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Abstract

We study the Cucker-Smale model which describes the flocking phenomena.

In detail, we focus on the su�cient conditions to achieve the local flocking

phenomena in various scenarios and models. The Lyapunov functional ap-

proach and bootstrapping argument play key roles to prove the asymptotic

stability on emergence of flocking along time evolution. In the Cucker-Smale

model, the dynamics of the particles are presented by the couplings propor-

tional to the relative velocities between each pair of particles. The su�cient

condition to the global flocking was suggested by Cucker and Smale, while

necessary condition or local flocking was not analytically studied.

Our interests covers not only the Cucker-Smale particle model, but also the

unit-speed model and the hydrodynamic model. The unit-speed model breaks

the symmetry of equations and the hydrodynamic model needs the existence

of solutions. The hydrodynamic equations are the macroscopic description

through the mean-field limit process of the particle model. We avoid free

boundary problems by describing Lagrangian variables.

Key words: Cucker-Smale model, critical coupling strength, hydrodynamic

model, flocking, multi-cluster flocking, dynamical system
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Chapter 1

Introduction

Emergence of coherent motions have been studied in various area to repre-

sent collective behaviors, such as the flocking of birds, aggregation of bacteria,

and swarming of fish. These ‘flocking’ phenomena are often observed in com-

plex biological systems, where self-propelled agents only use limited informa-

tion and their independent decisions. Its individualistic coherent behaviors

have been studied rigorously using various type of couplings and dynamics

[11, 31, 28, 29, 30, 57, 73, 74, 75]. From the pioneering work of Winfree and

Kuramoto [79, 54], it has been extensively studied in possible applications

to mobile and sensor networks, in the control of robots and unmanned aerial

vehicles [57, 66, 68]. Since the flocking phenomena occur in various context

and properties, many agent-based models have been proposed and studied

extensively both analytically and numerically. Among these types of equa-

tions, our interest lies on the Cucker-Smale flocking model.

Our main focus is on the flocking model introduced by Cucker and Smale

[26], which describes couplings as nonlocally interacting N -body system. Let

zi = (xi,vi) 2 R2d be the phase-space coordinate of the i-th Cucker-Smale

(C-S) flocking agent. Then, the dynamics of C-S flocking particles is governed

1



CHAPTER 1. INTRODUCTION

by the following system of ODEs:

ẋi = vi, t > 0, i = 1, · · · , N,

v̇i =
K

N

N
X

j=1

 (kxj � xik)(vj � vi),

(xi,vi)(0) = (xi0,vi0),

(1.0.1)

where K is the positive coupling strength, and the communication weight

 : R+ ! R is the communication weight satisfying the positivity, analytic

continuity, monotonicity. Here, we assume one more condition, integrability,

and call it short-range communication weight. For simplicity, we sometimes

assume it to take the algebraic decay form

 (s) :=
1

(1 + s)�
, � > 1, (1.0.2)

or to be an analytic function from R to R,

 (s) :=
1

(1 + s2)
�

2

, � > 1. (1.0.3)

Since the velocities have symmetric structures with relative velocities, the

mean velocity is constant for time t. Hence we may assume that the mean

position and velocity are initially zero.

In [26], Cucker and Smale introduced this second-order Newtonian system

supplemented by the weighted relaxation internal forces governing the spa-

tial and velocity dynamics of particles. They also provided several su�cient

conditions for admissible initial configurations leading to the global flocking.

They found that the flocking condition mainly depends on the communica-

tion weight. The Cucker-Smale model and its variants have been extensively

studied in previous literature [1, 2, 5, 11, 13, 14, 15, 18, 19, 22, 25, 26, 33, 35,

37, 46, 48, 49, 63, 72] from the viewpoint of mono-cluster flocking in terms

of initial configurations and communication weights.

It is worth to mention that if �  1 in (1.0.2),  is not integrable and

called a long-range communication weight, and mono-cluster(global) flock-

ing occurs for any initial data [26, 47, 49]. Thus, the emergence of multi-

cluster(non-global) flocking is possible only for the case � > 1. When the

2



CHAPTER 1. INTRODUCTION

communication weight is short-ranged, for example, it decays as the Coulomb

potential, Cucker and Smale showed that global flocking (or mono-cluster

flocking) is possible for some well-prepared initial configurations; further-

more, they suggested that local flocking (or multi-cluster flocking) configura-

tions might emerge for properly chosen initial configurations. In this thesis,

we focus on the su�cient conditions and properties to the local flocking phe-

nomena. Our main interest lies on the fact that even only a part of particles

can flock while others does not flock. It will be another story to show that

not all the particles flock.

We also treat variant models of C-S flocking model. One is the C-S model

with unit speed constraint, which has di↵erent properties on the law of con-

servations. We use similar approach as in the C-S model to get the flocking

result. In numerical simulations, we can see local flocking phenomena occur

easier than original model. However, it is hard to show that they do flock

since this model is more di�cult to get general flocking estimates. The other

is the hydrodynamic description of C-S model for a large number of parti-

cles through the kinetic equations. Using the mean-field limit process, the

equation (1.0.1) can be approximately described as partial di↵erential equa-

tions with mass density and bulk velocity. To avoid hydrodynamic di�culties

including the free boundary problem, we assumed su�cient regularity and

density while using the energy method. We focused on the use of arguments

from the particle-level system to show the existence of locally flocking smooth

solutions.

The rest of this thesis consists of eight chapters. In Chapter 2, we briefly

explain C-S model and the mathematical definition of flocking in this model.

We also give some elementary estimates for the C-S model and review the

global flocking result. In addition, we introduce other flocking models treated

in this thesis. In Chapter 3, as a starting point, we prove the existence of

bi-cluster flocking by suggesting a su�cient condition leads to the bi-cluster

flocking phenomena. The approaches of Chapter 3 are adopted as main meth-

ods in other chapters with technical modifications. In Chapter 4, we analyze

the multi-cluster flocking configurations in terms of the coupling strength K.

We also suggest some properties of multi-cluster flocking to see the di↵erence

and di�culties compared to the global flocking results. In Chapter 5 and 6,

3



CHAPTER 1. INTRODUCTION

we do the similar arguments on the Cucker-Smale model with unit speed

constraint. The existence of bi-cluster flocking is proved in Chapter 5, and

then we do further analysis on the coupling strength and other properties

in Chapter 6. After that, in Chapter 7, we consider two ensemble system

of original Cucker-Smale model with di↵erent network coupling strength.

Using two di↵erent ensembles, we focused on various scenarios of local flock-

ing phenomena. In Chapter 8, we generalize flocking results of particles to

the hydrodynamic system of Cucker-Smale ensembles. Using the Lagrangian

variables, we present a method to adopt the proofs of particle models in hy-

drodynamic models. Finally, Section 9 is devoted to a brief summary of the

thesis and further open topics.

Notation: Throughout the thesis, we use superscripts to denote the com-

ponents of a vector; for example x := (x1, · · · , xd) 2 Rd. Superscripts also

stand for powers when it can be easily distinguished. Subscripts are used to

represent the ordering of particles. In particular, for vectors x,v 2 Rd, its

`2-norm and the inner product are defined as follows:

kxk :=
 

d
X

i=1

(xi)2
!

1
2

, hx,vi :=
d
X

i=1

xivi,

where xi and vi are the i-th components of x and v, respectively.

4



Chapter 2

Preliminaries

In this chapter, we introduce basic properties of C-S model and review pre-

vious results on the flocking phenomena. We also mention modified models

treated in this thesis.

2.1 Flocking phenomena

First, we introduce definitions for the type of flockings in the C-S model

which will be used throughout the thesis.

Definition 2.1.1. [26, 47] Let G := {
�

xi(t),vi(t)
�

}Ni=1 be an ensemble of a

C-S flocking group.

1. The configuration G tends to a mono-cluster (global) flocking configu-

ration asymptotically if and only if the following two conditions hold:

sup
t�0
kxi(t)� xj(t)k <1, lim

t!1
kvi(t)� vj(t)k = 0, for all i, j.

2. A sub-configuration I := {
�

xi(t),vi(t)
�

}i2I for I ⇢ {1, 2, · · · , N} tends

to a flocking configuration asymptotically if and only if the following two

conditions hold:

sup
t�0
kxi(t)� xj(t)k <1, lim

t!1
kvi(t)� vj(t)k = 0, for all i, j 2 I.

5



CHAPTER 2. PRELIMINARIES

3. The configuration G tends to a multi-cluster(local) flocking configura-

tion asymptotically if and only if there exist subclasses

G↵ = {
�

x↵i(t),v↵i(t)
�

}N↵i=1, ↵ = 1, 2, · · · , n, such that

(i) |G↵| � 1, |G↵| = N↵,

n
X

↵=1

|G↵| = N, G =
[

G↵,

sup
t�0
kx↵i(t)� x↵j(t)k <1, lim

t!1
kv↵i(t)� v↵j(t)k = 0,

for any ↵ 2 {1, 2, · · · , n}, and 1  i 6= j  N↵.

(ii) sup
t�0
kx↵i(t)� x�j(t)k =1, for any ↵ 6= �, i, j.

In the Cucker-Smale equations with a positive communication weight, we

usually consider the emergent behaviors as t ! 1. With this concept, we

can classify the final relative positions into the two cases, bounded or not.

Hence the relative velocities play key roles to see the flocking phenomena.

Note that if the configuration G does not tend to the mono-cluster flocking,

then it goes to a multi-cluster flocking configuration asymptotically except

for measure zero critical cases. We can also see that the boundedness of rel-

ative positions is closely related to the velocity cohesion by comparison with

the heat equation as follows.

The most important feature of the C-S model is the interaction given by

relative velocities. For a function u of one space variable x with time variable

t, the heat equation can be described as follows:

@tu = ↵@2xu.

Let us consider the one dimensional space discretization xi = ih for some

h > 0. Then the equation becomes semi-discretized form,

dui(t)

dt
=
↵

h

✓

ui+1 � ui

h
+

ui�1 � ui

h

◆

, for all i.

Note that the right hand side consists of relative value of u. Hence the nonlo-

cal version of one dimensional semi-discretized heat equation with bounded

6



CHAPTER 2. PRELIMINARIES

domain can be described in a similar form of velocity dynamics in the C-S

model,

dui(t)

dt
=

N
X

j=1

K (j, i) (uj � ui) , for all i = 1, · · · , N,

where we used K instead of thermal di↵usivity ↵, and the communication

weight  (j, i) is nonnegative and bounded l1 norm. Therefore, we can con-

clude that velocities in the C-S model follows basic rules of heat dissipation,

which tend to stabilize to the same mean value.

