.y) = ft. o) <a@®lly -] VY(tzy) €I xRY xRY;

e [ is globally integrable on t, i.e. Yxy € ) there exists B € L'((a,b); R)
such that

1f(t,zo)ll < B(t) VYt € (a,b).

Then, there exists a unique global solution of (1.1)

y(-s90) ¢ [a,0] — RY € AC([a, b; RY).

14



For the stability theory, we work with classical maximal solutions.
Definition 1.2. We consider a dynamics
f:Q+—RN

locally Lipschitz, i.e. for all xy € Q there exists p € (0,400) and a € RT
such that B(zg, p) C Q and

1f(y) = fF@)l < ally ==l V(z,y) € B(xo, p) x B(xo, p); -

A point yy € Q is called an equilibrium point if

f(yo) = 0.
We define now the different notions of stability of an equilibrium point.
Definition 1.3. We take into account a map
f:Q+—RY
locally Lipschitz. Moreover, let us consider gy, € €2 an equilibrium point.
e 7 is said to be Locally Stable if:

Ve >0 3. >0 | Yz € B(yo, d:)

[07 +00) C J(yo);

y(t;90) € Blyo,e) Yt € [0, +00);
e 7, is named Locally Asymptotically Stable if:

1. yp is Locally Stable;

2.
36 >0 [ y(t; o) o0 Vyo € B(0,9);

e 7 is named Globally Asymptotically Stable if:

1. yo is Locally Stable;

2.
y(tiyo) — 0 Vyo € RY;
t——+o00

15



e 1 is called Exponentially Globally Asymptotically Stable if:

1. yo is Locally Stable;
2.

3(C,w) € (0,400)* [ ly(t;yo)| < Ce™ ol V(yo,t) € R %[0, +00).
A useful tool in Stability Theory is the Lie Derivative.
Definition 1.4. We consider a dynamics
f:Q—RY
locally Lipschitz and a function
V:Q+——ReCYQ,R).

The Lie Derivative of V is
LV O — R
r — (VV(z), f(2))gn -

All throughout the thesis will be essential the following definition of
Kalman-Observability and Kalman-Controllability.

Definition 1.5. An arbitrary pair of matrices V(A4,C) € M(N,N;R) x
M(M, N;R) and VI' € (0,400) is said to be Kalman-Observable at time
T € (0,400) if the observability map
7 RY s OO0, T RY)
o — Cellzg
is one to one.

We are going to define now the Kalman-Controllability.

Definition 1.6. V(A, B,T) € M(N, N;R)x M(N, M;R)x(0,+400), the pair
of matrices (A, B) is Kalman-Controllable at time T' € (0, +00) if V(2g, 21) €
RY x RY there exists a control function u € C°([0, T]; R™) such that the
unique solution z € C([0, T]; RY) of

{%Z(t) = Az(t) + Bu(t)  Vt€ (0,T) (1.5)

2(0) = 2o

satisfies the final condition
2(T) = z.

16



These notions are related together by the following Theorem.

Theorem 1.4. VT € (0, +00) the pairV(A, B) € M(N, N;R)xM(N, M;R)
is Kalman-Controllable at time T if and only if (A*, B*) is Kalman-Observable
at time T'.

In what follows we will introduce 2 algebraic conditions which are equiv-
alent to the notion of Kalman-Observability and Kalman-Controllability re-
spectively.

Theorem 1.5 (Kalman). V(A,C) € M(N,N;R) x M(M, N;R) is Kalman-
Observable at time T if an only if

rk [C,CA,...,CAN"'] = N.

Theorem 1.6 (Kalman). V(A, B) € M(N, N;R) x M(N, M;R) is Kalman-
Controllable at time T if an only if

rk [B,AB,...,AN"'B] = N.

From this theorems, we deduce that the Kalman-Observability and Kalman-
Controllability in finite dimension are independent of 7" € (0, +o0c). There
is another important notion related to Kalman-Observability and Kalman-
Controllability. It is the object of the next definition.

Definition 1.7. V(A, B) € M(N, N;R) x M(M, N;R), the pair (A, B) is
said to be stabilizable if there exists F' € B(RY,RM) such that Vz, € RY
the unique solution z € C1([0, +00), RY) of the linear Cauchy Problem

{§3§tLZO<A+BF>z<t> e [0, 40) a8
satisfies
A0 50

Then, F' is called stabilizing feedback function and F'z is called feedback
control function.

Kalman-Controllability implies exponential Stabilizability.

Theorem 1.7. Let (A, B) be a Kalman-Controllable pair. Then, (A, B) is
a Stabilizable. Moreover, Vw € (0, +00) there exists (F, M) € B(RY,RM) x

17



(0, +00) such that ¥zg € RN the unique solution z € C'([0,+00), RY) of the
linear system

(1.7)

{%Z(t) — (A+ BF)z(t) VYt e [0,+00)
2(0) = zo

fulfills
Izl < Me™[zo]l V¥t € [0,+00).

A powerful tool to prove the existence of the minimum of a lower semi-
continuous function is the Weierstrass Theorem.

Theorem 1.8. For every (X, d) metric space. If
[ (X, d) — RU {400}
such that

Jzg € X | f(zo) < 400;
o f is lower semi-continuous;

Vk e R {re X | f(x) <k}

15 a compact set.
Then,
= H}}Il f
Of course, an analogous result is true for the maximum.
Theorem 1.9. For every (X, d) metric space. If
f:(X,d)— RU{—o00}
such that

[ ]
dzg € X | f(xg) > —00;

o f is upper semi-continuous;

Vk € R {re X | f(x) >k}

18 a compact set.

18



Then,
= max f

The following Proposition is very useful proving the convergence of a
sequence into a metric space.

Proposition 1.1. Let (X,d) be a metric space. Let {x,}, .y C X be such
that there exists * € X fulfilling:

v{xnk}kEN C{Zn}pen

3 {x"kh}heN C {Zn b ren
such that
T in (X,d).

xnkh h—+o00
Then,
T, — T in (X,d).

n—-+o0o

At this stage we give a useful consequence of the Dominated Convergence
Theorem.

Theorem 1.10. Let I C R an interval, (X, %, n) a measure space and
FiIxX—R
such that:
1.Vt eI, f(t,-) is p-measurable;
2. g € I such that f(ty,-) € L'((X, %, pu); R);
3. A € ¥ such that W(X \ A) =0 and Vx € A f(-,z) € CY(I,R);
4. g € LY(X, %, u); R) such that

12l <o) Vit eIx A

Then,
F:I—R

- /X F(t,2)dn(z)

is well defined and F € C'(I,R). Furthermore, it is possible to compute its
derivative as follows:

4 p) = /X 9 it x)dute).
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At this point, we define the concept of the derivative in Vector Spaces
and Banach Spaces. First of all, we give the following definition.

Definition 1.8. Let V be a Vector Spaceon R, v € V, D C V, zy € V such
that o + Rv C D and
f:D+—R

if there exists
 flan o) — (o)
h—0 h

€ R,
f is said to be differentiable along v at zy and

0 aet 1. [ (@0 + hv) — f(zo)
%f(xo) = }115% h ’

We introduce now the notion of Gateaux differentiability and Frechet
differentiability.

Definition 1.9. For all (X, ||||x), (Y, ||ly) Banach Spaces, for each D C X
open set, for any xg € D

f:DCX+—Y

is said to be Gateaux differentiable at oy € D if there exists a bounded
linear operator A € B(X,Y’) such that:

voe X Tl [ &t ) = flwo)

h—0 h = Av;

fiDCX+—Y

is named Frechet differentiable in xqg € D if there exists a bounded
linear operator A € B(X,Y") such that:

i 10 ) = () = A~ o)l
h—0 |z — zol|x

Then, we call
dFrechetf(x()) d:ef A.

We will discuss now some properties of convex functions. First of all, we
define the concept of convex set.
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Definition 1.10. Let V be a vector space on R. C' C V is named convex
set if

V(t,x1,22) € [0,1] x Cx C tay+ (1 —t)xy € C.
At this moment, we are in position to define the notion of convex function.

Definition 1.11. For every V vector space on R, we take into account a
convex subset C' C V. Then,

f:Cv+— RU{+o00}

is said to be convex if

V(t,z1,22) € [0,1]xCxC ftzr+(1—t)x2) <tf(z1)+(1—1)f(22);

f:C—R
is named strictly convex if V(¢, 21, z2) € (0,1) x C'x C such that z; #

fltey + (1 =)o) < tf(x)+ (1 —1)f(x2).
Henceforth, for every f convex function, we will name
D(f)y={z e C| f(z) < +oo}.

One can observe that, by the convexity of f, D(f) is a convex set. Strictly
convex functions have a pleasant structure for minimization. In fact, the
following Proposition holds.

Proposition 1.2. Let V' be a Vector Space on R, C C V a convex subset
and

f:Cv+— RU{+o00}

a strictly convez function such that there exists & € C' such that f(T) < 4o0.
Then:

1. of dxg € C' a global minimizer, then it is unique;

2. Vxo € C, we define

D,y Z{veV |VheR zo+hve D(f)}.

Assuming
D(f)—{zo} Z{ox—zo |z eD(f)} c{veV |VYheR zo+ hv e D(f)}
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and ¥ (ho,v) € R x D(f) — xo, [ is differentiable along v at xo + hov,
then xo 1s a global minimizer for f if and only iof

Yv € D(f) — X %f([fo) = 0.

The following definition will be useful in this dissertation.

Definition 1.12.
f:RY — R e C*(RY,R)

is said to be strongly convex of parameter o € (0, 400) if and only if
V2f(z) > aly vz € RY.

A strongly convex function is strictly convex. Let us now introduce a clas-
sical representation of solutions to Nonhomogeneous Differential Equations.
We begin with the finite dimensional versions.

Proposition 1.3 (Duhamel’s representation formula). Let A € M(N, N;R)
and f € C°([0,T],RN). Vyo € RN we consider y € C([0,T],RY) the unique
solution of the Cauchy Problem.:

{%y(t) + Ay(t) = f(t) Vi e (0,7)

y(O) = Yo. (18)

Then the following representation formula holds:

t
y(t) = e Myq +/ e A f(s)ds Yt € [0,T).
0

Another version reads as follows.

Proposition 1.4 (Duhamel’s representation formula). VA € M(N, N;R),
Vf € C°0,T],RYN), for any initial data yo € RY, we take into account
y € CH[0,T),RYN) the unique solution of the Cauchy Problem:

{_%y@) +Ay() = f() Ve (0.T) (1.9)

y(T') = vo.

Then, y admits the following representation:
T
y(t) = e AT yo + / e AEDpE)de Ve [0,T).
t
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An infinite dimensional version is presented in Chapter 4. We provide
now a useful Proposition from the Linear Alegbra.

Proposition 1.5. VA € Sym(N;R) positive semidefinite there exists a
unique C € Sym(N;R) such that C* = A.

Henceforth, we will call C' the symmetric square root of A. The follow-
ing Theorem will be a key tool in Chapter 3 proving the Global Turnpike
Property.

Theorem 1.11 (Mean Value Theorem for Definite Integrals). V(a,b) € R?
such that a < b, for every

f:[a,b] — R € C°%([a,b],R)

there exists ty € [a,b] such that

Flto) = 5= / f(t)dt.

Let us introduce now some notions on functional analysis. For an overview
on Functional Analysis the reader should refer to [7]. First of all, we state
a classical Theorem establishing the isomorphism between an Hilbert space
and its dual.

Theorem 1.12 (Riesz Theorem). For every H Hilbert space on R, Vo € H'
continuous linear functional, then:

1.
Nz, € H| ()= (24,2),; Ve e H,;
2.
[zl = llepll s
3.
Oy H— H
r— (x7)H

1S a surjective isometry named Riesz isomorphism.

Riesz Theorem implies that each H Hilbert space is reflexive. Moreover,
the lower semicontinuity of the norm with respect to the weak convergence,
which is a consequence of Banach-Steinhaus Theorem, will prove to be es-
sential showing the existence of minimizers of certain functionals.
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Proposition 1.6. Let (X, ||||x) a Normed Space. V{x,},.y C X, Vo € X
such that

Tn — T
n—-+0o0o

weakly in (X, ||||x). Then:

1.

sup ||| x < 4o0;
neN

|zl x <liminf ||z,||x.
n—+o00

In Reflexive Banach Spaces Banach-Alaoglu Theorem generalizes Bolzano-
Weierstrass Theorem.

Theorem 1.13 (Banach-Alaoglu). For every (X,||||x) Reflexive Banach
Space, the ball

Sxrn llix

BX(0,1)
is compact with respect to the weak topology o(X, X’).

Since all Hilbert Spaces H are reflexive, the above Theorem holds true
for all H Hilbert Spaces. There exists an analogous of Proposition 1.1 for
weak convergence.

Proposition 1.7. For every (X, ||||x) Banach Space, for any sequence {,}, oy C
X such that there exists T € X fulfilling:

v {xnk }keN - {xn}neN

3 {x"kh}heN € {Znren

such that:
o e T weakly inX
then
T, — X weakly inX.
n—-+o0o

The proof is accomplished applying Vo € X’ Proposition 1.1 to the se-
quence {¢(zn)},cy C R. At this moment, we explain how is it possible to
define the adjoint of a continuous linear operator. The classical construction
is the following. We consider H; and Hy 2 arbitrary Hilbert Spaces on R.
VT € B(Hi, Hs) we take into account a generic y € Hy. Then, by Riesz
Theorem 1.12, there exists a unique 2’ € H such that:

(y, Tx)y, = (x’,x)Hl Vo € H.
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Definition 1.13. For every H; and H, Hilbert Spaces on R and for all
T:H — Hy € B(Hl,Hg),
T HQ — H1

x—

is called the adjoint operator of T

The following Proposition affirms that 7™ is still a bounded linear oper-
ator and || T'| gy, i) = | T || B(Hz, 1) -

Proposition 1.8. Let Hy and Hy be generic Hilbert Spaces on R. Then
VT : H1 — HQ € B(H17H2>,

T Hy— H,
s such that

T* € B(Hy, Hy);

TN ey = 1T M| 3122, 111

This concept can be generalised for Banach Spaces with the notion of the
transpose of a continuous linear operator.

Definition 1.14. For all (X1, ||||x,) and (Xb, ||||x,) Banach Spaces on R, for
every
T: X1 — X2 S B(Xl,XQ),

we define
T : X, — X;
v —>poT.

The transpose of a bounded linear operator is itself a bounded linear
operator with the same operatorial norm.

Proposition 1.9. Let (Xy, ||||x,) and (Xa, ||||x,) be generic Banach Spaces
on R, for each
T Xl — X2 S B(Xl,XQ),

T : X5 — X
Y —poT

inherits some some features from T, i.e.:
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T" € B(X, X3);

1T exg.xp) = 1T B(x1,x2)

If we work in Hilbert Spaces, the notion of adjoint and transpose are
equivalent, up to Riesz Isomorphism. In fact the following Proposition holds
true.

Proposition 1.10. For all H; and Hy Hilbert Spaces on R, for every
T:H — Hy € B(H17H2)7

then
T =@ 0T o Dy,

For this reason, working in Hilbert Spaces, VI' € B(H;, Hy), we will
call 7" € B(H), Hy) the adjoint of 7. We provide now the Closed Range

Theorem.

Theorem 1.14 (Closed Range Theorem). Let (X, ||||x) and (Y,|||ly) Banach
Spaces. For every
T:X+—Y € B(X,Y)

then, the following statements are equivalent:

T)=FKer(T')"={yeY | <y, ¥ >wy)=0Y € Ker(T")};
T =Ker(I)* ={pe X' | <p,z>xx)=0Vz e Ker(T)}.

A proof of this Theorem is in [22] at page 205. We define self-adjoint
operators.

Definition 1.15. Let H be an Hilbert Space on R. T' € B(H, H) is said to
be self-adjoint if and only if 7% =T

There exists a useful formula to compute the norm of a self-adjoint oper-
ator.

26



Proposition 1.11. For each H Hilbert Space, for every
T:Hvw~— H e B(H,H) self-adjoint,

it holds:
T (e, iy = sup {\ (Tx,x)y| | x € SH(0, 1)} )

At this point, we provide some additional tools in the context of inte-
gration and derivation in Banach Spaces. A good reference for integration
in Banach Spaces is [9]. We give the definition of Sobolev Space of Banach
valued functions. The derivative involved in this definition is intended to be
distributional.

Definition 1.16. We take into account (E, ||||g), (F,|||r) and (G, ||lc) 3
generic Banach Spaces such that there exist:

ZlE‘%GEB(E,G)

one to one and

one to one. Then, V(p, q) € [1, +00] X [1, +00] such that %—l—% = 1, we define

W(0.7% (5. F) £ {y € P(O.T) ) | o € L(O.T5F).

Furthermore, on this space we define the norm

lweaqomye,rmy : WP(0,T); (E, F)) — RT

d
y — |yl o 0.):8) + ||Ey||Lq(<o,T);F)-

Properties of Sobolev Spaces for Banach Valued functions are investigated
in [9]. In this dissertation we will take into account 2 arbitrary Hilbert Spaces
(X, (,)yx) and (H, (,)g), such that there exists a dense inclusion, namely:

i:X < HeB(X,H)

one to one with mH = H. Furthermore, we identify H with its topological
dual H'. Indeed, by Theorem 1.12, there exists an isomorphism of Hilbert
Spaces @ such that:

Oy H— H

h — (h’ )H
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Moreover, we consider the transpose of the inclusion ¢
i H — X!

o —r ot

By Proposition 1.9, * € B(H’,X’). Furthermore, i*(H’)X = X’. In this

background, we name:
A Xv+— H
r— Ppoi(z) = (i(z), )y
This map is well posed and A € B(X, H'). On the other hand, the action of

an arbitrary element h of H on H is usually defined as ®(h). Finally, we
call:

(E7 ||||E) = (X’ ||||X)a
(F ) = (X s

(G Mller) = (X -
This leads us to take into account the Sobolev Space:
e d
W(0.7 (8 X = fy € (0.1 ) | v € 0.7 X},
Each function y € W2((0,7); (X, X")) admits a continuous representative.
This is the object of the following Proposition.
Theorem 1.15. There exists
i WH((0,7); (X, X)) = C°([0,T]; H) € BIW*((0,T); (X, X)), C°([0,T1; H))
u— U € u
one to one.

At this stage, we formulate the Integration by Parts.

Proposition 1.12 (Integration by Parts). V(f,g) € WY2((0,7); (X, X"))
V(s t) € [0, 7]

tod
/s = %9(5>7f(£) >(x,x) d§ =



The following compactness Theorem in Parabolic Spaces, will be useful
in the last Chapter.

Theorem 1.16 (Simon’s Theorem). Let (V,|||lv), (E,|||lg) and (F,||||r) be
3 Banach Spaces such that:

3i:V — Ee K(V,E)

one to one;

3j: E < F € B(E,F)

one to one.

Moreover, we consider an arbitrary pair of exponents ¥(p,q) € (1,+o0] X
[1,+00]. Whenever D C W'2((0,T); (F, F)) is bounded and D C L((0,T); V)
18 bounded, then

1. D C C°%0,T); F) is relatively compact;
2. D C LY(0,T); E) is relatively compact.

The reader can find a proof of this Theorem at page 51 of [9]. In this
last chapter, we are going to make an example on the internal control of a
divergential parabolic equation. It will be useful the following version of the
Maximum Principle.

Theorem 1.17. Let Q C RY bounded open set with 02 € C*, A € L>(Q, M(N, N;R))
coercive and 3 € L™ (S;R). Then, Yu € H'(Q) such that

o u, € HY(Q);

o Vp € CX(QR), ¢ > 0:

/(AVU,VQO)RN dmg/ﬁHVquodw.
Q Q

Then, it holds:
u<0 a.e. on ).

An interesting reference on this subject is [15].
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Chapter 2

Finite Dimensional Linear
Quadratic Case

In this chapter we will work in a Finite Dimensional Linear Quadratic con-
text, under some controllability and observability hypotheses. This analysis
will provide useful insights both for the nonlinear generalization and the in-
finite dimensional generalization. It is chosen the ”dynamic” approach used
in [16].

We consider a triple of matrices (A, B,C) € M(N, N;R)x M(N, M;R) x
M(N, N;R), an initial data xo € RY and a target z € RY. For every con-
trol function u € L2((0,T); RM) there exists a unique absolutely continuous
dynamics

z:[0,T) — RY

satisfying the linear system

{%az(t) +Ax(t) = Bu(t)  ae t€(0.7) (2.1)

z(0) = xg

In this setting, the non-stationary problem (OCP)T consists in minimiz-

ing the functional
JU D20, T); RM) — R

w5 | (P + [Catt) = =I) at

One can prove that the minimizer u” € L2((0,T); RM) exists and it is
unique. Moreover, it satisfies the state-adjoint state Pontryagin system:
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(42T (1) + Ax™(t) = BuT(t) ae. te(0,T)
—LpT(t) + A*pT (t) = C*(Ca™(t) — 2) a.e. t€(0,7)
ul(t) = —B*pT(t) a.e. t € (0,7) (2.2)
z?(0) =
(p"(T) =

The triple (z7,p?,u”) is called the optimal triple for the optimal con-
trol problem (OCP)T. As a consequence of the fulfillment of the Pon-
tryagin first order conditions, it is possible to prove more regularity for
the components of the optimal triple. In fact 27 € AC([0,T],R"), then
pl € CY([0,T],RY). Furthermore, from the relation u’ = —B*p’ one gets
u € C([0,T],RM). Now, using the first equation, it is possible to prove that
x € C?([0,T],RY). Iterating this procedure, one can conclude that the opti-
mal triple (27, p”, uT) € C>([0,T],RY) x C>([0, T],RY) x C>=([0, T], RM).

On the other hand, the stationary problem is defined as follows. First
of all, we introduce a vector subspace of RY x RM  where the stationary
functional will be defined.

Definition 2.1.
M = {(z,u) e RN x RM | Az = Bu}

The problem is minimizing the map

JP M — R
1
(2,u) — 5 [[ul® +[|Cz — =||*]

The existence and the uniqueness of the minimizer are considered later.
Whenever it exists and it is unique, the minimizer (7, u) is called the optimal
pair for (OCP)®.

In the following we introduce the setting in which the turnpike property
is proved.

’Assumptions for the Linear Quadratic Case‘

1. (A,B,C) € M(N,N;R) x M(N,M;R) x M(N, N;R);

2. (A, B) is Kalman-controllable, i.e. using Kalman Controllability The-
orem:

rank[B, AB, A’B, ..., AN7'B] = N (2.3)
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3. the pair (A, C) is Kalman-observable, i.e. using Kalman Observability
Theorem:
rank[C, CA,CA?, ... ,CAN7 =N (2.4)

4. the initial data z, € RY;
5. the target z € RY;
6. the control functions belongs to L2((0,7); RM).

By Theorem 1.4, (A*, B*) is Kalman-Observable and that (A*, C*) is
Kalman-Controllable.

Remark 2.1. The hypothesis of Kalman-controllability of the pair (A, B) is
essential. Without this hypothesis the turnpike property doesn’t hold in
general.

Proof. Indeed, one can define a triple of matrices as follows
=0 0)
()
-1

a target z = 0 and an initial data o = e; the first element of the canon-
ical basis of R?. Then, for every control function v € L?*((0,7);RM), the
corresponding state satisfies the linear differential system:

%Il = 1
2 = Uz (2.5)
x1(0) =1
22(0) =0

Therefore, for every control function u € L?((0,T); RM), the first component
x1 of the state satisfies the 1-dimensional Cauchy Problem

= (2.6)
Which implies
z1:[0,T)— R
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t — et

Moreover, the stationary functional becomes:
JPM— R
1 2 2
(,u) — 5 [l + [l=I]

This functional has a unique global minimizer given by (7, ) = (0,0). At
this stage, if one considers the unique optimal triple (z”, p*, u”) for (OCP)*
is such that for every t € [0, 7]

=" () = 7| > 27 ()] = €’

Hence, even

1t el —1
= xydt = — +o00.
T /0 ! T Tt
Therefore, the turnpike property fails to be realised, even in an averaged

version.

]

The following Lemma will be useful later.

Lemma 2.1. For every (A,C) € M(N,N;R)? observable, there exists a
T-independent constant C' € (0,400) such that ¥V T € [1,+00) and for any
fe L*(0,7),RY), for every y € AC([0,T],RY) solution of the equation

7Y y(t) + Ay(t) = f(t) a.e. t € (0,7),

we have:

(@) < C [ / cvolfar+ | IIf(t)Hth} |

Proof. First of all, it is necessary to prove the following intermediate result.
For each pair (A, C') observable there exists a T-independent constant C' such
that for every z solution of the homogenous equation

z(t)+ Az(t)=0  Vvte (0,T)

it holds: .
|2 < C / |C=(s)[Pdt

T-1
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This proof relies on the definition of observability 1.5 and on norms equiva-
lence in RY. One defines the following

| lnew : RY — R

e (/ "o, 5>>||2ds)é

T-1

where z(+; (7, €)) is the unique solution of the linear system:

{zt(t) +Ax(t)=0  Yte(0,T) 2

A(T) =¢

The map already defined is a seminorm. Moreover, for every ¢ € RY such
that ||£]|new = 0, by measure theory, Cz(+; (T,€)) = 0 a.e. on [T —1,T]. Since
z € C0,T],RY), Cz(t;(T€)) = 0Vt € [T —1,T]. By the observability

assumption, the linear map
n:RY — CUT —1,T],RY)

is one to one. Therefore & = 0. Hence, ||.|lnew is actually a norm. Now,
by the equivalence of norms in finite dimension, one gets that there exists a
positive constant C' such that for each £ € RY

T
el <c [ Cate (T.¢) P
-1
Furthermore for every w € AC([T — 1,T],RY) such that:

w(t) + Aw(t) = f(t) ae te(T—1,1T)
w(lT'—1)=0

by the Duhamel’s formula (Proposition 1.3), Vt € [T — 1,T]

w(t) =0+ /t e~ A=) £ (s)ds.

T-1

Therefore, there exists a positive number C' independent of T, such that:
T
lw@P<C [ Ife)IPds e [0-1,T)
T-1
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Hence, for every y € AC([0,T],R") solution of the equation

y(t) + Ay(t) = f(t) ae. te (0,7)

one defines z the unique solution of

z(t)+ Az(t)=0  Vte (0,T) (2.9)
2(T) = y(T)
and w the unique solution of the non homogeneous system
wy(t) + Aw(t) = f(t) ae te(T—1,T) (2.10)
w(T —1)=0 '
By uniqueness of the solution for the Cauchy Problem
v+ Av=f ae. te (T—1,T) (2.11)
u(T) = y(T)

it follows that y = z + w. Then,

Iy < 2 (DI + w(D)F) < C V IC(y = w)(s)lI*ds + Hw(T)Hﬂ <

T-1

<ol teveras+ [ jeusias +wnp] <

T-1 T-1
T T
<o[[ reveras+ [ iseiral
T-1 T-1
which concludes the proof. O

After having proved the Lemma 2.1, in order to be prepared for the next
stages, it is necessary to prove the following stationary version.

Lemma 2.2. For each observable pair (A,C) there exists a constant C' €
(0,400) such that

I2* < ClIIA=|1* + [|C||”] vz € RY
Proof. For every z € R, defining f = Az, y = z is a solution of the equation

ye(t) + Ay(t) = f(t) a.e. t € (0,7)
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Then, using Lemma 2.1, one gets
T T
o =P <€ | [ jespars [ asipar] <
T-1 T-1
< Cll A=) +1IC27]
Which yields the desired result. O

At this stage, it is useful to prove the third Lemma required for the proof
of the next Theorem.

Lemma 2.3. For every triple of matrices (A, B,C) € M(N, N;R)x M(N, M;R)x
M(N, N;R) such that (A,C) is Kalman-observable, for each target z € RN
there exists a unique (T,w) optimal pair for (OCP)* satisfying the first order
condition

Ax = Bu
(@, v)pm + (CT — 2,Cp)py =0 V(p,v) e RY x RM : Ap = Bv
(2.12)
Furthermore, there exists some p € RY such that

A'p=C"(C7 — 2) (2.13)
and therefore

(@, v)pm + (P, Bu)py =0 VYo € RM such that 3p € RY : Ap = Bu
(2.14)

Proof. For the proof of the existence of the minimizer, one can use Weier-
strass Theorem 1.8. In fact, J¥ € C°(M,R) and for every k € R the set

Fo={(z,u) e M | J*(z,u) < k}

is compact, by Lemma 2.2 . Then, by Weierstrass Theorem, there exists
(z,u) € M minimizer for J°. In order to prove the uniqueness of such a
minimizer, we show the strict convexity of the functional J®. To this extent
it is essential to prove that V((z1,u1), (z2,us)) € M? such that

(z1,u1) # (72, u2),

then:
Uy # (75) V Cl'l % Cl’g.
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Indeed, by contradiction, if there would exist ((x1,u1), (72, u2)) € M? such
that (1, u1) # (22, u2) and (Cxy,uy) = (Cxa,uz), by Lemma 2.2,

22 — a1 []” < O [[JA(zg — 21) |1 + | Clay — 1) |P] =
= C[||IB(ug —w1)||* + [|C (22 — 21)||*] = 0.
Therefore,
(1317U1) = (3727102)

which contradicts the hypothesis. Hence, V((x1, uy), (72, us)) € M? such that
(1,u1) # (w2, ug) and Vt € (0,1)

[ltus + (1 = tua||* + [[t(Cy — 2) + (1 = 1)(Cxz — 2)[*] <

N | —

Js(t<xl,U1)+(1—t>(l’2,UQ)) =
by the above achievement and the strict convexity of || - ||?,
1 1
<5 [llal® + 1Cz = 2°] + (1 = )5 [[lual® + [|Ca — =[] =

= tt]s(ﬁl, ul) + (]_ — t)JS(ZL'Q,UQ).

Then, J* is strictly convex. Therefore, by Proposition 1.2, the minimizer is
unique. As regards the first order condition, for each direction (v, ) € M,
one defines the following map:

g:R— R

h — J*((z,u) + h(v, @))

Now, (Z,u) € (z,u) + R(v,¢) C M. Hence, g has a global minimum at 0.
By Fermat Theorem, 4 ¢(0) = 0. Besides,

d

%9(0) = (ﬂ, U)RM + (Cf -z, CQD)RN.

This implies
(@, v)pm + (CT — z,Cp)py =0

Moreover, Ker(A) x {0} C M. Therefore, for every ¢ € Ker(A)
(Cf —Z, CQO)RN =0

By the linear algebra theory, Range(A*) = Ker(A)t. Then C*(CT — z) €
Ker(A)t = Range(A*), which is equivalent to

FpeRY . Ap=C*(C7 - 2).
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Then
(@, v)pm + (AP, 0)py =0 Y(v,0) e RY xRM : Ap = Bu

Therefore, knowing (A*p, )gn = (P, Ap)gn = (P, Bv)gn, it is possible to
rewrite the first order condition as follows

(@, v)pm + (P, Bu)gy =0 Vo € RM such that 3p € RY : Ay = Bu.
]

A similar Lemma will be proved in the Infinite Dimensional Linear Quadratic
Case. We will use similar techniques adapted to the infinite dimensional con-
text. Both in the finite dimensional and in the infinite dimensional case, p
may not be unique. Indeed, it is defined up to elements of Ker(A*).

At this stage, we are ready to prove the first Theorem concerning di-
rectly the turnpike property. It regards the convergence of averages of
MiNyer2((0,7)RM) JT, 27, pT and v to the corresponding stationary ones.

Theorem 2.1 (Convergence of averages). For every triple of matrices (A, B,C) €
M(N, N;R)XM(N, M;R)x M(N, N;R) such that (A, B) is Kalman-controllable,
(A, C) is Kalman-observable, we have:

1

T ucislioham” 1o oo (2:15)
e T —2 T N 2 1
[ o g sie @O - a0 (1), 0 19
Consequently, for every (a,b) € [0,1]* such that a # b
1 b -
b=a)T /aT x' (t)dt e (2.17)
1 o -
m/ﬂ u” (t)dt o U (2.18)

Moreover, there exists a unique p € RN satisfying A*p = C*(CT — 2) such
that w = —B*p and

1 bT B
=T / 0t o D (2.19)
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Proof. Subtracting the first order conditions for the non stationary problem
and the stationary one, one gets

LT —7)(t) + Aa"(t) —T) = B(u"(t) —u)  Vte (0,7)
—g@" =) + A" (t) —=p) = C*Cla"(t) —7)  Vte(0,T)
(2.20)
Moreover, we have I = —B*p?. Our aim is to prove that there exists a
T-independent constant C' € (0, +00) such that for every T' € (0, 4+00)

T
[ =+ o (o —7) Py ae < © 2.21)
0

From this inequality, the thesis follows.

Therefore, we find an alternative expression of (2.21) integrating the first
order conditions, i.e.