This dissipative velocity gives us important properties to treat regular-

ity problems. We study the time-evolution of the first and second velocity

momenta along the dynamics of (1.0.1):

M1(t) :=
N
X

i=1

vi, M2(t) :=
N
X

i=1

kvik2. (2.1.1)

Lemma 2.1.1. Let (xi,vi) be a solution to (1.0.1)-(1.0.2). Then

M1(t) = M1(0), M2(t) M2(0), t � 0.

Proof. (i) The conservation of the total momentum follows from the anti-

symmetry of  (kxj � xik)(vj � vi) in the change of i and j.

(ii) Taking the inner product to the second equation in (1.0.1) with 2vi

and summing the resulting relation over all i yields

d

dt

N
X

i=1

kvik2 =
2K

N

N
X

i,j=1

 (kxj � xik)hvi,vj � vii

= �K

N

N
X

i,j=1

 (kxj � xik)kvj � vik2  0.

Thus M2(t) M2(0) for t � 0.

Note that the decreasing second momentum forces to control maximal

speed of particles. From now on, we will use
p

M2(0) only for the upper

bound of particle speed kvik.

7



CHAPTER 2. PRELIMINARIES

Before we start to look over global flocking, it is worth to note that the

definition of bi-cluster flocking is not an equilibrium point.

Remark 2.1.1. Note that mono-cluster flocking is a solution to the C-S

model, whereas a bi-cluster flocking configuration can not be a solution to

the C-S model, even if the communication weight is given by (1.0.2). For

example, suppose that the bi-cluster flocking configuration

v1, · · · , vk = u1, vk+1, · · · ,vN = u2, u1 6= u2,

satisfies the C-S system with (1.0.2) at t0 2 (0,1). Then, it follows from the

C-S model that for i  k,

0 =
�

�

�

dvi(t0)

dt

�

�

�

=

�

�

�

�

�

K

N

N
X

j=1

 (kxj(t0)� xi(t0)k)(vj(t0)� vi(t0))

�

�

�

�

�

=
Kku2 � u1k

N

N
X

j=k+1

 (kxj(t0)� xi(t0)k) > 0.

Thus, we have a contradiction unless  (kxj(t0) � xi(t0)k) = 0. However, a

bi-cluster flocking configuration can emerge asymptotically if

lim
t!1

N
X

j=k+1

 (kxj(t)� xi(t)k) = 0.

2.2 Two particle results

In this section, we discuss a two-particle system that has a di↵erent asymp-

totic flocking state depending on the initial conditions.

Consider a two-particle system on the real line R:

ẋ1 = v1, ẋ2 = v2, t > 0, xi, vi 2 R,

v̇1 =
K

2
 (|x2 � x1|)(v2 � v1),

v̇2 =
K

2
 (|x1 � x2|)(v1 � v2),

(xi, vi)(0) = (xi0, vi0).

(2.2.2)

8



CHAPTER 2. PRELIMINARIES

To reduce the number of equations in (2.2.2), we consider the spatial and

velocity di↵erences:

x := x1 � x2, v := v1 � v2.

Without loss of generality, we assume that

x0 > 0, v0 > 0. (2.2.3)

Then the di↵erences of x and v satisfy

ẋ = v, v̇ = �K (|x|)v,

or equivalently,

dv = �K (|x|)dx.

Integrating the above relation yields

v(t) = v0 �K

Z x(t)

x0

 (|y|)dy. (2.2.4)

Proposition 2.2.1. (Nonexistence of global flocking) Let (x, v) be the solu-

tion to system (2.2.2)-(2.2.3) with initial data satisfying

v0 � K

Z 1

x0

 (|y|)dy. (2.2.5)

Then there is no global flocking.

Proof. Suppose

v0 � K

Z 1

x0

 (|y|)dy.

Then, it follows from (2.2.4) that

v(t) = v0 �K

Z x(t)

x0

 (|y|)dy

� K

Z 1

x0

 (|y|)dy �K

Z x(t)

x0

 (|y|)dy = K

Z 1

x(t)

 (|y|)dy.

9



CHAPTER 2. PRELIMINARIES

Thus, we have

v(t) � K

Z 1

x(t)

 (|y|)dy. (2.2.6)

If global flocking occurs, then

sup
t�0

|x(t)| <1, lim
t!1

v(t) = 0. (2.2.7)

Note that the above two conditions (2.2.6) and (2.2.7) on x and v are not

compatible, i.e., if |x(t)|  x1 <1, then

v(t) � K

Z 1

x(t)

 (|y|)dy � K

Z 1

x1

 (|y|)dy,

which contradicts the fact that lim
t!1

v(t) = 0.

Therefore, there is no global flocking.

In the following two corollaries, we further analyze the long-time dynamics

of the two-particle system under condition (2.2.5).

Corollary 2.2.1. (Slow divergence in position) Let (x, v) be the solution

to the system (2.2.2)-(2.2.3) with initial data (x0, v0). Then the following

assertions hold:

1. If (x0, v0) satisfies

v0 = K

Z 1

x0

 (|y|)dy, (2.2.8)

then the positions of the two particles diverge with the same asymptotic

velocities.

2. If (x0, v0) satisfies

v0 > K

Z 1

x0

 (|y|)dy, (2.2.9)

then the positions of the two particles diverge with di↵erent asymptotic

velocities.

10
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Proof. (i) In this proof of corollary, we adopt an explicit communication

weight (1.0.2) for simplicity’s sake. If not, it can be calculated using qualita-

tive analysis on the integration of  . Suppose (x0, v0) satisfies

v0 = K

Z 1

x0

 (|y|)dy.

Using (2.2.4) and (2.2.8), we obtain

v(t) = v0 �K

Z x(t)

x0

 (|y|)dy

= K

Z 1

x(t)

 (|y|)dy

=
K

� � 1

1

(1 + x(t))��1 .

Thus, we obtain a first-order equation:

dx

dt
=

K

� � 1

1

(1 + x(t))��1 . (2.2.10)

Directly integrating (2.2.10) yields

x(t) =

✓

�Kt

� � 1
+ (1 + x0)

�

◆

1
�

� 1, v(t) =
K

� � 1

✓

�Kt

� � 1
+ (1 + x0)

�

◆

1
�

�1

.

The above explicit formula implies

lim
t!1

x(t) =1, lim
t!1

v(t) = 0.

Note that the velocity di↵erence of v goes to zero at the rate of t�(1� 1
�

).

(ii) Suppose (x0, v0) satisfies (2.2.9). It follows from (2.2.4) that

v(t) = v0 �K

Z x(t)

x0

 (|y|)dy

= v0 �K

Z 1

x0

 (|y|)dy +K

Z 1

x(t)

 (|y|)dy.
(2.2.11)

11
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Note that (2.2.11) implies

v(t) � v0 �K

Z 1

x0

 (|y|)dy > 0, t � 0.

Thus, the asymptotic velocities are not equal. On the other hand, if we set

v1 := v0 �K

Z 1

x0

 (|y|)dy,

then (2.2.11) implies

dx

dt
= v1 +

K

� � 1
(1 + x(t))1�� .

Clearly, x(t) increases faster than v1t by the comparison theorem.

2.3 Review on the global flocking

In this section, we briefly review the su�cient conditions for the emergence

of global flocking (mono-cluster flocking) for the C-S model in (1.0.1)-(1.0.2).

Global flocking formation was first studied by Cucker and Smale [26]. They

provided a su�cient condition that particles tends to flock globally for an

algebraically decaying communication weight (1.0.3) with � � 0. For the

long-ranged communication weight, they showed that mono-cluster flocking

always occurs. Moreover, for the short-ranged communication weight, they

showed that it occurs for initial configurations close to the flocking state.

Later, Cucker and Smale’s results were further generalized to general non-

increasing communication weights using the energy method and Lyapunov

functional approach, which was based on the `2-norm [47, 49]. In this case,

the aforementioned results are dependent on the number of particles; thus,

they can not be used in the mean-field limit, i.e., they do not provide corre-

sponding results for the mean-field kinetic model. Later, a slightly modified

approach based on `1 was employed for the flocking analysis of C-S commu-

nication weights [14] and general nonincreasing communication weights [1].

The following theorem is most relevant result on the mono-cluster flocking

configuration.

12
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Theorem 2.3.1. [47]. Suppose that the communication weight  is nonneg-

ative, Lipschitz continuous, and nonincreasing, i.e.,

 (r) � 0, r � 0,  (·) 2 Lip(R+) and

( (r2)�  (r1))(r2 � r1)  0, r1, r2 � 0.

Let (x,v) be a solution to (1.0.1)-(1.0.2) with initial data (x0,v0) satisfying

the following condition:

kx0k > 0, kv0k <
K

2

Z 1

kx0k
 (2r)dr. (2.3.12)

Then there exists a positive number xM such that

sup
t�0
kx(t)k  xM , kv(t)k  kv0ke� (2xM

)t, t � 0.

Note that Theorem 2.1 yields a su�cient condition for mono-cluster flock-

ing. The condition is quite similar to that of Proposition 2.2.1. The natural

question is what phenomenon will appear if conditions in (2.3.12) are vio-

lated. In Chapter 3, we will study the case 2 of Corollary 2.2.1 for N -body

system when the su�cient condition (2.3.12) for a global flocking conditions

does not hold. The non-flocking property of two particle system is also similar

to that of the N -body system.

2.4 Cucker-Smale model with unit speed con-

straint

Until the previous section, we discussed on the C-S flocking model. In the

remaining part of this Chapter, we suggest two variant models of C-S model.

Here, the C-S model with unit speed constraint will be our concern. It will

be analyzed in the same level as the original C-S model in Chapter 5 and

6. We can get the similar result on flocking behavior with technical detours

and more restricted conditions.

The Cucker-Smale model with unit speed constraint is one of the variant

model inspired by Viscek’s work. The modeling of flocking phenomena was

13
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first introduced by Vicsek’s group [75] in the physics community and the

unit speed constraint was employed in relation with the phase models for

synchronization. In [20], they discussed the mono-cluster flocking for the

Cucker-Smale model with unit speed constraint,

ẋi = vi, t > 0, i = 1, · · · , N,

v̇i =
K

N

N
X

j=1

 (kxj � xik)
✓

vj �
hvj,vii
hvi,vii

vi

◆

,

(xi,vi)(0) = (xi0,vi0), kvi0k = 1,

(2.4.13)

where K and  are same parameters in (1.0.1).