T T
[1ew-ara- [ ©ow -2, -2, -
0 0
T
—/0 (=" =P + A (p" = p), 2" — Ty dt =

= [ 0T Peat - Ds [ (07 -7 AT )t =

integrating by parts

= ((0"(0) =), (" (0) = @) o = (0" (T) =), 2" (T) = T) v +
+/0 (" =7, (a" —T)y)pn dt + /0 (0" = P), A(a” — 7)) dt =

= (20 =T, p" (0) = P)pu + (2(T) = T, P)pn + /OT (p" =D B(u" —70))y dt
In order to get the desired expression, we compute Vt € [0, T]
(" (1) =1, Bu" (t) = 1)) g + [lu” () —
using v = —B*p?
(" (t) = P), B(u" (t) = @) pu+llu’ () =al]* = = ((u" (t) + B'p), (u (t) = @)) pu+llu’ (t)—7l* =

= —|lu" () =a|*+|u" (t)=al*~ (@ + BB, u" (t)) v = — ((@+ Bp), u” (t)) pu
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Hence,

/0 (Jlu" =2l + |C (" =) ||?) dt = (2.22)

= (20 —7,p"(0) = P) g + (z"(T) = Z,D) uv —/O ((@+ B'D), u”) g dt

It is time to use Lemma 2.1. We are going to apply it twice. First of all,
being (A, C') observable,

T T 3
|x(T) —z|| < C {/ |lu” — al||2dt +/ |C (2T — E)Hth} (2.23)
0 0
Secondly, employing the observability of the pair (A*, B*),
3

Ip" (0) —pll < C [/0 IC (" —f)\|2dt+/0 1B*(p" —ﬁ)l!zdt] (2.24)

T T T 3
w0l <[ [ 1ow —aias [ 1 -apas [ sl
0 0 0
(2.25)

We are ready to prove a first estimate for (2.21). Indeed, from (2.22), one
obtains

/OT (lu” =+ |C (a7 = 7) |?) dt <
< Cllp" () =il + l"(T) — 7] + V HuTM?dtr U -+ B*pn?dtr <

T T 3 )
(/ |C (2T —7)||%dt +/ |lu” — ﬂHth) +CTz2
0 0

Which implies, for T sufficiently large,

< C(T? +1)

| =+ jo o7 ~2) 1y ae < o (2.26)

Then, the generalised sequences

1 T
{— / qut} c RM
T 0 T€(0,400)

1 T
{— / C’det} c RY
T 0 T€(0,400)
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are bounded. We want now to prove that {% fOT det} itself is

Te(0,+00)
bounded. To this extent, we take the average of the state equation, get-
ting:

I I 21 (T) — x
Al = Tat) = = Buldt - ——~ 2.27
(T/o ’ ) T/o ! T (2:21)

At this stage, thanks to (2.23) and (2.26), the following inequality holds:

[+7(T) — 2]l _ VOVT
T - T
Hence, the last term in the averaged equation vanishes as T" — +o00. This

proves that {% fOT Ax(t)dt} 0too) is actually bounded. Another applica-
Te (0,400
tion of Lemma 2.2, allows us to conclude that the generalised sequence

1 T
{— / det} CRY
T 0 T€(0,400)

is bounded. At the moment, thanks to Bolzano-Weierstrass theorem, we
know that, up to subsequences, the averages converge, but we know noth-
ing about the limits. We are going to investigate it in the next steps of
the proof. First of all, from the averaged equation (2.27), one obtains that

N M : 1 Te T
for every (p,v) € RY x R" such that there exists {Tk 0 U kdt}keN C

L f utat} a{g fyrcatrar} {4 f) CaTar h
{T Jo Te(0,400) MENT o MY keN 7 Jo Co Te(0,400) Sue
that .

k
— Teqt —
Tk 0 :L‘ k—+4o0 v
I
— ulrdt — v
it happens that
Ap = Buv

This result enables us to affirm

1 T T — *— — k— 1 T T — *—
) G E = (e mg [a) | 05 B0
Therefore, the sequence {% fOT (uT, u+ B *]_9) RM dt} ( : is such that each
T€(0,400

subsequence admits a further subsequence converging to 0. This, thanks to
Proposition 1.1, allows us to prove the stronger result
1

T
= T — *—
P o
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The above convergence is true for each p satisfying A*p = C* (CT — z). We
are now ready to prove that

1 ’ T _ |2 T =\ 2
f/o (le" =l + 1€ («" = 2) ") dt — 0 (2.28)

In fact, using (2.22), (2.23), (2.25), one gets

T
| =l + e o7~ ) ) ai <
0

T 2 T
+ U |z + B*pH?dt} — / (u",u+ B*ﬁ)RM dt
0 0

1
2

<c { [ =i+ e 6T =) 1) df

Now, using the inequality (2.26),

IA

1 T
— / (u", 1+ B*P) g dt

I N N
7] =+ ot — 2R a 7/

Which implies

i
VT

1 [T _ _
T/o (||uT —a|*+||C (IT — x) ||2) dt Tjoo 0

This directly implies

1 [T

— / Cietdt — C7
0

T T—+o0

T 0 T—+o0

Moreover, from the averaged equation (2.27), one obtains

T—+o0

1 [T
—/Adet—>AT
T Jo

Finally, using the observability of (A, C), by Lemma 2.2



To achieve this result, we take the average of the dual equation satisfied by
p! and we get:

T T T T
b (T)—p (0) 1/ % T _1/ % T
7 t5 i Ap'dt = 7 ), C*(Ca' — z)dt (2.29)

T
OO e

Now, being the pair (A*, B*) observable, one can use Lemma 2.2 to obtain
that the generalised sequence

1 T
{ = / pTdt} c RN
T 0 T€(0,400)

is actually bounded. Again, thanks Bolzano-Weierstrass theorem, for every

subsequences of {% fOT pTdt} ( : there exists a subsubsequence and one
Te(0,+00

p € RY such that the subsubsequence converge to this p. To prove the
convergence of the whole sequence we aim at proving the uniqueness of the
limit p. To this extent, we consider again the averaged equation of p”

T T T
T + T, A*ptdt = T/, C*(Cx" — 2)dt

and we deduce that p satisfies the equation A*p = C*(CT — z). Furthermore,
we can take the average of the equation ! = —B*p’, and get a further
property for the limit p
i=—-Bp

This achievement is remarkable, because it proves the existence of a p such
that
Ap=C*(Cz — =2
{_ p=c ) (2.30)

u=—B"Dp

Moreover, we can prove the uniqueness of such a p using Lemma 2.2. Then,
by Proposition 1.1, we obtain:



Furthermore, we can use the special p satisfying (2.30) all throughout the
proof. Then, using (2.22), (2.23) and (2.25), we can get

T T %
/ ||<OxT—f>||2+||uT—a||2dtso[/ 10T — BIP + [ — alPdt
0 0

Finally, this implies the existence of a constant C' € (0, +00) such that:

T
/ |C(z" —2)|* + ||u” —ul?dt < C (2.31)
0

From this inequality, the thesis follows.
O

There is an interesting byproduct of this Theorem. This is the object of
the following Remark.

Remark 2.2. Assuming (A, C') Kalman-Observable and (A, B) Kalman-Controllable,
there exists M € RT such that:

{2T(t) | T € (0,+00),t € [0,T]} € BX" (0, M).

Proof. In order to achieve this result, one can use Lemma 2.1 applied to
2T — T together with estimate (2.31). O

Now, we are going to investigate how does (27, uT) converge to (Z,%). To
this extent, we need to prove the following Lemma.

Lemma 2.4. For each L € M(N, N;R) such that for the differential linear
system

4zt Lz= teR

w7+t Lz=0 vVt € (2.32)
2(0) = 2

0 s Locally Asymptotically Stable, then 0 is Fxponentially Globally Asymp-

totically Stable for the system (2.32).

Proof. 180 Step
First of all, we show the Global Asymptotical Stability of 0. Indeed, by the
hypothesis, there exists a § € (0, +00) such that Vzq € B(0, )

3 lim [le 2] =0
t—-oo
Hence, Vzo € RV \ {0}, we define v = 2”‘20“, getting

3 lim |le”" 2| = 0.

t—4o00
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Which yields

3 lim ez = 0.
t——+o00

Therefore, 0 is a Globally Asymptotically Stable point for the system (2.32).
ond Step
We prove that

sup ™| s
zo€B(0,1)

B(0,1) C RY is compact. This implies that it is totally bounded, i.e.

Ve >0 3{xy,...,zn.} C B(0,1) such that B(0,1) C U B(z;,¢).

1e{1,...,N¢e}

C R" is bounded. Then,
C B(RY RY) is bounded

N —tL
Moreover, for every z, € R™, {e mo}t€(07+oo
by the Banach-Steinhaus Theorem, { e_tL}
too, namely:

)

te(0,400)

vVt € RT le || < M

Now, in the previous steps, we have proved that for each z, € RV

e ey — 0
t—+o00
This implies that
Ve >0 3t. € (0,+00) | |le ™| <eVt>t. Vie{l,... N.}

Hence, Ve > 0, t > t. and Vzg € R
le™Faoll < [lle™ al| + [le™" (2 — wo)ll] < &+ Ml|z; — ol| < [e + Me]
Therefore

sup _[le”|| — 0.
z0€B(0,1)

ard Step
We want to show that there exist 2 constants (C, u) € (0, 4+00)? such that

le || < Ce Vt € (0, +00)
At this stage, one can use the result of the previous step, i.e.

sp e 0
20€B(0,1)
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which yields the existence of ¢; € (0, +00) such that:

1
le™li<s vzt
This entails, by induction on n € N,
et < o
2n

Indeed,

P(1) (n = 1) by definition of ¢;.

Moreover, if P(n — 1) holds true, does it imply P(n)? In order to prove this
assertion, one can consider an arbitrary zo € B(0,1). Then,

11 1
—nt1L < 7(n71)t1L 7t1L < o
e~y < DL e~ Lag]) € it =

Therefore, by the Principle of Induction, one can conclude that
—Lnt 1
lle= ™| < o Vn e N
To finish the proof, defining C} = sup,c( ) le™"|| € RT, for each t € (0, 400)
n(t) = L%J Then,

-n —(7—"n — 1
Jem ) = fle™" OGO < Gyl < Cugy
< Cye @) < 0GR < 0 )7y )

Hence, defining C' = sup,¢(o et ||e™?) € R and p = %, one gets

le || < Ce ™ Vte|0,+o0)
[

The next Proposition will prove to be extremely useful in the arguments
used in the next proofs.

Proposition 2.1. Let L € M(N, N;R) such that there exists a Lyapunov
function V, whose square root defines a norm on RY. Moreover, we suppose
that for every z : R — RY solution of

d
Ez—i—Lz:O Vte R
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1. there exists ty € R such that

IM eRY : V(z(t)) <M Vte [ty,+o0)

2. if At1,ta) € R?, ty <ty such that V(z(t1)) = V(2(t2)), then 2 = 0.

Then, the linear differential system

42+ Lz= teR
{dtz—i- z=0 vVt € (2.33)

2(0) = 2o
is Exponentially Globally Asymptotically Stable.

Proof. First of all, 0 is an equilibrium point for the system. We divide the
proof in 3 Steps.
15t Step
We are going to prove that for each z solution of the equation, there exists
M, € R* such that

Vt € [to, +00) [|z(t)|| < M.

Indeed, thanks to the norms equivalence in RY, for every t € [ty, +00)

|zl < CVV((0) < CVM = M,

ond Step
In this step, we aim at showing that if there exists {t, }nen C [max {to,0}, +00)
and z € RY such that t, — oo and

n—-4o0o

then,

To this extent, V n € N we define
Zn R— RY

t — z(t, +1)

This is a solution of the equation too and for each ¢ € [ty, +00)

[z} = llz(tn + )] < My
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Since z, satisfies the equation, we have also for every ¢ € [ty, +00)
d
22| < ILIHza @I < [1L] M,

Using again the equation, one has

d? d

Then, for each ¢ € [ty, +00)
d? 2 2
wzn(t) < LIFlzn (@I < [ILI1° M

At this stage, thanks to Ascoli-Arzela’s Theorem applied to {z,},.y and
to {%Z"}neN in each compact subset of [ty, +00), one obtains the existence

of a subsequence {2y, b,y C {2n}tnen and y € C'([to, +00), RY) such that
uniformly on compacts subsets

Z —
Mt k—+o0

and

d d

Eznk k—>—+>oo %y
First of all, this implies that y is a solution of the equation, and can be
extended to a solution defined on the whole R. To conclude, one recollect
that the Lie derivative (see Definition 1.4) of V' is less than or qual to 0, by
the definition of Lyapunov function. This implies

Voz:R—s RT

t — V(2(1))

is not increasing. Hence, there exists [ € RT such that

V(z(t)) — 1

t—+00

On the other hand, for each s € [tg, +00) fixed

V(z(tn, +5)) — Vy(s))

k——+o0

By the uniqueness of the limit, on can deduce that for every s € [tg, +00)
Viy(s)) =1
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By the second hypothesis, y(s) = 0 Vs € [tg, +00). Then, Z = y(0) = 0.
31d Step
We consider the sequence {2(t)},c(;, 1o0)- It is bounded. Therefore, thanks to
Bolzano Weiestrass Theorem, for every subsequence there exists a convergent
subsubsequence. The ond Step allows us to affirm that the limit is actually
0. Hence, by Proposition 1.1,

2(t) — 0

t—+o00

Therefore, the linear differential system is globally asymptotically stable.
4th Step
Employing Lemma 2.4, one gets

le7™ || < Ce™™ € (0,+00)

as required.
O]

At this stage, we focus on the case z = 0. In this context the non-
stationary problem functional becomes

J& L0, T); RY) — R

s / ()| + |Cx(t) )

and the stationary one
JyM—R

(z,u) — [[lull* + [ Ca||’]

We will call the corresponding non stationary minimization problem (OCP)¥
and the stationary one (OCP)5. In this framework, the unique minimizer
for the stationary problem is (0,0). In the next Lemma we will show that,
when z = 0, one can define the optimal control for the finite time-horizon
problem by a linear feedback law involving the solution of the Riccati Equa-
tion. Moreover, it will be proved, under our assumptions, the existence and
uniqueness of a positive definite solution of the Algebraic Riccati Equation.
This will enable us to construct a stabilizing linear feedback function, which
will define the optimal control for the infinite-time horizon problem.

Lemma 2.5. Let (A,B,C) € M(N,N;R) x M(N,M;R) x M(N,N;R)
such that (A, B) is Kalman-controllable and (A, C) is Kalman-observable.
Then,
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3 &£ :RY — Sym(N,R) € CY(R*, M(N, N;R))

solution of the nonlinear Cauchy Problem

{gt = O"C — (EA+ A*E) — EBB*E Vit € (0, +00) (2.34)

£0)=0
. for every T € (0, 4+00)

fro00,7) x RY — RM

(t,z) — —B*E(T — t)x
is an optimal feedback law for (OCP)E, i.e. if 2T is the optimal state,
then (z7,E(T — )T, —B*E(T —-)xT) is the optimal triple for (OCP)T.

. there exists R € Sym(N,R) a positive definite matriz such that for
each T € RT
0<&(T)<R

V(ty,t) € RT?
E(ty) < E(ts)

3 lim &M YE

T—~+o00

Furthermore, E is positive definite and it is the unique positive definite
solution of the Algebraic Riccati Equation

(EA+ A*E)+ EBB*E =C*C (ARE) (2.35)

. the linear system

(2.36)

2,4+ (A+ BB*E)z =0 Vie R
z(0) = xg

15 exponentially globally asymptotically stable, namely 0 is an exponen-
tially globally asymptotically stable equilibrium point.
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Proof. First of all, we face the problem of the global existence in positive
time for the non linear Cauchy Problem (2.34). Picard’s Theorem implies
the existence of a maximal solution

E:I+— M(N,N;R)

for the Cauchy Problem. We define J = I()(0,+0o0). Furthermore, one
can verify that £* satisfies the same Cauchy Problem. By the uniqueness
Theorem, & = £*. Therefore, for every t € J, £(t) € Sym(N,R). To prove
the global existence in positive times, we want to prove that there exists a
compact K C M(N, N;R) such that £(t) € K for each ¢t € J. To this extent,
VT € J and for every initial data 2o € RY we consider the Cauchy Problem

{%w(t +(A+BBET—thw=0  ¥e(0.T) (237)

w(0) = xg
The function defining the dynamics
g:(0,T) x RN — RN

(t,2) —> (A+ BB*E(T — t))x

is sublinear. Hence, there exists a unique global solution y”. Got this far, we
can define (y*, 77 vT) = (y*,E(T — -)y*, —B*E(T — -)y"), which we want to
prove to be the optimal triple for (OCP)L. To this extent, we show that it
satisfies the Pontryagin system. By definition, y” is the unique solution of

d,T T _ p,T
{ LoT(t) + AxT = BT Vit e (0,T) (2.3

d
27(0) = xg
Besides, one can compute the derivative of 77 and get for every t € [0, 7]
d_r
o (1) =
= —C*Cy"(t) + E(T — ) Ay" (t) + A*E(T — t)y" (t)+
+&E(T —t)BB*E(T — t)y" (t) — E(T — ) Ay" (t) + E(T — t)Bv™ (1) =

= AE(T-t)y" (t)—C*Cy" () +E(T—t)BB*E(T—t)y" (t)—E(T—t)BB*E(T—t)y” (t)

= A7l (t) — C*Cy" (1)
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Therefore, the triple (y7, 77, vT) satisfies

(4yT + AyT = Bo” Wt e (0,T)
—daT 4 AT =C*0yT Yt e (0,7)

vl = —B*nT (2.39)
z(0) = xg
™ (T)=0

\

Then, by the existence and uniqueness of the optimal triple for (OC P)I" and
the convexity of the functional JI, one obtains (y*, 77, vT) is the unique
optimal triple for (OCP){. At this moment, we can prove that for each

T e J and zg € RY

*E(T)xy = inf Jr
()0 weL2((0,T)RM)
Indeed,
d
LT )] =

= (—AyT — BB*W,W)RN + (yT, At — C*C'yT)RN =
= =B 7|* = ICy" |
Hence, using the Fundamental Calculus Theorem

rE (T = [ =5 [(ET =007 (0.7 (1) ] e =

weL2((0,T);RM)

T T
= / 1B + | Cy" |Pdt = / loT|? + IOy Pdt = inf T

We have already determined, when the target z = 0, the value function as a
quadratic form by the solution of the Riccati Equation. This equality implies
that for each T' € J

T
rie (o= [ oI+ Cy Pt 2 0
0
Furthermore, whenever z5€(T")zy = 0, we have:

T
/ 10712 + [CyT|2de = 0
0

which implies

(2.40)



Now, one use the observability of the pair (A, C), obtaining o = 0. There-
fore, £(T) is positive definite V1" € J. We consider again an arbitrary initial
data xy € RY to conclude the proof of global existence in positive times.
Now, one use the controllability of the pair (A, B). This, by Theorem 1.7,
implies the existence of a matrix F' € M(N, M;R) and 2 positive constants
(C,w) € (0,+00)?, such that for each wy € RY the solution of the system

Aw = BF teR
{wt—l— w w Vit € (2.41)

w(0) = wy
lw(t)]| < Ce™"||w]
Then, choosing wy = g, one gets a pair state-control (y,v) = (2, Fz) (in

general, not optimal) such that

—+o00
/ I0]12 + |C2|[2dt < +oo
0

Defining
- +w
%2/ ol + [C=|Pdt
0

one has for every T € (0, +00)

+oo
€ (T)wo = Jo (v1) < Jg (v) = /0 [oll* + lIC=[Pdt = Ro

Hence, choosing x, € SRN(O, 1), we define the positive definite matrix
R= Ryly
and we deduce that V1" € J
0<&(T)<R

This implies that the desired compact set exists and can be chosen as

K = B(0, Ry) C M(N, N;R)
This implies that actually J = (0,400). We have concluded the proof of
1. Moreover, we have proved 2. and 3.. To prove 4. we use again the
characterization of the value function as a quadratic form. For every (¢,t5) €
R+? t; < t, if we define (y",n", ") the optimal triple for (OCP)% and
(y'2, 72, v*2) the optimal triple for (OCP)2

to
%&M%z/HWW+WWWﬁZ
0
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t1 t1
- / [ 1* + [ICy™|*dt > / [V 1 + ICy" I*dt = 25€ (t1) o
0 0
By which we conclude
E(ty) < E(t).

We use now 3. and 4. to deduce 5. In fact by the bounded monotonicity of
{€() }ie0,400), ORE gets

Eis symmetric and positive definite. Furthermore, by the equation satisfied
by &, the sequence {%5 (t)} 10,00y COTVETEE too. Using again the fact that

for every T' € (0, 400) 0 < £(t) < R it follows that

d

This implies that E is a solution of the Algebraic Riccati Equation (ARE).

Before uniqueness, we prove that for all E € Sym(N;R) positive definite
solution of the Algebraic Riccati Equation (ARE), the Cauchy Problem

(2.42)

2+ (A+BB*E)t =0 VteR
z(0) = xg

is Exponentially Globally Asymptotically Stable. To this purpose, one de-
fines the function
V:RY—R

z — 2*Ex

This function is strictly positive on RY \ {0} and vanishes in 0. Moreover,
we compute the Lie derivative (Definition 1.4) as follows:

Ly(x) =
— (~Az — BB*Ez)*Ex + 2*E(— Az — BB*Ex) =
— 2*(~A*E — EA— EBB*E — EBB*E)z =
= 2*(—=C*C' — EBB*E)x =
= —||Cx|* — | B*Ex|]* < 0
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Therefore, V' is a Lyapunov function. Furthermore, since E is positive defi-
nite, v/V defines a norm. Moreover, by the computation of the Lie derivative,
for every (ti,t5) € (0,+00), t; <ty and for every zy € RY

[2)
Via(t) = Vistt) = [ P + 18" BalPde
t1
Therefore, if V(z(t1)) = V(x(t2)), Cx(t) =0 t € [t1,t2]. By the observabil-
ity of (A,C), z(t) =0 t € [t,t2]. Hence x(t) =0 Vt € R. Then, using
Proposition 2.1, one deduces 6. R
For the uniqueness we reason as follows. For every E € Sym(N;R)
positive definite solution of the (ARE), for every zy € RY we consider z the
unique solution of the Cauchy Problem

2+ (A+BB*E)\x =0 VteR (2.43)
z(0) = xo '
Then, the triple (z, Ex, —B*Ea:) satisfies the System
(Ly+ Ay=DBv  Vte (0,+00)
—4dr+ A'mr = C*Cy vt € (0, +00)
v=—-B'T (2.44)
z(0) = xo
\ﬂ-(t) tﬁ_+>oo 0

and e
| (1= BEs + Icam)?] a < +oc.
0

Which entails that the infinite horizon problem (OCP){* is well posed.
Furthermore, System (2.44) is the first order condition for the minimization of
Jo7°°. Then, since J§° is strictly convex, by Proposition 1.2, (z, Ex, —B*Ew)
is the optimal triple for (OCP)g°. We proceed with the following computa-
tion

dr1 .~
pr [a: E:U] = Ly(z) =
= —|Cal* - | B"Ex|*.

Now, using the Fundamental Calculus Theorem, one obtains

~ too g ~
roExg = / 7 [a:*Ex} dt =
0
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+oo
:/ |Cx||® + || B* Ex|?dt = inf J°.
0

ueL2((0,+00),RM)

Then, for every (El, EQ) € Sym(N,R) of positive definite solution of the
Algebraic Riccati Equation, one can use the above computation to get

2t (Ey — Ey)xg = inf Joee — inf Jfe =0
ueL2((0,400),RM) ueL2((0,400),RM)

This yields El = Eg as required.
[

In order to deduce the consequences of the previous Lemma, we need the
following Proposition.

Proposition 2.2 (Schauder’s Fixed Point Theorem generalization). Let (X, || ||)
be a Banach space, FF C X nonempty closed convex

A: F— F

a (possibly nonlinear) continuous map such that A(F) is relatively compact.
Then there exists a fixed point T € F' for A.

Proof. By hypothesis, A(F) is relatively compact. Then, one can define the
convex hull of A(F):

N
=1

NeN, {z,...,z5} T A(F),

N
{Aitier. v € [0,1] such that Z/\i — 1_}
i=1

Since A(F') C X is compact, H is compact. We define:
AlgH— H
Now, thanks to the Shauder Fixed Point Theorem (page 538 of [10]), we get
JreX such that AT) ==

]

We are going now to describe more accurately the convergence of £(t) to
E.
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Corollary 2.1. Assuming (A, C) observable and (A, B) controllable, there
ezists 2 constants (C, ) € (0,400) such that:

IE() — E|| < Ce™t  VteR* (2.45)
Remark 2.3. As we will see from the proof, the rate p in (2.45) is any expo-
nential rate of A+ BB*E.
Proof. Let us define L = A+ BB* E. We look for the equation satisfied by
& — E. To this purpose, we compute the derivative of (£ — E)
(5 - E) — (*C — (EA+ A*€) — EBB*€ — C"C + EA+ A*E + EBB*E =
t

—(£—E)A— A* (£ — E)— (£ — E)(BB*E) + (£ — E)BB*E+
—~EBB*E — EBB*(£ — E) + EBB*E + EBB*(£ — E) =
= —(E—E)L—L*(6—E)+EBB*E—EBB*E+EBB*€—EBB*E—EBB*E+EBB*E =
—(E—-E)L-L*(—-E)— (£ —-E)BB*(&—F)

(E—E)=— ((g _B)L+ L€ - E)) _(£-E)BB(E—E) (2.46)

By Proposition 2.1, there exist 2 positive constants (C,u) € (0, 400)? such
that for every t € R, |le7*2|| < Ce . By our computations, £(ty +.) — F
satisfies V ¢y € (0,+00) the nonlinear Cauchy Problem

{Zt = (ZL+L*Z)— ZBB*Z  Vte€ (0,+00) (247

Z(ty) = E(to) — E
We are going to study Cauchy Problems of this kind, in order to get the

desired estimate for the difference £ — E. To this extent, we will use a fixed
point argument. For this reason, we define Vo € (0, +00):

x = {W € C°([0, +00), M(N, N3 R)) | [[W(#)]| < de 2 Wt e R}

By the ODEs’ theory, for every A € M(N, N;R), for each W € x there
exists a unique Z € C°([0,+00), M(N, N;R)) N C'((0,+00), M(N, N;R))
solution of the Cauchy Problem

{Zt = —(ZL+L*Z)—~WBB'W  Vte (0,+00) (248

Z(0) = A
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In the proof below, § € (0,400) and A € M(N, N;R) are degrees of free-
dom we will use next. We employ now Duhamel’s formula to represent the
solution:

t
Z(t) = e A — / e I WBB We "9ds Yt € [0, +00)
0

To get an estimate for ||Z(t)|| we estimate the integral as follows for each
t € [0,400)

t
/ e~ Y BB W e~ (9L g

t
< / e WBB*We =9 ds <
0 0

t
< / Cve—(t—s),u526—2ut6—(t—s)ud8 _
0

t _ —12u
/ emomgg Lo 1
0 24 24

Since

then,

t
/e_(t_s)L*WBB*We_(t_S)LdS < 522t
0

This enables us to estimate || Z(t)||
IZ(@)] < [[Alle™* + Co%e™ < (|A]] + C6%) e,

Now, one can choose [|A|| < 2 and ¢ sufficiently small so that § + C6* < .
Therefore, the map
T:x—x

W —Z

is well posed. Moreover we can assign to x the uniform topology. In this
context 7' is a continuous mapping. Furthermore, T'() is relatively compact
into (CP([0, +00), M(N, N;R)), || |ls), as it can be verified using the equation
and Ascoli Arzela Theorem. This enables us to use the fixed point Theorem
2.2. Tt yields the existence of a fixed point Z € x for the map 7. Now, we
use the above result to prove the desired estimate for £ — E. By Lemma 2.5

(5’)7

~

Et) — E.

t—+o00

So, there exists ty € [0,400) such that ||£(ty) — E| < 8. Then, thanks to
the Fixed Point Theorem, there exists a solution Z of the Cauchy Problem

{Zt = (ZL+L*Z)— ZBB*Z  Vte (0,+00) (2.49)

Z(to) = Ety) — E
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such that
1Z()| < de2H Vt € [0, +00)

Hence, by the Uniqueness Theorem for ODEs, one obtains:
E(t+ty)—E=2(t) Vtel0,+00)
which implies
IE#) — E|| < de 20 Vit € [ty, +00).
Then, there exists C' € (0, +00) such that
IE@t) — E|| < Ce

This completes the proof of the Corollary.
O

We are ready to describe more precisely the convergence of the optimal
triple (27, p”,u”) for (OC'P)T by the next Theorem.

Theorem 2.2 (Global Turnpike Property). Assuming (A, C') Kalman-observable
and (A, B) Kalman-controllable, there exists (C, ) € (0,400)* such that the
turnpike property holds, i.e. for every T € (0,400), Vt € [0,T]:

12" () =z + llp" (8) = Bll + [l (t) — @l < C [llwo —Tle™" + IIﬁlle_“((T_t)])
2.50

Proof. Thanks to Theorem 2.1, there exists a unique p € R" such that

(2.51)

Ap=C*(CT — 2)
i=—Bp

At this step, we define
RT . [0,T] — RY

t—p" () =P~ E(T —t)(a" (t) — 7)

Now, one can use the Pontryagin system and the equation (2.34) to find out
the equation satisfied by h'. In fact, Vt € [0, 7]

hi (t) = (0" = D)i(t) + E(T = 1) (" (t) = D) — E(T — t)(a" —T)(t) =
= A*(p"'(t) —p) — C*C(2"(t) = Z) + C*C (2" (t) — T)+
—E(T — A" (t) —7) — AE(T —t) (2 (t) — T)+
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—E(T—T)BB*E(T—t) (27 (t)—7)+E(T—t) AT () ~7)—E(T—t) B(uT (t)~70) =
= A*(p"(t)=p)—A"E(T—t) (2" (t)=7)—(E(T—t) BB*E(T—t))(«" (t) =) +E(T—t) BB* (p" (t)—p)-

Therefore, h' is a solution of the Cauchy Problem

{h?(t) — (A" 4+ &(T - t)BB*)hT(t) vVt € (0,7) (2.52)

hY(T) = —p.
This differential system has a sublinear dynamic. Hence, it admits a global

solution. As we did before, we define L = A + BB*E. In this notation, h’
satisfies

{htT(t) = L*hT(t) + (E(T —t) — E)BB*hT(t) V€ (0,T)

We use the Duhamel’s formula to solve the Cauchy Problem, obtaining for
every t € [0, 7]

KT () = —e~T-OLp / "t ((5(T _s) - E)BB*hT(s)> ds

t

At this stage, we are going to estimate ||h” (¢)|| using Corollary 2.1. For each
te 0,7

IRT (O] < [|-e"Tp

I+ H/tT e <(8(T — )~ E)BB*hT(S)) ds|| <

T
< plle T + © / e DT 1T (5)]|ds <
t

T
< CemnlT=0) [nzan -/ e-“”-s)nhT(s)nds]
t

Since for every ¢ € [0, 7]

T
/ Ce T8 q¢ < £7
t T 2p

the Gronwall’s Lemma 1.4 yields for every ¢ € [0, T]
IRT (O] < Cliplle™ @0 vt e [0,T] (2.54)

where the constant C' is independent of T € (0, +00). Now, by the definition
of AT, (z7 — ) satisfies for each ¢ € (0,7)

(z7=%),(t)+(A+BB*E) (27 (t)—%) = BB*(E—&(T—1))(2" (t)—T)—BB*h" (¢)
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Consequently, using the Duhamel’s formula, for every ¢ € [0, 77,
t
2T () -7 = e~ (20—T)+ / [6_(t_S)L <BB*(E —E(T - $)) (@7 (s) - 7) — BB*hT(s)ﬂ ds.
0

In order to estimate 7 — T, we use Corollary 2.1 and (2.54). We get for
every t € (0,7

t t
o ()= < Cllan-ze ¥ [ eI (5) s Clp] | e e-lenT s <
0 0

t
<C (||:C0 — T|le " + |\]3||e“(Tt))+Ce“(Tt)/ 672“(1‘/75)67“(7175)”:L‘T(S)—fHdS.
0

Now, one can compute

¢
/ Cle2T=3) g < g
0 T 2p

and

t
et [ TG (g — e+ plle ) T2 ds <
0

< O (lzo — Z)e ™ + |plle T

Therefore, one can use the Gronwall’s Lemma 1.3 to obtain
lz" () =zl < C [lzo — Tlle ™ + |[plle =] vt e [0,T].
By the definition of A7,
pr(t)—p=ET—t)(x"(t) —zT)+h"(t) Vte[0,T]
This implies for every ¢ € [0, 7]
I (1) = Bl < Rolla™ (t) =2 + 1" (t)I| < C [lzo — z[le™* + [[plle "]
Finally, this yields
[l (t)=all = || B*p" (1) =B*Bl| < C [llwo —Tlle™ + [[plle ] te[0,T].

The proof is finished.
O
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Chapter 3

NonLinear Case

In the present chapter we discuss the fulfillment of the Turnpike Property
for some NonLinear Problems. Our analysis will be divided into 4 parts:

1. Global Turnpike Property for Linear Quadratic Case with the approach
of [20];

2. Well Posedeness and Convergence of Averages for NonLinear Convex
Case;

3. presentation of a Local Turnpike Property for NonLinear Convex Case;

4. proof of Global Turnpike Property for NonLinear Convex Case.

3.1 Global Turnpike Property for the Linear
Quadratic Case

This first part follows the approach of [20].

’ Shooting Method‘
First of all, we briefly introduce the so called Shooting Method, which will
play a key role in this chapter. We take into account (p,q) € N2, an open set
) C R?, a regular dynamics

F:Q+—— R € CH(Q;RP),
R:Q* — RY€ CHQ* RY).

We want to investigate if there exists and it is unique the solution Z €
C1([0,T]; R?) of the following Problem:

{dZ(t) = F(Z(t) ¥Yte(0,7)

dt

R(Z(0),Z(T)) = 0. (3.1)
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If ¢ = p, and there exists Z, € {2 such that
R:O?+— RY

(x7y> —>I—Z0

by Picard’s Theorem, it holds at least local existence and uniqueness for
(3.1). But, whenever R has a different shape, the problem of existence and
uniqueness for system (3.1) is a hard one. We present here a powerful tool,
even from the numerical point of view, to address these sort of problems.
Given a dynamics F' : Q —— R? and a time horizon T € (0, +00), assume
that there exists an open set 3 C  C RP such that for all Z; €
there exists a unique global solution Z(-; Zy) € C([0,T],R?) to the Cauchy
Problem:

{%Z(t) = F(Z(t)) Vte(0,T) 52)

Z(0) = Zy.

The idea of the Shooting Method is to look for a set of initial data such
that the solution of the Cauchy Problem (3.2) satisfies the original terminal
conditions given by R. Namely, we want to determine the set

GS(R) ={Zo € Qo | R(Zo; Z(T'; Zo)) = 0} .

If it is not empty, VZy € GS(R) Z(+; Zy) € C*([0, T]; RP) is a solution of the
differential system (3.1). The Shooting Method is said to be well posed if
and only if

GS(R)

is a singleton. We define the nonlinear function
G:Qy— R?
Zy — R(Zy, Z(T; Zy)).
Hence, in order to determine GS(R) we have to solve the nonlinear equation
G(Zy) =0 Zy € .

To accomplish this task there are many tools available. For example, it is
possible to use numerical methods to solve it. Among them the bisection
method and the Newton method are quite popular. It is important to under-
line that the Newton method requires a good initialization. If the reader is
interested in Shooting Method, we refer to [19] for an overview on the topic
and some links to the Optimal Control Theory.
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The idea of the Shooting Method underlies on the proofs for this first
part. Moreover, we will use some algebraic techniques from the Algebraic
Riccati’s Theory. In order to introduce the reader to this approach, we study
again the Linear Quadratic Finite Dimensional Case. We will prove a Global
Tunrpike result for the Linear Quadratic Finite Dimensional Case. After
that, we will show how our techniques can be generalised in order to obtain
a Local Turnpike Property for the NonLinear Case.

There will be some different hypotheses with respect to the previous
chapter, motivated by the different techniques used. First of all, we con-
sider 2 natural numbers (N, M) € N? and one strictly positive real num-
ber T' € (0,4+00). Moreover, we take into account a quadruple of matrices
(A, B,C,W) € M(N,N;R)x M(N, M;R)x M(N,N;R)x M(M, M;R). We
suppose (A, B) Kalman-controllable, C' € Sym(N;R) positive definite and
W € Sym(M;R) positive definite. Furthermore, we consider a state-target
2z € RM a control-target v € RM and an initial data zy € R". By Theorem
1.3, for every control function u € L*((0,T); RM) there exists a unique state
solution of:

r; + Az = Bu a.e. t € (0,7) (3.3)
z(0) =z '
Finally, (OCP)? consists in minimizing the functional:
JU L L2(0,7);RY) — R (3.4)

u—> %/OT [|Cx — 2|* + [[Wu —v|*] dt
On the other hand, we define the following vector subspace of RY x RM
Definition 3.1.
M = {(z,u) e RN x RM | Az = Bu}
At this stage, let us define the stationary functional:
J':M+—R
(x,u) — % [ICz — 2|* + [[Wu — v|?]

We will name (OCP)*® the above functional minimization problem.
We highlight here the main differences between the setting of the ond

chapter and the setting of the present chapter.
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1. In this chapter we consider an arbitrary control target w € R, whereas
in the previous chapter it was fixed w = 0.

2. Here we have a generic weight matrix W € Sym(M; R) positive definite
for the control term ||[Wu — v||? in the functionals, while in the 15t
chapter it had to be the identity I,,.

3. In the first chapter we asked only (A, C') observable, whereas here we
require C' (strictly) positive definite. It is possible to check, by Kalman
condition (2.4), that, whenever C' € GL(N;R), the pair (4, C) is actu-
ally observable.

One can observe that the 2. is not a significative generalization. In fact,
whenever W # [, it is possible to reduce to W = I, defining B¥ BW-1.

As in the 284 chapter, there exists a unique minimizer both for (ocp)t
and (OCP)?*.

Furthermore, VI' € (0, +00) the optimal triple (z7, pT, u?) € AC([0, T]; RN)x
AC([0, T]; RN) x L2((0,T); RM) solves the state-adjoint state Pontryagin sys-
tem:

(27 + Az” = Bu” a.e. t € (0,7T)
—pl' + A*pT = C(Ca™ — 2) a.e. t € (0,7)

u' =Wty — W2B*pT a.e. t € (0,7) (3.5)
27 (0) = x

p'(T) =0

As in the previous chapter, using the above system of differential equa-
tions, we can show that (z7,p”,u”) € C°([0,T],RY) x C>([0,T],RY) x
C>=([0,T], RM).

Moreover, it is possible to prove, employing the techniques used in chapter
1 (namely Lemma 2.3 and Theorem 2.1) , that there exists a unique opti-
mal triple (Z,p, ) for the stationary problem (OCP)*, which is the unique
solution of the system:

AT = Bu
Ap=C(CT — 2) (3.6)
=Wty —-W=2B*p.
At this stage we will present a Lemma which is a key tool to show both
the Global Turnpike Property for the Linear Quadratic Case and the Local
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Turnpike Property for the NonLinear Convex Case. It relies mostly on the
Algebraic Riccati Equation (ARE). We define the matrix:

at [ —A —BW_2B*
p

Lemma 3.1. Let (A, B,W,C) € M(N, N;R)x M(N, M;R) x Sym(N;R) x
Sym(N;R) be such that W and C are positive definite. Then, the matrix
M € sp(N,R). Moreover, if (A, B) is Kalman-Controllable, then

1. there exists a matric P € GL(2N;R) such that:

_ _ 2k
piyp_ [~A-BWTBE, 0 ~
0 —A— BW™2B*E_
where Re(o(—A—BW2B*E,)) C (—00,0) and Re(o(—A—BW2B*E_)) C
(0, +00);
2.
Re(o(M)) C R\ {0};
3.

—o(M) =o(M).
In the next proof we follow the approach of [2] and [21].

Proof. First of all, thanks to Proposition 6 page 6 of [4], the matrix M €
sp(N;R). If (A, B) is Kalman-Controllable, we apply Lemma 2.5 to (A, BW =1, C).
Therefore, there exists a unique symmetric positive definite matrix EJF €
Sym(N;R) satisfying the Algebraic Riccati Equation:

EA+AE+EBW™B*E—C?=0 (ARE) (3.7)

Furthermore, there exists a unique symmetric negative definite matrix E €
Sym(N;R) solution of the Algebraic Riccati Equation (3.7). At this point,

one defines
par (v Ix
- E, E_

Its inverse reads as follows:



Then,
yp_ [~A-BW?BE, —A-BWB'E.
B —C?*+ A'E, —C?* + A*E_

Hence, P~'M P is such that:

~ ~ ~ ~ ~ ~

(PT'MP)yy = —(Ex—E ) 'E_(~A=BW *B"E,)+(E,—E_) ' (~C*+A"E,);

(P'MP)y = —(E,—E_) "E_(—A—BW ?B*E_)+(E,—E_) " (—C*+A*E_);
(PT'MP)yy = (E,—E_) ' E(~A=BW ’B*E,)—(E,—E_) " (~C*+A"E,);
(P'MP)yy = (E.—E_)'"E (—A—BW ?B*E_)—(E,—E_) " (—~C*>+A*E_).
Using the fulfillment of the Algebraic Riccati Equation, one gets:

pyp_ A BWB*E, 0 R
0 —A— BW™B*E_

By Lemma 2.5 (5), the differential linear system

{xt +(A+BW2BE)r=0 Vte(0,7) 38)

x(0) = xg

is exponentially globally asymptotically stable. Employing the character-
isation of exponentially globally asymptotically stable linear systems (e.g.
Theorem 8 page 37 of [4]), one obtains that

Re(o(—A — BW™2B*E,)) C (-0, 0).
Furthermore, from
(E, — E.)(—A—BW™B*E,)+ (-A— BW?B*E_)"(E, — E_) = 0.
and the invertibility of the difference E+ — E,, one deduces that:

o(—A— BWB*E_) = —g(—A— BW2B*E,) C (0,+)

Then,
Re(o(M)) Cc R\ {0}
and
—o(M) = o(M)
as desired. n
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We are going to prove the Global Turnpike Property for the Finite Di-
mensional Linear Quadratic Case, which, as announced, will be a guideline
for the proof of the Local Turnpike Property for the NonLinear Convex Case.

Theorem 3.1. Let (A, B,C,W) € M(N, N;R)x M(N, M;R)xSym(N;R)x
Sym(M;R) be such that (A, B) is Kalman-contollable, C' and W are positive
definite. Furthermore, take into account arbitrary targets (z,v) € RN x RM
and a arbitrary initial data xo € RY. It follows that there exist 2 constants
(C, 1) € (0,400)? such that VT € (0, +00):

2" (8) = Z[| + [Ip" () =Dl + [lu” (t) =7l < C [e™* +e#T9]  vte[0,T].
(3.9)

Proof. First of all, VI' € (0,400) we define the perturbation functions as
follows:

6zt [0, 7] — RY
t — 27(t) — 7,
6p’ 0, T) — RY
t—p"(t) =P
and
su’ 1 [0,T]) — RM
t —ul'(t) — 7.

We remind that the nonstationary optimal pair (z7,p?) is solution of the
system:

{xtT(t) + AzT(t) = BW—tv — BW2B*pT(t)  Vte (0,T) (3.10)

—pl(t) + A*pT(t) = C(CxT(t) — 2) Vit e (0,7)

On the other hand, the stationary optimal triple (Z,p,u) is the unique
solution of:

Ax = Bu
Ap=C(CT —2) (3.11)
u=W="1tv—-W=2B*p
This yields that the optimal pair state-adjoint state (z,p) for (OCP)?® is the
unique solution of the algebraic linear system:

{AE = BW~'w — BW2B*p (312)

A'p=C(CT — z2)
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By subtracting the above systems, we get that V1" € (0, +00) the pertur-
bation pair (6z7,dpT) is solution of the linear differential system:
dxl (t) + Adx™(t) = —BW 2B*op” (t) vt € (0,7
—apT (1) + AP (1) = C26aT (1) Wt e (0,T)
62T (0) =20 — T

: (3.13)
op'(T) =

At this stage, let us define the function
Z:[0,T) — R?N
— (32" (t),0p" (1))

and the terminal conditions
R:R™ — R?Y

(1, Y1, 22,Yy2) — (x1 — 20 + T, Y2 + D)

Hence, Z is a solution of the differential linear system:

(3.14)

R(Z(0),2(T)) =0
In order to get the desired estimate for the perturbation functions, we will
solve (3.14) by the shooting method. In the present case, thanks to the
linearity of the dynamics, Q0 = Qy = R?Y. Therefore, our aim is to show that
the set

{Zt(t) = MZ({t) VYte (0,T)

GS(R) = {Zy € R*N | R(Zy; Z(T'; Zy)) = 0}

is actually a singleton. Preliminarily, we observe that, for every Z, =
(z1,71) € GS(R), it follows that:

R<<x17 yl)? Z(T, ($1, yl))) =0

which yields
Ty = Ty — T.

Then,
GS(R) = {Zy e R*N | R(Zy; Z(T; Zy)) = 0} C {0 — T} x RV.

Hence the only degree of freedom in the Shooting Method is dp” (0). At this
step it turns out to be useful Lemma 3.1. At this stage, VZ, € R*¥, we define
the function:

Zy [0, T) — R?N
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t— P71Z(t)
Therefore, Vt € (0,7T),

d d
EZl(zs) = P‘laZ(t) = P 'MZ(t)= P"'MPP~'Z(t) = P"*MPZ(t)
which means
d —A— BW2B*E 0
—7Z.(t) = + ~ | Zi(t 3.15
a2 ( 0 —A— BW—QB*E_) o 319

Now, we define the projection operators:
pp RV — RY
(.CC, y) —
po R RN
Employing these definitions, it is worth defining:
g:[0,T] — RY

t — pi(Z1(t) = pi(PTZ(1))
and
h:[0,T] — RN
t — pa(Zi(t)) = pa(PTZ(1)).
Therefore the system (3.15) is equivalent to

9(t)

h(t)
Therefore, we uncoupled the system. Furthermore, by Lemma 3.1, Re(o(—A—
BW™B*E,)) C (—00,0) and Re(c(—A — BW=2B*E_)) C (0,+0c). Then,
0 is an hyperbolic equilibrium point for this differential linear system. Since
P~IMP has both eigenvalues with positive real part and eigenvalues with
negative real part, 0 is actually a saddle equilibrium point for system (3.16).

Hence, the pair (g,h) = (g, h(T — -)) satisfies

{

(—A—BW™2B*E,)g(t)  Vte (0,T)

(—=A—BW=2B*E_)h(t)  Vte (0,T). (3.16)

(t) = (—A— BW2B*E,)j(t)  Vte (0,T)
(t) = (A+ BW=2B*E_)h(t)  Vte (0,T).

t

(3.17)

= &

g
h

s

t
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By Theorem 8 page 37 of [4] together with Lemma (2.4), there exist 2 con-

stants (C, p) € (0,+00)? such that:

1)) < Ce™|g(0)]| ¥t €0,T]
Ih()]| < Ce|[hO)|  Vte[0,T]
which in turn implies
lg@®ll =g < Ce™*llg(O)| vt €[0,T] (3.18)
1)) = [IR(T = t)]| < Ce T IR(0)|| = Ce T N(T)| vt € [0,T]
(3.19)
At this stage, let us define, Vgo € RY, g(-;go) the unique solution of the
Linear Cauchy Problem
9(0) = g0
and, Vhy € R?N | h(-; hy) the unique solution of the Linear Cauchy Problem
T
vt e (0.T) (3.21)

dp(t) = (~A — BW 2B*E_)h(t)
WT) = hy.

def

Finally, we name Z;(+; (go, hr)) = (9(-; 90), h(-; hr)). At this point, we define
R:R™ — RN
(21722) — R(le, PZQ).

Therefore, the Shooting Method for the system
Zy(t) = MZ(t) vt € (0,7) (3.22)
R(Z(0),Z(T)) =0 '

is well posed if and only if the corresponding Shooting Method for
vt e (0,7)

dg(t) = (—A— BW2B*E, )g(t)
dp(t) = (~A— BW™2B*E_)h(t)  Vte (0,T) (3.23)
R((Q(O; go)a h((); hT>>7 (Q(T; go)a h(T; hT))) =0

is well posed, namely

#GS(R) = #{Zy € R*N | R(Zy; Z(T; Zy)) = 0}
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— # { (g0, ) € B | R((g(0:90), h(0: ). (9(T o). h(T hr))) = 0}

Furthermore, we remember that

R:R¥™ — R*Y

T
yi | (371'—91?0:*‘513)
Lf yr+p
Yr
Then, by definition of P,
R:R*™ — R¥
Vg

w; Ui—i‘wi—]?o—i‘f
_> o~ o~ _
Evp+E_wy+Dp

At this stage, let us define the map
f:R*»N — R

() = (25 i)

We observe that (go, hr) is a fixed point for f if and only if:

R((g0, 1(0; b)), (9(T’; go), hr)) = 0.

For every ((gg, hr), (95, h7)) € R*™, we estimate || f((g5, h7)) — f((90, b)),
1.e.:

lp2 (f (96, hi7)) = f (g0, hp))Il = llwo — T — 7(0; hi7) — wo + T + h(0; hp)l| <

Thanks to (3.19),
< C|lhi — hylle™"

and
lp2(f (93, h3))—f (g6, )| = I|EZ* (—=P—Eg(T; 62))— E= (—p—E9(T; g8))|| <
by (3.18),

= |EZ B4 (9(T5 95) — (T 90))l < CIEZ IE Nl g — golle™
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Therefore, V((g3, ht), (g2, h2)) € R,

1£ (g5, h7) = f (g0, hp) | < CUEZ N EN + e (llgs — goll + 1hz — RZ)).

Hence, if T' € (0,400) is sufficiently large, there exists o € [0, 1) such that
V((90, 1), (95, h7)) € R

(g5, h%) — f(g5, bl < allgs — g5l

At this point, by Contractions-Fixed Point Theorem, there exists a unique
(go, hr) € R?YN fixed point for f. By definition of f this means that:

{(90, hr) € RN | R((9(0;90)7h(0§ hr)), (9(T5 90), h(T; hr))) = 0}

is a singleton. Then, the Shooting Method for the system

{Zt(t) = MZ(t) Vte(0,T) (3.24)

R(Z(0),2(T)) =0

is well posed. This in turn implies the existence and uniqueness of the solu-
tion for

{Zt(t) =MZ(t) Vte(0,T) (3.25)

R(Z(0),Z(T)) =0
In order to complete the proof, we perform some inequalities employing (3.18)

and (3.19). Moreover, we are going to use that (go, hy) € R?V is a fixed point
for f, namely:

=19 —T — h(0;h
g =TT T (0; ) (3.26)
hr = E=(—=p — E49(T'; 90)).
Firstly,
lgo = (x0 — T)|| = [1A(0; hr) | < C|lhrlle T (3.27)
Secondly,
lhe + EZ'Pll < | EZ'Efg(Ts 90))|| < Ce ™ | EZExlflgoll.— (3.28)
Furthermore, using (3.28) into (3.27), we obtain:
lgo = (w0 = D) < C [IEZBlle™™ + |EZEifllgolle | (3.29)

Therefore,

lgoll < € [I1Eplle™™ + | B2 Exlllgolle™"] + o — 7
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Taking T sufficiently large, C||E~"E, [|e=2T < 5. Hence,
lgoll < ClIEZ"PI| + 20 — 7. (3.30)

Then, [|g(0)| is bounded uniformly in 7. Similarly, employing (3.27) into
(3.28), we get:

|hr + EZ'p|| < C|EZYEL | [0 — T|e T + ||hrlle=2T] . (3.31)
Therefore,
|hrl| < CIEZLEL || [lwo — Zlle ™ + ||hrlle™T] + | EZB). (3.32)

Then, choosing 7' big enough,
Ihrll < CIEZ Ex|lllzo — 7| + 21 EZ5ll- (3.33)

Hence, we have already deduced a bound of ||Ar|| uniform on the time horizon
T. Let us use (3.18) together with (3.30). We obtain Vt € [0, T7:

lg(t: o)l < C{CIE='p] + 2l — 7|} e < e, (3.34)
Moreover, employing (3.19) and (3.33),

|h(t; b)) < C{CIEZ By |[lwo — 7| + 2| BZ"p| } 770 < CemnT=),

(3.35)
Since (g(+; go), h(:; hr)) = (P~62T, P~1pT) is the unique solution of

i (3.36)

%Zl(t) = P‘lMPZl(t) YVt € (O, T)
R(Z1(O)7 Z1(T)) =0,

we can deduce the following inequalities for dz7 = g(;g9) + h(:;hy) and
op" = E1g(+;90) + E_h(:; ho)

62" ()]l = [lg(t; go) + h(t; hy)|| < C [e# + e #TH] (3.37)
and
16" (1)l = [ E4g(-5 90) + E_h(sho)| < C [ 47D (3.38)

Finally, recalling that du®(-;2¢) = ul(;;20) —u = —W2B*6pT(-;2¢), we
obtain:

[5u” ()] = [| = W2B*6p" (- 0)|| < C [e7# + e 1] (3.39)

This concludes the proof.
[
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3.2 Well Posedeness and Convergence of Av-
erages for NonLinear Convex Case

We are going to introduce the setting for the NonLinear Convex Case.
First of all, for an arbitrary ¢ € N, let us define

R:R*™ +—— R? € C*(R*,RY)

R will represent the initial-terminal condition for the pair (state,adjoint
state)= (z7,pT). V (29, 71) € RY x RN, R can have 2 different shapes:
(TC1)

R:R™W — R* € C*(R™,R*)
X
Vil (xz - 950)
Xy Yr
Yr

which corresponds to the case where the initial point of the state is fixed,
while the final point of the state is left free;

(TC2)
R : R4N — RQN c 02(R4N,R2N)
T
il (l’z - xo)
iy Ty — T
Yr

which corresponds to the case where both the initial and the final point of
the state are fixed.

Furthermore, we consider a pair of matrices (4, B) € M(N,N;R) x
M(N, M;R) Kalman-Controllable. Then, Vu € L?((0,7T); RM), we take into
account x,, € AC([0,T],RY) the unique solution of:

{xt(t) + Ax(t) = Bu(t) ae. te(0,7) (3.40)

z(0) = xg
Then, let us define, for (T'C'1)

U= L*((0,T);RY)
and for (T'C2)
UZ {ue L((0,T);RM) | 2,(T) =z}

75



We remind that, since the pair (A, B) is Kalman-Controllable, U # &. U
will be called the set of admissible control functions. Moreover, it will be
useful during the proof of the well posedeness, the definition of the 0-controls
space. To this extent, Vv € L2((0,T); RM), we take into account the unique

o, € AC([0, T]; RY) solution of:

©i(t) + Ap(t) = Buo(t) a.e. t e (0,7) (3.41)
p(0) = 0.
Then, the set of 0-controls reads as:
Uy = {v e L*((0,T);RM) | ¢, (T) =0} . (3.42)

We take into account
F:RY — R e C*RY;R)
and
L:RM — R e C*RM;R)

such that there exist (o, 3) € (0, +00)? such that Vu € RM ol < Ly, (u) <
BIy and Vz € RNaly < Fp,.(z).
Let us define (OCP)T and (OCP)*. (OCP)T concerns the minimization
of the following functional
JU U — R (3.43)

u—>/0 (L(u) + F(z)) dt

As usual, the stationary problem is defined as follows. First of all, we
define a vector subspace of RY x RM.

Definition 3.2.
M = {(z,u) e RN x RM | Az = Bu}
The stationary control problem (OCP)*® consists in minimizing the map:
J5 M — R (3.44)

(r,u) — L(u) + F(x).

We aim at proving the well posedeness of the above problems. We begin
with the non stationary one.
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Proposition 3.1. We take into account (o, ) € (0,+00)?, two functions
F:RY+— R,
L:RM+—R

and a pair of matrices (A, B) € M(N, N;R)x M(N, M;R) Kalman-Controllable.
We suppose that

o (F L)e C*RY R) x C*(RM R);
o Vu e RM aly < Ly (u) < By and Vo € RNaly < Fy,(x);
o R C*(R¥W R2N) representing (TC1) or (TC2);
o T € (0,400).
Then,
1. there exists a unique u* € U such that

inf J© = JT(u");
u

2. there exists a unique optimal triple (x7 p" u?) € AC([0,T],RY) x
AC([0,T],RY) x AC([0, T); RM) which is the unique solution of

Gt (t) + AxT(t) = Bu" (1) a.e. t€(0,7T)
ftpT(t) + AT (1) = Fo(a" (1) ae te(0T)
Lu(u”(t)) = =B*p"(t) a.e. t € (0,7)
(

( (3.45)
R((x7(0), p"(0)), (x"(T),p"(T))) = 0.

(=7, 57, uT) € C2([0, THRY) x C3([0, T); RY) x C}([0, T]; R™),
then, the above system is satisfied Vt € (0,T).

Proof. All throughout the proof, we consider 7" € (0, +00) fixed. We divide
the proof of 1. into 3 steps.

15 Step

In this first step we determine minimizer candidate u € U. First of all,
we deduce by the strong convexity of F' and L, that there exist 2 positive
constants (Cy, Cy) € [0, +00)? such that

VreRY  Fz)> %||x||2 e
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VueRM  L(u) > %||u||2 — ).

Then, Vu € L*((0,T); RM™)
7w = [ (L) + Plao)d = [ Gl + Sle] -6 - o) it -

o
= _HUH%Q((O,T);RM) ||$||L2 (0,7);RN) - OGT - GT
2

Therefore, Yu € U,

JT(U)—/O [Lu(t)) + F(a(t))] dt = < HU||L20T)RM)+ 11122 (0,7y )~ (C1+C2) T

(3.46)
This means that there exists v/ € R* such that Range(JT) C [—+T, +00),
which in turn implies that:
inf J* € R.

At this stage, we take a minimizing sequence {uy}, . C U, i.e. such that:

J'(u,) — infJT € R.

n—+oo U

Hence, {JT(un)}neN C R is bounded. By (3.46), the sequences {u,}, .y C
L2((0,T); RM) and {z,},c € L*((0,T); RY) are bounded too. This yields,
using Banach-Alaoglu Theorem, up to taking a common subsequence, that
there exist (4, 2) € L2((0,T); R™) x L2((0,T); RY) such that

u, — 4  in L*((0,T);RM)
r, — @  in L*((0,T);R").

We are going to show that there exists a representative of z such that it is
absolutely continuous and:

{ t(gf)) f iﬁ:(t) = Ba(t) ae. te(0,7T) (3.47
In fact, ¥n € N and for a.e. t € (0,7)
{ figgt)_ +x ixn(t) = Bu,(t) ae. te(0,7) (3.48)
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By the definition of the solution for the system above,

zp(t) = xo + /0 (—Azy,(s) + buy(s)) ds

By the definition of the weak convergence Vt € (0,7,

/O(—A:En(s)+Bun(s))ds — /0(—A:i3(s)+Bﬁ(s))dt.

n—-+o0o

At this point, we define
§:[0,T] — RY

t— zo+ /Ot [—Az(s) + Bu(s)] ds

Then, Vt € [0,T]
z(t) — y(t) (3.49)

n—-+400

This convergence is bounded uniformly in ¢ € [0,7] and n € N. Therefore,
by the Dominated Convergence Theorem,

r, — ¢  in L*((0,7);RY)

n—-+4o0o

On the other hand, we already know that

r, — &  in L*((0,T);R").

n—-+o0o

Hence, by the uniqueness of the weak limit, we get £ = y. Therefore, there
exists an absolutely continuous representative of & such that:

{;e (t) + A2 (t) = Ba(t) ac.t€(0.7) (3.50)

t

and, moreover, u € U, by (3.49).

ond Step

By the ond Step we want to conclude the proof of the existence of a minimizer.
At this moment, we have shown the existence of (Z,4) € AC([0, T]; RN) x U

such that
u, — @  in L*((0,T);RM)

T, — @  in L*((0,T);RY).
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We aim at proving the lower semicontinuity of J7 with respect to the weak
convergence
u, — @  in L*((0,T);RM),

n—-+o0o

namely, we want to show that

JE(0) < liminf J* (u,,).

n—-+0o

Indeed, let us consider the second addendum of J”. Employing the convexity
of F, we get:

/0 F(xn(t))dtZ/o F(ﬁ:(t))dtJr/O (Fo(2(t)), zn(t) — 2(t))gn dt.

Since # € C°([0,T];RY), then F, o2 € C°([0,T];RY) c L?((0,T);RY).
Hence, by definition of weak convergence,

/0 (Fuo(2(), x(t) — 2(t))gn dt — 0.

n—-+4o0o

Therefore,

lim inf / " Pt > / "RG0t

n—-+00

After all, the reasoning for the second addendum is similar. Indeed, @ €
L2((0,T); RM). Then, recalling the hypothesis Ly, (u) < 81y Yu € RM we
obtain

[ Lu()l] < ([ Lu(w) = Lu(O)]] + | Lu(0)]| < Bllull + [|Lu(0)]]

Therefore,
T T
| Iz < [ [alal? + ) dt < +oc.
0 0
Hence, L, (@) € L*((0,T); RM™). Using the convexity of L, we get:

/0 L(un (1))t > /0 L(a(t))dt + /O (La((6)), n(£) — (t)) st

By definition of the weak convergence,

/0 (Lu(a(t)), un(t) — a(t))gu dt — 0

n—+400
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Then,

n——+o0o

lim inf / U Ll (t)dt > / " L)t

These arguments directly imply:

n—-+00

lim inf J7 (u,) > /0 ' F(i(t))dt + /0 ' L(a(t))dt = JT(a).

Hence,
JT(4) < liminf J7 (u,) = irbllf Jr

n—-+o0o

which entails
JE(0) = inf JT.

ard Step

The functional J7 is strictly convex. Then, by Proposition 1.2, the minimizer
is unique. At this moment, we aim at proving 2. for (T'C'1). To this extent,
let us take into account the unique minimizer @ € U of J¥. Moreover, we
consider z € AC([0,T]; RY) the unique state such that:

{55 (t) + Az(t) = Bi(t) a.e. t e (0,7) (3.51)

t

At this stage, we define (27, uT) = (z,4). In the next part, Yo € L2((0,T); RM),
we are going to take the Gateaux derivative of J7 in 4 with respect to wv.
To this purpose, let us define p € AC([0, T]; RY) the unique solution of the
Cauchy Problem

{(pt(t)i_ghp(t) = Bu(t) a.e. t € (0,7) (3.52)

©(0)

Therefore, ¥ € R, 27" = 2T 4+ np € AC([0,T],RY) is the unique solution
of the cauchy Problem:

(3.53)

{van(t) + AzT(t) = BT (t) + nu(t)) ae. te(0,7T)
z1(0) = .

At this point, we notice that V(n,t) € R x [0, T]

d T _
Hd—nrc (t) Tn=o(t).
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At this point, let us define the adjoint state p” € AC([0,T]; RY) the unique
solution of:

{—pf@)+uT¢T@):lQCﬂKﬂ) ac. te(0,7)

T) = 0, (3.54)

Then, we multiply the above equation by ¢, obtaining:

/0 _(ptT(t)780(t))Rth—|—/o (A*pT(t),QO(t))Rth:

T
N / (Fulz" (1)), (1)) g dt

0

Integrating by parts, we get:

T

(O (T), o(T)) -+ (57 (0), 9(0)) .+ / (7 (1), 01(t)) o / (APT(8), (1)) o dlt =

_ / (Fo(a(), (1)) o

Now, we employ the terminal conditions p(7") = 0 and ¢(0) = 0 and the
equation satisfied by ¢, obtaining:

/0 (5 (), Bu(t)) . dt =

which is equivalent to

/0 (B*p" (t), 0(t)) gar dt = (3.55)

T
— [ (BT 0), o) g
0
Now, we are in position to compute the required derivative. Indeed, we define

fR—R
”‘*4 [LT(8) + no() + FaT(t) + no(t))] dt
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By Theorem 1.10 of Differentiable Dependence on the Parameter, Vn € R,

d

3%f(n)z/o [(Lu(u" (&) +10(t)), v(t)) gar + (Fula” (1) +1(t)), (1)) ] dt.

Hence,

d

351(0) = /0 (L (5),0(8)) s + (ol (5)), 0(8)) o] .

Since 0 is a minimizer for f, then, by Fermat Theorem,
d
—f(0)=0
10
which in turn entails:
T
| L 0000+ (Bl (1) 010) ] e =0

At this moment, we use that

/0 ' (B*p"(t), v(t)) gar dt = (3.56)

_ /0 (Fu(a™ (1)), (1)) . dt.

This lead us to conclude that the first order conditions for J* for u® are
equivalent to:

T
Yu € L*((0,T); RM) / [(La(u” (8),0(t) gar + (B*p" (£), 0(t)) gar | dt = 0.
0
This integral condition is equivalent to:
B*p'(t) = —L,(u” (1)) a.e. t € (0,7).

Hence, an equivalent version of the first order conditions for u” is the follow-
ing:

(27 (t) + AzT(t) = Bu”(t) ae. te(0,7)
—pl(t) + A*pT(t) = F. (27 (1)) a.e. t € (0,7)
L,(uT(t)) = —B*pT(t) a.e. t € (0,7 (3.57)
27(0) = 2

[p"(T) =0
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Moreover, by the definition of p”, since u? and zT are unique, then p?

unique too. This entails that there exists and it is unique an optimal triple
(2, p",uT) for (OCP)T. Furthermore, we can prove that the solution of the
above system is unique. In fact, we take into account an arbitrary couple of

solutions ((z',p', ut), (z% p*, u?)) € (AC([0, T; RY) x AC([0, T]; RY) x LQ((O,T);RM))2.

Then both u! and u? fulfill the first order condition for J7. Since J7 is con-
vex, by Proposition 1.2, both u! and u? are minimizers for the functional
JT. Employing the uniqueness of the minimizer, we get u! = u?. Hence, by
definition 2! = 2% and p' = p?. At this step, we are going to prove 2. for
(T'C2). To this extent, we use the so called “penalization” method. Ve > 0
we take into account the functional

JU D20, T); RM) — R

|2(T) — 2 ®
- .

w— /T (F(z) + L(w) dt +

Using the techniques already employed for (T'C'1), it is possible to prove that
this functional admits a unique optimal triple (z, pe, u.), which satisfies:

2(t)+ Az(t) = Bu(t)  ae te (0,T)
—pu(t )+A* ( ) Fo(z(t)) a.e. t € (0,7T)

Lo(ult )) Dt)  aete(0,T) (3.58)

z(0) =

| p(T) = —TZ._“

Since (A, B) is Kalman-Controllable, by Definition 1.6, there exists @ €
C%([0, T),RM) which drives the system from xq to x;. Furthermore, by defi-
nition of the minimizer, Ve > 0:

T (ue) < JT (@) = /0 (F(#) + L(0)] dt. (3.59)

By strong convexity of F' and L, this yields the existence of a constant
Cr € (0,+00) independent of € > 0, such that Ve > 0:

HUEH%%(O,T);RM) <Cr (3.60)

and
||xa||%2((o,T);RN) < Cr. (3.61)

Employing the continuous dependence from the initial data for state equa-
tion, the sequence

{2}, C W"((0,T);R") (3.62)
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is bounded. By Ascoli-Arzela’s Theorem, we infer that:
{w=}. < C°(0, T),RY)

is relatively compact. Then, there exists 2 € C°([0, T]; RY), such that, up to
subsequences:

T, — T
e—0t

strongly in C°([0, T],RY). Since {z.}_ C C°([0,T],RY) is bounded,
{Fa(ze)}. C C°([0,T],RY)

is bounded as well. Moreover, we will show that the sequence:

{M} cRY (3.63)

€

is bounded. Indeed, by contradiction, if the above sequence is not bounded,
there exists {&,},.y C (0, +00) approaching 0 such that

oM =il
En n—+oo
Then, we define Vn € N:
Pe, [0, T] — RY (3.64)
p?fn (t)
t— ————.
1P, (T
We observe that, Vn € N, p. solves the Cauchy Problem:
D) A = e, () aete07)
(1) = — 2=l ‘
p = (D]

At this moment, we notice that

{De, (T)} ey CRY

is bounded. Furthermore, by the boundedness of the sequence (3.62), we
infer: |
0 N
e, < TR
is bounded as well. Then, by the continuous dependence from the initial
data,
{Pev ten C WH((0,T); RY)
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is bounded. By Ascoli-Arzela’s Theorem, up to subsequences, there exists
p € C°[0,T],RY) such that:

n—-+00

in C°([0,T],RY). Since, Vn € N, p., satisfies (3.65), the convergence (3.66)
actually holds in W12((0,7); RY) and p solves:

—pi(t) + A*p(t) = 0 a.e. t € (0,7). (3.67)

By the continuity of p, one deduces that the above equality holds everywhere.
Furthermore,

1
”B*(ﬁ n)||L2 0,T);RM :—HLU(U n)HL2 0,T);RM) <
S ODED T e, (e OTED

1
< — (B, || L2(0,r)m0) + C) <
|p=, (T)]| en ILAOI)RY)

by (3.60),

1
= CO+ D=y o2

On the other hand,
B*(pe,) — B*(p)

n—-+o0o
in L2((0,7); RM). By uniqueness of the limit,
B*(p)(t) =0 a.e. t € (0,7).

By the continuity of p, the above equality holds everywhere. Therefore, p
satisfies

{—pt(t) + A*p(t) =0 vt e (0,7) (3.68)

B*p(t) =0 vt € [0,7].

Hence, by the observability of (A*, B*), p(T)) = 0. On the other hand, by
definition of p.,,
1P, (T)[| =1 VneN.

This is a contradiction. Therefore, we have obtained (3.63). Hence, by using
the continuous dependence from the data,

{p-}. cW2((0,T); RY)
is bounded. By Ascoli-Arzela’s Theorem,

{p8}5 C CD([()? T]; RN)
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is relatively compact. Moreover, by continuity of F, and Heine-Cantor The-
orem, up to subsequences:

e—0t

in C°([0, T]; RY). Furthermore, by the equation satisfied by p.,
{p:}. CW((0,T); RY)

is relatively compact and, up to subsequences, converge to some p € W12((0,T); RY),
which solves:

d
—Pt A'p = F,(2) ae. te (0,7).

Then, by (3.58), we know that

L.,(u.)=—-Bp. — —B™p

e—0t

strongly in C°([0, T]; RM). This in turn implies that the sequence
{Lu(ue)}. € C°([0,T],RY)
is a Cauchy sequence. By the strong convexity of L,
{uc}. € C°([0, 7], RY)

is a Cauchy sequence as well. Therefore, there exists & € C°([0, T]; RM) such
that, up to subsequences,
U — U
e—0t
strongly in C°([0,T]; RM). At this point, we are going to show that i €
L*((0,T); RM) is actually the minimizer of J* over Y. First of all, taking
the limit in the first equation of (3.58) as ¢ — 07, we obtain:

(3.69)

{i:t(t) + Ai(t) = Ba(t) vVt € (0,7)
z(0) = xo.