The conservation of speed also is described in [20].

Lemma 2.4.1. [20] We set

A(v) := min
i 6=j
hvi,vji.

Let
�

xi(t),vi(t)
�

be a global solution to system (2.4.13) with initial data with

unit speed constraint:

kvi0k = 1, 1  i  N, A(v0) > 0.

Then, we have

(i) kvi(t)k = 1, for all t � 0, i = 1, · · · , N,

(ii) A(v(t)) � A(v0), t � 0.

Since the agent-based model (2.4.13) can be derived from the C-S model,

we begin our discussion with the C-S model. In Section 2.3, we mentioned that

the emergence of mono-cluster flocking in [26] depends on the far-field behav-

ior of the communication rate  (·) and the initial configuration. Moreover,

once mono-cluster flocking is guaranteed to occur, the asymptotic velocity of

the agent can be determined a priori by the conservation of momentum:

N
X

i=1

vi(t) =
N
X

i=1

vi0, t � 0, lim
t!1

vi(t) =
1

N

N
X

j=1

vj0.

14
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Due to the tradeo↵, it does not preserve the speed of particles. On the other

hand, the lack of symmetry in (2.4.13) makes the conservation of speed on

each particle instead of that of momentum. This causes the major di�culty

on the analysis of flocking parameters. In the following two subsections, we

discuss our two agent-based models with unit speed constraints.

2.4.1 A generalized J-K model

In [39], Ha, Jeong, and Kang derived a generalized J-K model from the C-S

model in (1.0.1):

ẋi = (cos ✓i, sin ✓i), i = 1, 2, · · · , N,

✓̇i =
K

N

N
X

k=1

 (kxk � xik) sin(✓k � ✓i).
(2.4.14)

In the control theory community, the planar J-K model is often used as

a flocking model for self-propelled agents moving with unit speed. Because

of the unit speed ansatz and planar nature of the model, the velocity can be

rewritten by using the velocity phase ✓i:

vi = (cos ✓i, sin ✓i) = e
p�1✓

i . (2.4.15)

Substituting (2.4.15) into the C-S model with the all-to-all communication

weight  = 1, the imaginary part of the velocity equation can be utilized to

formally derive the agent-based model:

ẋi = (cos ✓i, sin ✓i), i = 1, 2, · · · , N,

✓̇i =
K

N

N
X

k=1

sin(✓k � ✓i).
(2.4.16)

Note that the subsystem for velocity phase ✓i in (2.4.16) is equivalent to the

Kuramoto model for identical oscillators.

Emergence of mono-cluster flocking

In [39], they also showed that mono-flocking occurs if heading-angles of agents

are confined to a half circle and satisfy some additional conditions. For com-

parison to our main results in Chapter 5 and 6, we briefly summarize the
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main result of [39]. First, we introduce velocity phase and spatial position

diameters. For a given velocity phase ⇥ and position x, set

D(⇥(t)) := max
1i,jN

|✓i(t)�✓j(t)|, D(x(t)) := max
1i,jN

kxi(t)�xj(t)k, t � 0.

Theorem 2.4.1. [39] Suppose that the initial data (⇥0,x0) satisfy

0 < D(⇥0) < min
n

⇡,
C(K,⇥0)

2

Z 1

D(x0)

 (s)ds
o

.

Then there exists a positive constant D1 <1 such that

sup
t�0

D(x(t))  D1, D(⇥(t))  D(⇥0) exp
h

� C(K,⇥0) (D
1)t

i

, t � 0,

where C(K,⇥0) is a positive constant defined by

C(K,⇥0) :=
K sinD(⇥0)

D(⇥0)
.

Emergence of bi-cluster flocking

Consider the generalized J-K system in (2.4.14) for two agents. Let (x1,v1)

and (x2,v2) be the states of the two agents governed by the following system:
8

>

>

>

>

<

>

>

>

>

:

ẋ1 = (cos ✓1, sin ✓1), ẋ2 = (cos ✓2, sin ✓2),

✓̇1 =
K

2
 (kx2 � x1k) sin(✓2 � ✓1),

✓̇2 =
K

2
 (kx1 � x2k) sin(✓1 � ✓2),

(2.4.17)

with well-prepared initial data:

x1(0) = (cos ✓0, sin ✓0), ✓1(0) = ✓0,

x2(0) = (cos ✓0,� sin ✓0), ✓2(0) = �✓0.
(2.4.18)

Below, we will show that system (2.4.17) with well-prepared initial data

(2.4.18) exhibits asymptotic bi-cluster flocking. Note that it follows from the

velocity equations in (2.4.17) that

✓1(t) + ✓2(t) = ✓1(0) + ✓2(0) = 0, i.e., ✓1(t) = �✓2(t), t � 0. (2.4.19)

16
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Then relation (2.4.19) and the equations for x1 and x2 imply

x1
1(t) = x1

2(t), x2
1(t) = �x2

2(t), t � 0.

This yields

|x1(t)� x2(t)| = |x2
1(t)� x2

2(t)| = 2|x2
1(t)|, t � 0. (2.4.20)

From (2.4.19) and (2.4.20), we set x and ✓ as follows:

x(t) := x2
1(t) and ✓(t) := ✓1(t), t � 0.

Lemma 2.4.2. Let (xi, ✓i) be a solution to system (2.4.17) and (2.4.18)

satisfying

x(0) = x0 > 0 and ✓(0) = ✓0 2 [0,
⇡

2
).

Then x(t) and ✓(t) satisfy

ln
1 + sin ✓(t)

1� sin ✓(t)
= ln

1 + sin ✓0
1� sin ✓0

�K

Z 2x(t)

2x0

 (⇠)d⇠, t � 0.

Proof. Note that x and ✓ satisfy

ẋ = sin ✓, ✓̇ = �K (2x) sin ✓ cos ✓, t > 0. (2.4.21)

This yields
d✓

cos ✓
= �K (2x) sin ✓dt = �K (2x)dx. (2.4.22)

Integrating (2.4.22) yields the desired estimate.

Next, we show that bi-cluster flocking can occur for some class of initial

configurations.

Proposition 2.4.1. (Nonexistence of global flocking) Let (x, ✓) be the solu-

tion to system (2.4.21) with initial data satisfying

x0 > 0, ✓0 2 [0,
⇡

2
) and ln

1 + sin ✓0
1� sin ✓0

� K

Z 1

2x0

 (⇠)d⇠.

Then there is no global flocking. In particular,

lim sup
t!1

|x(t)| =1.

17
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Proof. Suppose that initial data satisfy

ln
1 + sin ✓0
1� sin ✓0

� K

Z 1

2x0

 (⇠)d⇠.

Then it follows from Lemma 2.4.2 that

ln
1 + sin ✓(t)

1� sin ✓(t)
= ln

1 + sin ✓0
1� sin ✓0

�K
⇣

Z 1

2x0

 (⇠)d⇠ �
Z 1

2x(t)

 (⇠)d⇠
⌘

.

This yields

ln
1 + sin ✓(t)

1� sin ✓(t)
� K

Z 1

2x(t)

 (y)dy.

Now, suppose global flocking occurs, i.e.,

sup
t>0

|x(t)| <1 and lim
t!1

✓(t) = 0. (2.4.23)

Then it follows from the first condition that there exists x1 such that

|x(t)|  x1 <1 for all t > 0.

Thus, we have

ln
1 + sin ✓(t)

1� sin ✓(t)
� K

Z 1

2x1

 (⇠)d⇠ > 0, t � 0,

which contradicts the second relation lim
t!1

✓(t) = 0 in (2.4.23).

Remark 2.4.1. Note that for the multi-dimensional C-S model, if the ini-

tial data satisfies a symmetry condition, it can also be reduced to the above

situation. For example,

v1 = �v2, x2 = �x1, x1 = kv1, for some k > 0.

2.4.2 A multi-dimensional C-S type model

In this subsection, we briefly discuss our multi-dimensional C-S model with

unit speed. In [24], Choi and Ha studied how to couple C-S flocking dynamics

18



CHAPTER 2. PRELIMINARIES

and the unit speed constraint assumption using the idea of quantum synchro-

nization introduced by Lohe [60].

Consider the one-dimensional line ` spanned by the unit vector v

i

kv
i

k . Then
the orthogonal projection of vk onto the line ` is given by

Proj`vk =
D

vk,
vi

kvik
E

vi

kvik
= v

k
k.

Thus, vk can be decomposed as the sum of the tangential and orthogonal

components with respect to ` as follows:

vk = v

k
k + v

?
k , v

k
k :=

D

vk,
vi

kvik
E

vi

kvik
, v

?
k := vk �

hvk,vii
hvi,vii

vi.

The force Fik of the i-agent acts on the k-th agent as follows:

Fik =  (kxk � xik)
⇣

vk �
hvk,vii
hvi,vii

vi

⌘

. (2.4.24)

Note that (2.4.24) yields

hvi,Fiki = 0.

Finally, we combine (1.0.1) and (2.4.24) to obtain the desired C-S model in

(2.4.13) with the unit speed constraint:

ẋi = vi, i = 1, 2, · · · , N,

v̇i =
K

N

N
X

k=1

 (kxk � xik)
✓

vk �
hvi,vki
hvi,vii

vi

◆

. (2.4.25)

It is easy to verify that total momentum is not conserved in system (2.4.13),

but the speed of each particle is conserved, i.e.,

N
X

i=1

vi(t) 6=
N
X

i=1

vi0,
dkvik
dt

= 0, 1  i  N, t � 0.

Lemma 2.4.3. Let (xi,vi) be a solution to system (2.4.25). Then the speed

of the agents is constant along the flow of (2.4.25), i.e.,

kvi(t)k = kvi0k, t � 0.
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Proof. It follows from the equation of (2.4.25) that

1

2

dkvik2
dt

=
K

N

N
X

k=1

 (kxk � xik)
✓

hvk,vii �
hvk,vii
hvi,vii

hvi,vii
◆

= 0.

This implies

kvi(t)k = kvi(0)k, t � 0.

We fix several functionalsD(x), D(v) for a configuration (x,v) 2 Rd⇥Rd,

D(x) := max
1i,jN

kxi � xjk, D(v) := max
1i,jN

kvi � vjk.