Furthermore, by the above convergences, we observe that:
T

/0 [L(u) + F(z)]dt — [ [L(a) + F(2)] dt.

e—0t 0
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Moreover, by (3.59), that there exists Dy € (0,400) such that, Ve > 0,
JT(u.) < Dp. Therefore,

l2=(T) — ||

3

< Dp V€>0,

which entails
2e(T) — 1. (3.70)

e—0t+

Hence, #(T) = x;. Then, u € U, the set of admissible control functions.
Furthermore, by (3.63) and (3.70),

(1) =l

0.
IS e—0t
Hence,
JE(u) — JE(a). (3.71)
e—0t
Moreover, we notice that Ve > 0
JE 1= J".

Therefore,
J2 (ue) < T ("),

where u” is the minimizer for J? over U. Hence, by (3.71),
JH(a) < T (u'),

which in turn implies, by the uniqueness of the minimizer for J* over U,
that @ is the minimizer of J”. Therefore, we have proved that there exists
pl € WH2((0,T);RY) such that (27, p7, uT) satisfies:

zl'(t) + Az (t) = Bu®(t) a.e. t € (0,7)

ptT(t) + A*pl(t) = Fo (27 (1)) a.e. t € (0,7)
L,(uT(t)) = =B*pT(t) a.e. t €10,7] (3.72)
27(0) = xo

|2"(T) =

Moreover, using the observability of the pair (—A*, B*), it is possible to prove
the uniqueness for (3.72). Actually, we take into account an arbitrary pair
(21, p1,u1), (2, pa, uz)) such that Vi € {1,2}, (x;,p;, u;) solves (3.72). By
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Proposition 1.2, u; = uy = u’. Therefore, ;1 = x5 = 2. Then, by (3.72),

p2 — p1 € AC([0, T]; RY) satisfies:

(p2 — p1)e(t) = A*(p2 — p1) (1) a.e. t € (0,7) (3.73)
B*(pa —p1) =0 a.e. t€[0,7T]. '

First of all, this implies that actually p, — p; € C([0,T],R") and that the
above conditions hold V¢ € (0,7). This relation, by the observability (see
Definition 1.5), directly entails that:

p(t) =pi(t) Ve [0,T].

Then, (z1,p1,u1) = (22, p2,us). At this moment, we are in position to take
the Gateaux derivative of J? with respect to the admissible directions v €
Uy. Repeating computations made for (T'C'1), we get that the first order
conditions for JT are equivalent to:

Yo € Uy /0 [(La(u" (8),0(t) gar + (B*p" (£), 0(t)) gar | dt = 0.

Hence, first order conditions for u? are equivalent to the requirement of the

existence of p’ such that (z7,p”, u’) satisfies (3.72). In order to prove the

regularity property, we define
g: R x RN — RM
(u,p) — Lu<u) + B*p

The function g € CHRY x RM™ RM) and Vu € RM L, (u) € GL(M;R
Then, by the Implicit Function Theorem, V¢, € [0, 7], there exists (ry,rs)
(0, +00)? such that there exists a function

).
€

b BRY (07 (to),r1) — B¥" (W (to),r2) € CHB®" (0" (to), 1), BX" (u” (to),72))
characterised by the set equality

{.w) € B (" (to). 11) x B (u” (t0),72) | glu.p) = 0} = { (b h(p)) | p € B (" (t0),m1) .

Now, we distinguish 3 cases. If ty € (0,7, by the definition of continuity
there exists a positive number r € (0, +00) such that p” " (BE" (pT(to),r1))N
uT_l(BRM(uT(tO), r9)) = (to — r,to + 7). Hence, Vt € (tg —r,to + 1)

u? () = h(p" (1)).
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Analogously, if ty = 0, employing the continuity there exists r € (0, +00) such
that p " (B=" (7 (0), 1)) N u? ™" (BE" (u (0),72)) = [0, 7). Then, V¢ € [0,7)

ul (t) = h(p"(1)).
Similarly, if tg = T, there exists a positive radius r € (0, 400) such that
SO =hET)  Vie (T —rT)

Therefore, since h € CY(BR” (p” (to), 1), BX" (u” (ty),r2)) and pT € C°([0, T, R),
we obtain ! € C°([0,T];RM). This intermediate result together with
the first equation of (3.45) enables us to affirm that 27 € C([0,T];RY).
This, employing the second equation of (3.45), in turn entails that p” €
C1([0, T]; RYN). By the previous results, this implies that u’ € C([0,T]; R).
Therefore, going back to the first equation of (3.45), we obtain z7 € C?([0, T]; RY).
Finally, employing the second equation of (3.45) together with the above
achievements, p” € C?([0,T],RM). In conclusion, this regularity implies
that the equations of (3.45) are satisfied everywhere. This finishes the proof.

[

Now, it is time to prove the well posedeness for the stationary problem.

Lemma 3.2. Consider (A, B) € M(N, N;R)xM(N, M;R) Kalman-Controllable.
Moreover, we take into account F' € C*(RY R) and L € C*(RM,R). We as-
sume that there exists (o, ) € (0,+00)? such that aly < L, < BIy and

aly < F,,. There exists a unique (T,u) optimal pair for (OCP)* which is

the unique solution in M of:

(L,(1),v)pm + (Fo(T), 0)gy =0 V(p,v) e RY xRM : Ap = Bo
(3.74)

{AT: Bu

Moreover, there exists p € RN such that
A*p = F,(T) (3.75)
and therefore (Z,uw) € M solves

(Ly(@),v)pm + (B, Bu)gy =0 Yo € RMsuch that 3p € RY : Ap = Bo
(3.76)

Proof. As usual, in order to show the existence of the minimizer, we employ
Weierstrass Theorem 1.8. Indeed, J* € C°(M,R). Furthermore, we take into
account for every k € R the level set

Fp = {(z,u) e RNM | J¥(z,u) < k}.
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We remind that, by strong convexity of F' and L, there exist 2 positive
constants (C, Cy) € [0, +00)? such that

Ve e RY  F(z)>

vu € RM L(u) >
Then, V(z,u) € Fy
= [l + ul) = € = € < F(a) + L(w) = J*(zu) < k.

This yields that F}, is compact. Therefore, by Weierstrass Theorem 1.8, there
exists (7,u) € RY minimizer for J¢. By the strict convexity of J*, we obtain
that the minimizer is unique. At this point, we aim at proving the first order
condition, for each direction (v, ) € M, one defines the following map:

fR—R

h — J°((z, 1) + h(v, p))

0 is a global minimizer for f. Hence, by Fermat Theorem, % f(0) =0. After
all,

d _ —
%f((D = (Lu<u)7U>RM + (F$<x>7 (p)RN'

This entails
(Lu(ﬂ), U)RJ\/I + (Fm(f>, gD)RN = 0.

The uniqueness of the solution for the equation (3.74) is a consequence of the
convexity of J* and the uniqueness of the minimizer. Furthermore, Ker(A) x
{0} C M. Hence, for every ¢ € Ker(A)

(F.(T), )gy =0
Since Range(A*) = Ker(A)*, F.(T) € Ker(A)* = Range(A*), which is

equivalent to
JpeRY . Ap=F,(2).

Therefore,
(Lu(ﬂ),v)RM + (A*]_?, QO)RN =0 V(U, QD) eM

Hence, reminding that (A*p, ¢)gn = (B, A@)py = (P, Bv)gw, the first order
condition reads as follows:

(L (@), v)pm + (B, Bu)gy =0 Yo € RM such that Jp € RY : Ap = Bo
O
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At this stage, we are in position to prove the Convergence of Averages
for the NonLinear Convex Case. First of all, we need the following Remark.

Remark 3.1. V(A,C) € M(N,N;R) x M(M,N;R) Kalman-Observable.
There exists K € (0, +00) such that V(a,b) € R? and Vf € L?((a,b); RY), an
arbitrary y € AC([a, b]; RY) solving

%y(t) + Ay(t) = f(¢) a.e. t € (a,b),

satisfies

b b
ly(®)11* < K{/ HCy(S)||2dt+/ 1F(s)1*ds + Hy(a)HQ} vt € [a, b].

Proof. This task is accomplished by using the continuous dependence from
the data whenever |b — a| € [0,1] and Lemma 2.1 applied to the observable
pair (A, C), V(a,b) € R? such that |b — a| € [1, +00). O

Furthermore, the next Remark will play a key role in the next proof.

Remark 3.2. Let V(A, B) € M(N, N;R)x M(N, M;R) be Kalman-Controllable.
Moreover, we consider (F, L) € C*(R™,R) x C?(R",R) such that there ex-
ists (a, B) € (0,+00)? such that aly; < Ly, < Iy and aly < F,,. Then,
V(zo, T) € RN x (0, +00) we take into account u” the optimal control function
for (OCP)T with initial condition xo. It turns out that, V(t1,t,) € [0,T)?,

t1 < to, ul'(- + t1) l(04o—t1) is the optimal control function for (OCP)2~"
with initial point fixed at 27 (¢;) and final point fixed at 27 (t;).

Proof. By contradiction, if the control function u” (- 4+ t1) [(04,-¢,) Was not
optimal, there would exists an optimal one v # u”(- + t;) [(0,t2—t1)- Then,
defining a.e.:

Umoq : (0,T) — RM (3.77)
u'(t)  te(0,t)
t— U(t — tl) te (tl,tg) (378)

u®'(t) t € (t2,T).

one obtains
JT(umod) < JT(uT)

i.e., a contradiction. O]

Now, we state the Theorem about Convergence of Averages for the Non-
Linear Convex Case.
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Theorem 3.2 (Convergence of Averages). Let V(A, B) € M(N,N;R) x
M(N, M;R) be Kalman-Controllable and (F, L) € C*(RY R) x C*(RM,R).
If there emists (o, B) € (0, +00)? such that F, > oIy and aly < Ly, < 1y,
then there ezists a T-independent constant C' € (0,400) such that:

[ 0 -7+ )~ w7 ar < c. 3.19

Furthermore, the averages converge, namely: for every (a,b) € [0,1]* such
that a # b

! / T Twd s x (3.80)

(b—a)T J.r T 400

1 or _

Moreover, there exists a unique p € RN such that:

{Lu(ﬂ) e (3.82)

and

1 bT B

Proof. 15% Step
First of all, we define: 3
F:RY+—R

and .
L:RM R

u+— L(u) — L(a).

Substituting F'4 L with F 4 L both in (3.43) and in (3.44), the nonstationary
optimal triple and the stationary one remains the same.

ond Step

We aim now at proving that there exists a constant C' € (0, +00) independent
of T' € (0, 400) such that:

/0 [allz" () = Z|* = | F@)|l2" () — 2| + allu’ (t) —al]® = [|[Lu@)||[|u" () —ul]] dt < C.
(3.84)
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Since (A, B) is controllable, by Theorem 1.7, there exists a exponentially
stabilizing feedback function G € B(RY,RM). This yields the existence of
(M, w) € (0,+00)? such that for every yo € RY the unique y“ solution of the
system

{yt@) +Ay(t) = BGy(t) vt € (0,+00) (3.85)
y(()) = Yo
satisfies:

ly“ @I < Mllyolle™"  Vt € [0,+00). (3.86)

We define yo = 2o —Z € RY and we take into account the unique y© solution
of:

(3.87)

{yt(t) + Ay(t) = BGy(t) VYt € (0,+00)
y(0) =20 —7T

Furthermore, we define
u® : [0, 7] — RM

t— Gy(t)+a
and

2% :[0,T] — RV

t — y9(t) + 7.

We observe that ¢ is the state associated with the control function u%,

namely:

dt

fzremsew o o

By (3.86), }
Ve [0,T]  [y" (Ol < M|lzo —Tlle™".

Therefore, VT € (0, 4+00)

L. E,

IN

Juf(e) |+ max |
BEN (0,M||zo—z||+||Z])

T
/ [ max | 126 () — f||] dt <
0 |BEM(0,|GI|[M||zo—ZI]-+I[wll)

< 0”370 —z|M [1 _6—wT] < 0”550 —a:HM
w w

94



Then, there exists C' € (0,400) independent of T € (0,400) such that
VT € (0, +00):

JIWh)y < J'WC) <C YT € (0, +00). (3.89)

At this point, we employ the strong convexity of £ and L. In fact, by Taylor’s
Theorem in several variables with Lagrange Reminder, V(z,u) € RY x R,
there exists (&, &,) € RY x RM such that:

F(z)+ L(u) = F(z) — F(T) + L(u) — L(w) =

= (A@.0-7)  +(Ful&)@-1)a-7) +

RN
+(Lu@u-7)_ + (Bu@)@-w),u-7)_ >
> | B(@)lle = 7l ~ | Zu(@lllu =7 + allz — 7P + afju —?

This enables us to deduce a lower estimate for J7 (u”). Indeed, VT € (0, 400)

JT(uT>::]§T[i<uT<w>4P%xT(ﬂ)]dtzz

> [ [FIR@I1" ) =7l = 2@ 0 =l + alla” () =717 + ol ()~ al2] .

Then, since J7 (u”) < C VT € (0, +00), we deduce that:

| [ala™ 0 =2l + all ) = ? - | E@)le” @) - 7l - | Zu@ " ¢) - al] de < ©
’ (3.90)
ard Step

In what follows, we will use similar arguments to show an analogue result for

(I'C2). Take into account VK € (0, +o0) and arbitrary (xg,x1) € B(O,K)2
initial and final points.

R:RY™ — R* € C?(R*™, R*Y)

Vil (% —IEO)
oy Ty — T

represents initial and final conditions. Furthermore, VV' € (0,+o00) time
horizon, the functional to be minimized reads as follows:

JV U— R
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u—s /0 : [F(m) + E(u)] dt.

We aim at proving that there exists C' € (0,400), independent of the time
horizon V' € (0, +00) and (xg,x1) € B(0, K)2, such that YV € (0, +00):

/0 [l (#) = all® + all="(t) — Z|)*] di+ (3.91)

Lu@)| " 1) = u] - |

+AV}} E@)| 17 (0) 7l ar < ©

In order to prove the assertion, we consider an arbitrary K € R* and
(o, 21, V) € BRN(O,K)2 X (0,400). First of all, we seek for a bound of
infy, JV uniform on time horizon V € (0,400). This bound is easily ob-
tained for V' € (0,4]. We are going to deduce it VV' € (4,+0o0). To this
extent, since (A, B) is Kalman-Controllable, by Theorem 1.7, there exists a
exponentially stabilizing feedback function G € B(RY RM). Let us define
x(+; xo) the unique solution of

{m) +Ax(t) = BGx(t) ¥t € (0,+o) (3.92)
z(0)=20—7T
and z(-;z1) the unique solution of

{xt(ét)) i— Axﬁt)_: BGx(t) vt € (0, +o0) (3.93)

By the definition of G,
|z(t; 21)|| < C||lwg — T|le " vVt e RT

and
|z(t; 2)|| < Oy — Tl vt € RY.

At this stage, by the controllability of the pair (A, B), there exists a control
function u € CO([¥ — 1, % + 1], RM) driving the system from z(% — 1;20) to
x(% — 1;x1). At this point, let us define:

Upew : (0, V) — RM

G(z(t;zo))+u  te (0,45 —1]
t—ut)+u  te(¥—1,%+1] (3.94)

GV —tm)+u  te(x+1,V).
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Now, we consider the state associated to t,e,, namely the unique solution
ZTnew Of the Cauchy Problem:

{:ct(t) + Ax(t) = Buipew(t) a.e. t€(0,V) (3.95)

z(0) = zo.
By the definition of w,,,,, we have:

v
YVt € [0, E - 1] xnew@) - lL‘(t, IL'()) +

V
Vt € [5 +1,V] Tnew(t) = x(V — t;x1) + T.

Moreover, by the definitions, there exists D € (0,+00) such that ¥V €
(0, +00):
| tnew — aHL‘X’((O,V);RM) <D
and
|Znew = Zl| Lo (0,vymyy < D.
Therefore, V V' € (4, +00)

_ /OV [F(:vnew(t)) — F(T) 4 L(tnew(t)) — E(a)} dt <

1%
< / max ‘
0 | B (0,D+|[al)

Y1
< [ 1G] + attaol) des
0

L F,

[ttnew(t) — T+ max ‘
BEY (0,D+|z])

| Znew(t) — fH] dt <

T41
c /  nen®) =+ e (6) = 3] e+

2

40 [ 1GV =t + ol — bz de <

v
PR

Y1
< C’/ [l|lzo — Z|le™"] dt+
0
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T+1
—I—C/ Cdt+

1%
¥

Vv
+C/ [[lz1 — Z||e V0] dt <
Tl

|zo — 7| |21 — 7|

<C +C

w w

Then, there exists C' € (0,+o00) independent of V' € (0,+o00) such that
vV € (0, 400):

+C <C.

TV (") < JY (tnew) < C.

At this point, the strong convexity of F and L enables us to deduce a lower
estimate for JV (u"). Indeed, YV € (0, +o0)

TV (V) = /0 (L (1)) + P (1)) dt >

- / [NE@ Y (0) 7|~ | L@ (1)~ + alla (5) — 72 + alla? (1) 52 d.

Then, VV € (0, 4+00)
/0 [—HFx(T)HHfIJV(t) =) = [ L@ llu"(t) — @l + alla¥ () = 2] + afu’ (t) - ﬂHQ] dt <

< jv(uv) < C.

Hence, VK € R there exists C € (0, +00) such that ¥V € (0,+00) and for
any pair (zo,z1) € B(0, K )2 defining the initial and final conditions

4th Step
Henceforth, we aim at proving that there exists M € (0, +o0c) such that:

{z"(t) -7 | T € (0,+00), t € [0,T]} C B¥"(0,M).
At this step, we define, V(M,T) € R* x (0, +00),

Fr(M) = {t€[0,T] | |27 () — 7| + |[u"(t) — 7| < M} . (3.96)

98



Since (z7,u”) € C°([0,T),RY) x C°([0, T],RM), V(M,T) € R x (0,+00)
Fr(M) is open in the relative topology of [0,7]. By definition this implies
the existence of a family of nonempty intervals

{[a}aeA - [OvT]

=J L.

acA

It follows that there exists a family of closed intervals {J,} 5z C [0, 7] such

that
0. 7]\ Fr(M) = | ] J,.

yeB

such that

By definition, VT" € (0, +00):
|z (t) —Z|| < M Vte Fr(M).

In what follows, we are going to study the behaviour of ||z (t) — 7|, V¢t €
Fr(M). At this stage, we define an appropriate M. Indeed, if we take into
account M € R* sufficiently large, Vb € [M, 400):

—Mﬂ@w+wmwwz§w

Since z”(inf J,) € B(0, M + ||Z||) and z”(sup J,) € B(0, M + ||Z||), by Re-
mark 3.2 and the previous result, we know that there exists C' € (0,+00)
independent of T" and ~ such that VT € (0,4+00), Vy € B

/J lallu”(t) = al]* + o™ (t) — Z||*] dt+ (3.97)

«f, FlE

By the definition of M and Fr(M), VT € (0, +00), Vv € B:

H lu* () =7 T)H 2" (t) —EH} dt < C

/h [%HUT@) —l|* + %HxT(t) - fﬂ dt < (3.98)

s/’mw<> all? + alla” (1) - 7|2 di-+

A

Fx(f)H 127 (1) —z||] dt < C.

(@) " () 7
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Then, Vy € B
[ =17+ a0 - 717 e < (399
J’Y
At this point we take an arbitrary tq € [0, T]\ Fr(M). Therefore, there exists

v € Bsuch that ¢y € J, C [0,T]\ Fr(M). At this stage, since 27 — T satisfies

d
dt
by Remark 3.1 | there exists C' € (0, 4+00) independent of v € B such that:

(27 —Z)(t) + A(T(t) — T) = B (t) — 1) ae te(0,7),

sup Jy sup Jy
o (-3 < ¢ { [ e = alas+ [ o) —aPds + T Gut 1) - fH?} <c.

nf J, inf J,

(3.100)
Therefore there exists M; € RT independent of T' € (0, +00) and v € B such
that:

lz®(t) — 7| < M, vt € [0,T]\ Fr(M).

Hence, up to define M bigger than M, there exists a positive constant M &€
R such that:

{z"(t)—z | T € (0,+00), t € [0,T]} C BX"(0, M). (3.101)
5th Step
At this step, we are going to show that
L - 12 T —12
7/ [l (@) =2l + |lu" (8) — ]’} dt_ — 0. (3.102)

As a matter of fact, subtracting the first order conditions for the non sta-
tionary problem and the stationary one, one gets

{(xT — )+ A(x” —7) = B(u" — 1) vt € (0,7) (3.103)

—(p" = D) + A*(p" — p) = F(27) — F,(7) vt € (0,7).
Moreover, we have L,(u’) = —B*p’ and A*p = F,(T). Multiplying the

equation of pI — p by 27 — T, integrating it and using the Integration by
Parts, one gets:

| (@l = L@ =) + (Pea") = Fula).a” = 7)) =
(3.104)
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T
= (20 = 7,9 (0) = D) gn + (27 (1) = T, ) g — / ((Lu(@) + B*P), u") g dt
0
First of all, we aim at proving:

7 {(% =T (0) =g+ (#7(T) ~ T D) — / ((Lu(@) + B'P). ") dt} 0

In order to achieve this result, we make some computations. By the strong
convexity of F' and L and (3.89), we have VT € (0, 4+00):
T
/ (I () — 22 + [[a7(¢) — @) dt < C(1 + T). (3.105)
0

This implies, using Jensen Theorem, that the generalised sequences

1 T
{T/ ZL‘Tdt} C ]RN
0 T€(0,+00)
1 T
0 T€(0,400)

are bounded. Therefore, by Bolzano-Weierstrass Theroem, they are relatively
compact. At this point, we take the average of the state equation, getting:

I I 2T (T) — x
Al = Tat) = = Buldt — ——~L =2 3.106
(T/o ! ) T/o ! T (3.106)

This equation enables us to carry on an analysis on the accumulation points
of the above generalised sequences. In fact, from (3.106), one obtains that
for every (p,v) € RV x RM such that there exists {Ty},oy € {Tn},ey Such
that:

and

L
— x'kdt —
Tk 0 k—-+o00 QO
Ty
— ulkrdt — v
Tk 0 k—+o00
it happens that
Ap = Bu.

This result enables us to affirm
1 [T

— Tk Ly(@) + B*P) g dt =
Tk 0 (u 9 u(u)+ p)R]\/l
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1 [T
= ( L,(u) + B*p, — T qt — (v, Ly(@) + B*p)par = 0.
(i + 5o [T ama) (0@ 4 D

1 T — - .
Therefore, the sequence {T fo (uT ,L,(u) + B p)RM dt}TG(O,Jroo) is such that

for each subsequence exists a subsubsequence converging to 0. This, thanks
to Proposition 1.1, allows us to prove the stronger result

17 _ .
T/o (u”, Lu(@) + B*P) g dt .0 (3.107)

—+00

The above convergence is true for each p satisfying A*p = F,.(T).
By (3.101), VT € (0, 400)

|2 (T) — 7| < M. (3.108)
At this point, we aim at estimating ||p? (0)—p||. To this extent, since (A*, B*)

is Kalman-Observable, we employ Remark 3.1 applied to p" (T — ) —p €
AC([0,T]; RY), obtaining:

w01t < ke[ [ 190 - B [ IR0 - B o] <
by L,(ul) = —B*p?,
<K [/0 | L (u® (t)) — Lu(ﬂ)||2dt+/0 1F, (27 () — Eu(2)|2dt+ (3.109)

+/0 | L. (@) + B*P|2dt + H;‘a”z] <

employing Mean Value Theorem, Ly, (u) < I Vu € RM and (3.101),

T T
<K / 6I|uT(t)—ﬂll2dt+/ sup | Faal Pl (1) — 7Pdt + [[plI* + CT | < C(T+1).
0 0 BRN (021117

(0,M+(1zl)
Therefore,
PP (0) =p| < C(VT +1) VT € (0, +00). (3.110)
Finally, going back to (3.104), using (3.105), (3.108) and (3.110), one gets
1 T T — T — ]' T T — T -
7, (Fo(a") = Fo(@), 2" =) dt—l—f i (Lu(u”) = Ly(@), u” =),y dt <

(3.111)
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1 B B B B T _ o
< T 17" (0) = Bllllzo — Z|| + [Pl |z"(T) — = H——/ (Lu(@) 4+ B*p,u") gy dt <
0

1 |
<O [VT+1] - ?/0 (Lu(@) + B*p,uT) ., dt

Since both F' and L are strongly convex, by Definition 1.12,

1 g T 2 1 4 T 2
- T — —7|2dt <
5o =P g [~ 7l <

< C% [\/T+ 1} — C’% /OT (Lu(@) + B*p,u" () gpr dt _— 0.

6th Step
At this stage, we prove the convergence of averages. Jensen Theorem yields

the conclusion for (z7,u”). As regards {% OT pT(t)dt} Oocy take the
Te(0,4+00

average of the equation satisfied by p? — p obtaining

@ + A @ / (" (1) - p) dt) - %/ (Fa(z" () = Fo(@)) dt

By estimate (3.110),

Since we have already proved that

1 T
o[ a0l — o
0

T—+o00

By the Mean Value Theorem and (3.101),

%/0 | (t)) — Fu(@)] dt < c%/o 17 (8) — |t

Hence,

7 | It - R@l = o (3.112)

The averaged equation of p! — p, implies that the sequence

1 T
{—/ A*(pT(t))dt} CRY
T 0 T€(0,400)
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is actually bounded. Moreover, since L,(u?) = —B*p", VT € (0, +00) and
vt € [0,T]

1B*(p" (t) = P)Il = | Lu(u" () + BBl = | Lu(u” (t)) — Lu(0) + Lu(0) + B*Bl| <
< [ L () = Lu(0) |+ [| Lu(0) + B'P]| < Sup I Zuallllu® ()] + 1L (0) + BB

< Bllu" @)+ C

| (7 [ wro-na)] <
< [ 1B 6o -l < 1 [ @it o)+ <o

This implies the sequence

(o (7 wo-na)}

is bounded. Then, by Lemma 2.2 and by the observability of the pair
(A*, B*), we obtain the boundedness of the generalised sequence

1 T
{—/ pT(t)dt} C RV,
T 0 Te(0,+00)

This yields that there exists a subsequence of it converging to a certain p €
RY. Thanks to the averaged equation satisfied by p? and by (3.112), we have
that A*(p) = F,(x). Furthermore, for every T' € (0, +00), L,(u’) = —B*p”.
Taking the average,

Then,

l/TL (o7 (£))dt = —B" l/T 7 gt (3.113)
TJ), - ), V") '
Moreover,
1 [T T _
7 [ MLu(u’ (1) = Lu(@)lldt <
0
1 [T T _
<7 [ s [ Lu(o)llu(t) —alldt <
0 wveERM

1 T
gﬁf/ [uZ(t) — Tt —s 0.
0

T—+o00
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Then, up to subsequences, we can take the limit of the equation (3.113) and
get:

L,(u) =—-B"D. (3.114)
By the observability of the pair (A*, B*) and by Lemma 2.2, we deduce the
uniqueness of such a p. Therefore, we have proved the existence and the
uniqueness of a p € RY such that

Ap=F,(T
p=F@ (3.115)
L.(u) =—-B*D
Hence, we have that for every subsequence of {% OT pT(t)dt} ( : there
Te(0,4+00

exists a subsubsequence converging to the unique p satisfying the above con-
ditions. This, together with to Proposition 1.1, yields:

IR -
— t)dt — 7p.
T/O p () T—>+oop

Gth Step
Furthermore, we aim at showing (3.79). In fact, we choose p € RY such that:

{A*ﬁ = F, (%)

L(T) = B (3.116)

Then, we substitute it into (3.104), getting

T
/ ((Lu<uT) - Lu(a>a U’T - E)RJ\{ + (Fx(IT) - F:c(f% IT - f)]RN) dt =
0
(3.117)
= (20 = 7.p"(0) = D)gn + (27 (T) = T, F)
By (3.101), (3.109) and strong convexity, we deduce that there exists C' €
(0, +00) such that VT' € (0, +00)

o / [l7(6) — 2 + " (8) — a]?] dt <

<C { [/OT ([l=" () — Z||” + [[u" (t) — u|]?) dt] : + 1} :

Then, there exists a T-independent constant C' € (0,400) such that VT' €
(0, +00):

/0 [z (t) = 2|* + [[u” (t) —a@l?] dt < C (3.118)
O

105



As a consequence of this Theorem, is possible to define p € RV as the
unique solution of:

(3.119)

L.(u) = —B*D.

At this point, we take into account the unique optimal pair (z,u) € M for
(OCP)®. Henceforth, we will name (Z,p, ) the optimal triple for (OCP)*.
(Z,p, ) is the unique solution of:

AT = Bu
A*p = F,(T) (3.120)
L,(u) = —B*p.

3.3 Local Turnpike Property for NonLinear
Convex Case

We aim now at showing the Local Turnpike Property for the NonLinear
Convex Case. To this purpose, let us illustrate the following Lemmas. The
first 2 Lemmas are a priori bounds for solutions of some differential systems.

Lemma 3.3. Let A € M(q, ¢;R) be such that its spectrum o(A) C (—o0,0)
and assume that
AR +— R? € C'(R%,RY)

satisfies

Afa)

lal] a0
Then, for every p € (0,—sup(Re(c(A)))), there exists a pair (C,,T,) €
(0, +00)? such that, VT € (0,+0o0) and for every y € C°([0,T],R?) solution
of

ly@OI <7.  Vtel0,T],
the following inequality holds:
Iyl < Cue ™ y(O)] Ve € [0,7]. (3.122)

Proof. First of all, we employ Proposition 2.9 page 120 of [3] due to Triggiani
together with Corollary 2.1 page 92 of [3]. Hence, Vi € (0, —sup(o(A))) there
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exists C,, € (0, +o0) such that Vy, € R? the unique solution y € C([0, T], RY)
of the linear Cauchy Problem

{%y@) = Ay(t)  Vie(0,T)

4(0) = 1o, (3.123)

is such that B
ly(t)|| < Cue ™ol vt €[0,T].

Let us define i = —sup(o(A )) Henceforth we will work with an arbitrary
€ (0, 1) fixed. We define pi; = p + “ . Moreover, by the hypothesis

Afa)

lall a0
Which implies Ve > 0 the existence of 7, € (0, 4+00) such that:

Afa)

el

<e Va € B(0,7,) \ {0}.

e is a degree of freedom we will use later. Hence, for every y € C1([0, T]; R?)
solution of (3.121), by the Duhamel’s formula stated in Proposition 1.3:

y(t) = ey (0) + /Ot eAIN(y(s))ds Yt e[0,T)

Therefore,
t
ly@)] < le*y(0)]] +/0 e Ay (s)) || ds <

t
< Ce ™ ly(0)| +/ Chure | A(y(s))llds <
0

choosing ¢ = £-£&

By Gronwall’s Lemma 1.3,

ly@I < Ce™ [ly(0)]I
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The next 2 Lemma are based on a common setting, we are going to es-
tablish.

We take into account:
e 2 matrices (D1, Dy) € M(N,N;R) x M(N, N;R) such that
o(Dy) C (—00,0) A o(Dg) C (0,400); (3.124)
e T € (0,400) time horizon;

e a generic radius r € (0, +00);

e a couple of reminder functions:

Ay : BEY(0,r) — RY € CY(B®Y(0,7),R"Y)

Asfay, a2) 0 (3.125)
[(ay, az)| (ar.a2)-0
and
VA, : BE*V(0,7) — RN € CY(B®*(0,7),RY)
such that
Aalay, az) (3.126)
[(a1, az)|| (a1.a2)-0
Then, we face the problem of analysing the Differential System
Eh(t) = Doh(t) + Aa(g(t), h(t)) vt € (0,7).

Lemma 3.4. We consider (D1, Dy) € M(N, N;R)? fulfilling (3.124). For
every (A1, Ay) € CH(BE*™(0,7),RN)? satisfying (3.125)-(3.126). For every
p € (0, min {— max(Re(o(D))), min(Re(c(D2)))}), there exist T, € (0,400)
independent of T € (0, +00),

O : [O,F“] — RT

such that

B—0*
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and
O, : [O,F“] — RT

such that
©:(8) — 0,

B—0Tt

which enables us to define the following estimate.
V(g,h) : [0,T] — R* € C*([0, T]; R*Y)
satisfying
L@ + R <7 vt € 10,71 (3.128)

and the system of Ordinary Differential Equations (3.127), it holds: Vt €
[0,77]

{ug(t)n < G, [lgO) e + e T B(T)O1 (v 5.129)
IO < Co [IAT)e#7=0 + =4 g(0)[©2(]lgllcv)]

Proof. First of all, we name ji = min {— max(Re(c(D;))), min(Re(a(D5)))} .
Employing Proposition 2.9 page 120 of [3] and Corollary 2.1 page 92 of [3],
Vu € (0,f1) there exists C, € (0,+00) such that ¥(yi0,v27) € R* the
unique solution (y1,y2) € C([0,T], RY)? of the linear Cauchy Problem

Ly (t) = Dup(t)  Vte (0,7)
di? gt): = Dyp(t)  Vte (0,7) (3.130)
y(T) =

fulfills the following inequalities:
I @) < Cue™lyroll V€ [0,T]

and

2D < Coe™ T lyo || VE € [0,T].
To carry on the proof, we show that whenever we consider r € (0, 4+00) and
A € CY(B®(0,7),R?) such that:

A(a)

lall a0

Y

then,
Jac(A)(0) = 0.
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Indeed, by the hypothesis, Ve > 0 there exists h. € (0,+00) such that
V(h,j) € (—heyho) \ 0} x {1, p}

HA(hej) ~ A®0)

0 <

which in turn implies
Ay;(0) =0 Vie{l,...,p}

Then,
Jac(A)(0) = 0.
as desired. This together with A € C'(B*(0,r),R?) entails that Ve > 0
there exists p. € (0,400) such that
|Jac(A)(a)|| <& Va e B¥(0,p.).

This enables us to deduce an interesting inequality. In fact, we consider an
arbitrary radius r € (0, 4+00) and

A BEY(0,7) — RY € CY(B®*™(0,r); RY)

such that
A(a1 y (IQ)

m (a1,a2)—0

Then, there exist 2 nondecreasing functions

0.

U, 0 [0, 7] — RF

Uy : [0, 7] — RF
fulfilling the conditions

leading to the inequality

[A(ar, a2)[| < i([las)llar]l + a(llaz])llazll  V(a1,a2) € B¥(0,7).
(3.131)
The proof relies on the previous computations and Lagrange’s Theorem. In

fact, we name
U, [0,7] — RT
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0
B — sup 5 —All

BEY (0,8)x BEY (0,8) das

and
Uy : [0,7] — RT

0
B8 — sup | 87AH
B*Y (0,8)xBEY (0,8) 2

First of all, both ¥; and ¥, are nondecreasing and, by previous computations,

@1(6) — 0,

B—0*

B—0t+
Moreover, V(ay,az) € B]RN(O,?“)2 such that [la,|| < ||as]|,
[A(a1, az2) = A0, 0)[| < [|A(a1,0) — A0, 0)[] + [[A(a1, az) — Afas, 0[] <

0 9
<__ _sup  flgAllaa]l+ - sup 5 —Allfle:l] =
BN (0 Jarl)xfoy T BN (0, azl)

= Vi(llar[Dllall + P (llaz])] |

as required. Up to permutating permutating a; and as, we have obtained
(3.131). Hence, in our situation Vi € {1,2} there exists

\I/i71 : [0,7"] — R+

and
\Iji,Q . [O,T] — R
satisfying
v, — 0
18 =
v, — 0
20 =

leading to the estimates
[A1(ar, a2)l] < Wia(llarl)llasll + ia(llazlDllazll  V(ar, az) € B¥H(0,r)

[As(ar, ag)|| < Vo i(lla])la1]] + Yoo (llaz]])|az]| V(a1,az) € B¥Y(0,7).

We are now in the position to complete the proof. We consider Yy € (0, i),
=+ “—;“ Then, we take into account r,, € (0,+00) determined in

111



Lemma 3.3. First of all, let us use the Duhamel’s Formula (Proposition 1.3),
getting V ¢ € [0, 7]

t
g(t) = eP19(0) + [ P IN(g(s). b))
0
Therefore, for every t € [0, 7]

<

/awwm@@W@ws

HWNSWWMWH‘O

< e g+ [ 1P 1A ol6), ) s <
< e O]+ [ Coue I A5): b5 <
< e g1+ | G DI+ <
< e g0+ [ Coue 001l Do)+

t
# [ Gl s <
0

by Lemma 3.3 applied to z = (g, h(T — -)),

t
< Cue"|g(0)] +/ e 1m0y (|[h(s) ) | (T) lds+
0

t
+AQMWW@%MM@MMﬂms

since for every t € [0,7], Vs € [0,t] T —s > T —t and remembering that
both ¥, ; and ¥, » are nondecreasing,

t
S@&WMW+WMO/@WM@%MWMWW%+
0

t
+/ Crue 01 (||glleo)llg(s)llds <
0

At this stage, we compute V¢ € [0, 7]

t 1
/ e Mt=s) g < —.
0 M1
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Therefore, we get V¢ € [0, 7]

. e 1
lg@®)Il < Cpure™ g (O)]| + Cprye™ " ”E‘Ifl,z(llhllco)IIh(T)||+

t
+/ Cle =T, (||g]|co)llg(s)]|ds.
0

At this point, we employ generalised Gronwall’s Lemma 1.3. To this extent,
we define:
B:10,T] — R

. o 1
t— Cuue [l g(0)]| + Crpe " t)Z‘Ifl,z(l\hIICO)Hh(T)H,

710, T] — (0, +00)
t— Cp e

and
w:[0,T] — R

t — ey 1 (|lgllco)-

By these definitions, one can recognise that:

lg(D)Il < B(#) +/0 y(Ww(s)llg(s)llds Vi e0,T].

Moreover, we compute Vt € [0, 7:

/0 Y(§w(§)dE :/0 Cpie M5! Wy (||glloo)dé = tChy Ve 1 ([|g]lco)-

At this step, we take into account the following integral:

t
/ e Jo 7<5)w(5)d§6(3)w(3)ds.
0

First of all, if ¥y 1(||g||co) = 0, then, V¢ € [0,T]:

. et 1
lg@)Il < Cpuye™ g(0)]| + 7@ t)%E‘I’m(Htho)Hh(T)H

as desired. On the other hand, whenever Uy ;(||g|/co) > 0, we compute the
integral:

t
/ e~ Jo Wg)w@dﬁ,@(s)w(s)ds _

0
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t
:/ e~ CmYiallglco)sc e=ms| g(0)||e"* Wy 1 (|lg]|co)ds+
0

t

1
+/ efcul\1,1,1(Hg||co)scmefm(Tfs)_\11172(Hh|]00)Hh(T)”6“15\111,1(H9H00)ds:

0 i

t
:/ e~ Cm¥rlliglco)sc 116 (0)[| @1 (|g]lco)ds—+
0
t
1
+/ e~ Cm Viallslco)s o= T=2) 00—y o (||| co) |A(T)|| @11 (||g]lco)ds =

0 i

t
_ / e~ G ¥1allglcosc 1g(0)[| W11 (lgllco)ds+
0

t

_ —s — s 1

# [t Cutaalalens €y o) [T s lgco)ds <
0 H1
1
< Clu |9 (O) %11 ([ gl o) +
Crnra(lglon) )
e~ T (211 —Chy ¥1,1(Ilgllc0))t 1

Cup,—V h h(T)||W .
Tl G VPl lgleo)

At this stage, we are ready to apply the generalised Gronwall’s Lemma “for-
ward” 1.3, getting V¢ € [0, T7:

t
gD < ()l @i /0 o= I3 AW B gy (5)ds + B(t) =

= Cpye MteCmlldleo) 6.0 |+
e Tem=Cu TillalcoNt Gy by o(][h]| o) |A(T) | ¥ 1,1(|lgll o)
(2u1 — CuyVia(llglleo)) i

If we take 7, € (0, +00) small enough, ¥(g, h) € C*([0, T, R*¥)NBC*(0,7,,)

f—p
v 0 0 .
llsllen) < (0.5

With this choice of 7, € (0, +00),

]+6(t)=

CO

= ef“tlelg(O)llJr

1 2
= Co V(g S = (| hlloo) W (lgllco)) IA(D) -+

<e ’”lelg( I+

e (T t)

IN
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(7= 1 1
e G, —Y1a(llRllco) Ura (lgllco) AT + B(t) <

2p1 = Via(llglloe) "
< Cu [llg@) e + Tra([[Alloo) | A(T)[[e 1 T0] .

Therefore there exists a pair of positive constants (Cy,,7,) € (0,+00)? such
that
lg@)1l < Cuu [ g ()| + =TTy 5(]| hlleo) [ A(T)]]

Now, we aim at obtaining a similar estimate for h
Vi € (0, min {—max(Re(c(Dy))), min(Re(c(D3)))}). This task is accom-
plished considering (§,h) = (h(T — ), g(T —-)). Indeed,

0

(g,h) € C*([0,T);R*M) N B*(0,7,,)

solves of the system of Ordinary Differential Equations:

{%g(t) = —Dyg(t) — Aa(h(t), g(t)) vt € (0,T) (3.132)

Lh(t) = —Dih(t) — Ay(h(t), g(t)) Yt € (0, 7).

Applying the previous arguments to g one obtains that there exists a couple
(Cy,1y) € (0,+00)? such that V¢ € [0, 7]

1RO < Cp [e*TINRT) | + e Wan(llglleo) g (O)]] -

Now, we name Vu € (0,+00) C, the bigger between that defined for ¢ and
that defined for h. This concludes the proof.
]

The next Lemma face the problem of local existence and local uniqueness
for the system (3.127) for small initial data.

Lemma 3.5. Let (D, Dy) € M(N, N;R)? satisfying (3.124). We define

K = 4(sup [le”] + sup [le=) +1).
teRT teR+

We take into account (A1, Ag) € CH(BR*¥(0,7), RN)? fulfilling (3.125)-(3.126).
Then, there exists p € (0,1) such that

90 RRIN (0 £
1.V (h:r> € B¥7(0, £)



solution of

4g(t) = Dag(t) + A(g(1), h(t)) vt € (0,T)
Lh(t) = Dah(t) + Aa(g(t), h(1)) vt € (0,T)
9(0) = go (3.133)
h(T) = hr
Llg@I -+ @ <p  VE€[0,T].

O : (BE™(0, %),de) — (C°([0, T], RN, doe)

() — (s )
18 continuous.

Proof. First of all, as usual, let us define ji = min { — max(Re(c(D;))), min(Re(o(Ds)))} .
Henceforth, we will work with an arbitrary p € (0, i) fixed. At this stage,
we remember that whenever we take into account r € (0,+00) and A €
CY(B®(0,r),R) such that:
Afa)
lall a0
Jac(A)(0) = 0.

Then, by the hypothesis (3.125)-(3.126), Ve > 0 there exists p;. € (0, +00)
such that

?

| Jac(Ay)(ar, as)|| < e (a1, as) € B¥Y(0, p1.)

and
| Jac(As)(a, a0)|| < e Y(a1,az) € B¥" (0, p1.).

¢ is a degree of freedom we will use later. In order to prove 1., we consider
an arbitrary initial-terminal data (go, hy) € R?*Y. Moreover, we take into
account an arbitrary pair (f1, fo) € C°([0, T]; RY)2. By Picard’s Theorem and
sublinearity of the dynamics, there exists a unique global solution V (f1, f2) €
C*([0,T],R*N) for the uncoupled Cauchy Problems:

#9(t) = Dig(t) + M(fi(8), fo(1)) vt € (0,T)

4h(t) = Doh() + As(filt), (1)) Ve € (0,T) (3.134)
9(0) = go

W(T) = hy.
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Therefore, we are able to define Vp € (0, min {p.,7}), ¥(go, hr) € B¥" (0, Z):

doo

Vo (BEOTE(0, p) ™ do) +— (CO([0, T R™), dix)

(fi, f2) — ‘N/(flan)-

First of all, we want to show:

v (BEOTEN (), ) ) € BEOTEN (), )

To this extent, let us employ the Duhamel’s Formula stated in Proposition

- 2
1.3. V(f1, f2) € B0, p)~ and Vt € [0,T]

pi(V(fi, f2))(t) = €7 go + /O t P E=IN (fi(s), fals))ds.

For the following computations it is worth to define

Ko = sup [[e”]| + sup [le” 2.
teR+ teR+

doo 2
At this stage, let us estimate V(f1, fo) € B (OTIRN) (0 p) ~ and Vt € [0, T):

<

I (V (1, £2)) (] < lle™ goll + /0 P IN(fi(s), fals))ds

<[>l + [ P A (s), Fols) s <

< Kool + [ G I=l(6). 1ot <

< Kallool + e [=1+ ) el (. fo)low <
< Kallooll + el o <

1 1
< KOEP + Cupgp <

: —
defining ¢ = T

(VAN
DN | —
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Furthermore, one can work similarly with pe(V(f1, f2))(T —+), deducing Vt €
[0,T7:

p
lp2(V (f1, f2)) (@) < 7
Then,
v (BTOTEI0.)") € BIOTEI0, )
Therefore,
V (BC’U([O,T]HRZN) (0, p)doo, doo) s (BCO([O’T];RQN)(O, p>doo’ doo)
Now,

(CO([0, TT; R*Y), dev)

is a complete metric space and

doo
BEWOIEN 0, p)™ ¢ CO([0, T); R™Y)

is closed in the topology induced by the distance d.,. Then,

doo

(BEWOTIEN) (0, p)™ | do)

is a complete metric space. We aim now at proving that V' is a contraction.
To accomplish this task, we make the following computations. V((f11, fi2), (fo1, fo2)) €

doo?
BC(OTIR2N) (0 p) ~ and Vt € [0,T]

[P1(V (fo1, fa2) () = V(fi1, fr2) (@) =

= ||€D1t90+/ €D1(t_5)/\1(f2,1(3)7f2,2(3))d8—€D1t90—/ P U IN (fra(s), fra(s))ds|| =
0 0
= || i [P (AL (f21(5), for(s)) — M(fra(s), fra(s)))] ds| <

< /0 Cpu e[ A1 (f21(5), faa(s)) = M (fra(s), fra(s)]l] ds <

by the definition of ¢,

< [ [ R o). oo = (ao). falo)l] s <

S/O [e‘#(t—s)%H(fzhfz,g)—(f1’17f1’2)||00} ds —
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- %i [L—e "] [(fan: fo2) — (fr1, fr2)lleo <

1
< —|1(far, fo2) — (fr1, fr2)lleoo,r)meny-

Again, one can use the same arguments applied to po(V(f1, f2))(T—-). Hence,
doo?

v((fl,la f1,2)7 (f2,17 f2,2)) S BCO([O7T];R2N)(07 p) and Vt € [07 T]

1
IV (f21, fa2) = V(f11, fr2)llco < §H(f2,17 f2.2) = (fr1, fr2)ll co.
Therefore, V' is a contraction. By Contraction Mapping Theorem 1.1,
(fr, f>) € BSOTED 0, p)

such that:

Which is equivalent to:

o hr) € 50, 7) 21 (I € o, 71. )

which satisfies (3.133). At this moment, we want to show that:

O : (BRN(0, %),de) — (C([0, T], R?Y), do)

()= (1)
Xex (BR2N<0, %), OO([O,TJRQN))

namely, the continuous dependence on initial-terminal conditions. First of
all, by the previous step, ® is well defined. In order to prove the continu-
ous dependence on the initial-terminal conditions, let us take an arbitrary
sequence
12
{0 ) by © B0, 2)

such that there exists a limit (go, hr) € BV (0, £), i.e.:

(9n,00 Pon,1) = (90, hr).

—+00

We aim at proving that

(90 (gn,o, hn,r)), h(+ (9n,0, hn,T))) — (9(-5 (90, hr)), h(-; (90, hr)))

n—-+oo

119



in (C°([0,T],R*N),d..). To this purpose, firstly we remind that, by defini-
tion:
19t (gn0; o2 )II + 12(E; (0, Ba)) | < p VE€[0,T].

Hence, the sequence

{(9(; (9,0, 7)) A(-3 (G0, Brn))) Y e € CP(10, T RPY)

is bounded. Moreover, by the equations, we obtain that there exists a (7',t)
independent constant C' € (0, +00) such that Vn € N and V¢ € [0, T

d
||%9(t; (o, hrn))l| <Cp+ sup Ay
B¥*Y(0,p)

and

d
121t (gon, hrn))|| < Cp+_sup Mg

BN (0,p)

Therefore, by Ascoli-Arzela’s Theorem, we get that, for every subsequence

{(9(5 (905 P 1))s P35 (905 P 7)) e € £(9C5 (0, Bonr))s B (9,05 Pn))) e

there exists a subsubsequence

{963 Gnty 0 iy 0 1 Gy 0 Ty ) b € G5 (G0 o)), 5 (G0 P ) Y

heN

converging to (g, hoo) € C°([0,T],R?*Y). By the equations, (geo,hoo) €
Co([0,T),R*N) is the solution of (3.133). By the uniqueness, the limit
(Goos hoo) € C°([0,T], R?N) is independent of the particular subsubsequence.
Then, by Proposition 1.1 and by definition,

(9C5 (gm0, hn7)), A5 (g0, hnr))) == (95 (90, b)), 15 (g0, hr)))-

n—-+o0o

Hence, we have already proved that:

0 e 0 (B (0., (0. 118 )
This concludes the proof of Lemma 3.5. [

The setting coincides with that of the previous section. Hence, R €
C?* (RN, R?Y) represents (T'C1) or (TC2). We explain how R can be in dif-
ferent situations. To this extent, let us take into account V(zg,x;) € R?V.
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(TC2)

R R4N — RQN c 02(R4N,R2N)
T
il (xz - 1’0)
Xy Yr
Y

which correspond to the initial-terminal condition where the initial point of
the state is fixed, while the final point of the state is free (T'C1);
(TC2)

R:RY™ — R* € C?(R*™,R*Y)
o
il (33@ - 1’0)
Xy Ty —T1
Yr

when both the initial and the final point of the state are fixed (7'C2).
As in [20], the proof relies on the Hyperbolicity of the Hamiltonian system
related to the Linearised Pontryagin System.

Theorem 3.3 (Local Turnpike Property). Let (a, 3) € (0,+00)%. Further-
more, we consider two functions

F:RY — R,
L:RY+—R

and a pair of matrices (A, B) € M(N, N;R)x M (N, M;R) Kalman-Controllable.
We assume that

o (F,L) € C*(RN,R) x C2(R™ R);
o Vu e RM aly < Ly (u) < By and Vo € RNaly < Fi.();

e initial-terminal conditions are represented by R € C?*(R* R*M) as
above;

o T e (0,400).

Then, there exists a triple of positive constants (g, C, p) € (0, +00)? such that
of
case (TC1)

Iz — aoll + 7] < 2 (3.135)
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case (TC2)
|T — xo|| + ||T — 21| <E (3.136)

the optimal triple (x7,pT, u”) satisfies the following inequality:

1z () = || +[lp" () = Bll + [[u” (t) ~ull < C[e™* +e#E0] vt e 0,7,

(3.137)
The above estimate is uniform on terminal data fulfilling the smallness con-
dition.

Proof. 15¢ Step
As in the Linear Quadratic Case, VT € (0,+00) we define the perturbation
functions:

ST 1 [0,T) — RY € C*([0, T]; RY)
t — 27 (t) — 7,
sp’ 0, 7] — RY € C%([0, T]; RY)
t—p'(t)—p
and
su’ 1 [0,T] — RN € ¢'([0, T]; RM)
t —ul(t) — 7.

We recall that VT € (0, +00), the optimal triple (27, p*', u”) € C?([0, T]; RY) x
C2([0, T]; RN) x C1([0, T, RM) is the unique solution of the Pontryagin Sys-
tem:

2T(t) + A T() BuT(t) vt € (0,7T)

pT(t> pT(t) = Fo(2T(t))  Vte(0,T)

Lo (1) = i Pt Ve[0T (3.138)
R((z"(0),p"(0)), (z"(T),p"(T))) = 0.

On the other hand, by (3.120), the stationary optimal triple (Z,p,a) is
the unique solution of:

Az = Bu
A*p = F,(T) (3.139)
L,(u) = —B"D.

Then, the perturbation triple (627, 6p”, 6u”) is the unique solution of:

%(hT(t) + AdxT(t) = BouT'(t) vVt € (0,7)
—G0p" (1) + A*op" () = F(a"(t) — Fu(m) vt e (0,7)
Ly(u"(t)) = Ly(@) = =B*op"(t)  Vt€[0,T]
R((627(0) + T, 0p" (0) + p), (0z™(T) +7,0p" (T) +p)) = 0.

(3.140)
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ond Step

Now, the linearization come into play. For this reason, we highlight that,
whenever we consider 2 C RY open, 3y € Q and f € CYQ,RY), we can
define the reminder:

A:Q—yor— RY € CHQ — yo, RY)
y — [y +uy0) — f(yo) — Jac(f)(o)y.
Then, by Taylor’s Theorem,

Aly)

[yl w0
First of all, we linearize F, at Z. Since F, € C*(RY RY), there exists
Ay RY — RY € CHRY,RY)

such that
Asfa) — 0
al| a0

and

Fy(2) = Fo(T) + Fou(T) (2 = T) + Ay(x —T) Vo € RY
Therefore, we can rewrite (3.140) as follows:
Lo (t) + AdxT(t) = B(SUT( ) vVt € (0,7T)
— LT (E) + AT (1) = Fuu(D)(027(0) + M(027(1)  VEE (0,7)
L (8) - Lu(@) = —B*0p"(t)  Vie[0,T)
R((62"(0) + =, 6p" (0 ) p), (02" (T) +7,0p"(T) + ) = 0.

(3.141)

We remind that, in our situation, R is already an affine function.
At this point, we face the problem of determining u” from the relation

L,(u”(t)) = =B*p'(t)  vte[0,T].
To this extent, we want to use the Implicit Function Theorem. Let us define:
f:RY xRM — RM
(a,b) — L,(b) + B*a.

f e CHRY xRM RM)| f(p,u) =0 and fy(p,u) € GL(M,R). Therefore, the
hypotheses of the Implicit Function Theorem are fulfilled. Then, there exist
2 positive radii (r1,72) € (0, 4+00)? such that there exists

o BY (5,r) — B¥ (@,1,)
such that
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p € CY(B* (p,r), B¥" (@, 12));

{(a,b) € B¥ (5,r1) x B (@,72) | Lu(b) + B'a =0} =
= {(a.t) € B¥B,r) x B (@r2) | b= pla) }
e Va e B (p,r),
Pa(a) = —fola, p(a)) ™ fala, p(a)) =

= —Luu(p(a)) "' B".

At this point, we observe that ¢ € C’l(BRN (P, 1), BRY (@, 73)). Then, we
can apply Taylor’s Theorem to ¢ at p. Therefore, there exists

Ay BEY(0,7) — RM € CH(BR"(0,71), RM)

such that

and Va € RY
p(a) = ¢(p) + pa(p)(a — D) + Ao(a — ) =
employing that by the previous computations and L, (z) = —B*p,
=0 — Ly(W) ' B*(a —p) + Aa(a — D).
Hence, for every ¢ € [0, 7] such that
lsp™ () < 71 A flou” ()] < 72

u' (1) = ¢(p" (t)) =0 — Luu(@ "B (p" (t) — D) + Aa(p” (t) — D)
which means that for every ¢ € [0,T] such that

lop" @)l < r1 Allou” @) <

Sul (t) = — Ly (@) B*(6p" () + Aa(6p™(1)).
At this point, we define

AT = {t € [0,T] ] op" ()]l < ru Allou” @) < 72}
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Employing the equation satisfied by dz”, we obtain Vt € AT

%593 (t) = —Ada™(t) — BLyw(w) "' B*(0p" () + BA2(3p™ (1))

and

—%519 (t) = —A"0p" (1) + Fuu(T) (027 (1) + M (027 (1)) VL€ (0,T).

Therefore, overall, we have obtained that:

2T(t) —Aéx (t) = BLuu(W) ' B*(6p" (1)) + BAo(dp™(1)) Yt € AT
p'(t) = Aop'(t) — Foa(@)(927 (1) — M (627 ()) V€ (0,T)
‘(0

() —Luu( )TIBH(6pT (1)) + Ao(6pT (1)) Vte AT

(( ) +2,0p"(0) + p), (02"(T) + 7, 0p"(T) + ) = 0.

(3.142)
At this stage, we define, as in the Linear Quadratic Case,

Z:[0,T] — R?N

— (027 (t), 0p" (1))
and

ar ([ —A  —BLy(u)"'B* :
M= (—Fm(f) ‘L ) € M(2N,2N;R).

Furthermore, we define the projection operators:
pr R — RN
([E, y) —
po R — RN
These definitions together with the previous deductions allow us to deduce:

i . —A _BLuu<> 'B* BAz(Pz(Z(t)))
2= <—Fm<z> Ar ) Z“”(—Axpl(zu))).) \(’; ;;“)T'

At this moment, in order to obtain some information about M € M(N, N;R),
we want to use Lemma 3.1. To this extent, we remember that, by Propo-
sition 1.5, there exists a unique W € Sym(M;R) such that W? = L,, ()
and a unique C' € Sym(N;R) such that C? = F,,(Z). We highlight that
W e Sym(M;R) and C € Sym(N;R) are positive definite and the pair
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(A, B) is Kalman-Controllable. Hence, the hypotheses of Lemma 3.1 are
fulfilled. Moreover, we remind that, during the proof of Lemma 3.1, we
have defined E+ € Sym(N;R) the unique positive definite solution of the
Algebraic Riccati Equation:

EA+ AE + EBL,, (W) 'B*E — F,,(T) =0  (ARE) (3.144)

Furthermore, we named E € Sym(N;R) the unique negative definite solu-
tion of the Algebraic Riccati Equation, (3.144). Therefore, we were able to

define
o (In In
pE(y 4
(E+ E)

In this context, Lemma 3.1 entails:
1. M € sp(N,R);

2. there exists a matrix P € GL(2N;R) such that:

i1 (A= BLy(0)'BE, 0
PrME= ( 0 —A— BLuu(a)—lB*E)
where Re(o(—A—BLy, (W) 'B*E.)) C (—00,0) and Re(6(—A—BLy, (W) 'B*E_)) C
(0, +00);
3.
Re(o(M)) C R\ {0};
4.

—o(M) =0o(M).
At this stage, let us define:
7y :[0,T) — R*N € C?([0, T); R*Y)

t— P1Z(1).
Since P € GL(2N;R), the linear transformation

Lp-1: R*N — R2Y
()= ()
a9 a9
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is an homeomorphism. Hence, Lp-1(B¥"(0,71)) is an open set containing
0. We define now N
A3 : Lpfl (BR2 (07 7“1)) — R2N

(CL1> . P,l (BAQ(E\_’_CL]_ + E_a2)>

Qo —Ai(a1 + az)
Furthermore, A3 € Cl(Lp—l(BRQN(O,Tl)),RQN) and
AS(ala CLQ)

(a1, as)|| (a1.a2)-(0,0)

0.

We can conclude this 15t Step with the following achievement:

d —A— BLy,(uW)"'B*E, 0

—7Z4(t) = s ~ | Z1(t)+A3(Z4 (¢t Vte A
il ( 0 —~A — BLy,(u)"'B*E_ 1{t)+As(Z1 (1)) T

(3.145)
Moreover, we name
g:[0,T] — RV

t— pi(Zi(t) = p (P Z(1))

and
h:[0,T) — RY

t — pa(Zi(t)) = pa(PTZ(1)).
Therefore, the system (3.145) reads as follows:

#9() = (A = BLuW(@) ' B*EL)g(t) + pi(As(g(t), h(1))) V€ AT
%h(t) = (—A — BLy(u)"'B*E_)h(t) + p2(As3(g(t), h(t))) vt e AT.
(3.146)
Since Re(o(—A—BLy, (W) B*E,)) C (—0,0) and Re(0(—A—BLy, (W) 'B*E_)) C
(0, +00), the intuition would suggest that the first vectorial equation is con-
tracting, while the second equation is expanding. This will be the object of
investigation of the next Step.

ond Step
First of all, we know that Lp—1(BR2N(0, r1)) is an open set containing 0.
This implies the existence of a radius 77 € (0, ;) such that

—~

B¥"(0,77) € Lp-(B¥" (0,11)).

Furthermore, by Lemma 3.5 applied to the reminders p; o A3 and ps o Ag,
Vr € (0,71), there exists p € (0,7) such that
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solution of

9(t) = (=A = BLy(@) ' BEL)g(t) + p1r(As(g(t), h(1)))  VE € (0,T)
#h(t) = (=A = BLy(0) ' B E_)h(t) + pa(As(g(t), h(t))) V€ (0,T)
9(0) = go

W(T) = hy.
g@N+1r@OI <p  VE€[0,T].

(3.147)
At this point, we remind that, by Lemma 3.1:

—supo(—A — BLy,(0) 'B*E,) = info(—A — BLy, (W) 'B*E_).
Therefore, by Lemma 3.4,
Vi € (0, —supo(—A — BLy, (W) 'B*E,)),

there exists 7, € (0,71),
@1 : [O,FM] — R+

with
©1(8) Pavd 0
Oy : [0,7,] — R
with
©:(5) Al
such that

Y(g,h) : [0,T] — R*N € C'([0, T]; R*)

which satisfies:
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the inequality below holds true V¢ € [0, T:

{Hg(t)ll < Cu [llg(@) e + e @I R(T)[[O1([[ Al co)]

Hh(t)H S CH [Hh(T)He_H(T—t) + e_MtHg(O”‘@Z(”gHCO)} . (3149)

Henceforth, the couple (7,,2,) € (0,400)* will be a degree of freedom we
will determine later. Moreover, we will use p € (0, min {7,,71,7r1}).
At this point, initial-terminal condition come into play. Therefore, we
call
R:RY™W 5 RN

(21,22) — R(Pz, Pz).

First of all we work with initial-terminal conditions where the initial point
is fixed, while the final point is left free, namely (7'C1). (T'C1) in the new
coordinate system correspond to:

{90 + 1(0; (9o, hr)) = p1(Lp((9(0), R(0; (g0, hi7))))) = = (3.150)

~—
~— O
~—
Il
|
s

E,g(T; (go. hr)) + E_hr = pa(Lp((g(T; (g0, hr)), by

Therefore, we look for (go, hy) € BE" (0, £)? such that (g(-; (go, br)), h(-; (9o, h7)))
satisfies the above conditions. To this extent, we use a fixed point argument.
In fact, let us define

. BRN (0, 2 R2Y
foBEN0 D)
<go> . < @ — T — h(0; (g0, hr)) )
hr —EZ'p— EZ'E (T (90, hr)))
First of all, we show that R(f) C B¥" (0, £). Indeed, ¥(go, hr) € B¥*"(0, &)

|| f(g0, hr)|| < ||zo —Z — R(0; (g0, hr))|| + 1| — Eilﬁ— E:1E+9(T; (g0, h7))| <
< |lzo — T + [18(0; (g0, ) || + |1EZ'B]| + |EZ*Eg(T; (90, hr))|| <
thanks to (3.149)
<2+ Cu [lhrlle ™ + 9ol ©2(llg(-; (9o, hr))llco)] + |1EZ |E+

HIEZELNC [llgolle™™ + e ©1(IR(:: (g0: her)) o)) <

At this moment, we determine 7, such that:

— 1
{@1(7“#) < SF B, (3.151)

@2(7,) < ﬁ
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and
1 p

g, = ——.
toe( BT K
Furthermore, we suppose T' € (0, 4+00) is sufficiently big. Hence,

_ 1 1 ~ 1 1 1
1 (g0, )| < 2+ 2l + cllgoll + 1B E, + gllgoll + gl <

_ 1p 1p S  Lp 1p
<z, +-L 4yl \E PP
St ew tor TIE BT g TR <
by definition of €,
<gl _F
- 6K K
Therefore, R(f) C B¥"(0,£), i.e.:

1 BE (0, %) — BRN (0, %).

Moreover, by Lemma 3.5 (2.), f € C°(B¥"(0,%£), B¥*"(0,£)). This en-
ables us to apply Browder’s Fixed Point Theorem, getting the existence of
(90, hr) € BR*Y (0, £) such that f(go, hr) = (go, hr), which means

To =T — hﬁO; (207 hr)) = go (3.152)
—E7'p— B2 Eg(T5 (g0, hr)) = I
which is equivalent to
9o + h(0; (go, hir)) =20—7% (3.153)
E_,.g(T; (go, hT)) + E_hT = —]_).

We use a similar technique for initial-terminal condition where both the initial
and the final point of the state are fixed. In the new coordinates, (T'C2) reads
as follows:

9(0) + h(0; (go, hr)) = p1(P(9(0; (g0, hr)), h(0; (g0, hr))) = 20 — T

9(T'; (9o, hr)) + hr = p1(P(g(T’; (90, hr)), h(T; (90, hr))) = 21 — 7.
(3.154)
Indeed, we name

P

[ BF0, 72) — RN

()= (o)
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First of all, we prove that R(f) C B¥*" (0, £). In fact, ¥(go, hr) € B®*"(0, £)
1/ (g0, ho)ll < [lzo =T = h(0; (g0, he)I + [le1 = — g(T'5 (90, b)) || <

< Nlwo — 2| + [[2(0; (9o, b)) || + [z — Z[| + [lg(T' (90, b)) <
employing (3.149)

<&+ Cpu [lIhrlle™ + llgoll©2(llg (s (g0, hr))lleo)] +
+8u+ Cu [lgolle™" + Ihzl|©1(IIA(:; (g0, hr))llco)]

At this stage, we define 7, such that:

@2 (FM) < %
{ 6% (3.155)

and
= e
Then, whenever T' € (0, +00) is large enough,

_ 1 1 _ 1 1
17 (g0, )| < B+ 2l + llgoll + 2+ llgoll + llbrl] <

<¢L L
T 6K K

Hence, R(f) C BR*™(0, £), i.e.:
K

I ﬁ)
'K

f 1 BEN(0,4) — B (0, 4).

Furthermore, by Lemma 3.5 (2.), f € C°(B¥*"(0,£), B¥*"(0, £)). There-
fore, by Browder’s Fixed Point Theorem, there exists a pair (go,hr) €
BF*™(0, £) such that f(go, hr) = (9o, hr). Then,

To — ? — h(0; (go, hr)) = g0 (3.156)
11 —T — g(T; (90, hr)) = hr.

which in turn entails
9(0) + h(0; (go, hr)) = w0 -7 (3.157)
9(T; (go, hr)) + hy = 21 — T.
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The above computation allows us to carry on the proof for both (7°C'1) and
(TC2). In fact, let us define (627, 0p7) = Lp(g(-; (9o, hr)), h(; (go, hr))), we
recognise that it solves

d ~A  —BLy(0)"'B* BAs(p2(Z(1)))
#70=(Crte 7 )Z“)*<—Al<pl<z<t>>>.> o

, o (6p + p), the triple (627 +
T, 0p' +p,ul) € C’l([O,T],R X Cl([ T] Ny x CL([0,T), RM) satisfies the

Pontryagin system:

L2 (t) + Az" (t) = Bu™ (t) vt € (0,7)

dtpT(t) AT (t) = F(l’T(t)) vt € (0,7)
Lud(uT(t)) —_BpT(t)  Vte[0,T] (3159)
R((z"(0),p"(0)), (z™(T),p"(T))) = 0.

Therefore, by Proposition 3.1, VT' € (0, +00)
(a",p" u") = (63" + 7, 69" + p,a").

Hence,

AT = (0,T),

namely the system (3.142) is satisfied V¢t € (0,T'). Furthermore, (6z7,dp”)
is such that

1627 ()| = llg(t: (go, k)l + 1a(; (g0, b)) | < (3.160)
< Cy [llgolle™* + e~ by |©1(|h(-; (g0, hr))llco)] +
+Cy [Ilhrlle ™= + el go[|©2(1lg(-: (90, hr))llco)]
169" (0)]| = || Eg(t: (g0, hr)) + E_h(t; (g0, hr))|| <
CullEIl+ IE-1) [llgolle™ + e T he | ©1(IIA(:; (g0, )| o)

]+
Cu(lEL ]+ 1E-1D) [Irlle ™D + el go|Oa(llg(-; (g0, b)) llco)] -
(3.161)
which yields,
1827 (1)) < Cy [llgolle™* + e T he]|©1(p)] + (3.162)

+C, [|hrlle™ T + e go | ©2(p)]
157 ()] < Cu(IEL] + 1E-]) [lgolle ™ + e P9 || hr||©1(p)] +
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+C (1| + BN [Ihrlle ™0 + e go]|©2(p)] - (3.163)
At this step, we remind that

1g0ll + ([Pl < 7.

Then, up to define C,, € (0,400) a bigger T-independent constant,

||5IT<t)|| <C, [6_’” + e‘N(T—t)] 161
1op™ ()] < C, [ewt + e*,u(Tft)] ' )
Moreover,
S =~ = ") - ¢(p)
Hence,

[6u” ()| < lle(p") — @) < sup | Jac(o)|l[lp" () =Dl < (3.165)
B (0,p)

< sup  ||Jac(p)||Cy [ + e_“(T_t)] : (3.166)
B*Y(0,p)

This concludes the proof of the Local Turnpike Property.
]

Remark 3.3. We observe that, by the previous proof,
Vi € (0,—supo(—A — BL,,(u)"*B*E,)) there exists a couple of positive
constants (C),,g,) € (0,+00)? such that the Local Turnpike Property holds

with (£, Cpi, ).