Now, we briefly recall a result for the formation of mono-cluster flocking in

[24]. Here A(v) is as in Lemma 2.4.1.

Theorem 2.4.2. [24] Suppose that the communication weight  and initial

configuration (x0,v0) satisfy the following conditions:

(i) kvi0k = 1, 1  i  N, A(v0) > 0,

(ii) 0 < D(v0) < KC0 min
n

Z 1

D(x0)

 (s)ds,

Z D(x0)

0

 (s)ds
o

.

Then there exists a unique solution (x(t), v(t)) to system (2.4.13) satisfying

asymptotic mono-cluster flocking:

sup
t�0

D(x(t)) < D1, D(v(t))  D(v0) exp
⇣

�KC0 (D
1)t

⌘

, t � 0,

where D1 is a positive constant implicitly defined by the following relation:

D(v0) := KC0

Z D1

D(x0)

 (s)ds.

2.5 Hydrodynamic descriptions of Cucker-Smale

model

When the number of particles is su�ciently large and the whole ensemble is

close to a flocking state, the dynamics of the ensemble of C-S flocking particles
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can be approximated by a hydrodynamic model for mass density and bulk

velocity. More precisely, let ⇢ = ⇢(x, t) and u = u(x, t) be the mass density

and bulk velocity of the C-S ensemble at position x 2 Rd and time t 2 R+.

Here ⇢ and u play as the mono-kinetic ansatz. In this situation, the temporal-

spatial evolution of (⇢, u) is governed by the following hydrodynamic C-S

model:

@t⇢+r · (⇢u) = 0, x 2 Rd, t > 0,

⇢@tu+ ⇢u ·ru = �⇢
Z

Rd

 (|y � x|)(u(x)� u(y))⇢(y)dy,

(⇢, u)(x, 0) = (⇢0, u0),

(2.5.26)

where  is a nonnegative coupling strength and  =  (|x� y|) is a bounded

Lipschitz continuous communication weight satisfying the conditions

 � 0, k kL1 + k kLip <1, ( (r1)�  (r2))(r1 � r2)  0, r1, r2 > 0,

(2.5.27)

which is already mentioned in Theorem 2.3.1.

Throughout the hydrodynamic part, we denote a spatial element x instead

of x and the communication weight  instead ofK for a simple notation. Also,

we suppress the t dependence in ⇢ and u, as long as there is no confusion;

⇢(x) := ⇢(x, t), u(x) := u(x, t).

The system comprising (2.5.26) and (2.5.27) arises as a hydrodynamic model

for the macroscopic description [38, 49] of the ensemble of C-S particles, when

the continuum flocking group is close to a flocking configuration (see Section

2.1). Note that, in the formal zero coupling limit ! 0, this system reduces

to pressureless gas dynamics, which has been extensively studied in the hyper-

bolic conservation law community [6, 7, 8, 9, 10, 16, 32, 64, 70, 76, 77, 78, 80].

For a mesoscopic description, we refer to the Vlasov-McKean type equation

[3, 4, 33, 35, 49, 47, 52, 53].

In order to compare with the particle model, It is worth to see the limit

process. From the particle to the ensemble, The kinetic description of Cucker-

Smale model serves as an intermediate equation. The kinetic equation can be
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derived through mean-field limit from the particle model [48]. For a space-

velocity density function f(x, v, t),

@tf + v ·rxf +rv(fL[f ]) = 0, x, v 2 Rd, t > 0,

L[f ] = 

Z

R2d

 (|y � x|)(w � v)f(y, w, t)dydw,

f(x, v, 0) = f0(x, v).

(2.5.28)

We can get the hydrodynamic description (2.5.26) if the system is already

locally flocked, in other words, the density function follows the mono-kinetic

ansatz f(x, v, t) = ⇢(x, t)�u(x,t)(x, t). In [48], they rigorously proved the global

limit process from the particle model to the kinetic equation.

In Chapter 8, we consider the situation in which two homogeneous ensem-

bles of C-S particles are interacting and then look for su�cient conditions

leading to two scenarios: “mono-cluster flocking” and “bi-cluster flocking”

asymptotically (see Definition 8.2.1 for their formal definitions). To describe

such a situation, we adopt a coupled system of hydrodynamic models (2.5.26)

for (⇢i, ui), i = 1, 2:

@t⇢1 +r · (⇢1u1) = 0, @t⇢2 +r · (⇢2u2) = 0, (x, t) 2 Rd ⇥ R+,

⇢1@tu1 + ⇢1u1 ·ru1

= 11

Z

⌦1(t)

⇢1(x)⇢1(y) (|y � x|)(u1(y)� u1(x))dy

+ 12

Z

⌦2(t)

⇢1(x)⇢2(y) (|y � x|)(u2(y)� u1(x))dy,

⇢2@tu2 + ⇢2u2 ·ru2

= 22

Z

⌦2(t)

⇢2(x)⇢2(y) (|y � x|)(u2(y)� u2(x))dy

+ 21

Z

⌦1(t)

⇢2(x)⇢1(y) (|y � x|)(u1(y)� u2(x))dy,

(2.5.29)

subject to initial data

(⇢i, ui)(x, 0) = (⇢i0, ui0), x 2 Rd, i = 1, 2. (2.5.30)
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Here the fluid regions ⌦1(t) and ⌦2(t) are the connected compact supports

of the densities ⇢1 and ⇢2 at time t, respectively, and ii and ij are intra-

and intercoupling strengths, which are assumed to be nonnegative.

Note that, when the intercoupling strengths ij are turned o↵, system

(2.5.29) becomes a juxtaposition of the identical C-S system (2.5.26). In our

setting, one of the natural questions in relation to the asymptotic dynamics

of the coupled system (2.5.29) is to identify the possible dynamic features de-

pending on the relative strengths of the inter- and intracoupling strengths ij,

communication weight  , and initial configuration. There might be several

plausible asymptotic scenarios, but, among others, we are mainly interested

in two possible asymptotic pictures: merging of two local clusters or splitting

of one cluster into several clusters. In Chapter 8, we will use the Lagrangian

formulation in order to track the individual behaviors among the bulk den-

sity.
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Chapter 3

Existence of bi-cluster flocking

In this chapter, we present a possible scenario on bi-cluster flocking by sug-

gesting a set of initial data and coupling parameters, which tends to bi-cluster

flocking configurations asymptotically. The possibility of multi-cluster flock-

ing was already mentioned in [26], the first paper of Cucker and Smale on

the flocking model. It is a natural consequence that the multi-cluster flock-

ing configurations can emerge from non-flocking conditions. However, the

existence and stability were not proved analytically. One of major di�culty

is that the flocking configurations are naturally a property at infinite time,

therefore, it seems too hard to distinguish local flocking groups from initial

data. First, we suggest well-prepared initial configurations, and then we will

prove that it tends to bi-cluster flocking configurations analytically and also

see it numerically. Moreover, we prove that the convergence rate of speed is

determined by the decay rate of communication weight, where we assumed

algebraic decreasing. This chapter is based on the joint work in [18].

3.1 A framework for bi-cluster flocking

In this section, we present a formulation for the asymptotic formation of

bi-cluster flocking configurations for a many-body system with N number of

particles. At the end of the section, we present a non-trivial initial configu-

rations of which solutions satisfy the desired bi-cluster flocking estimates.

Suppose that the initial configuration is close to the linear combination of
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two diverging Dirac measures �(x1,v1) + �(x2,v2):

hx1 � x2,v2 � v1i < 0.

Furthermore, suppose that the coupling strength between two flocking groups

is su�ciently weak. In this situation, it is reasonable to expect the emergence

of bi-cluster flocking configurations. Under this scenario, we will prove that

each agent’s velocity converges to a constant velocity, and we analyze it

properties such as the rate of the convergence.

3.1.1 Reformulation of the C-S model

In order to get simple notations, we reformulate the C-S model in (1.0.1) for

the study of bi-flocking configurations. We need to derive a coupled system

of ordinary di↵erential equations in terms of micro fluctuations and macro

local averages in position and velocity.

Consider a C-S flocking system composed of two local flocking groups G1

and G2 with |G1| = N1 and |G2| = N2. To register a membership and order

in each group, we use a double subscript, (x↵i, v↵i), to denote the spatial-

velocity position of the i-th member in the G↵-group (↵ = 1, 2). In this

setting, the interaction terms can be split into intra and inter interactions,

and the original C-S model (1.0.1) can be rewritten as

ẋ1i = v1i, ẋ2j = v2j, i = 1, · · · , N1, j = 1, · · · , N2,

v̇1i =
K

N

N1
X

k=1

 (kx1k � x1ik)(v1k � v1i) +
K

N

N2
X

k=1

 (kx2k � x1ik)(v2k � v1i),

v̇2j =
K

N

N2
X

k=1

 (kx2k � x2jk)(v2k � v2j) +
K

N

N1
X

k=1

 (kx1k � x2jk)(v1k � v2j).

(3.1.1)

Next, we introduce local velocity averages and local fluctuations to decom-

pose (3.1.1) into a coupled macro-micro system:

x1c :=
1

N1

N1
X

i=1

x1i, x2c :=
1

N2

N2
X

j=1

x2j,
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v1c :=
1

N1

N1
X

i=1

v1i, v2c :=
1

N2

N2
X

j=1

v2j,

x̂↵i = x↵i � x↵c, v̂↵i = v↵i � v↵c, ↵ = 1, 2.

We also study the relations between local fluctuations.

Lemma 3.1.1. Let (x,v) be the solution to the system (3.1.1) and (1.0.2).

Then, we have

(i) N1v1c(t) +N2v2c(t) = M1(0), t � 0.

(ii) kv̂↵k2 +N↵kv↵c(t)k2 = kv↵k2, ↵ = 1, 2,

where the following simplified notation is used:

kv̂↵k2 :=
N
↵

X

i=1

kv̂↵i(t)k2, kv↵k2 :=
N
↵

X

i=1

kv↵i(t)k2.

Proof. (i) Note that

N1v1c +N2v2c =
N1
X

i=1

v1i +
N2
X

i=1

v2i = M1(t) = M1(0).

The first momentum M1(t) was defined in (2.1.1).