3.4 Global Turnpike Property for NonLinear
Convex Case

In this section, we will present a Global Turnpike result for the NonLinear
Convex Case with initial-terminal conditions (7°C'1), which means that there
exists £p € RY such that the initial-terminal conditions are represented by
the map:

R:R*™ — R?Y (3.167)
T

il (iUz - xo)

xLf Yr

Ys
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We are going to state the announced Global Turnpike Property. In the
next statement, £, and E_ are respectively the positive definite and the
negative definite solution of the Algebraic Riccati Equation:

EA+ AE + EBL,, (W) 'B*E — F,,() =0  (ARE). (3.168)

Theorem 3.4 (Global Turnpike Property). We take into account 2 positive
real numbers (a, 8) € (0,+00)?, 2 functions

F:RY — R,
L:RY+—R

and a pair of matrices (A, B) € M(N, N;R)x M(N, M;R) Kalman-Controllable.
We suppose that:

e (F,L) € C*(RN,R) x C2(RM R);

o Vu e RM  aly < Lyu(u) < By and Vo € RNaly < Fo.(z);
e initial-terminal conditions (T'C1);

o T e (0,400).

Furthermore, we consider the unique positive definite E+ and negative defi-
nite E_ solutions of the Algebraic Riccati Equation:

EA+ AE + EBL,, (W) 'B*E — F,,(T) =0  (ARE). (3.169)

Then, Vu € (0, —supo(—A — BLUU(H)*IB*E\JF)), there exists a positive real
number C,, € (0,+00) such that the optimal triple (x*,p",u’) satisfies the
following estimate:

=" () =+ Ip" (t) = DIl + " (¢) — || < C [ +e T 0] vieo,T].
(3.170)

Proof. In order to prove this Theorem, we remind that, by Theorem 3.2,

there exists a T" independent constant C' € (0, +o00) such that V1" € (0, +00)

T
/ |7 (t) — 7P + [ () — a?dt < C
0

At this stage, Vu € (0, —supo(—A— BLUU(U)AB*EJF)) we take into account
g, defining the smallness condition (3.136) in Theorem 3.3. Then, we define,

VY € (0, —sup o(—A— BLy (W) "' B*E.)), T, = % . First of all, by the Mean
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Value Theorem for Integrals 1.11, VT' € [T}, +o0) there exists (1,t1) €
[0,7,] x [T'—1T,,T] such that:

L [T |27 (s) — THQdS = [|7(¢]) —EHZ
T, Jo 1
5 _ _ (3.171)
{Tiu fTT_TH ||xT(s) — xH2ds = ||xT(tg) — £L'H2
Therefore, by the Theorem 3.2 of Convergence of Averages, we get:
1 [T T 2
T/o |7 () — 7| dt < (3.172)
1 (7 _ _ 1 g2
<q | Ie"@ =l + "0~ a < o=

Similarly, VT' € [T},, +00)

1 [T £
— [ (t) — z|*dt <
T

w JT-T,

ML

By the above deductions, Y € (0, — sup o(—A — BLy,(u) " B*E,)) there
exists T}, € (0,400) such that VI € [T),,+00):

< &
- 52 (3.173)
< 3.

We remind that in Theorem 3.3, Yy € (0, —supo(—A — BLyy (W) 'B*E,))
the constant C, is independent of the initial-terminal condition fulfilling the
smallness condition with ,. Therefore, VI' € [T, +00) we consider the
terminal conditions (7'C2) defined by:

Ry : R*™ +— R*Y € C*(R*™,R*")

&y
7 N (9@ — x;(tl,T) )
Xy Ty —T (tQ’T).

Yr
Then, we take into account, VV € (0,+00) time horizon, (OCP)" with
terminal conditions (7'C2) defined by Ry above. Let us define VV' € (0, +00)
(y",q",w") the optimal triple for (OCP)Y with terminal conditions defined
by Rp. Hence, by Theorem 3.3, we obtain:

ly" () ==+ llg" (&) =Dl + [ (t) =u|l < Cy [e* + V0] vt eo,V].
(3.174)
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Since, by Remark 3.2, (z7 (-+t1.7), p* (-+t17), u” (+t17)) = (y27 701 glar—hr qtzr—tir)
& (& ) =10 (8 20) Pl + " (8 0) T < € [0 4 evlltar -t =ttin)] <

(3.175) -
S OM [G_M(t_T”) + G_N(T_T“_t)] \V/t S [tLTa t27T].

At this point, by (3.101),
{z7(t) =T | T € (0,+00), t €[0,T]} C BX'(0, M)

Moreover, (3.109) and L,, < I, entail that there exists a 7" independent
constant M; € (0, 400) such that:

T T
Ip" (0) = Bl* < C [/ [l (2) —ﬂHth+/ =" (t) — 7| *dt + HﬁHz] < M}
0 0

(3.176)
Finally, VT" € (0, +00) and Vt € [0,T]:

allu’ (1) = Of] < [ Lu(u’ (1)) = Lu(O)]| < | Lu(u” )] + [[La(O)]] < (3.177)

< 1B Mllp" Ol + L) ] < [1B*| My + [ Lu(0)]]

Then, there exists a positive constant My € (0, +o00) independent of T' €
(0,400) such that:

{uT(t) =@ | T € (0,+00), t € [0,T]} € B¥"(0, My)
Therefore, defining
Clinew < max {CM62T“, Me*Te 4+ Me*Tr + MQGQT“} ,
we have VT € (0, +00)
" (t; 20) =T ||+ [[p" (£ o) =Bl +[|u” (£ 20) =]l < Cppnew [e7 + 6_“(T_t()] )W € [0,77].
3.178

as required.
O]
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Chapter 4

Infinite Dimensional Linear
Quadratic Case

In this chapter, we generalise the results of the Finite Dimensional Lin-
ear Quadratic Case to the Infinite Dimensional Linear Quadratic Case in
a Parabolic Setting.
All throughout this chapter we will follow the dynamic approach of [16].
We consider (X, (,)y) and (H, (,),) Hilbert spaces, such that there exists
a dense inclusion, i.e.:
i: X —HeB(X,H)

——H
one to one with ¢(X) = H. As we have explained in Preliminaries, this
inclusion leads to the scheme:

XCHH CX'

Now, we take into account (U, (,),) and (V,(,),,) Hilbert spaces. We will
name U control space and V' observation space. We are going now to intro-
duce the operators involved in our analysis.

1. A€ B(X,X’) a bounded linear operator such that R(A), the range of
A, is closed into X”;

2. B € B(U, X’) a bounded linear operator called control operator;

3. C € B(X,V) a bounded linear operator named observation operator.

We are going to ask some hypotheses on A, which we will use all throughout
the chapter.

Hypothesis 4.1 (Weakened coercivity of A).

3(\, ) € (0, 4+00)? such that < Az, x> x) Hollzlli > Azlk
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for all x € X. This hypothesis is equivalent to ask that there exists u €
(0, +00) such that the operator A + uly is strongly coercive.

Using this hypothesis it is possible to solve a Banach space valued Cauchy
Problem. We are going to find solutions to that problem in the Sobolev
space W12((0,7T); (X, X")) (see Definition 1.16). By Theorem 1.15, we get
the inclusion

it WH((0,7); (X, X)) = C°([0, T], H) € BIW"*((0,T); (X, X)), C°([0, T, H)).

Then, whenever we work with a function y € W12((0,T); (X, X’)), we can
choose the unique representative y € CY([0,7T], H). Therefore, for every
t € [0,T] the expression y(t) makes sense. Then, in the following Cauchy
Problem, the initial condition y(0) = ¥, is well posed.

Definition 4.1. For every (A, f,z) € B(X,X') x L*((0,T); X') x H, y €
W2((0,7); (X, X")) is said to be a solution of the equation

%erAy:f in (0,T)

if and only if Vo € W12((0,7); (X, X))

= /OT < f(t),o(t) >x x) dt
Theorem 4.1. Let us consider
A:(0,T)— B(X,X")
such that:
1. for every (xq, 1) € X?
< Az, 29 >x x): (0,T7) — R

Tt —< A<t>$1,$2 >(X’,X)

18 measurable;

2. there exist 2 constants (u, \) € (0,400)? such that Vt € (0, +00)

< At)z,z > x) +oullzl|f > Mzllk Vo € X. (4.1)
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Then, for every f € L*((0,T); X") and yo € H, there exists a unique solution
y € WH2((0,7); (X, X")) of the Initial Value Problem

{%y—l—Ay:f in (0,7)

y(0) = o (4.2)

Moreover, a continuous dependence on the data holds, i.e.:
= H x E2(0,T); X') — WH2((0,7), (X, X))
(vo. f) —y
€ B(H x L*((0,7); X"), W"((0,7); (X, X")).

A proof for this theorem can be found in [14] at page 103. Vyo € H the
unique solution y € W2((0,7); (X, X")) of the Cauchy Problem

{%y+Ay:O in (0,7) 43)

y(O) = Yo

is often indicated as e “()y,. By Theorem 4.1, for instance, whenever we
consider an initial data zy € H and control function u € L?((0,7T); U), there
exists a unique solution z € W12((0,T); (X, X’)) for the following Cauchy
Problem

d _ .
{dtx + Ax = Bu in (0,7) (4.4)

z(0) = xg
and the operator
R:H x L*((0,T);U) — W"2((0,T), (X, X"))
(xo,u) — x
€ B(H x L*((0,7); U), W"((0,T); (X, X"))

Let us now present the Duhamel’s representation formula in this framework.

First of all, we give a “forward” version. We will use the notation of Theorem
4.1.

Proposition 4.1 (Duhamel’s representation formula). We suppose:
i:X—>HeKXH).
Moreover, we consider:

A: X — X' € B(X,X")
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such that hypothesis 4.1 holds. Then, for every f € L*((0,T); H) and yo €
H, the unique solution Z(yo, f) € WH2((0,T); (X, X")) of the Initial Value
Problem

{%y +Ay=f  in(0,T) (4.5)

y(0) = vo,

can be written as follows:

= (0. 1) () = 20, 0)(t) + / (f(s).0)(t — s)ds Yt e [0,7]

where the above integral is intended as an integral of functions in L'((0,T); H).

One can deduce this representation formula by reducing the above Cauchy
Problem to a finite dimensional one. Then, one applies, in the finite dimen-
sional framework, the Duhamel Formula as stated at page 488 of [18]. After
that, passing to the limit, it is possible to show the required result. Moreover,
we take into account some perturbations of the above Cauchy Problem.

Corollary 4.1. Let T € (0, +00),
A:(0,T) — B(X,X")

measurable and weakly coercive as in Theorem 4.1 and a perturbation operator
D:(0,T) — B(H,H)

such that ¥ (hy, hy) € H?, the map
(Dhy,he)y : (0,T) — R

is measurable and the set {D(t) | t € (0,T)} is bounded in B(H,H). Then,
V(xo, f) € HxL*((0,T); X") there exists a unique solution z € WH2((0,T); (X, X"))
to the Cauchy Problem

{l’t +(A+D)x=f in (0,7) (4.6)

z(0) = zo
Proof. In fact, we take into account the B(X, X’) valued function
A+ D:(0,T)— B(X,X"),

which is weakly coercive. Hence, employing Theorem 4.1, we get existence,
uniqueness and continuous dependence from the data for the system above.

[]
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Remark 4.1. We observe that whenever f € L2 ((0,+00); X') we can ap-

loc

ply Corollary 4.1 for each T € (0,+00) and obtain the existence and the
uniqueness of a solution z € W,2?((0, +-00); (X, X")) of

{xt +(A+D)x=f in (0, 4+00) (47)

z(0) = xg
Moreover, the following stability Lemma will be useful later.

Lemma 4.1. Let T € (0, +00),
A:(0,T)— B(X, X"

measurable and weakly coercive as in Theorem 4.1 and such that it expo-
nentially stabilizes, i.e. there exist 2 constants (C,u) € (0,+00)* such that
Vzo € H the unique solution x € W2((0,T); (X, X)) of

{xt +Ar =0 in (0,7) (48)

z(0) = zo
satisfies
lz(@®)llzr < Ce™ |zl

Then, A* exponentially stabilizes, namely Yyo € H the unique solution y €
W2((0,T); (X, X)) of

{yt +AY=0  in(0,T) (49)

y(0) = yo

satisfies
ly@®)llr < Ce™ [zl -

Proof. For every yo € H, we consider the unique solution y € WH2((0,7); (X, X))
of (4.9). Furthermore, ¥(po,t) € H x (0,T") we take into account the unique
solution ¢ of the problem

—pr+Ap =0 in (0,t)
{s@(t) — (410)

We multiply in (X', X) the equation of ¢ by y and integrating in [0,¢], we
get:

t
0= / < —pi(s) + Ap(s), y(s) >xr,x) ds =
0
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integrating by parts

This yields
(1), y(1) 5 = (£(0),5(0)) (4.11)
We notice that (- — t) is a solution of

{gbt FAG=0  in(0,1) 412)

¢(0) = @o
If we take into account (C,u) € (0,+00)? characterising constants of the
exponential stability for A, the fulfillment of the above system yields:

le(O)lla < Ce™llpoll

Coming back to the equation (4.11) and choosing ¢y = y(t), we obtain:

L@l = leO)lallyO)llz < Ce™ ly®llullyolln

This concludes the proof.
O

In the Finite Dimensional Linear Quadratic Case the Observability hy-
pothesis was essential. A similar hypothesis on (A, C) will play a key role
in the Infinite Dimensional Case too. We are going to formulate it in the
following.

Hypothesis 4.2 (Observability Inequality). There exists C' € (0,+00), in-
dependent of T' € (0,+00), such that for every (7, f,v0,y) € (0,+00) X
L*((0,T); X'y x H x WY2((0,T); (X, X")) satisfying

y(0) = vo,
we have:
T
(D)% < C [ / (A1 + 1CyI2) dt + 1ol (4.14)

We are going to show some situations where the above Observability
Inequality holds. The first case is when A itself is coercive.

142



Remark 4.2. We assume the coercivity of A, namely:
3\ € (0, 4+00) such that < Az,x > x0> M|zll% Ve e X.

Then, there exists a positive constant C' such that for every (7', f,yo,y) €
(0, 400) x L2((0,T); X') x Hx W12((0,T); (X, X)) satisfying (4.13), it holds:

T
MUW%SCUZW@w+Mﬂﬂ

Proof. Let us consider the dual pair (X, X’). For almost every t € (0,7 we
multiply the equation with y and we integrate in [0, 7], getting:

T T T
/ <%@w@ﬁ%mde/‘<AMWMﬂ>umﬂﬁ=/ < F(), y(t) > dt
0 0 0

Integrating by parts and using the coercivity of A:

3 (1T = IO )6 [ Ol < [ < n(0+49(0).00) >co d =

T
0

By the definition of continuous functional, we have:

T
SAHﬂWxMhﬁs

Using the Young’s inequality with &,

T Y T
< [ cnrana+s [ ol

Then,

T

3 [ = 1))+ [ I3 [ e < ¢ [ 1ol

Which yields
T
ly(T)|7 < C VO 1f (Ot + ||yo||?{]

as required. O

Another circumstance that can occur is the object of the next Remark.
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Remark 4.3. Let (A,C) € B(X,X') x B(X,V) be such that there exists
(Co, Tp) € (0,+0c0) such that for every (yo,y) € H x WH2((0,Tp); (X, X))
satisfying

Ly+Ay=0 in (0,Tp) (4.15)
y(0) = vo,
we have: .
mmmz3%L£|wmw4. (4.16)

Then, the hypothesis 4.2 holds true.

Proof. 15 Step

To achieve this result we use the same technique used in the proof of Lemma
2.1 in the finite dimensional case. For any (29,h) € H x L*((0,Tp); X’), let
us introduce wy € W2((0,Tp); (X, X)) solution of the Cauchy Problem

dw+Aw="h  in(0,Tp) (4.17)
w(0) =0

and wy € WH((0,Tp); (X, X)) the unique solution of
2(0) = 2.

The continuous dependence from the data implies the existence of a positive
constant C' such that

To
prﬂﬂ%SOA|WW&#

SE[O,To]

By the uniqueness, the solution for the Cauchy Problem (4.15) is given by
2z = wy + wy. This enables us to make the following estimates:

12(To) 17 < 2[Jwi(To)||3 + 2||wa(To)|% <
To
so/|wM@%m+wmmmz:
0
To
=c/|wu@—wwm&@+mmaw@s
0

quWMMMﬁ+M@MJw
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Now, we go ahead with the proof.

ond Step

Firstly, we take into account 7' € [Ty, +00). Then, for any (f,yo,y) €
L2((0,T); X') x H x WH2((0,T); (X, X")) satisfying (4.15), we apply the 15t
Step in (T — To, T'), obtaining:

ly(T)I1 % < Co [/TT (IF % + |C]|%) dt} <

= Co [/OT (IFO1% + IC=[I7) dt} :

ard Step
Secondly, VT € (0,T)), we apply the continuous dependence from the data.
O

In Controllability Theory, an inequality like (4.16) is often called “inverse
inequality”. For instance, see [12].

Remark 4.4 (Stationary Observability Inequality). Whenever hypothesis 4.2
holds true, there exists a constant C' € (0, 400) such that:

lzl% < ClAzl% +ICllV] Vo e X
Proof. For every z € X, we define
y:R— X
t— iz

Applying to i the hypothesis 4.2, we deduce the following inequality V1 &€
(0, +00)

T3
T2y < O [ Axl + O] + Ol <
< L [ 4al + [C2l2] + OT a2
=03 X % H-

It is sufficient to take 7" € (C, 400) to get the existence of a positive constant
D such that:

lzll7 < D [[l[Az]l% +lICz[V] Vo e X.

At this stage, by the hypothesis 4.1, there exists a constant C' € (0, +00)
such that:
2% < C [IlAz]| x|zl x + [[2]|7] <
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thanks to Young’s inequality with e
< C[CllAz[% +elllk + [l2]%]

which implies
lz]% < C [l A% + Cxllf] -

This concludes the proof.
O

Now, we are interested to deal with the adjoint state equation.
First of all, we notice that, if the hypothesis 4.1 is satisfied, the weakened
coercivity holds even for the adjoint operator A*, i.e.

AN 1) € (0,400)? such that < A%z, @ >y ) +allallly = Allallk

Theorem 4.1 enables us to affirm that for any py € H and for every f €
L?((0,T); X") there exists a unique p € W12((0,T); (X, X")) solution of the
Cauchy Problem

{_%p+A*p=f in (0,7) (4.19)

p(T) = po.

Furthermore, the continuous dependence from the data holds. Namely, as in
the “forward” case, we define:

U H x L*((0,7); X') — WH2((0,T); (X, X)) (4.20)

(po, f) — p-

Then,
U e B(H x L*((0,T); X'), Wh2((0, T); (X, X')).

We give now a “backward” version of Duhamel’s representation formula.
Proposition 4.2 (Duhamel’s representation formula). We assume
i: X—>HeKX H).
Furthermore, we take into account:
A: X+— X' € B(X, X')

fulfilling Hypothesis 4.1. Then, for each f € L>((0,T); H) and pr € H, the
unique solution p € WH2((0,T); (X, X")) of the Final Value Problem

{—%p+A*p —f  in(0,7)

y(T) = pr. (4.21)
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admits the following representation formula:

‘P(pT,f)(t)Z‘I’(pT,U)(t)Jr/t U(f(s),0)(T' = (s —t))ds Vi el[0,T]

where the above integral is intended as an integral of functions belonging to
LY((0,7); H).

For the dual problem we need an Observability Inequality as well.

Hypothesis 4.3 (Observability Inequality for the dual problem). There exists
C € (0,+00), independent of T" € (0, +00), such that for every (T, f, po, p) €
(0, +00) x L2((0,T); X') x H x WH2((0,T); (X, X")) satisfying

p(T) = po,
it holds:
T
Ip(0)[|} < C VO (Lf 1% + 1B*plIE) dt + [Ipoll% | - (4.23)

As in the Cauchy Problem satisfied by the state, one can prove that when-
ever the operator A* is coercive or an “inverse inequality” for (A*, B*) like
that of Remark 4.3 holds, the hypothesis 4.3 turns out to be true. Moreover,
we can establish a stationary inequality similar as in Remark 4.4. This is the
object of the following Remark.

Remark 4.5 (Stationary Observability Inequality). Under hypothesis 4.3,
there exists a positive constant C' such that:

Izl < C [I|A"|% + 1B 2]li]  VeeX

If (A, B) is stabilizable, then hypothesis 4.3 holds true. This is the object
of the next Lemma.

Lemma 4.2. Suppose (A, B) is stabilizable, i.e. there exists F' € B(X,U)
a stabilizing feedback function and 6 € (0,400), such that ¥(x¢,T) € H X
(0, +00) there exists a unique solution x € WH((0,T); (X, X")) of the Cauchy
Problem

4 Ax = BF ' T
5T+ Ax x in (0,7 (4.24)
z(0) = x;
and this solution satisfies:
T
| (ol < Sl (4.25)

Then, hypothesis 4.3 turns out to be true.
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Proof. In order to get the desired result, one considers for each (f,py) €
L*((0,T); X') x H an arbitrary ¢y € H and the corresponding ¢ solution of
the problem

{%x + Az =BFz  in (0,7) (4.26)

z(0) = o
Now, one multiplies the equation of p by ¢ and integrates by parts, getting:

T T
(p(0), 90(0))H+/ < @ tAp,p >xr x) dt = / < [, > .x) dt+(po, o(T)) 5
0 0

Therefore,

T T
(p<0)7§00>H = _/ < B*p7 FQO >(U’,U) dt+/ < faSD >(X’,X) dt"—(pOa(p(T))H S
0 0

T 3 T T 3
sc(/o Hsouidt) { / 1B pll2.dt + / an%«dt} T (o (), <

using the hypothesis
T T 3
< Cllgalla { [ W"plRde + [ 7Bt} + (oD
0 0
By using (4.25),

1 1 T
M@ = 3leolly + [ < BRo = Ao oy di <
0

T
< Ligolly + © / lelldt < Cllgols

N | —

Then,

1
2

T T
(2(0), o)y < Cllollar {/0 HB’*p||2U/d?f+/0 Hf!l?«dt} + Cllpoll Il

Finally, defining ¢ = p(0), one obtains

1
2

T T
Hp<0>HHSC{ | ieplacs | Hf|!§odt+||poHH}
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We are going now to introduce the Optimal Control Problems in the
functional framework already described and assuming hypotheses 4.1, 4.2
and 4.3. As we did in the finite dimensional case, for every initial data
ro € H and for each control function u € L*((0,T);U) we consider the
unique x € WH2((0,7); (X, X")) solution of the Cauchy Problem

{%x +Az=Bu  in(0,7) (4.27)

z(0) = xg

We will call, for every target z € V, (OCP)T the problem of minimizing the

functional
JU L L*((0,7);U) — R (4.28)

w— 5 [ (Ol + 1Co(0) ==l at

This functional admits a unique minimizer and it satisfies the Pontryagin sys-

tem, i.e. there exists a unique optimal triple (z7, p?, uT) € W2((0,T); (X, X)) x

W2((0,T); (X, X")) x L2((0,T); U) such that:

(xtT + Az™ = Bu” in (0,7)
—pl + A*pl = C*®y (Ca” — 2) in (0,7)

ul = —o,'B*pT (4.29)
27 (0) = =z
p"(T) =0

Thanks to the third relation, if B € B(U, H), the optimal control u? €
([0, 7], U).

In order to introduce the stationary problem, we define the following
closed vector subspace of X x U.

Definition 4.2.
M ={(z,u) € X xU | Az = Bu}

The problem consists in minimizing the map

JP M — R
1
(z,u) — 3 [lullf + [|Cz — 2|I7]

We face now the problem of the well posedeness of the stationary problem,
the existence and uniqueness of the minimizer and we find out some first order
conditions satisfied by the minimizer. Whenever it exists and it is unique,
the minimizer (Z,%) is named the optimal pair for (OCP)®.
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Lemma 4.3. Under our assumptions, there exists a unique (T,u) € X x U
optimal pair for (OCP)® satisfying the first order condition

AT = Bu (4.30)
(ﬂ7U>U+(CE_Zac()0)V:O V(QO,U)EXXU : A(p:BU .

Furthermore, there exists some p € X such that
A'p=C"0y(CT — 2) (4.31)
and therefore
(@, v)y + (p, @' Bv)x =0 Vv € Usuch that 3p € X : Ap = Bv (4.32)

Proof. First of all, we prove the existence of the minimizer. We will use a
similar argument to that we used for the finite dimensional case. In fact,
thanks to Remark 4.4, we have that for every k& € R the level sets

Fo={(z,u) e M | J*(z,u) <k} C X xU

are bounded. The positiveness of the functional J*® enables us to affirm that
infy; J° € R. Then, for an arbitrary {(z,,u,)},cy minimizing sequence, the
real sequence {J°(y, Un)}, oy is bounded. The boundedness of the level sets
yields the boundedness of the sequence {(xn,un)}, oy itself. Now, we use
the Banach-Alaoglu Thorem 1.13 to justify the existence of a subsequence
{(zn,, Un, ) } ey and an element (7,u) € X x U such that

weakly in X x U. Since M is a closed subspace of X x U, we deduce
(z,u) € M. The lower-semicontinuity of the norm with respect to the weak
convergence (Proposition 1.6), implies that:

J*(Z,u) < lér_r:igof S (T Uny ) = i]r\14f J*
This implies that J°(Z,u) = infy, J®, i.e. there exists (Z,u) € M minimizer
for J*. At this step, we investigate the uniqueness of minimizer. To this
purpose, we show that J° is strictly convex. Indeed, we remind that the
square of each norm induced by a scalar product is strictly convex and we
employ Remark 4.4 as we did in the finite dimensional case. This yields
the strict convexity of J°. Hence, by Proposition 1.2, for every couple of
minimizers {(2;, u;) };cqy 0y C X XU, w1 = up and 1 = x2. We show now that
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the first order conditions above are actually satisfied. For every (z,u) € M
minimizer and for each direction (¢,v) € M, we define the following map:

g:R—R

h — J°((Z,u) + h(p,v))

This function belongs to the class C*(R,R). We compute its derivative in
0, getting

d _ _
2-9(0) = (@) + (CT — =, Cp)y
Then, Fermat Theorem enables us to affirm that
d
—g(0) = 0.
59(0)

Therefore, the above equality reads as:
(T v)y+ (CT—2,C¢), =0  V(p,v) € M.

At this stage we notice that ker(A) x {0} C M. Therefore, for each vector
p € Ker(A)
< C*va(CT — Z), Y >(X',xX)= 0.

Moreover, R(A) is closed into X', then, by the Closed Range Theorem 1.14,
R(A*) is closed into X'. Then C*®y(CT — z) € Ker(A)* = R(A*). This is
equivalent to:

JpeX such that C*oy(CT—2)=A"D
This means that for every (¢,v) € M:
(CT —2,Cp), =< A'D, 0 > x)=< Ap,D >x/,x)=< Bv,D >(x'x)
This yields
(w,v)y + (P, 5 Bv)x =0 Vv € U such that 3p € X : Ay = Bu.
as required. O

Remark 4.6. As in the finite dimensional case, we remark that, in general,
p € X such that
A'p=C"y(CT — 2)

is not unique. More precisely, it is unique if and only if Ker(A*) = {0}.
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Theorem 4.2 (Convergence of averages). We assume hypotheses 4.1, 4.2
and 4.3 hold true. Then

i T s min (4.33)
T weL2((0,T);U) T—+o00 (zu)eM
L @ —alz e T - ) d = o (L) — o
T 0 v v T—+oo \ T | T—+
(4.34)
Therefore, for every (a,b) € [0,1]* such that a # b
1 o
m /aT X (t)dt T:)oo X in X (435)
1 bT -
m/ﬂ u' (t)dt A in U (4.36)

Moreover, there exists a unique p € X satisfying

AP = C* Dy (OF — 2)
{— — (I)le*— (437)
and
! /bT TWdt — i X (4.38)
— in X. :
(b—a)T Jur b Tootoo ¥

Proof. One subtracts the first order conditions for the non stationary and
the stationary problem, obtaining:

{(:L‘T — 7+ A —7) =B —w) i (0,7)

— (" =)+ A*(pT —P) = C*ByC(aT —F) i (0,T) (4.39)

Furthermore, we have an explicit expression of the optimal control function
in terms of the adjoint state u! = —éalB*pT. We aim at proving that
there exists a 7' independent constant C' € (0,+00) such that for every
T € (0,400)

T
/0 (I — a3 + |C (=7 —7) |3) dt < C (4.40)

From this estimate, the thesis follows.
First of all, we look for an alternative expression of (2.21) integrating the
first order conditions, i.e.

T T
T 2 x T o\ T =
/0 IIC(x —x)||th:/0 (C*®yC(a" —T),2 —£B>(X,7X)dt:
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T T
= / < —(pT—]_?)t,IT—T >(X'.X) dt+/ < A(IT—E), (pT—Z_?) > (X', X) dt =
0 0

integrating by parts

= (" (0) =p), (" (0) = 7)) ;, = (" (T) =), 2" (T) = 7) ;, +
+ /O <p' =D, (2" =T > db+ /0 < (" -p), Al —T) >(x x dt =

= (zo —7,p"(0) = p) ,+(2"(T) — 7, p)H+/OT < p"=p, B(u" =) >(x xv dt.
At this stage, Vt € [0,T] we make the following computation:
< (p"(t) =), Bu"(t) — 1) >@x.x) +Hu' (t) —alf; =
using u?' = —®;' B*pT
=—((@+ 25 Bp).u’ (1),

Hence,

| =l + ¢ @ -2 ) dt - (a1

T
= (2o —7,p"(0) —p), + («"(T) —7,p), — / ((@+ @' Bp),u’), dt.
0
Now, we are going to use the Observability Inequalities. We use firstly the
inequality related to (A, (), i.e. hypothesis 4.2, to get:

2

T T
uxT<T>—qusc{ / 1B — )3t + / HO(xT—f)H%dHuxo—fuif}

Using the boundedness of the operator B,

1
T T b)
l"(T) —F|lu < C [ A R W A fnz}
(4.42)
Now we deduce an estimate for ||p” (0) — p||z, by Hypothesis 4.3.

T T %
||pT<o>—ﬁ||Hsc[ / 10" = Bt + / ||B*<pT—p>||%ﬂdt+||z-o||z]
(4.43)
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which, by means of the boundedness of B* and the equation u? = —@l}lB T,
becomes:

=

2

T T T
HpT(O)—z‘?HHSCVO IO — B)dt + / " — a3 dt + / [+ &5 BoplRde + 1

(4.44)
It is the right moment to prove a first estimate of (4.40). This estimate, will
provide useful information concerning the boundedness of averages. In fact,
from (4.41), we get:

T
|t =l + 10 (7 =) ) dr <

1
2

1
T 2
[ / Hm%B*pH?]dt] <
0

1
T T 3
(/ HO(xT—E)H%,dH/ ||uT—EH2Udt> 4T 41
0 0

Which implies in turn, for 7" big enough,

< O [Ip"(0) — Blla + " (T) — 7] + { / HuTH%dt]

< C(T? +1)

T
/0 (le” =@l + € (=7 = 7) ) dt < T (4.45)

Therefore, the generalised sequences

1 T
{— / qut} cU
T 0 T€(0,400)

1 T
{— / C:cht} cV
T 0 T€(0,400)

are bounded. In order to show that {% fOT det} 0ot itself is bounded,
Te(0,+00
we take the average of the state equation, obtaining:
e I 2T(T) — =z
Al = Tat) = = Buldt - ——~ = 4.46

We use the inequalities (4.42) and (4.45), to prove the following estimate:

|« (T) = woll _ VOVT
T - T

(4.47)
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Then, the last addendum in the averaged equation vanishes as T" — +o0.

Therefore, the generalised sequence {% fOT Adet} o) C X' is bounded.
T€(0,400
We employ Remark 4.4 to get that the generalised sequence

1 T
{— / a:Tdt} cX
T 0 T€(0,400)

is bounded. Now, we are ready to apply the Banach-Alaoglu Theroem and
obtain that each the above sequences admit subsequence converging weakly
in U, V, X respectively to some limit. We need now more precise informa-
tion about the (weak) limits themselves. First of all, we consider again the
averaged equation (4.46), getting that for every (¢,v) € X x U and for every
subsequence such that:

Ty,

— oledt — in X
Ty,

— ukdt — v in U,

Ay = Bu.

Hence, (p,v) € M. Using now the first order condition (4.32) and the
definition of weak convergence, we obtain:

1 T T, — —1 px=— — —1 px— 1 Tk T; — —1 px=—

7 e, = (w e npg [Cae) o (eweptn), =0
T _ 1 e .

Therefore, the sequence {% fo (uT,u+ <I>UlB p)Udt}T€(0,+oo) is such that

for each subsequence exists a subsubsequence converging to 0. Hence, Propo-
sition 1.1 allows us to deduce the convergence of the whole sequence:

T—+o00

S ,

f/o (uT,u—l—CDUlB p)RM dt — 0 in R.
Notice that the above convergence is true for each p € X satisfying A*p =
C*®y (CT — z). We are now ready to prove that

I _ B
R R e e T VT R e

Indeed, employing (4.41), (4.42), (4.44), we obtain:
T
| =l + e ("~ 2) ) de <
0
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T 3 T 3
gC{V (l® a2 + € (" = 7) |12) dt] . [/ 7+ @UlB*ﬁHQUdt} }+
0 0

T
+C {||:c0 —Z|lu + Iplln — / (v",u+®,'B*p), dt}
0
At this point, we employ the inequality (4.45),

1 T 2 c 1", . 1
T i (Hu =l + |C(x _I)Hv)dtfﬁ_f i (u ,u+<I>UBp)Udt

Which in turn implies

e _ _
L[ oG B ,

This entails, together with Jensen Theorem, the following strong convergence
in V and U respectively

T—+oco

1 (T
—/ CzTdt — C% inV
T Jo

1 [T
—/ uldt — @ in U
T Jo

Furthermore, we use the averaged equation (4.46), in order to get

1 T
— / AzTdt — Az
T 0 T—~+o00

strongly in X’. Finally, we apply Remark 4.4 to obtain

strongly in X. To achieve this result, we take the average of the dual equation
satisfied by p’ and we get:

T T T
= 7/, Arpldt = 0 C*®y (C2T — 2)dt (4.49)
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(4.50)
This implies

S -

by the continuity of C*,

1

(0 1 [T 2
< POl [_ / 1O 0y (CaT — 2)|2dt| <
e T T Jo

c+c\/_ c\/_
T \/— =

Now, it suffices to apply Remark 4.4, to get that

1 T
{— / pTdt} cX
T 0 T€(0,400)

is actually bounded. Banach-Alaoglu Theorem allows us to affirm that there

exists a subsubsequence {i T det} C {l r Tdt} and one
d T fO p keN T fO P T€(0,400)
p € X such that:
T,
T .
— dt — X
Ty Jo k=00 P o

We consider again the averaged equation of p’

T 1 T 1 T
u (0)+—/ A*pTdt:?/ C 0y (CaT — 2)dt
0 0

T T

and we deduce that p satisfies the equation A*p = C*®y (CT — z). Further-
more, we can take the average of the equation v = —B*p?, and get a further
property for the limit p
u= -, B*D.