(ii) By definition of local fluctuations, it follows that for ↵ = 1, 2,

N
↵

X

i=1

kv̂↵ik2 =
N
↵

X

i=1

kv↵i � v↵ck2

=
N
↵

X

i=1

⇣

kv↵ik2 + kv↵ck2 � 2hv↵i,v↵ci
⌘

=
N
↵

X

i=1

kv↵ik2 +N↵kv↵ck2 � 2
D

N
↵

X

i=1

v↵i,v↵c

E

=
N
↵

X

i=1

kv↵ik2 �N↵kv↵ck2,

which follows from the fact that
N
↵

X

i=1

v↵i = N↵v↵c.
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Remark 3.1.1. It follows from Lemma 4.1 (ii) that

kv1ck2 + kv2ck2 
1

min{N1, N2}
⇣

N1
X

i=1

kv1ik2 +
N2
X

i=1

kv2ik2
⌘

.

Lemma 3.1.2. Let (x,v) be the solution to the system (3.1.1) and (1.0.2).

Then, the local averages and fluctuations satisfy

ẋ1c = v1c, ẋ2c = v2c, t > 0,

N1v̇1c = �
K

N

N1
X

i=1

N2
X

j=1

 (kx2j � x1ik)(v1i � v2j),

N2v̇2c = �
K

N

N1
X

i=1

N2
X

j=1

 (kx2j � x1ik)(v2j � v1i),

(3.1.2)

and
8

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

>

:

˙̂
x1i = v̂1i, ˙̂

x2j = v̂2j,

˙̂
v1i = �v̇1c +

K

N

N1
X

k=1

 (kx1k � x1ik)(v̂1k � v̂1i)

+
K

N

N2
X

k=1

 (kx2k � x1ik)(v̂2k � v̂1i) +
K

N

N2
X

k=1

 (kx2k � x1ik)(v2c � v1c),

˙̂
v2j = �v̇2c +

K

N

N2
X

k=1

 (kx2k � x2jk)(v̂2k � v̂2j)

+
K

N

N1
X

k=1

 (kx1k � x2jk)(v̂1k � v̂2j) +
K

N

N1
X

k=1

 (kx1k � x2jk)(v1c � v2c).

(3.1.3)

Proof. (i) (Derivation of (3.1.2)): Summing (3.1.1) for i = 1, · · · , N1 yields

N1
X

i=1

v̇1i =
K

N

N1
X

i=1

N1
X

j=1

 (kx1j � x1ik)(v1j � v1i)

+
K

N

N1
X

i=1

N2
X

j=1

 (kx2j � x1ik)(v2j � v1i).
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The first term on the right-hand side becomes zero by the skew-symmetry

property. Interchanging i and j and using the fact that

N1
X

i=1

v1i = N1v1c,

we conclude

N1v̇1c = �
K

N

N1
X

i=1

N2
X

j=1

 (kx2j � x1ik)(v1i � v2j).

Similarly, we have its counterpart of v̇2c.

(ii) (Derivation of (3.1.3)): It follows from the equations (3.1.1).

3.1.2 Derivation of a dissipative di↵erential inequali-

ties

In this subsection, we introduce two `2-type functionals to describe the local

flocking process:

X := kx̂1k+ kx̂2k, V := kv̂1k+ kv̂2k.

The functionals X and V measure the spatial and velocity fluctuations around

the local averages, respectively. We denote �v as the average velocity di↵er-

ence between the two local groups,

�v := v1c � v2c.

Since this is not a scalar, we usually use its inner product with some fixed

unit vector e,

�v · e := (v1c � v2c) · e.
Next, we derive di↵erential inequalities for the above quantities.

Lemma 3.1.3. Let (x↵c,v↵c), (x̂↵i, v̂↵i) ↵ = 1, 2 be the solution to system

(3.1.2)-(3.1.3) with V(0) > 0. Then the functionals (X ,V ,�v) satisfy the

following coupled system of dissipative di↵erential inequalities (SDDI):

(i) |Ẋ |  V ,
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(ii) V̇  �Kmin{N1, N2}
N

 (
p
2X )V + 2

p
2K

p

M2(0) M ,

(iii)�̇v · e � �K
s

2M2(0)

min{N1, N2}
 M ,

where e is a fixed unit vector and the maximal communication weights  M

represent the maximal value of communication between di↵erent groups, which

is defined as follows:

 M(t) := max
i,j

 (kx2j � x1ik).

Proof. (i) The estimates for Ẋ follows directly from Cauchy-Schwarz’s in-

equality.

(ii) For the time-evolution of kv̂1k, we multiply (3.1.3) by 2v̂1i and sum

over i = 1, · · · , N1 to obtain

d

dt

N1
X

i=1

kv̂1ik2 =
2K

N

N1
X

i=1

N1
X

j=1

 (kx1j � x1ik)hv̂1i, v̂1j � v̂1ii

+
2K

N

N1
X

i=1

N2
X

j=1

 (kx2j � x1ik)hv̂1i, v̂2j � v̂1ii

+
2K

N

N1
X

i=1

N2
X

j=1

 (kx2j � x1ik)hv̂1i,v2c � v1ci

=: I01 + I02 + I03.

(3.1.4)

Next, we estimate the terms I01, I02, and I03, separately.

• (Estimate of I01): We use the standard interchanging trick (i $ j) and

kx1j � x1ik 
p
2X to obtain

I01 = �
K

N

N1
X

i=1

N1
X

j=1

 (kx1j � x1ik)kv̂1j � v̂1ik2  �
2KN1 (

p
2X )

N
kv̂1k2.

(3.1.5)
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• (Estimate of I02): We use

 (kx2j � x1ik)   M ,

N1
X

i=1

N2
X

j=1

kv̂1ikkv̂2jk =
 

N1
X

i=1

kv̂1ik
! 

N2
X

j=1

kv̂2jk
!


p

N1N2kv̂1kkv̂2k,

to obtain

I02 
2K
p
N1N2

N
 Mkv̂1kkv̂2k. (3.1.6)

• (Estimate of I03): We use
N1
X

i=1

kv̂1ik 
p

N1kv̂1k to estimate

I03 
2K

N
 MN2

p

N1kv̂1kkv1c � v2ck. (3.1.7)

In (3.1.4), estimates (3.1.5), (3.1.6), and (3.1.7) are combined to obtain

dkv̂1k
dt

 �KN1 (
p
2X )

N
kv̂1k+

K
p
N1N2

N
 M

⇣

kv̂2k+
p

N2kv1c � v2ck
⌘

.

(3.1.8)

Similarly,

dkv̂2k
dt

 �KN2 (
p
2X )

N
kv̂2k+

K
p
N1N2

N
 M

⇣

kv̂1k+
p

N1kv1c � v2ck
⌘

.

(3.1.9)

Combining (3.1.8) and (3.1.9) yields

V̇  �Kmin{N1, N2}
N

 (
p
2X )V +

K

N

p

N1N2 MP1, (3.1.10)

where P1 indicates

P1 =
⇣

kv̂1k+ kv̂2k+ (
p

N1 +
p

N2)kv1c � v2ck
⌘

.
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Furthermore, this term P1 can be treated as follows:

(kv̂1k+ kv̂2k+ (
p

N1 +
p

N2)kv1c � v2ck)2

 4(kv̂1k2 + kv̂2k2 + (N1 +N2)kv1c � v2ck2)
 4(kv̂1k2 + kv̂2k2 + 2Nkv1ck2 + 2Nkv2ck2)

 4(
2N

N1
kv1k2 +

2N

N2
kv2k2) 

8N

min{N1, N2}
M2(t)

 8N2

min{N1, N2}max{N1, N2}
M2(0).

(3.1.11)

Finally, (3.1.10) and (3.1.11) are combined to derive

V̇  �Kmin{N1, N2}
N

 (
p
2X )V + 2

p
2K

p

M2(0) M .

Here we used the elementary identity:

min{N1, N2}max{N1, N2} = N1N2. (3.1.12)

(iii) We use the formulas for N1v̇1c and N2v̇2c in Lemma 3.2 to see

d

dt
(v1c � v2c) · e = � K

N1N2

N1
X

i=1

N2
X

j=1

 (kx2j � x1ik)(v1i � v2j) · e. (3.1.13)

In (3.1.13), we use the fact that  (kx2j � x1ik)   M to find

d

dt
�v · e � �

K

N1N2
 M

N1
X

i=1

N2
X

j=1

(|v1i · e|+ |v2j · e|) . (3.1.14)

Then, we use (3.1.12) and

N1
X

i=1

N2
X

j=1

(|v1i · e|+ |v2j · e|) 
N1
X

i=1

(
p

N2kv2k+N2kv1ik)

 N1

p

N2kv2k+N2

p

N1kv1k

p

2N1N2 max{N1, N2}M2(0)

(3.1.15)

to obtain
d

dt
�v · e � �K

s

2M2(0)

min{N1, N2}
 M .
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3.1.3 Well-prepared initial configurations

In this subsection, we present a class of well-prepared initial configurations

leading to bi-cluster flocking configurations. We now introduce parameters

and delineate a class S of well-prepared initial data:

S := {(x0,v0) 2 R2dN : (C00), (C01) and (C02) hold}.

• (C00)(Parameters): For some fixed unit vector e, the following param-

eters are chosen to be positive and satisfy:

N � 3, 2↵0(e) := �v(0) · e, V0 := V(0),
X0 := X (0), r0(e) := min

i,j
{(x1i(0)� x2j(0)) · e} .

• (C01)(Small perturbations): The local velocity fluctuations are su�-

ciently small to satisfy

V0 <
Kmin{N1, N2}

2N

Z 1

X0

 (
p
2x)dx.

• (C02)(Close to bi-cluster): The initial configuration is close to the sum

of two big clusters, which are expected to have asymptotic bi-cluster

flocking; in particular,

↵0(e) > 4
p
2V0,

Z 1

r0(e)

 (x)dx <
↵0(e)V0

2
p
2K

p

M2(0)
,

where e is the same vector in (C00).

Note that e is just a fixed parameter for convenience. Condition (C00) says
that two groups are distinguished by a plane and moving against that plane.

Condition (C01) implies that the initial velocity perturbations are su�ciently

small, whereas condition (C02) is introduced to guarantee that initially two

local groups are close to the diverging two-particle system, which is the sit-

uation we mentioned at the beginning of this chapter. Moreover, note that
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(C01) only depends on X0 and V0. If we choose r0 suitably large, (C02) al-

ways holds. This implies that the initial data set is non-empty. Of course,

the conditions (C00)� (C02) are su�cient condition as in the global flocking

analysis. In the sequel, for notational simplicity, we suppress h-dependence

on ↵0(e) and r0(e), i.e.,

↵0 ⌘ ↵0(e), r0 ⌘ r0(e).