Hence, we have shown that there exists a p € X such that

Ap=C"0y(Cx — 2

u=—o, BD
Moreover, employing Remark 4.5, we can prove that such a p is actually
unique. We use this achievement to prove the strong convergence in X of

{% fOT pTdt} to the special p satisfying conditions(4.51). Thank to
Te(0,+00)

the averaged equation of p’ — P,
1 /7
0
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Then, employing again Remark 4.5,

2

<C

X

1 2

7 [ oo - ;

7 [ 4w -pa

+ H%/OTB*(IDT—T?)dt

2
— 0
X7 U T—+o00

Hence,

1 T
T/ p'(t)dt — p  in X,
0

Furthermore, repeating the above arguments , for every (a,b) € [0,1]* such
that a # b, is possible to prove that:

]

1 b1 T
m/@T xT (t)dt Tjoo in X

1 vT T
m/{lT u (t)dtT:)OOU/ IHU

1 b -
=T /aT pjd —o b X

Moreover, we take advantage of the existence of p € X satisfying the con-
ditions (4.51) employing it throughout the whole proof. Then, the equation
(4.41) becomes:

[ =+ 1o @7 ) 1) e - (452

= (zo—Z.p"(0)=p), + (" (I) —7.D) -
Then, by (4.42) and (4.44), we obtain:

1
2

T T ‘
/ IC " =D)[[V+Hu" —ulfdt < C { U ICE" =) + llu” —alidt| +llvo — Tl + IPlla
0 0
Finally, this implies the existence of a constant C' € (0, +00) such that:
T
[ Ie@r ~ @) + "~ alde < 0 (4.53)
0

This, yields the conclusion.
O

In the next remark we highlight an interesting byproduct of the above
proof.
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Remark 4.7. A necessary condition for the turnpike property to be fulfilled
is the existence of a constant M € R* such that

{@@" (), p"(t)) | T € (0,400), t € [0,T]} € B"H(0, M). (4.54)

Using hypotheses 4.2 and 4.3 together with estimate (4.53), it is possible to
prove that (4.54) actually holds.

As we did in the finite dimensional case, we prepare the tools needed to
describe more accurately the convergence of the non stationary optimal triple
(27, pT, uT) to the corresponding stationary one (Z,p, %). For the moment, we
focus on Problems where the target is z = 0. We will name the target 0 non
stationary Optimal Control Problem (OCP), the stationary one (OCP);.
Moreover, we will call the corresponding functionals J and J; respectively.
We observe that the stationary optimal pair is (Z,7) = (0,0) and the unique
p € X satisfying
Ap=C"d,CT
o= (4.55)

u=—o, B*p
is actually p = 0.
Definition of {E(T)}p¢(g 100y and E

First of all, we define a family of operators which resembles the family
{€(T)}re(0,00) Introduced the finite dimensional case, without using infi-
nite dimensional Riccati’s theory.

Definition 4.3. For every 7y € H and T € (0, +00), we define (27 (:; z0), p* (; 20), uT (:; 20))
the optimal triple for (OC'P){" with initial data z.

We are ready to define an infinite dimensional analogue of the family
{8(T)}T€(O,+oo)'
Definition 4.4. For each T € (0, +00),
ET):H— H
wo — p' (0; %)

We observe that for every T' € (0, +00) the operator £(T) is linear. Now,
we aim at proving its continuity. To this extent, we notice that, whenever
we fix a bounded set B in H, all the constants in the proof of Theorem
4.2 become uniform on zy € B. By hypothesis 4.3, there exists a constant
C € (0,400), independent of (x¢,T) € H x (0,+00), such that for every
g € Band T € (0, +00):

T T
||pT<o;xo>||%1ch 1B (8 o) |t + / 10y O (8 20) o dt | <
0 0
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employing the continuity of the operators B* and C*

T T
<C [/ HUT(t;ﬂfo)HszH/ IC (" (t 20)) [}t | < C
0 0

Hence,
Ip" (0; o) |7 < C

where C' € (0,+400) is independent of o € B and of T" € (0,400). This
implies that the set £(T")(B) C H is bounded. Which entails the continuity
of the operator £(T) for all T' € (0, +00). Furthermore, since C' above is also
independent of T" € (0, +00), the set {E(T) (g 1oy € B(H, H) is bounded.
Moreover, V1" € (0, +00) the operator £(7T) is self-adjoint, namely:

<E(T)LL’0, $1>H = (Io, S(T)lj)H VT € (0, +OO)
To show this fact, we take into account Vo, € H, (x7(-;x0),p"(;70)) €
W2((0,T); (X, X"))? the unique solution of the Cauchy Problem:
vl + AxT = —BB*pT in (0,7)
—p + AP =C*oyCx” in (0,7)
27(0) =z

pT(T)=0

(4.56)

and, Vo1 € H, (x7(-;21),p" (-;21)) € WH2((0,T); (X, X'))? the unique solu-
tion of the Cauchy Problem:

vl + Ax" = —BB*p” in (0,7)
—pl' + A*pl = C*®y CaT in (0,7)
27(0) = 2,

p'(T)=0

(4.57)

At this step, we multiply in (X', X) the equation of p”(-;xq) with 27 (+;z;)
and we integrate in [0, 7], obtaining:
T
/ < —pP (- m0)e(t) + AT (t;20), 27 (t; 21) >(x,x) dt =
0
T
:/ < C*QyCa’ (tymg), 2" (1) >(x x) dt.
0

Integrating by Parts, the above equality becomes:
T
(pT(O;a:o),:zT(O;xl))H+/ < pT(t;xo), 2" (- 20) () +A2T (t; 1) >x,x) dt =
0
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T
:/ < C*(I)VCIT(t;xo),fT(t;ﬂfl) >(x,x) dt.
0

Which entails, employing the equation of 27 (-;z;), that:

T
(pT(O;xo),xl)H —i—/ < p'(t;x0), —BOG' B*p" (t; 1) >x,x) dt =
0

T
:/ < C*(I)VCxT(t;on),xT(t;wl) >(x,x) dt.
0

Finally, this implies that:

T T
(pT(O; xo), xl)H = / (B*pT(t; x0), B*p" (t; xl))U, dt+/ (C’JJT(t; o), Cot (t; :z:l))v dt.
0 0

Up to permutating (xq,x;) € H?, we get:

T T
(pT(O;xl),xo)H = / (B*pT(t;xl),B*pT(t;xo))U, dt+/ (Cz"(t;21), CxT(t;xo))th.
0 0
Which in turn implies:

(E(T)wo, 1)y = (0" (0;20),21) ;y = (7 (0321), 20) ;y = (E(T)1, 20)

namely, VT € (0,400), £(T) is self-adjoint. Furthermore, we want to show
that for every 7" € (0, +00) the operator £(T') is positive, i.e.:

(E(T)(x0),20)y >0 Vg€ H (4.58)

Indeed, we consider the optimal pair for (OCP)§ (Z,u) = (0,0) and the
unique p solution of

A'p=C*dyCT
o= v (4.59)
u=—o, B'p.
We know that p = 0. Therefore, the equation (4.52) becomes
T
/O ("N + IC2" @)IF) dt = (4.60)
= (20,p" (0520)) ;; = (E(T)(x0), x0)
Hence,
(E(T)wg,20)y = min  J7 (4.61)

L2((0,T);U)
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Which in turn implies

E(T = in JI>0
( ( )xO’xU)H LQ({&IY%;U) 0o =Y

i.e. the positiveness of the operator £(T'). At this stage, we aim at proving
the monotonicity of the function

£:(0,+o0) — B(H, H)

T — E(T).

The proof relies on the above characterization of the value function. In fact,
for every (t1,ts) € (0,+00)? such that t; < t,, for each zy € H:

(E(t1)0, 20) i = T (u™) < T (u?) < Jg2(u'?) = (E(t2)a, x0)

Hence, we have proven the assertion. Therefore, for each zy € H the sequence
{(E(T)xy, xO)H}Te(O 4oo) COnVerges in R. We are going to define an operator

E € B(H, H) such that

(5(T).To, l’o)H Tjoo (El’(), ZL'())H

In order to define E, let us take an arbitrary sequence {7},}, .y C (0,400)
such that T,, — 400 and xo € H. We define:

n—-+00

Vn e N (xn,pn, un) d:ef (xTn('a xO)aan('7 .CIZ'[)) ( 73:0))

Employing Remark 4.7, we get that, the set {(2,(t), pa(t)) | t € [0,Ty], n € N} C
H x H is bounded. Moreover, Theorem 4.1 entails for every T € (0,400),
the existence of C' € (0, 400) possibly depending on T' € (0, +00) such that
for every (z0,T) € H x [T, +00)

T
d
| o)+ 1 o) o < €

T
/O \IBUT(t)H%dtJeroH?z] <

T
/0 ()2t + uasou%q] |

Hence, using estimate (4.53), it is possible to show the existence of a constant
C € (0,400), such that

<C

7
d -
/ " (85 20) 5 + ||£93T(t;$o)||§odt <O V(xo,T) € Hx[T,+00)
0
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Furthermore, applying Theorem 4.1 and using the above inequality to the
adjoint state system, we obtain for all 7" € (0, +00) the existence of a constant
C € (0,+400) such that:

T
d .
| I Gl + 1 5" tao)lede <€ VT € [, 400)
0

Therefore, for every T € (0,+00), the sequence {(zn,pn)},cn is bounded
in Wh2((0,7); (X, X’))? too. Then, using Banach-Alaoglu Theorem, up to
subsequences, there exists an element (z,p) € VVziCQ ((0, +00); (X, X’))? such
that:

(T, Pn) n:roo (Z,p) (4.62)

weakly in W1H2((0,7); (X, X"))? for every T € (0,400). This implies that
the limit (z,p) € C°([0, —|—oo) H)?. Furthermore, we have shown that the
set {(z,(t),pn(t)) | t €[0,T},], n € N} C H x H is actually bounded. Hence,
there exists M € R* such that Vn € N:

lza(®)ll +lpa®)lr <M V€ [0,T).

At this point, by Banach-Alaoglu Theorem and the lower semicontinuity of
the norm with respect to the weak convergence, we obtain, up to subse-
quences,

(@n(t), pa(t)) — (£(t),p(t)) Vi€ [0,400)

n——+0oo

weakly in H?, and

12Ol + N < lim inf [[lan(@)lla + llpa(®)lln] < MVt € [0, +00).
(4.63)
Therefore, (z,p) € L>((0,+00); H)?. Moreover, by estimate (4.53), {t, },,cny C
L?((0,+00); U) is bounded. Then, by Banach-Alaoglu Theorem, there exist
@ € L*((0,400); U) such that, up to subsequences:

U, — U
n—-+0oo
weakly in L?((0,+00); U). To go further, we assume some more hypotheses.
Concerning the control operator, we suppose B € B(U, H). Moreover, we

assume that the inclusion of X in H is compact, i.e.:
i:X—>HeK(X,H).

This enables us to consider B* € B(H,U) as the proper adjoint of B in H,
le.:
B H+—U is the unique operator such that
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(h, Bu)y = (B*h,u), V(h,u) € H x U.
In what follows we show the independence of such p(0) of the particular se-
quence {7}, .y C (0, 400) such that T,, — +o0. In fact, let ({T1n},,cn > 1T2m fren) C
(0, +00)? be a pair of sequences tending to infinity. Then, up to subsequences,
(#n(0),pa(0)) = (&(0;20)),P(0; z0))

n—-+oo
weakly in H?. Now, we define a couple of operators:
Ey:H—H

To — lim o(H,H") [an,l (0,1'0)]

n—-4o0o

and

~

E,  H— H

zg — lim “HH) [p"2(0;20)] -

n—-+oo

By the uniqueness of the weak limit, both El and Eg are linear. For the
continuity, we take into account an arbitrary bounded set B C H. Then, the
lower-semicontinuity of the norm with respect to the weak convergence and
Remark 4.7 entails for all (i, zq) € {1,2} x B:

| E: (o)l < lim inf [[p™ (0: 20) s < M.

This yields (El, Eg) € B(H, H)*. Moreover, we know that Vz, € H:

3 lim (E(T)xo, x0)y = lim (p"(0;0),20),, =1 € RT.

T—+o00 T—+oco

By the definition of weak limit, we deduce:

3 lm ("1 (0;w0), 20) , = <E1(950), xo) =1
3 lim (p"2(0;%0), 20) ,, = <E2(950), xo) =1

Hence,
on € H (El(.CCO),Io) = ( 2(370)7 I())
H H

At the moment, since VT € (0,400) &E(T) = &(T)*, we have both Ey = E}
and E, = E3. Therefore, using Proposition 1.11, we get:

1 E1(20)— Ea(0) || 521,11y = sup {) (El(xo) — By(wo), IO)H‘

zo € SH(0; 1)} =0
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Then, by the non degeneracy of the norm, El = Ez. Hence Vxy € H, by
Proposition 1.7,
3 lim UL [p"(0;20)] € H

Therefore, we are ready to define the operator:
E:H+—H (4.64)

. o(H,H' T/A.
xro —* TLHEOO (H,H') [p" (0;20)] .

We have already proved that EeB (H,H). At this stage, we are going to
prove that for every xqg € H

E(T)(xo) — E(x) (4.65)
T—+o00
strongly in . Asusual, we take into account an arbitrary sequence {7}, }, . C
(0, +00) such that T,, — +o0. Then, we name (z,,, p,) = (27 (; 20), p™(+; 20))

n——+00
and (Z, p) one of its weak accumulation points. The differences (x,,— &, p, —D)

satisfies:

(x, —2)¢ + A(x,, — ) = —BB*(p, — p) in (0,7,)

z,(0) —2(0) =0
We consider now an arbitrary 7' € (0,+00). We consider all n € N such
that 7, > T. We have proved yet that the sequences {x, — 2}, C
W2((0,7); (X, X")) and {p, — P}, € WH2((0,T); (X, X")) are bounded.
Employing Theorem 1.16, we obtain that there exist {,, — 2}, .y C {Zn — T},cn

and {pn;, — P}reny C {Pn — Plpen Such that they are strongly convergent in
L*((0,T); H). By the previous deductions, their weak limit is 0. This yields:

— & in L*((0,T); H)

Pr, — D in L*((0,7); H).
Since B € B(U, H), from the continuous dependence from the data, Vk € N

|20, — Zllwrz2qoryxxy < C [IBB*(Pny — D) lr2(0m:x] — 0.

k——+o00
Therefore,
Tnyy —7 T in WLQ((Oa T)a (Xv X,))

k—+o0

165



Again, by continuous dependence from the data:

Pny — D in Wh2((0,7); (X, X")).

k—+o0

These results implies

T, — &  inC°([0,T),H) (4.67)
k—+oc0

Pn, — D in C°([0, 7], H). (4.68)
k—+o0

We remember that:

o o(HH) [,,T(. — A(0- — i
HTEIEOO [P (0,$0)] p(0;z0) = E(xo).

Therefore, the sequence {E(T)};¢ (g 4o 15 compact and has a unique accu-
mulation point E (zo). Reasoning as Proposition 1.1, we obtain:

E(T) —s E(zy) inH (4.69)

T—+o00

i.e. the conclusion. To carry on our analysis, we will anticipate some ar-
guments we will use to study the infinite horizon problem. We take into
account an initial data zo € H, and a sequence {7}, }, .y such that both

{a™(;20)}, o € C°([0, T, H)
and
{an('; xo)}neN C OO([(): T]? H)

are convergent. We name their limit Z(-;x¢) and p(-;xg) respectively. This
is possible thanks to the above deductions. We aim at proving that:

E(2(t;m0)) = p(t;m) Vit € [0,400). (4.70)

First of all, by definition of weak convergence in W((0,7); (X, X’)) and
continuity of the operators, (Z(-;x0),p(+;z0)) € W,22((0, +00); (X, X")) sat-
isfies VT' € (0, 400) the Differential System:

i+ At =—-BB*%  in (0,7)
—p+ Ap=C*yCz in (0,7 (4.71)

Moreover, by a semigroup argument, for every s € [t, T):

(2 (5:20), " (53 20 ), " (s300)) = (a7~ (552 (8 20)) 97~ (5=t 27 (t00))su” " (55 2™ (8: 20))).

4.72
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Therefore, Vt € [0, +00), VT € (t,+00)

pT(t; ) = p? H(0; 2T (t; 0)). (4.73)
VT € (0,400) since
P (5 w0) — Pl w0)
n—+0o00

in C°([0,T], H), then, Vt € [0,T],

p(t;x0) — Pt o)

n—-+o00

strongly in H. On the other hand, by (4.73),
Pt o) = p™ (02" (¢, @),
At this step we remember that, by (4.65),

E(&(t;z0)) = lim 7 [pT4(0; 2(t;20))]

n——4o00

Moreover, thanks to (4.65), Vn € N:
|E(&(t; 20)) — p™ (03 2™ (¢ 20)) | <
< | E(@(t; w0)) = E(To = 6)(@(t; 20)) | 1 + 1€ (T = 1) (@ (8 w0) — 2™ (t5:20)) |11 <
< | B(@(t; 0)) =E(Tu=t) (@ (t: 20)) |+ 1€ (Ta =) o, | 2(8; o) =™ (8 o) || 1 <

thanks to the boundedness of the sequence {E€(T)}7¢ (o 400y C B(H, H),

< | E@(t; w0)) = E(To = )(@(t; 0)) |1 + M|t w0) — ™ (G005 — 0.

n—-+o00

Hence, V(zo,t) € H x [0, +00)

E(z(t:m0)) = lim p™ 40,2 (t;20)) = lim p™(t; 20) = p(t: xo).

n—-4o00 n—+400

Therefore (2(-; z0), E2(+; 20)) € WL2((0, +00); (X, X'))? satisfies the Differ-
ential System:

T+ Az =—-BB*p  in (0,+00)
—py + A*p = C*dyC:  in (0, +00) (4.74)
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Hence, we are in position to affirm that # € W,2%((0, 4+00); (X, X)) is the
unique solution of the Cauchy Problem:

{:%t +(A+BB*E)2 =0  in (0,+00) (475)

and E#(-;z0) € WE2((0,400); (X, X)) solves the Differential Equation:

loc
P+ AH=C"DdyCz:  in (0, +00). (4.76)

Now, as we did in the finite dimensional case, we show that the system

{g:«t +(A+BB'E)i=0  in (0,400) )

j?(O) = To

is exponentially globally asymptotically stable and the exponential conver-
gence of £(t) to E. Furthermore, we show that the Hypotheses 4.1, 4.2 and
4.3 imply the existence of an exponentially stabilizing feedback G € B(H, H).
The main difference with the finite dimensional case is that we do not use
Riccati’s theory.

Lemma 4.4. We suppose Hypotheses 4.1, 4.2 and 4.3. Moreover we assume
the inclusion
i:X—>HeK(X,H)

and B € B(U,H). Then:

1. the differential linear system

(4.78)

i+ (A+BB*E)i =0  in (0,400)
Ii(O) = 29

15 exponentially globally asymptotically stable;

2. GY _BFE e B(H, H) is an exponentially stabilizing feedback function,
i.e. there exist (Co,w) € (0,+00)* such that Vxo € H the unique
solution & € WY2((0,T); (X; X)) of

{ft +Aé =BGi  in (0, +00) (479

.]AZ'(()) = Xy,

satisfies:
|2(t)||n < Ce ol u Yt € [0, +00).
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3. there exist (C, ) € (0,+00)? such that

IE(t) = Bl parmy < Ce™". (4.80)
Remark 4.8. We highlight that, in the next proof, we will show that the rate
p in (4.80) can be taken as any exponential rate of A+ BB*E.

Proof. We begin with the proof of (1.), namely the exponential stability.

~

It is worth defining L. = A + BB*E. The unique solution of the system
(4.78) is usually referred as @(-;x) or e~Vrxy. First of all, we prove that
hypothesis 4.2 implies that for every z € W?((—o0,0); (X, X')) satisfying
the conditions below:

2+ Az =0 in (—o0,0)
Cz=0  in (—00,0) (4.81)
z € L®((—00,0); H)

then, z =0 in (—00,0). To this extent, we consider (7,t) € (—o0,0)? such
that 7 < t and A € (0,+00). 7 and A are degrees of freedom which we will
use later. At this stage, we define
Z:(—00,0) — H
t— eMz(t).

Z e Wh2((—00,0); (X, X)) and it fulfills the following conditions:

loc

{,a +AZ=XF  in(—00,0) (152)

Cz=0 in (—o0,0)
Hence, we apply hypothesis 4.2 for Z in (7,t), obtaining:
t
@ < % [ 1elRds + 121

Employing the inclusion H C X', we deduce that Vt € (7,0)

t
\WM%SG{V/HWM&Wﬂﬂ%}
By Gronwall’s Lemma, for all ¢ € (7,0):
12012 < Coll2(r) e,
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Then, for all t € (7,0) taking the integral on [, t]:
"1z 2 5 o 1 Cor2(t—T)
[ 1EOlds < CollEllir g3 | - 1] <

1. 2y
< S5 lE) e,

Employing now the definition of Z and the boundedness of z, we obtain
V(7,t) € (0,+00)? such that ¢t € (7 + 1,0):

t t !
A [ a(s)lds < [ s < [ 1Elds <
t— = T
1
<C ﬁe‘COAQ(T‘t)ew.

Hence,

t

1

/ 12(s)[|3,ds < Cﬁe(”*coﬂ)(pt)
t—1

At this stage, we employ our first degree of freedom choosing A little enough
such that 2\ — CyA? > 0. We use now our second degree of freedom, taking
the limit of the right hand side as 7 — —o0, getting:

t
/ I2(s)2ds =0 Vit € (—00,0)
t—1

Since z € C°((—o00,0], H), this yields that 2(t) = 0 V¢ € (—o00,0]. The second
step of the proof of (1.) consists in showing

sup (Ei’(t;xo),i(t;xo)> — 0. (4.83)

moeiBH(O,l) H t—+o00
In order to prove this convergence, we consider Vxg € H the map
I(+): (0,400) — R

t—  sup (Ea%(t; xg), Z(t; x0)>
20€BH(0,1) H

First of all, we compute Vzy € H the derivative of (Ei(-;x@,i(-;x@)
H

By the formula of derivation of the product and (4.70), for almost every
t € (0,+00)

d (. . _do N _
% (E,I(t,xo),$<t,$0))H - % (p(t7x0)7x(t7x0>>H -
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d . R ) d
=< %p(t;xo),a:(t;xo) >xrx) + < p(t; o), ax(t;%) > (x, X1 =

=< A"P(t; 29) —C* Py C(t; 20), T(t; 20) >(x7,x) + < D(t; w0), —AZ(t; 20) = BB p(t; 20) >(x,x1)=
= —|B"Ex(t; 20)llf; — |C2(t; 20) I3
Therefore, for a.e. t € (0, +00)

d /~
- . - . <
pr (Ex(t,xo),x(t,xo)>H <0

This yields that the function <Ei(-;a¢0),§c(-;mo)>H is nonincreasing. This
in turn implies that [(-;z() is nonincreasing. Moreover, since V(zg,T) €
H x (0,400) we have (£(T)xg,x0), > 0, then for all ¢ € [0,400) we have
(E:ﬁ(t;x@,i(t;x@)}[ > 0. This entails that [(¢;29) > 0 for every t. Then,
there exists I, € R such that:

L(t) e loo-

At this point, by the definition of the supremum, whenever is taken into

account a sequence {t,}, .y C (0, +00) such that ¢, -, T, Vn € N there
n—-+0o0

exists an xo, € BH(0,1) such that, defining &, = &(-; zo, ),

~ 1
VneN It > (E:i:n(tn),:fcn(tn)> > (t,) — . (4.84)
H n
In the following steps, we are going to define a sequence of functions {z,}, <y,
whose compactness will play a key role in the next part of the proof. To this
extent, let us define for all n € N z,, = (¢, + -; o, ). It satisfies

d
%zn + Lz, =0 in (—t,, +00)

At this stage, employing the estimate (4.63) and the hypothesis 4.2, we de-
duce the existence of C' € (0, +00) independent of n and ¢ such that:

Vt € (—ty, +00) |lzn(V)]|a < C.

Now, we develop some compactness arguments to deduce the desired re-
sult. The basic idea is to exploit the hypotheses B € B(U,H) and i €
K (X, H). Let us consider each interval (a,b) C R. We have already shown
that {z,},cy € C°([a,b], H) is bounded. This entails that the sequence
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{BB*Ezn} C C%[a,b], H) is bounded too. Hence it is bounded also in
neN
L?*((a,b); X"). Employing the continuous dependence from the data, we get:

znllwrz(@pysx,xy) < C |l = BB Ezn||2((ap):xy + Hzn(a)HH] <CM

Which is equivalent to the boundedness of the sequence {z,}, .y € W?((a, b); (X, X)).
Thanks to the compactness of the inclusion operator ¢, we can apply Theo-

rem 1.16, which entails that the sequence {z,}, .y C L*([a, b]; H) is relatively
compact. Then, up to subsequences, it converges in L?([a,b]; H). Again, up

to subsequences, thanks to Theorem 1.3.4 page 16 of 9], {z,}, oy € H con-

verge almost everywhere. Moreover, we can take into account (a’,') € R?

such that a’ < a < b < bt'. Then, the above a.e. convergence yields the exis-

tence of an @ € (a/,a] such that {z,(a)}, .y C H is convergent. Employing

once more the continuous dependence from the data, we obtain:

lzn=2mllwr2(@pyx.x) < C |[BB E(2n = 2m) || 2(@s)x) + [120(@) = 2 (@)1

which entails that the sequence {z,},.y C W'?*((a,b); (X, X)) is actu-
ally Cauchy, hence, by completeness, convergent. This yields the com-
pactness of {z,},cy C C°a,b]; H). Therefore, there exists an element
z € WE(R; (X, X")) such that (up to subsequences):

loc

Zn — 2 in W22 (R; (X, X")).

n—+0o00
Being the limit of the above sequence, z € W2(R; (X, X')) must satisfy the
equation:

d
%Z+LZ:O in R

We aim now at proving that z = 0. To this extent we remind the definition
of [ and its monotonicity. This properties allow us to deduce the following
inequalities:

(Efcn(tn), a&n(tn))

which yields, using (4.84) and the compactness of {z,}, . C C°([t,0]; H)

< (Exn(t + 1), dn(t +tn))H <I(t+t,) VYt e (—o0,0),

(Ez(t),z(t)) = lim I(s)=lo Vte€(—00,0).

H s—+o0

Since <Ez(), z()) is a constant function, we use the computation of its
H

derivative to obtain

B'Ez(t)=Cz(t) =0 Vte (—o0,0). (4.85)
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As a matter of fact, on the one hand for any ¢ € (—o0,0)

% <Ei:n(tn 1), ot + t))H —

= B Edn(t + ta) | = ICEa(t + tn) IV —= —IB"Ez(0)5 — IC=(0]

on the other hand

% (Eﬁn(tn 1), By (tn + t))H = % <Ez(t),z(t)>H _0

This implies the required result, namely (4.85). Then, z satisfies the following
conditions:
dr4+Az=0 in (—o0,0)

Cz=0 in (—o0,0) (4.86)
z € L>®((—00,0); H)
We use now the observability result proven in the first part of the proof to

obtain:
z2(t) =0  Vte (—o0,0).

This yields (Ez(t), z(t)) =0  Vte (—o00,0), which in turn implies:
H

lim I(t) =0

t——+o0

as required. Now, we aim at showing the convergence:

sup  ||z(t;x0)||lg — O (4.87)
20€BH(0,1) t=too

To this extent, we reason by contradiction. In fact, if the above limit did not
hold, there would exist an & > 0, a sequence {xg,}, v C H and {t,}, .y C
(0, +00) such that ¢, — oo satisfying:

n—-+00

|2 (tn; Ton)|lr >E>0  VneN.

Defining, for every n € N, w,, = Z(t,, + -; o, ) and using the previous reason-
ings, we can prove that there exists an element w € W?(R; (X, X)) such
that:

w, — w  in WAR: (X, X")).

n—-+4o0o loc

At this point, employing our last achievement, we get:

(E:e(tﬂn;xon),:e(t+tn;xon)) 0 Vte (—o0,0)

H n—+o0

173



which entails

(Ew(t),w(t))H =0  Vte (—00,0)

As before, this leads to:
B*Ew(t) =Cw(t) =0  Vte (—o0,0),
which, using the observability result (4.81), in turn implies
w(t) =0 Vt € (—o0,0).
Hence, we have already proven the following convergence:

wy — 0 in WA (~00,0); (X, X))

n—-+0o0o

which yields
w, — 0 in CP_((—o0,0], H).

n—-+o0o

Therefore

Z(tn; Ton) njoo 0 in H.

This turns out to be a contradiction. Hence, we have proved (4.87). Our
goal now is to show that there exist 2 constants (C, i) € (0, +00)? such that

le ™ ag|lg < Ce ™ || zol| V(zo,t) € H x (0,4+00)
To this extent for all ¢ € (0,+00), we define the operator
et H—— H

xo — T(t; 20)

In previous steps we have shown:

e
z0€B(0,1)

which, by definition of the operatorial norm, is equivalent to:
le™ a1y — 0
t——+o00

This entails the existence of t; € (0,400) such that:

1
HeiLtHB(H,H) < 3 Yt >ty
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This yields, by induction on n € N,
1
le 2 <
2n

Indeed,

P(1) (n = 1) by definition of ¢;.

Furthermore, if P(n — 1) holds true, does it imply P(n)? In order to show
this implication, we can take into account an arbitrary xy € BH(0,1). Then,

11 1

on— 12 AL

—nt1 L

le™™ ol < lle™ @V [ lle™ F ol <

Hence, by the Principle of Induction, we get

_ 1
||6 LntlHB(H,H) < 2_n VTL - N

In order to conclude, we consider sup,c(q ., le”*|| a,z)- It is finite, thanks to

the continuous dependence from initial data. We define Cy = sup,cio,) e[| pa,m) €
R* and for each ¢ € (0, +00) we set n(t) = || Then,

1

He_tLH _ ||e(7n(t)t17(%*n(t))tl)[z|| < Cl||e—n(t)t1L|| < (] S0)

< Cle "0 < oG IRG) £ o ) ;1 In(2)
At this stage, we define C' = QSupte[O,tl] e and 1 = 22 obtaining:
HeitLHB(H,H) < Ce M vt € (0, —l—oo)
This is equivalent to:
le P aolly < Ce ™ ||zol 1 Vt € (0, +00)

Therefore, the system is Exponentially Globally Asymptotically Stable. Our
goal, at the moment, is to prove (2.), namely:

IEE) = Ell s < Ce™ Wt € (0, 400).

To this extent, we recall that, V(xq, T) € H x (0, +00), (7 (:;20),pT (:;20)) €
WL2((0,T); (X, X"))? satisfies:

o + AT = —BB*pT  in (0,T)
T 4 AT = C* Dy, in (0,7
ft = C*®yCa? in (0,7) (4.88)
' (0) = zg
p'(T) =0,
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whereas (2(-; x0), p(+; 20)) € WL2((0, +00); (X, X"))? solves:

loc

Z(+;0)e + Az (5 x0) = —BB*p(+;20) in (0, +00)
—p(+320)¢ + A*P(+;10) = C* Py Ca(+5 0) in (0, 4+00) (4.89)

2(0; z0) = zo.

Hence, (27 (+; ) — 2(+; 20), pT (s 20) — P+ 20)) € WE2((0,T); (X, X'))? solves

(7 (:520) — (5 w0))e + Al (5 20) — 2(5520)) = —BB*( T(5520) — p(+5 0))
—(p"(520) — P(520))e + A*(P" (520) — P(520)) = C* Py C (a7 (5 20) — (-5 20))
27(0;z0) — 2(0;9) =0

(
p"(T) = p(T) = =p(T).
(4.90)
In the following computations, it is convenient to drop the dependence from
rg. At this stage, we multiply in (X', X) the equation of p?(-; o) — p(+; o)
by x7(-; 1) — #(+; 79) and we integrate in [0, T7:

/0 < —=(p/ (1) = pe(t)) + A"(p" (1) — D(1)), 2" (1) — & (t) >0 x) dt =

- /0 < C*OyC(a"(t) — 2(t)), 2" (t) — 2(t) >(xx) dt

Integrating by part this is equivalent to:

(p"(0) = p(0), 2" (0) = 2(0)) , — (p"(T) = B(T), =" (T) — &(T)) , +

n / < (@T ()= (6) + AT ()2 (8)), pT () —(t) > ) dE = / et

Hence, we are able to deduce:

(B(T), 2™ (T) = &(T)) , =

T
= [L1B 6w - s+ [ 1060 - o)l
Hence, we obtain the following estimate:
T
/0 1B (o (6)—p(e) [ 2dt+ / |C@T (6~ [2dt < [T all” (T) (T
(4.91)
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Since z7 — & € W2((0,7); (X, X'))? satisfies

(4.92)

=>

{(mT — &)+ AT —2)=—BB*(pT —p)  in (0,T)
27(0) = 2(0) = zg — 29 = 0

we are in the position to apply hypothesis 4.2, getting:
T
=" (T)=&(T)|[f; < C [/ IBB*(p" (t) — ()5 + IC (2" (1) — f(t))H%/dt] <
0

employing B € B(U, H),

<o | [T1B 60 - o) + 1060 - sl

0

namely, there exists a T-independent constant C' € (0, +00) such that:

l="(T) = (D) < € U 1B (p" (1) = p() I + IC (" (t) — i"(t))llzvdt] :

0

(4.93)
Putting together inequalities (4.91) and (4.93), we show the existence of a
positive constant C' independent of T' € (0, +00), such that:

T T
/0 1B (0" (t) — B(1) It +/O IC("(t) = &()[Vdt < Clp(T)7 (4.94)
On the other hand, p” — p € W12((0,T); (X, X’))? is solution of:
—(p" =P+ A (P —p) = C*®yC(T — &) in (0,7) (4.95)
At this point, we employ hypothesis 4.3, obtaining:

Ip" (0)=p(0)|[7 < C {/O (IB* (" (1) = )7 + IC* v C (2 (1) — (1) |I%) dt + Hﬁ(T)H?{} <
Since both C' and ®y, are bounded linear operators,
<cof [ 05670 - p) + 1060 = 2wl de+ I | <

employing the above estimate (4.94)

< Clp(T)%
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Hence, there exists a constant C' € (0, +00), independent of 7' € (0, +00)
and x¢ € H, such that for all " € (0, +00):

1p"(0; z0) — p(0; o) |17 < Clp(T'; 0|7 (4.96)

The final step of the proof of 3. consists in using

~

Ei(t;xo) = p(t; xo) Vt € [0, +00).

Indeed, employing the exponential stability already proved and the continuity
of E, we get:

15(t: o)z = 1E2(; 20) |1 < N Ellparan 12 20) i < CIE| pame ™ lwolln

which, from (4.96), yields the existence of a constant C' € (0, +00) indepen-
dent of T, such that:

Ip" (05 20) — p(0; o) |3 < Ce™ ol
By the definition of £ and E , we obtain:
|E(t) = Ellpim < Ce™ vt € [0, +00)

namely, the requirement.