3.2 Analysis of the bi-cluster flocking phe-

nomenon

In this section, we prove the non-trivial initial configurations stated in the

last section satisfy the desired bi-cluster flocking estimates.

For the proof, we use the continuity argument to show that the global

solutions satisfy the desired bi-cluster flocking estimates. More precisely, our

strategy combines the estimates in Lemma 3.1.3 with the continuity argu-

ment, which can be summarized in the following three steps:

• Step A: Introduce an admissible set of initial configurations S leading

to bi-cluster flocking configurations.

• Step B: Use the system of SDDI in Lemma 3.1.3 to show that the

desired bi-cluster flocking estimates hold for some finite time interval

[0, T ).

• Step C: By the continuity argument, T can be extended to infinity.

Finally, conclude that the global solutions with initial data in S satisfy

the desired bi-cluster flocking estimates.

Each step will be discussed in the following three subsections.
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3.2.1 Some elementary estimates in finite-time

In this subsection, we provide estimates for the `2-type functionals V and �k
v

using the estimates given in Lemma 3.1.3.

First, note that for any i and j,

min
i,j
kx1i(0)� x2j(0)k � min

i,j
{(x1i(0)� x2j(0)) · e} > r0 > 0.

By the continuity of solutions, there exists T > 0 such that

min
i,j
kx1i(t)� x2j(t)k > ↵0t+ r0, for t 2 [0, T ). (3.2.1)

We now define T ⇤ to be the supremum among all T satisfying (3.2.1). We

will show that T ⇤ =1 by the continuity argument.

Suppose not, i.e.,T ⇤ <1. Then there exists i0 and j0 such that

min
i,j
kx1i(T

⇤)� x2j(T
⇤)k = kx1i0(T

⇤)� x2j0(T
⇤)k = ↵0T

⇤ + r0. (3.2.2)

By the non-increasing property of  , we have

 M(t) = max
i,j

 (kx1i(t)� x2j(t)k)   (↵0t+ r0), for any t 2 [0, T ⇤).

In the following two lemmas, we will give uniform upper and lower bounds

for the functionals V and �v · e in the time interval [0, T ⇤], respectively.

Lemma 3.2.1. Suppose that conditions (C00) and (C02) hold. Then we have

V(t) < 2V0 for t 2 [0, T ⇤].

Proof. From Lemma 3.1.3 (ii), we have

dV
dt

+
Kmin{N1, N2}

N
 (
p
2X )V  2

p
2K

p

M2(0) (↵0t+r0) for t 2 [0, T ⇤].

Integrating the above inequality using Lemma 3.1.3 (i), we obtain

V(t) + Kmin{N1, N2}
N

�

�

�

Z X (t)

X0

 (
p
2x)dx

�

�

�

 V(0) + 2
p
2K

p

M2(0)

Z 1

0

 (↵0t+ r0)dt

(3.2.3)
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for t 2 [0, T ⇤]. By condition (C02)(ii), we know

2
p
2K

p

M2(0)

Z 1

0

 (↵0t+ r0)dt =
2
p
2K

p

M2(0)

↵0

Z 1

r0

 (t)dt < V0.

Thus we have V(t) < 2V0 for t 2 [0, T ⇤].

Lemma 3.2.2. Suppose that conditions (C00) and (C02) hold. Then

(v1i(t)� v2j(t)) · e > ↵0, for 8i, j and t 2 [0, T ⇤).

Proof. It follows from Lemma 3.1.3 (iii) that

�̇v · e � �K
s

2M2(0)

min{N1, N2}
 (↵0t+ r0) for t 2 [0, T ⇤].

This yields

�v(t) · e � 2↵0 �K

s

2M2(0)

min{N1, N2}

Z 1

0

 (↵0t+ r0)dt for t 2 [0, T ⇤].

We now use the condition (C02) to obtain

K

s

2M2(0)

min{N1, N2}

Z 1

0

 (↵0t+ r0)dt 
K

↵0

s

2M2(0)

min{N1, N2}

Z 1

r0

 (x)dx <
↵0

2
.

Then, this and the condition (C00) yield

(v1i(t)� v2j(t)) · e = �v(t) · e+ (v̂1i � v̂2j) · e >
3

2
↵0 �

p
2V(t) > ↵0

for t 2 [0, T ⇤], where we used Lemma 3.2.1. Thus we complete the proof.

Therefore, on the time interval [0, T ⇤], V(t) has an upper bound and �v ·e
has a lower bound. Finally, we show that T ⇤ = 1 and obtain the bi-cluster

flocking estimates.
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3.2.2 Bi-cluster flocking estimates

In this subsection, we study the emergence of bi-cluster flocking groups in

the C-S model.

Theorem 3.2.1. Suppose that conditions (C00), (C01), and (C02) hold. Then,
we have

T ⇤ =1 and bi-cluster flocking estimates.

More precisely, the following estimates hold:

(i) min
i,j
kx1i(t)� x2j(t)k > ↵0t+ r0, t 2 [0,1),

(ii) 9XM > 0 s.t. X (t)  XM , t 2 [0,1),

(iii) V(t) < O(1)(1 + t)�� as t!1.

Proof. (i) If T ⇤ < 1, by the definition of supremum there exist i0, j0 such

that (3.2.2) holds. On the other hand, it follows from lemma 3.2.2 that

(v1i(t)� v2j(t)) · e > ↵0 for t 2 [0, T ⇤]. (3.2.4)

Then, (3.2.4) and the condition (H0) yield

kx1i(T
⇤)� x2j(T

⇤)k � |(x1i(T
⇤)� x2j(T

⇤)) · e|

=

�

�

�

�

(x1i(0)� x2j(0)) · e+

Z T ⇤

0

[(v1i(t)� v2j(t)) · e]dt
�

�

�

�

> ↵0T
⇤ + r0,

for all i and j. This contracts (3.2.2). Thus T ⇤ =1 and

min
i,j
kx1i(t)� x2j(t)k > ↵0t+ r0 for t 2 [0,1).

(ii) From the above proof, we know

 M(t) <  (↵0t+ r0) for t 2 [0,1).

Using the same method as in Lemma 3.2.1, we get

V(t) + Kmin{N1, N2}
N

Z X (t)

X0

 (
p
2x)dx

 V0 + 2
p
2K

p

M2(0)

Z 1

0

 (↵0t+ r0)dt

(3.2.5)
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for t 2 [0,1). Since condition (C01) means that there exist XM > 0 such

that

2V0 =
Kmin{N1, N2}

N

Z X
M

X0

 (
p
2x)dx.

Using (3.2.5) and condition (C02), we obtain the following for any time t � 0,

Kmin{N1, N2}
N

Z X (t)

X0

 (
p
2x)dx  Kmin{N1, N2}

N

Z X
M

X0

 (
p
2x)dx.

Thus X (t)  XM for t 2 [0,1). It is worth to mention that this Lyapunov

technique will play key roles to prove the boundedness in other chapters, too.

(iii) Define �0 :=
Kmin{N1, N2}

N
 (
p
2XM). Using Lemma 3.1.3(ii), we get

V̇  ��0V + 2
p
2K

p

M2(0) (↵0t+ r0)

for t 2 [0,1). We use Lemma A.0.1 in appendix to conclude that

V(t)  V0e
��0t +

2
p
2K

p

M2(0) (r0)

�0
e�

�0
2 t +

2
p
2K

p

M2(0)

�0
 (
↵0

2
t+ r0)

 O(1)(1 + t)�� as t!1.
(3.2.6)

Remark 3.2.1. From the result of Theorem 3.2.1, the relative position be-

tween two clusters goes to 1, and each cluster is bounded and the velocity

di↵erences in each group tend to zero asymptotically. This means that the

bi-flocking phenomena occurs under conditions (C00), (C01), and (C02). Fur-
thermore, we can show each agent’s velocity tends to a constant depending

on the full history of solution.

Next, we study the convergence rate of v1i and v2j.

Theorem 3.2.2. Suppose that conditions (C00), (C01), and (C02) hold. Then
there exist v1

1c, v
1
2c and positive constants C1 and C2 such that for any i, j,

C1(1+t)�(��1)  kv1i(t)�v1
1ck+kv2j(t)�v1

2ck  C2(1+t)�(��1) as t!1.
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Proof. Note that v1c satisfies

dv1c

dt
=

K

N1N

N1
X

i=1

N2
X

j=1

 (kx2j � x1ik)(v2j � v1i). (3.2.7)

Integrating (3.2.7) from 0 to t yields

v1c(t) = v1c(0) +
K

N1N

N1
X

i=1

N2
X

j=1

Z t

0

 (kx2j(s)� x1i(s)k)(v2j(s)� v1i(s))ds.

(3.2.8)

By letting t!1 in (3.2.8), the asymptotic limit v1
1c is given by

v

1
1c := v1c(0) +

K

N1N

N1
X

i=1

N2
X

j=1

Z 1

0

 (kx2j(⌧)� x1i(⌧)k)(v2j(⌧)� v1i(⌧))d⌧.

(3.2.9)

⇧ Case A (upper bound estimate): Subtracting (3.2.9) from (3.2.8) and taking

the `2-norm yields

kv1c(t)� v

1
1ck 

K

N1N

N1
X

i=1

N2
X

j=1

Z 1

t

 (kx2j(⌧)� x1i(⌧)k)kv2j(⌧)� v1i(⌧)kd⌧.

Again, we use

 (kx2j � x1ik) <  (↵0t+ r0), kv2j � v1ik <
p

2M2(0)

to obtain

kv1c(t)� v

1
1ck 

KN2

p

2M2(0)

N

Z 1

t

1

(1 + ↵0⌧ + r0)�
d⌧

=
KN2

p

2M2(0)

↵0(� � 1)(1 + r0)��1N

⇣

1 +
↵0

1 + r0
t
⌘�(��1)

.

Thus, we have

kv1c(t)� v

1
1ck  O(1)(1 + t)�(��1). (3.2.10)

Then, (3.2.6) and (3.2.10) yield the desired estimate:

kv1i(t)� v

1
1ck  kv1i(t)� v1c(t)k+ kv1c(t)� v

1
1ck

 V(t) + kv1c(t)� v

1
1ck

 O(1)(1 + t)�(��1) as t!1.

(3.2.11)
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Similarly,

kv2j(t)� v

1
2ck  O(1)(1 + t)�(��1) as t!1. (3.2.12)

Hence, by combining (3.2.11) and (3.2.12), we obtain the desired upper esti-

mate.

⇧ Case B (lower bound estimate): Define R0 := max kx1i(0) � x2j(0)k. It is
easy to see

kx1i(t)� x2j(t)k  kx1i(0)� x2j(0)k+
Z t

0

kv1i(⌧)� v2j(⌧)kd⌧


p

2M2(0)t+R0.

(3.2.13)

We use (3.2.13) and Lemma 3.2.2 to obtain

kv1c(t)� v

1
1ck �

KN2↵0

N

Z 1

t

 (
p

2M2(0)⌧ +R0)d⌧

� |O(1)|(1 + t)�(��1) as t!1.

(3.2.14)

Again (3.2.14) yields

kv1i(t)� v

1
1ck � kv1c(t)� v

1
1ck � kv1i(t)� v1c(t)k

� kv1c(t)� v

1
1ck � V(t)

� |O(1)|(1 + t)�(��1) as t!1.

(3.2.15)

Similarly, we have

kv2j(t)� v

1
2ck � |O(1)|(1 + t)�(��1) as t!1. (3.2.16)

Finally, combining (3.2.15) and (3.2.16) yields desired lower bound estimate.

3.3 Numerical simulations

In this section, we provide several numerical simulations for the emergence

of bi-cluster flocking and compare them to the analytical results in the pre-

vious section. For the numerical implementation, we employ the fourth order

Runge-Kutta method. The parameter values in (3.1.1) are as follows:

�t = 0.01, N1 = N2 = 5, � = 2, d = 2,
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and we set

X0 = 0.2, V0 = 0.0125,

e = (1, 0), r0 = 313.9107, ↵0 = 10, M2(0) = 2.5031.

Under these conditions, (C01) and (C02) are satisfied. All initial positions
and velocities in Figure 3.1 are generated randomly from the information r0,

X0, ↵0, and V0.

In Figure 3.2, we simulate the dynamics of X and V measuring the local

fluctuations around the local averages depending on di↵erent choices of the

coupling strength. We plot four simulations in X� t and logV� log t scale to

show the algebraic decay toward zero. Clearly, the exponential decay rate is

proportional to the coupling strength. In Figure 3.3, we simulate the dynam-

ics of �x and �v measuring the di↵erences between local averages depending

on four di↵erent values. As noted in the analytical results in Theorem 3.2.1,

�x grows at least linearly, whereas �v stays away from zero. The local ve-

locity averages converge algebraically to constant values, as we can see �1
v.

x
1

i

-157.2 -157.1 -157 -156.9 156.9 157 157.1 157.2

x
2 i
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-0.2

-0.1

0
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(a) Initial spatial distribution x0

v
1

i
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v
2 i
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0
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0.1

0.15

0.2

(b) Initial velocity distribution v0

Figure 3.1: Initial position-velocity distribution
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(a) Dynamics of X (b) Dynamics of V in logV � log t scale

Figure 3.2: Dynamics of local fluctuations for K=0.5, 1, 1.5, 2.

(a) Dynamics of �

1
x

(b) Dynamics of �

1
v

Figure 3.3: Dynamics of two separating groups for K=0.5, 1, 1.5, 2.
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Chapter 4

Multi-cluster flocking in terms
of coupling strength

In this chaper, we are interested in the existence of a positive critical coupling

strength that can be formally defined as follows.

Definition 4.0.1. For a given initial configuration z0 := (x0,v0), a non-

negative constant Kc = Kc(z0) is the critical coupling strength for mono-

cluster flocking if and only if the following two criteria hold.

1. If K > Kc, then the initial configuration z0 tends to a mono-cluster

flocking configuration asymptotically.

2. If K  Kc, then the initial configuration z0 does not tend to a mono-

cluster flocking configuration asymptotically.

To see the role of the critical coupling strength, we first consider a two-particle

system on the real line R:

ẋ1 = v1, ẋ2 = v2, t > 0, xi, vi 2 R,

v̇1 =
K

2
 (|x2 � x1|)(v2 � v1),

v̇2 =
K

2
 (|x1 � x2|)(v1 � v2),

(xi, vi)(0) = (xi0, vi0).

(4.0.1)
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Then, Proposition 2.2.1 and Corollary 2.2.1 implies that if we define

Kc :=
|v0|

R1
|x0|  (|y|)dy

,

then K > Kc implies flocking two particles, and K  Kc implies separating.

Therefore, we know the complete information on two particle system on the

real line.

Note that Theorem 2.3.1 yields a su�cient condition for mono-cluster flock-

ing. Through similar analysis, we present two coupling strength conditions

for more general case; One is the condition for totally separating particles,

and the other is the condition for multi-cluster flocking. These values mean

lower bounds of the critical coupling strength, and will be displayed for exam-

ple cases by numerical simulations. It looks quite di�cult to cover the whole

cases since the mono-cluster flocking states are already equilibrium state,

so that they flocks even for K = 0. However, it has been shown that local

flocking, especially bi-cluster flocking, can emerge from some well-prepared

configurations close to bi-cluster configurations in the previous chapter. The

use of infinite-norms is the main di↵erence while the methods are similar as

in Chapter 3, which allow us more general configuration on position using

the time stamp T0. This chapter is based on the joint work in [42].

4.1 Necessary condition for mono-cluster flock-

ing

In this section, we provide a framework for the non-existence of mono-cluster

flocking and state a necessary condition for the emergence of mono-cluster

flocking. In order to achieve non-flocking configurations, we follow a scenario

that every particle with di↵erent initial velocity does not flock each other.

This is more restricted situation than non-flocking situation.
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4.1.1 Framework and main result

First, we will introduce a framework for the non-existence of mono-cluster

flocking. In the same way as in Chapter 3, let G := {(xi0,vi0

�

}Ni=1 be an

initial non-flocking configuration of an ensemble of C-S particles. To avoid

technical di�culties, we group particles as its initial velocities. In detail, we

set sub-ensembles G1, · · · ,Gn of the total ensemble G according to the initial

data: for ↵ = 1, · · · , n,

(x↵i,v↵i), (x↵j,v↵j) 2 G↵ () v↵i0 = v↵j0, |G↵| = N↵. (4.1.1)

We will use the simplified notation �N := min
�

N
�

N
for the number of particles.

Since we need the initial configuration which is not in a mono-cluster

flocking state, we assume n � 2. Then, the original system (1.0.1) can be

rewritten as

ẋ↵i(t) = v↵i(t), t > 0, i = 1, 2, · · · , N↵,

v̇↵i(t) =
K

N

N
↵

X

k=1

 (kx↵k(t)� x↵i(t)k)
�

v↵k(t)� v↵i(t)
�

+
K

N

X

� 6=↵

N
�

X

k=1

 (kx�k(t)� x↵i(t)k)
�

v�k(t)� v↵i(t)
�

,

(x↵i(0),v↵i(0)) = (x↵i0,v↵i0).

(4.1.2)

We also introduce local averages and local fluctuations as in Chapter 3:

x↵c :=
1

N↵

N
↵

X

i=1

x↵i, v↵c :=
1

N↵

N
↵

X

i=1

v↵i,

x̂↵i := x↵i � x↵c, v̂↵i := v↵i � v↵c.

(4.1.3)

Note that the relations (4.1.1) and (4.1.3) imply that

kv̂↵(0)k2,1 = 0, ↵ = 1, · · · , n. (4.1.4)

Next, we describe the geometry of the initial separation between the sub-
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ensembles. For a given initial configuration (x0,v0), we set

�0(x0,v0) :=
1

2
min
� 6=↵
kv�c(0)� v↵c(0)k, D(x0) := max

� 6=↵,i,k
kx�k0 � x↵i0k,

T0(x0,v0) := max
� 6=↵,i,k

n

0,�
�

x�k0 � x↵i0

�

·
�

v�c(0)� v↵c(0)
�

�20

o

.

(4.1.5)

For notational simplicity, we suppress the (x0,v0) dependence of �0, T0, K0

as follows:

�0 := �0(x0,v0), T0 := T0(x0,v0).

Next, we introduce a coupling strength K0 := K0(x0,v0) depending on the

geometry of the initial configuration (x0,v0).

• If the initial configuration satisfies

min
� 6=↵,i,k

�

x�k(0)� x↵i(0)
�

·
�

v�c(0)� v↵c(0)
�

< 0, (4.1.6)

then, we set

K0(x0,v0) := min
n �20

12(1� �N)
p

2M2(0)k kL1(R+)

,

�0

16(1� �N)
p

2M2(0) (0)T0

,

�20

(1� �N)
p

2M2(0) (0)
�

D(x0) +
p

2M2(0)T0

�

o

.

(4.1.7)

• If the initial configuration satisfies

min
� 6=↵,i,k

�

x�k(0)� x↵i(0)
�

·
�

v�c(0)� v↵c(0)
�

� 0, (4.1.8)

then, we set

K0(x0,v0) :=
�20

6(1� �N)
p

2M2(0)k kL1(R+)

. (4.1.9)
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Before we state our first main result, we comment on the conditions on (4.1.6)

and (4.1.8) as follows. In the absence of flocking coupling, i.e., K = 0, the

free flow (4.1.2) with K = 0 yields

(v↵i(t),v�i(t)) = (v↵c(0),v�c(0)) and

(x↵i(t),x�i(t)) = (x↵i0 + tv↵c(0),x�i0 + tv�c(0)), t � 0.

Thus, we have

(x�k(t)� x↵i(t)) · (v�c(t)� v↵c(t))

= (x�i0 � x↵i0) · (v�c(0)� v↵c(0)) + t|v�c(0)� v↵c(0)|2.

Note that since v�c(0)� v↵c(0) 6= 0, for su�ciently large t� 1, we have

(x�k(t)� x↵i(t)) · (v�c(t)� v↵c(t)) > 0,

and we can reasonably estimate that a similar result will be obtained in

a small-coupling-strength regime. This plausible scenario will be verified in

Section 4.1.3.

We are now ready to state our main result as follows.

Theorem 4.1.1. Let (x(t),v(t)) be a global solution of (1.0.1) with initial

data satisfying the following condition:

max
i 6=j
kvi0 � vj0k > 0.