]

As we anticipated, we haven’t used Riccati’s theory. This leads us to
a rougher estimate of ||E(t) — E||p(m,m) with respect to Corollary 2.1. At
this point, we are going to investigate more accurately the nature of the
limit (Z,p). To this extent, we take into account the stabilizing feedback

G _B*E. At the moment, we point out a useful consequence of stability.
We will show the existence of a constant § € (0, +00) such that Yo, € H the
unique solution of:

(4.97)

¢+ Ap =BGy  in (0,+00)
©(0) = o

fulfills .
VT € (0, +00) / Lo edt < 8ol
0

In fact VT € (0, 4+00), we just multiply in (X', X') the equation (4.97) by ¢,
getting:

T T
/ < olt) + Ap(t), o(t) > xx dt = / < BGy(t), o(t) >y dit
0 0
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which implies

1 1 T T
§!|90(T)||?1—5H900H?1+/0 < Ap(t), p(t) > x) dt :/0 < BGo(t), ¢(t) >(xx) di

Thanks to this equality, hypothesis 4.1, we obtain the existence of a constant
C € [0, +00) independent of (zg,T) € H x (0,+00) such that:

T T
A / o))t — / ()|t <

1
2

T 31 T
< Cllnlls + | [ 18GelReat] | [ Ietoliar| <
by the continuity of i*o®y : H — X’ and since (B,G) € B(U,H)x B(H, H),

1
2

<Clinlly+c| ) Iy % | ' loe)at] <

employing Young’s inequality with ¢,

T T
< Clleols +C / lolydt + & / o) et

This, together with the definition of stability, implies the existence of a con-
stant 0 € (0, +00) independent of (T, zq) € (0,4+00) x H such that:

T T
/0 le ()% dt < C/O le(@)II3dt + Cligoll; < dlloll

as required. A useful byproduct of this result is that Vo € H the unique
solution ¢ € W,22((0, +00); (X, X")) of the differential system (??), actually
lies in WH2((0, 4+00); (X, X")). In order to carry on our analysis, we prove
the following Remark.

Remark 4.9. There exists a constant C' € (0,+00) independent of s €
[0, 4+00) such that Vf € L2((0,400); X’) and Vp € W,L?((0, +00); (X, X')) N

loc

L>((0,+00); H), such that B*p € L*((0,+00); U), solution of the equation
it holds, Vs € [0, +00):
2 e 2 e 2
o < 0 | [ Ieae s [ 1R
Therefore,

I5(0) e~ 0. (198)
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Proof. As we did to prove Lemma 4.2, we take an arbitrary ¢ € W2((0, +00); (X, X”))
solution of:
v+ Ap = BGy in (0, +00). (4.99)

V(s,t) € [0,+00)?, we multiply in (X, X’) the equation of p(-;x) by ¢ and
we use the Formula of Integration by Parts, obtaining:

(5) 26Nt [ < el +AR(0).5(0) >0 dt = [ < F(0).6(0) >0 A+ o)

S

Then,

S

(55). 90 = = [ (B50). Gl dot | < F(0). () >0 Aot (5(0). (0 <

o[ Hso<v>u§<dv)é {[imawiga+ [ Hf(v)Hiodv}%Jr(ﬁ(t),w(t))H <
employiilg the hypothesis S S
< clela{ [ 18300+ [ |rf<v>n§<,dv}é + (500, o))y

Hence,

(B(5); p(8)) i < Clio(s)lla {/ HB*ﬁ(v)HZUdH/ ||f(v)!|§<fdv}2+I(ﬁ(t)>s0(t))H| <

1
2

<Cleel{ [ 1B+ [ 1@} + 160, o0,

As regards the last term:
(1), 2(0) 5| < M @)l < MCe™||gllm —— 0

All in all, using our degree of freedom ¢(s) = p(s) and taking the limit as
t — +o00 on the right hand side, one obtains

400 400 %
ool < o [ i [ IR

This yields

1
+o0 +oo 2
osnmsupnﬁ(s)nHsnmsupc{ / |1 B*p(w) [ dt + / Hf(v)||§«dv} =0,

S$—+00 S——+00

as desired. n
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By (4.63) we obtain p € L>((0,400); H) and (4.53) yields that B*p €
L?((0,+00); U). Then, by Remark 4.9, we get, Vo, € H,

p(t;xg) — 0

t——+o0

strongly in H. At this point, we have shown that (Z(-; o), p(+; z0)) € W2((0, +00); (X, X'))?
satisfies the system below. For the moment, we drop the dependence from
the initial data zq € H.

iy + A = —BB*pi  in (0, +00)
—ﬁt + A*ﬁ = O*@VC% in (0, +OO>
i’(O) =29

p(t) — 0 strongly in H
t——+o00

(4.100)

First of all, we prove the uniqueness for such a system, i.e. we aim at show-
ing that for every xop € H and ((21(+;20),P1(:;%0)), (Z2(; @0), P2(+; 20))) €
W2((0,4+00); (X, X’))* pair of solutions of the above system, we have:

x1(t; ) = xo(t; 20) A p1(t; o) = pa(t; o) Vt € [0, +00).

We notice that since VT € (0, +00), Vi € {1,2} and Y € W2((0, +00); (X, X')):
T T
(P:(0), w(O))H—(ﬁi(T),so(T))ﬁ/ <t A, p>xx) dt = / (Cz;, Cp)y di
0 0
then, taking the limit as T" — 400,
+oo +0o0
GO+ [ <ot Apdwx = [ (CinCoy
0 0

Moreover, the pair (&9 — 21, ps — p1) satisfies

(Zo — 1) + A(Zy — 31) = —BO;'B*(p2 — p1)  in (0, +00)

and, setting a test function ¢ = &y — &1, we obtain Vi € {1, 2}
+oo
(Pi(0), 22(0) — 21(0)) ;7 + / < By — T1)e + A(Z2 — 1), s >(xr,x) dt =
0

—+00
:/ (Cdr, O — 1))y dt
0

which in turn implies, by subtracting the above equalities:
+oo
(P2(0) — p1(0), 22(0) — jl(o))H+/ < (Zo—21)+A(Zo—21), Pa—P1 >(xr,x) dt =
0
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+0o0
= / (C(T2 — 21),C (22 — 1)), dt.
0

This expression is equivalent to:

+o0
(p2(0) — p1(0), 2o — x0) y + / < —B@&lB*(ﬁz —P1),D2 — D1 >(xr.x) dt =
0

+oo
- / 1O — 20)|2.dt.
0

Which yields

—+00 “+00
| B G-l [ 10~ )l =0
0 0
By measure theory,
B*ﬁg(t) = B*ﬁl(t) a.e. t e (0, +OO>

Cz1(t) = Cia(t) a.e. t € (0,400).
Furthermore, since both z; € C°(]0, +00), H) and p; € C°([0, +00), H)

B'pa(t) = B'pr(t) vt € [0, +00)

Hence, 2o — ; satisfies:

(JAIQ — Ii‘l)t + A(i‘Q — Zﬁl) = _B¢51B*(ﬁ2 —}31) = O n (O, +OO)
22(0) — 21(0) =0

(4.101)
Using Theorem 4.1, this yields:
21(t) = Zo(t) VYVt €0, +00)
This enables us to affirm that p, — p; is a solution of the equation
—pr + A'p = C*" Py C2y — C* Py C2y =0 in (0, 400) (4.102)

in the sense of the Definition (4.1). This entails that, using Remark 4.9,
there exists a t-independent constant C' € (0, 4+00) such that:

Vt € [0, +00) 1D2(t) — pr(t) ]| <
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+o0 —+o00
<C V |1B*(p2 — p1) l5rds + / |C*®y Oy — 21) || %0ds| =0
t t

Therefore, the uniqueness holds. Hence, (Z,p) is the unique solution of the
system (4.100). The uniqueness for the above system allows us to be more
precise about the convergences of the state and the adjoint state as the time
horizon approaches infinity. Indeed, employing (4.67), (4.68) and Proposition
1.1, one obtains that Vzy € H initial data:

(w0 o #am)
strongly in C°([0,T); H) and
p" (-3 %0) 7o P zo)
strongly in C°([0,T]; H). Furthermore, by (4.62) and Proposition 1.7,

!+ x0) o Blswo)

2 ((0,+400); X). Moreover, we remark that Yu € L?((0,4+00); U)
for the Cauchy Problem

weakly in L?

{xt—i—A:c:Bu in (0, +00) (4.103)

z(0) = xg

there exists and it is unique the solution = € W,22((0, +00); (X, X”)), thanks
to an application of Theorem 4.1 VT' € (0,400). Now, we are going to
prove the well posedeness of the infinite-horizon Optimal Control Problem
(OCP)$>. To this extent, thanks to the continuity of the operators C' and
B,
(Cx(s5m0), Bp" (20)) = (C2, B'p)
T—4o00

weakly in L7 _((0,+00); V) x L7 ((0,400); U). By the lower-semicontinuity

of the norm with respect to the weak convergence for every T' € (0, +00) ,

T T
/(||B*ﬁ||2U+||O:2=||€)dt§hgl+mf/ (I1B*pull + ICzal,) dt < C.
0 n=To Jo

Since T was arbitrary,

“+oo
| sl + ety dr < € < o
0
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Therefore, we define @ = —®'B*p. Then, there exists & = —®'B*p €
L*((0,+00); U) control function such that & is the unique solution of:

%t + Az =Ba  in (0,400) (4.104)
z(0) = xg
and
T
/ Il + [C2l[2dt < +o0 (4.105)
0

the estimate being uniform on xy € B, for every B C H bounded set. This
entails the well posedeness of the functional JI. We will show now that
(#,p,4) is actually the unique optimal pair for (OCP)$>. Indeed, when-
ever we take (x,p,u) € WE?((0,+00); (X, X")) x W,22((0, 400); (X, X")) x

loc loc

L*((0,400);U), for each n € N

Tn Tn
/ lully + 1ICx [} dt > / 1Bl + | [yt
0 0

Then, taking the limit as n — +o00 in the left hand side, we get:

+00 Tn
/0 lullZ + [ClZdt > / 1B*pull3s + | Canl?dt

Finally, using the lower-semicontinuity of the norm with respect to the weak
convergence, for every T € (0, +00)

T T
|Vl Il < vimint [ B+ (e <
0 0

—+00

Tn
<timinf [ 18Pl + [Coalpdt < [ full+ Ol
n o 0

0
Which in turn implies:

+oo +o0
| e icaRar< [l + cslRar
0 0

This yields the desired result. By Proposition 1.2, the minimizer u is also
unique. Therefore, we have proved that, for every zy € H, there exists a
unique solution (z,p) € WH2((0, +00), (X, X’))? for the Cauchy Problem:

i:+ A2 = —B®,'B*p in (0, 400)
—pr + A'p = C*"0, Cx in (0, 400
o v (0. o) (4.106)
z(0) = xo
p(t) — 0 strongly in H
t—+o00
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which is also the unique optimal pair for (OCP)§*>°. In what follows, we

will call this solution (&(-;x¢),p(+;20)). At this stage, using the definition
of & we are going to define an optimal feedback law for (OCP)I for every
T € (0,+00). To this purpose, by (4.72), Vt € [0,T]:

ul'(t;m0) = w027 (t;m0)) = —Bp" ' (0;27 (t;0)) = =B E(T—t)(a" (t; m0)).
Hence, we have determined the optimal feedback law VT' € (0, 400):
fF0,T)x H— U (4.107)
(t,20) — =B E(T — t)(x" (t; x9))-
We aim now at proving that for each xq € H the function
Exog:RY— H

belongs to € C°([0, +00), H). First of all, we show that VT € (0,400) E(; x0)
is left continuous at T'. To this purpose, we prove the following Remark

Remark 4.10. Under hypotheses 4.1, 4.2 and 4.3, VT' € (0, +00) we define

Op : H— WH((0,7); (X, X)) x WH((0,7); (X, X)) x L*((0,7);U)
(4.108)
To — (I'T(';ﬂfo),pT(';xo),UT('§33'0))
Then,

1. ©r € B(H,WY2((0,7); (X, X"))xW12((0,T); (X, X)) x L*((0,T); U));
2. VT € (0, 400) there exists K7 € (0, +00) such that:

1O07]] < K.

Proof. YT € (0,400) we observe that, since the optimal triple satisfies Pon-
tryagin System (4.29), the map © is linear. At this step, VI' € (0, +o0)
we aim at proving the boundedness of ©r uniform V1" € (0,7]. To this

— W
purpose, we take into account BH(0,1) < H. By the continuous de-

pendence from the data there exists a constant Cz € (0,+00) such that
———H

V(z,T) € BH(0,1) x (0,T7:

T
12" (5 20) 2y, x) < Cr [/ I = BB*p" (1) %dt + lzoll% | -
0
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Furthermore, by inequality (4.53), there exists a constant C' € (0, +00) such
that V(zo, T) € BH(0,1) x (0, +00)

T
| lea™ Gl + 1t an) ) e <

Hence, there exists a constant K7 ; € (0, +o0) such that V(z, T) € B (0, 1)H><

(0,71
HxT(';$0)||12/Vl’2((0,T);(X,X’)) < KT,l'

On the other hand, since the continuous dependence from the data holds,
there exists a constant C'; € (0,400) such that V(zo,T) € B¥(0, l)H x (0, T):

T
||pT(';IO)H%/VL?((O,T);(X,X’)) < Cy {/ﬂ HC*(I)chT('?IO)H%«dt + ||pT(T; 130)”%1 <

Then, by (4.53), there exists a constant K7 , € (0, +00) such that V(xo,T) €
BA(0,1) x (0,

12" (5 0) oy x xy) < Kige
Finally, once more by estimate (4.53), there exists C' € (0,4o00) such that
Y(z0,T) € BH(0,1)" x (0,7]:

T
| i waolpa < c.
0

Therefore, we have proved that VT € (0, +00) VT € (0, 7]
Or € BUH,W'2((0,T); (X, X7)) x W2((0,T); (X, X)) x L3((0,T); 1))
and there exists K7 € (0,400) such that:
07| < K; VT € (0,T].
[

By this Remark, we can carry on the proof of the left continuity of
E(-)(zo). Indeed, VT € (0, +00), VI € (0,7

19" (0; 20) — p" (0 30) |7 <
< 2|)p" (0;20) — p" (T — T;.20) |13 + 2||p" (T — T 29) — p" (03 20) |3,
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Since pT (-; o) € C°([0, T]; H), the first addendum:

Ip" (05 20) — pT(T — T;20) |5 — 0.

T—T-

In order to show the convergence to 0 of the second term, we observe that
2T (-+T = T;20),p" (- + T — T;20),uT (- + T — T; z0)) is the optimal triple
for (OCP)T with initial condition 2Z(T — T’ ), namely the triple (27(- +
T —T:xo),pT (- + T — T;z0),ul (- + T — T: x)) solves:

Lo+ Ax~:~—B<I>ElB*p in (0,7)
2(0) = 2T(T — T x0)

—dp+ A'p=C*dyCx  in (0,7)
p(T) =0

(4.109)

We are now in position to estimate |[pT (T — T zo) — pT (0, z0) 1%
p" (T = Ts:20) = 7 (O,20)llsy < 19" +T = T5:0) = 7 (- 20) B 0,17
since the inclusion
it WHA(0,T); (X, X)) /— C°([0, T1, H) € BIW((0,T); (X, X)), C°([0, 7], H))
and there exists Dj € (0,400) such that V1" € (%, g)
Jill < Dy.
Then,

Ip" (T = T;20) — p" (0, 20) I3 < lp" (- + T — T 20) — p" (-, 20) | G0 o1,y <

<ClIp"(-+T —T;z) —p"(, o) ||lwr2 (o) x,x)) <
by Remark 4.10,

< C||2T(T = T; 20) — olly — 0.
T—T—

Hence, V1" € (0, +00):
Ip" (03 29) — " (05 20) |7 <

< 2067 (030) = p7 (T = i)y + 2067 (T = Tio) = " (00 [y —> 0.
e
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Therefore, ¥(xo, T) € H x (0, 400)

[E(T) (o) = E(T) o)l = [Ip" (03 20) — p" (03 20) | aval

It remains to show the right continuity of £(;x). VI € [0, +00), we aim at
proving that:

HPT(O;l’o) (0 zo)|lg — 0.

T—T+

To this purpose, we remind that Vxqg € H, by Remark 4.7, there exists
M, € RT such that:

{2"(t;20) | T € (0,+00), t € [0,T]} C BH(0, My).

Furthermore, by hypothesis 4.3 and inequality (4.53), there exists a positive
constant M, € (0, 400) such that:

{p"(t;z0) | T € (0,+00), t €[0,T]} C BH(0, M>). (4.110)

Then, by continuous dependence from the data,

T
<C /O IIBB*(pT(t;wo))H?adHIIwoll?q]

T/ . 2
|z ('axO)”WLz((o,T);(X,X/))

and

T
<c|/ ||C*¢VC$T(t;$0)||§(/dt+HPT(T;xo)Hiz]-
0

1" 20) oy xry

By (4.53) and (4.110), we get that there exists a constant M; € (0, +00) such
that V1" € (0, +00)

3

{2"(:;20) | T € (0,400)} € BWODEXD (0] My). (4.111)

and

37

{p"(20) | T € (0,400)} € BW"(O3T:XX) (0, M), (4.112)

At this step, we consider an arbitrary sequence {T},}, .y C [T, +00) such
that:

T, — T.

n—-+o0o

For every subsequence {1}, },cny C {10} nen

{aT (-320) | b € N} € BWHHOD:XXD)(0, Ms). (4.113)
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and

{p™ (s 20) | k € N} € BWH(ODHXXD)(0, My). (4.114)
Hence, by Banach-Alaoglu Theorem, there exist

(- 20) € WH((0,T); (X, X))
G+ o) € WH((0,7); (X, X))
{xTnkh (.;xo)}hEN c {aT(520)} oy

and
T" . Tn .
{4 o) e
such that:

T, N
x"*n (5 x0) s 4(+5 o)

weakly in W2((0,7); (X, X")) and

P () = G m)

h—+o00

weakly in W12((0,7); (X, X")). We are going to show that (j, §) is actually
independent of the particular subsequence taken into account. Since A €
B(X,X"), B € B(U,H) and C € B(X,V), (§,4) € W"((0,7); (X, X"))?
satisfies the System of Differential Equations:

49+ Aj=—-Bo;'B*q¢  in (0,
—4G4+ AG=C"0yCy  in (0,

(4.115)

At this moment, we point out, thanks to hypothesis 4.3 and (4.112), that
VT € [T,3T)

T T
||pT<T;xo>||Hsc[/ B9 (ol + [ €70y Ca (o) | <

T T

by (4.112),

T
< / Mydt = My(T - 1T).
T
Then, by Proposition 1.6,

1G(T) ||l < liminf [|p"™ (T 20) ||y < lim inf My(T,, —T) = 0.
h—+00 h h

—+00
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Therefore, 3
G(T;z9) = 0.

Hence, (4,4) € W((0,T); (X, X"))? solves:

44+ Aj=—Bo;'B*G  in(0,7)

—d6 4 A*G = C* Dy C) i T

X dtq + C ch m (07 ) (4116)
9(0) = zo

q(T) = 0.

Therefore, (y,q) = (yz:T(7 xo),pT(-; xg)). Then, by Proposition 1.7:

wt(m0) = al(;m)
T—T+

weakly in W2((0,7); (X, X")) and

p (5z0) — (5 x0)
T—T+

weakly in Wh2((0,7); (X, X")). At this stage, we aim at proving that:

' (20) — p' (5 20)
T—T+

strongly in C°([0, T], H). We take an arbitrary sequence {Th},en C [T, 400)
such that .
T, — T

n—-+o00

For every subsequence {7}, }rcny C {1} ey
{7 (520) by € WH((0,7): (X, X))
is bounded. By Simon’s Theorem 1.16,
{ank ('; xo)}keN - LQ((Ov T)) H)

is compact. We already know that,

pT(';ﬂfo) — PT(‘;SL’O)
T—T+

weakly in L*((0,T); H). Then,

. {ankh('SlUO)} C {ank(';xO)}keN'

heN
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such that . i
p " (wo) == p'(50)
strongly in L2((0,T); H). By Proposition 1.1,

p(520) — p' (-5 20)
T—T+

strongly in L2((0,T); H). Employing B € B(U, H) and the continuous de-
pendence from the data:

. T s
||xT('§x0>_$T(';xO)HIz/Vlv?((o,T);(X,X’)) < C |:/0 ||BB*<pT<t;x0) —pT(t;JIO))H%(/dt + ||l’0 — 1‘0”?{ <

T ~
/ ||pT<t;xo>—pT<t;xo>uzdt] o
0

T—T+

<C

Once more, by the continuous dependence from the data,

~ T -~
197 5 20) =17 (5 20) 2120y < C [ | IC7 @00t () ot ) e+
0
" (T 20) — 7 (' 20) 3] <

T = ~
/ 127 (£ 20) — 2 (1 20) | dt + Mi(T — T)
0

— 0.
T—T+

<C

Then,

pT(';l'o) — PT(‘;SUO)
T—T+

strongly in W12((0,7); (X, X")). Hence,

" (20) —> p' (5 20)
T—T+

strongly in C°([0,T]; H). This in turn entails that:

pT(0;20) — pT(0; )
T—T+

which is equivalent to:

E(T)(x0) —> E(T)(xo)

T—T+
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strongly in H. Therefore, we have already shown the right continuity of
E(+; ). Then, we are able to assert that:

E()(xo) : [0, +00) — H € C°([0,00), H).

At this point, we remind that, by (4.75), Vay € H, &(-;x¢) is the unique
solution of the linear Cauchy Problem:

{g:«t +(A+BB'E)i=0 in (0, 400) 117)

z(0) = .

Then, we have uncoupled the optimality system for the infinite horizon prob-
lem. In the next proof, we will show how to use Lemma 4.4 to deduce the
turnpike property in the Infinite Dimensional Linear Quadratic Case. Hence-
forth, we will work with (OC'P)T starting at an arbitrary initial data xo € H
with target z € V. We will drop the dependence from zy both in the finite-
horizon optimal triple (27, pT', ) and in the target 0 infinite horizon optimal
triple (z,p, ). We will name (Z,p,u) € X x X x U the optimal triple for
(OCP)%, namely (7, u) is the unique minimizer of J* and p is the unique
solution of:

{A*ﬁ = C* Py (CT — 2) (4.118)

u=—o,' BD
Theorem 4.3. We suppose hypotheses 4.1, 4.2 and 4.3 holds true. Further-

more, we assume the inclusion i : X — H € K(X,H) and B € B(U,H).
Then, ¥(z,x0) € V x H

1. YT € (0,+00) there exists a unique solution h™ € WH2((0,T); (X, X"))
of the Cauchy Problem:
{—hg‘ + (A" +E(T —)BBYRT =0 in (0,T)

WD) = —p (4.119)

2. VT € (0, +00)
ff0,T)x H— H
(t,x) —u— B [E(T —t)(x —T) + A" (t)]
is an optimal feedback law for (OCP)T.
3. There exists 2 constants (C,u) € (0,4+00)* such that, for any time
horizon T, ¥t € [0,T)]:

127 (8 20) = | 10" (& 20) =Bll -+l (8 o) —Tlly < C [llwo — T me™* + [l e ]

(4.120)
The constant C € (0,+00) depending only on the target z, the initial
data xo and the operators A, B and C'.
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Proof. First of all, we remind that the family of operators {€(1)}1¢ (g 400) C
B(H, H) is bounded. Therefore, the family of operators {€(T) BB" }1¢(g 4oy C
B(H, H) is bounded too. This enables us to use Corollary 4.1 in order to
prove (1.). Therefore, there exists a unique solution h” € W2((0,T); (X, X"))
of the Cauchy Problem

T _ * _ *\ 7,1 :
hi (t) = (A*+E(T —t)BB*)h" (t) in (0,7) (4.121)
WA(T)=-p
As usual, we define L = A + BB*E. Since E* = E, hT satisfies
KE(t) = L*BT(t) + (E(T —t) — EYBB*hT(t) VYt € (0,T) (4122)
W'(T) = -p '

At this stage, we define
g:[0,T] — X
t — (E(T —t) — E)BB*hT(t).

We recognise that g € C°([0,T]; H). This enables us to use Proposition 4.2,
with the exponential notation, obtaining V¢ € [0, T7:

T
BT(t) = —e-T-DE 5 — / e ((E(T — 5) ~ E)BB'NT(s)) ds
t
In the next computations, we will look for the desired estimate of ||hT]|y
employing Lemma 4.4, namely:

<
H

IR (0| < H—e“”%\\ﬁ” /t " etor ((5(T _s) - E)BB*hT(s)) ds

At this stage, it turns to be useful Lemma 4.4(1) and Lemma 4.1. It im-
plies that L* exponentially stabilizes. We will use this property in the next
computations. Moreover, we will employ Lemma 4.4(3).

T
< |ple 0+ C / eI [BT (5) | s =
t

= [Pl e +c/ HTD|T (5)] s =

We compute t € [0, T7:



Gronwall’s Lemma 1.4 entails for every ¢ € [0, 7]
W @)l < Cllpllwe @ Ve e 0,7 (4.123)

the constant C' being independent of 7" € (0,400). At this point, we are
going to prove the following explicit representation of the difference p’ — p:

pi(t) =P =ET —t)(a"(t) —7) + 1" (t)
To this extent, we show that Vo € H
(Pt =P.0)y = (2" (1) =T, ET =)o), + (AT (1), )y

In order to prove the above condition, we remind we have already shown in
(4.72) that for every (p,t) € H x (0,7) and for each s € [t,T]:

(@' (s30), 0" (s30),u” (59)) = (a7 (s—t;2 (1)), p"H(s—ts2 (t;0)) u" ' (s—t:27 (£ ).
Therefore, for all s € [t,T]
P (s = tat () =o' (s 9). (4.124)
Hence, taking s =t, Vt € (0,7,
E(T )™ (t;p) =" (:0).
Hence, V(t,¢) € (0,T) x H, if we define (w, q) the solution of

w;, + Aw? = —BB*q in (t,7)
—q+ A¥q = C*0yCw in (¢,7)
w(t) =

q(T) =0

(4.125)

then (w0, §) = (w(- +1),q(- + 1)) solves

W+ AwT = —BB*§ i (0,T —t)
—§+ A= C*dyCh  in (0,T —t)
w(0) =¢

§(T —t) = 0.

(4.126)

Therefore, we have Vs € (¢, T)
E(T — syw(s) = p'*(0;w(s)) = p' ~*(0s2" (s — t;)) =
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using (4.124), with T =T —t, f =s—tand § =1
=p (le) =p T (s — i) = d(s — t) = q(s)
Hence, V(t, ¢) € (0,4+00) x H,
E(T — s)w(s) =q(s) Vs e [t,T] (4.127)

At this stage, we multiply in (X', X) the equation of ¢ by 7 — T and we
integrate in [t, T]:

T T
/ < —qt(v)—i-A*q(v),xT(v)—i >xr x) dv = / < C*@VC’w(v),xT(v)—T >(x7,x) dv
t t

By the Formula of Integration by Parts, we deduce:
T
(q(t), =" (t) — T),,—(q(T), (T — E)H—I—/ < q(v), (" =2)(v)+ A" (v)—F) >xx) dv =
t
T
= / < C*PyCuw(v), 2" (v) =T >x x) dv =
t

T
= / <w(), C*@yC(z" (v) — T) >x,x1) dv =
¢

This is equivalent to:

@@wﬂw—mH+[ < 4(v), ~BB* (5" (v) — B) >xx) do =

N /t <w(v), =(p" =ph(v) + A*(p" = D)(v) >xx1) dv =

again, integrating by parts,
= (w(t),p"(t) = D), — (w(T),p"(T) = D), +
T
+ [ <o) + Aw(). 57 (0) - P > do =
t
= (¢:0" (t) = P) y + (W(T), D)y +

T
[ < BB 0) - > do
t

It remains to prove that

(h"(t), ), = (4.128)
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=—(w(T),p)y + /t < (27 = 72)(v) + A(z" (v) — ), q(v) >(x1,x) dv+

T
+/ < BB*q(v),p" (v) =P >(x.x) dv
t

In order to prove this result, we verify:

((T),w(T)) g = (@ h(t)y = 0

To this extent, we multiply in (X, X’) the equation of w by A’ and we
integrate in [t, T, getting:

T T
/ < wy(v) 4+ Aw(v), kT (v) >xr x) dv = / < —BB*q(v),h" (v) >(x7,x) dv
t t

(4.129)
We develop the left hand side integrating by parts:

/t < wy(v)+ Aw(v), k" (v) > x) dv = (w(T), K" (T)) , — (w(t), K" (1)), +
+/t < —h{ (v) + A*RT (v),w(v) >x x) dv =

= (w(T), K" (1)), — (¢ hT(t))H—/t < E(T—v)BB*L" (v),w(v) > x) dv

On the other hand, the right hand side reads as follows:

T
/ < —BB*q(v),h" (v) >(x x) dv =
¢

T
= —/ < q(v), BB*h" (v) >x.xn) dv
t

Then (4.129) becomes:

(w(T), k" (T)),, — (¢, hT(t))H—/t < E(T—v)BB*h" (v), w(v) >(x x) dv =

T
= / — < BB*h"(v),q(v) >x.x) dv =
t

T
= —/ < BB*h" (v),E(T — v)w(v) >x.x) dv
t
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Hence, we deduce:

(w(T), K (T)) ;= (. " (1)) ,; = 0

Which in turn implies:
We aim now at showing that:
T T
/ < (2" =T)o(v)+ A" (0)=T), 4(v) > x) dt—i-/ < BB*q(v),p" (v)=P >(x1,x) dv =0
t t

Indeed,

/t < (2" —T)(v) + Az (v) — T), q(v) >x x) dv =

T
— / < —=BB*(p" (v) = D), q(v) > x) dv =
t

T
= —/ < BB*q(v),p"(v) —p > (x,x) dv.
t
Therefore, we have proved that:

(h"(t), ), = (4.131)
= —(w(T),p)y + /t < (2" = 2)u(v) + A" (v) = ), q(v) >x.x) dv+

-I—/tT < BB*q(v),p"(v) —p >(x,x) dv
This allow us to affirm that: Vo € H
P (1) =P.¢)y = (@ () =T ET = t)g) , + (W' (). 0)
which entails
pl(t;xg) =D =E(T —t)(z" (t;20) — T) + b1 (1) Vie (0,7) (4.132)

This is a key point for the whole proof, because we are ready to deduce the
optimal affine feedback law as follows V1" € (0, 4o00):

ff0,T)x He— H (4.133)

197



(t,x) —u— B [E(T —t)(x — ) + 1" ()]

thus proving (2.). This means that we can find out a new version of the
Cauchy Problem satisfied by 27 (+; 2o)—Z. Indeed, 27 (:; z0)—Z € W2((0,T); (X; X"))
is the unique solution of the Cauchy Problem:

' —7), + A(z” —T) = =BB* [E(T — t)(z” — ) + h”] in (0,7)
27 (0)—T=a20—7
(4.134)
Which yields (z7(-;29) — Z) € WH2((0,7T); (X; X")) is the solution of the
Cauchy Problem:

(27 —T); + (A+ BB*E) (2T — %) = BB*(E — (T — )) (2T =) — BB*hT  in (0,7)
P (0)—ZT=20—-7
(4.135)
Recognising that BB*(E — (T —-))(27(-;z0) — T) — BB*hT € C°([0,T); H),
we can apply the Proposition 4.1 in order to get the following representation
formula for the difference 27 (:;z) — T, i.e. for every t € [0, T]:

aT (t;20)—T = etL(xo—f)+/O (e’(t’s)LBB*(E —&E(T — s))(a (s;20) — T) — BB*hT(s)) ds.

Aiming at estimating ||z (-; x9) — 7|/ &, we employ Lemma 4.4 and (4.123).
We obtain for each t € [0, T]:

t
HxT(t,:co)—EHH < CH:CO—EHHe“t—l—C’/ e*“(t’S)e’“(T’S)HxT(s;a:o)—fHHder
0

t
+C/ ||ﬁ|]He‘“(t‘s)e_“(T_s)ds <
0

t
<C (||x0 —T||ge M+ ||]_)||H6_”(T_t))+0/ e T =) e=1t=9)1 2T (5 20)—T|| .
0
At this point, we employ Gronwall’s Lemma 1.3 getting:
2" (; 20) = Tl < C [llzo — Tl|ue ™ + plue ™™D  Vte0,T].

We remind now that we have already proved the following representation
formula for the difference p’'(-;xy) — p:

pr(two) —p = E(T — t) (2 (t;20) — T) + AT (1) Vt € (0,7
This, together with the previous achievements, entails for every ¢ € [0, T]:

I1p" (& 20)=Pllar < Clla (& 20) =2l BT Ol < C [llao = e + [[pllze "]
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As regards the difference u? — u, we obtain:
[ (t; 20)=llw = | B*p" (t;20)=B"Pllv < C [[lwo — T e ™" + |[p]| e "]
This concludes the proof. O

Now, we are going to give an example of the Turnpike Property with a
Distributed Control Problem.

Example 4.1. Take into account an arbitrary open set Q C RY, such that
00 € C?. Moreover, consider

e w C (), open;

e wy C €2, open;

M € CY(Q; M(N, N;R)) bounded an uniformly coercive, i.e. I(c, 3) €
(0,+00)? Vz € Q ol < M(z) < BI;

c € CHQ;R)
such that c(z) >0 a.e. z €

be CHQRY);
o (H,()g) = (LR, () roam) )

o (X,()x) = (HHAR), () yom))
A: X — X'
u— (Mvu7 v())HN + ((b7 V(“))RN ) )H + (Cu7 )H
o V = L*wy;R);
o U= L*w;R);

C: X—V

Yy — wao;
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B:U— H

U — UXy

One can observe that A € B(X,X’), C € B(X,V) and B € B(U, H).

Moreover, by Rellich-Kondrakhov Compactness Theorem, the inclusion
i:X—>HeKX H).

Furthermore, V(zo,T) € L*(;R) x (0, +00), Vu € L*((0,T);U) the associ-
ated state is the solution of the Cauchy-Dirichlet Problem:

Lo — div(MVz) +cx + (b,Va)gy =ux,  in (0,7) x
r=0  in (0,T) x 0Q (4.136)
z(0) = xg in

Employing Minty-Browder Theorem and Shaefer Fixed Point Theorem we
can get:
A: X — X'

is an isomorphism. Furthermore, hypothesis 4.1 holds true. Moreover, by
Maximum Principle 1.17 and Theorem 2.6 of [1], one can prove that A has
only strictly positive eigenvalues. Hence, thanks to Hille-Yosida Theorem (see
[3]) A is exponentially stabilizes. Then, by Lemma 4.1, A* is exponentially
stable too. Hence Hypotheses 4.2 and 4.3 hold. Moreover one can observe
that they holds actually for every choice of C' € B(X,V') and B € B(U, H).
Therefore, the Turnpike Property holds true.
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