Let K0 be a parameter defined in (4.1.7) and (4.1.9). If K < K0, we have

min
↵ 6=�,i,k

sup
t�0
kx↵i(t)� x�k(t)k =1, min

↵ 6=�,i,k
lim inf
t!1

kv↵i(t)� v�k(t)k > 0.

In other words, mono-cluster flocking does not occur asymptotically. More-

over, all sub-ensembles are well separated.

Remark 4.1.1. We now compare the results of Theorem 4.1.1 with the re-

sults on bi-cluster flocking formation presented in Chapter 3 as follows. Here,

we will only concentrate on the condition related to the upper bound of K in

Chapter 3:

K <
�0kv̂↵0k

2
p

2M2(0)
R1
r0
 (x)dx

,

46



CHAPTER 4. MULTI-CLUSTER FLOCKING IN TERMS OF
COUPLING STRENGTH

where r0 is the initial spatial separation of two groups. First, because of the

term kv̂↵0k in K, Chapter 3 cannot include the kv̂↵0k = 0 case, which seems

to be the most reasonable case.

Second, in Theorem 4.1.1, K0 does not appear with r0, since we do not

want to restrict the initial condition to the case of “initially separating”:

min
� 6=↵,i,k

�

x�k(0)� x↵i(0)
�

·
�

v�c(0)� v↵c(0)
�

� 0.

For this problem, we assign su�cient time T0 to obtain well-organized sep-

arating data. Moreover, we can get a better value of K0 in Theorem 4.1.1

when each group is separated initially.

4.1.2 Dynamics of local averages and fluctuations

In this subsection, we provide estimates of the local averages and fluctuations

defined in (4.1.3).

Lemma 4.1.1. Let
�

x↵i(t),v↵i(t)
�

be a solution of the system (1.0.1). Then,

the local averages and fluctuations satisfy
8

>

>

<

>

>

:

ẋ↵c(t) = v↵c(t), t � 0, ↵ = 1, 2, · · · , n,

v̇↵c(t) =
K

NN↵

X

� 6=↵

N
�

X

k=1

N
↵

X

i=1

 (kx�k(t)� x↵i(t)k)
�

v�k(t)� v↵i(t)
�

(4.1.10)

and
8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

˙̂
x↵i(t) = v̂↵i(t), t � 0, ↵ = 1, · · · , n, i = 1, 2, · · · , N↵,

˙̂
v↵i(t) = �v̇↵c(t) +

K

N

N
↵

X

k=1

 (kx↵k(t)� x↵i(t)k)
�

v̂↵k(t)� v̂↵i(t)
�

+
K

N

X

� 6=↵

N
�

X

k=1

 (kx�k(t)� x↵i(t)k)
�

v�k(t)� v↵i(t)
�

.

(4.1.11)

The proof of Lemma 4.1.1 is basically same as in Lemma 3.1.2.

In the following proposition, we derive the estimates of the time deriva-

tives of kv↵ck and kv̂↵k.
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Proposition 4.1.1. Let
�

x↵i(t),v↵i(t)
�

,↵ = 1, · · · , n be a solution of the

system (4.1.2). Then, for any ↵, we have

(i)
�

�

�

dv↵c(t)

dt

�

�

�

 K(1� �N)
p

2M2(0) M(t), a.e., t 2 [0,1),

(ii)
d

dt
kv̂↵(t)k2,1  2K(1� �N)

p

2M2(0) M(t),

where  M(t) := max
� 6=↵,i,k

 (kx�k(t)� x↵i(t)k).

Proof. (i) We use the equation (4.1.10) in Lemma 4.1.1 and the relation

kv�k(t)� v↵i(t)k 
p

2M2(0). (4.1.12)

(ii) For any t � 0 and ↵ 2 {1, · · · , n}, by the analyticity of x↵i(t) and v↵i(t),

the solution is analytic, so that kv̂↵(t)k2,1 is piecewise di↵erentiable. There

exists a set of times {tk} satisfying

0 = t0 < t1 < · · · , < tn < · · · ,
kv̂↵(t)k2,1 is di↵erentiable in (tk�1, tk), k = 1, · · · ,

where we can choose i 2 {1, · · · , N} to satisfy

kv̂↵(t)k2,1 = kv̂↵i(t)k (4.1.13)

in the time interval (tk�1, tk). We directly multiply the second equation of

(4.1.11) in Lemma 4.1.1 by 2v̂↵i(t) to obtain

dkv̂↵(t)k22,1
dt

= �2hv̂↵i(t), v̇↵c(t)i

+
2K

N

N
↵

X

k=1

 (kx↵k(t)� x↵i(t)k)hv̂↵i(t), v̂↵k(t)� v̂↵i(t)i

+
2K

N

X

� 6=↵

N
�

X

k=1

 (kx�k(t)� x↵i(t)k)hv̂↵i(t),v�k(t)� v↵i(t)i

=: I11 + I12 + I13.

(4.1.14)
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The remaining parts are similar to Lemma 3.1.3 as follows.

• (Estimate of I11): We use the estimate (i) of v̇↵c(t) to get

|I11(t)|  2kv̂↵i(t)kkv̇↵c(t)k
 2K(1� �N)

p

2M2(0) M(t)kv̂↵(t)k2,1.
(4.1.15)

• (Estimate of I12): We use (4.1.13) to get

hv̂↵i(t), v̂↵k(t)� v̂↵i(t)i = hv̂↵i(t), v̂↵k(t)i � kv̂↵i(t)k2
 kv̂↵i(t)k(kv̂↵k(t)k � kv̂↵i(t)k)
 0.

This yields

I12(t)  0. (4.1.16)

• (Estimate of I13): We have

|I13(t)| 
2K

N
(N �N↵)

p

2M2(0) M(t)kv̂↵(t)k2,1

 2K(1� �N)
p

2M2(0) M(t)kv̂↵(t)k2,1.
(4.1.17)

Substituting (4.1.15), (4.1.16), and (4.1.17) in (4.1.14), we get

dkv̂↵(t)k22,1
dt

 4K(1� �N)
p

2M2(0) M(t)kv̂↵(t)k2,1.

We now divide it by 2kv̂↵(t)k2,1 to obtain the desired estimate.

4.1.3 Non-existence of mono-cluster flocking

In this subsection, we will provide the proof of Theorem 4.1.1. First, we

briefly outline our strategy as follows. The proof of our main results can be

split into three stages. For a given initial configuration (x0,v0),

• Initial stage (from mixed configuration to segregated configuration):

there exists T0 � 0 such that

(x�k(T0)� x↵i(T0)) ·
�

v�c(T0)� v↵c(T0)
�

> 0.
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• Intermediate stage (from segregated configuration to close to non-mono-

cluster flocking): there exists T ⇤ > T0 such that

min
↵ 6=�,i,k

n

(v�k(t)� v↵i(t)) · e�↵
o

>
�0
2
, for all t 2 [T0, T

⇤),

kx�k(t)� x↵i(t)k �
�0
2
(t� T0),

where e�↵ is the unit vector in the direction of v�c(T0)� v↵c(T0).

• Final stage (emergence of non-mono-cluster configuration): finally, we

show that

T ⇤ =1
and obtain the non-existence of mono-cluster flocking.

Emergence of segregated configurations

In this subsection, we will show that the configuration at time T0 is well

segregated:

��k,↵i(T0) � 0, (4.1.18)

where ��k,↵i(t) := (x�k(t)� x↵i(t)) ·
�

v�c(t)� v↵c(t)
�

.

Recall that

T0 := max
� 6=↵,i,k

n

� ��k,↵i(0)

�20
, 0
o

.

In what follows, without loss of generality, we assume that

��k,↵i(0) < 0 so that T0 > 0.

Otherwise, T0 = 0 and the desired estimate (4.1.18) holds trivially.

Lemma 4.1.2. Let (x(t),v(t)) be a global solution of (1.0.1) with non-

flocking initial data (x0,v0). If the coupling strength K satisfies

K  �0

16(1� �N)
p

2M2(0) (0)T0

,

then, the following estimates hold: for t 2 [0, T0],

kv�c(t)� v↵c(t)k �
15�0
8

, � 6= ↵, and kv̂↵(t)k2,1 
�0
8
.
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Proof. (i) It follows from Proposition 4.1.1 and the non-increasing property

of  that for any ↵ 2 {1, · · · , n},
�

�

�

dv↵c(t)

dt

�

�

�

 K(1� �N)
p

2M2(0) M(t)  K(1� �N)
p

2M2(0) (0).

Thus, for all � 6= ↵, we have

�

�

�

d
�

v�c(t)� v↵c(t)
�

dt

�

�

�

 2K(1� �N)
p

2M2(0) (0).

We integrate the above inequality directly from t = 0 to t = T0 to obtain
�

�

�

v�c(t)� v↵c(t)
�

�
�

v�c(0)� v↵c(0)
�

�

�  2K(1� �N)
p

2M2(0) (0)T0,

for t 2 [0, T0].

By the assumption of K, we can obtain
�

�

v�c(t)� v↵c(t)
�

�

�
�

�

v�c(0)� v↵c(0)
�

��
�

�

�

v�c(t)� v↵c(t)
�

�
�

v�c(0)� v↵c(0)
�

�

�

�
�

�

v�c(0)� v↵c(0)
�

�� 2K(1� �N)
p

2M2(0) (0)T0

� min
↵ 6=�

�

�

v�c(0)� v↵c(0)
�

�� �0
8

� 15�0
8

, t 2 [0, T0],

where we have used the relation (4.1.5).

(ii) By Proposition 4.1.1, for any ↵ 2 {1, · · · , n},

d

dt
kv̂↵(t)k2,1  2K(1� �N)

p

2M2(0) M(t)

 2K(1� �N)
p

2M2(0) (0).

We integrate the above relation over [0, T0] and use the assumption of K to

get

kv̂↵(t)k2,1  kv̂↵0k2,1 + 2K(1� �N)
p

2M2(0) (0)T0, for all t 2 [0, T0]

= 2K(1� �N)
p

2M2(0) (0)T0 
�0
8
,

where we have used the relation (4.1.4).
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Lemma 4.1.3. Let (x↵i(t),v↵i(t)) be a global solution of (1.0.1) with non-

flocking initial data (x↵i0,v↵i0). If the coupling strength K satisfies

K  min
n �0

16(1� �N)
p

2M2(0) (0)T0

,

�20

(1� �N)
p

2M2(0) (0)
⇣

D(x0) +
p

2M2(0)T0

⌘

o

,

then, we have

min
� 6=↵,i,k

��k,↵i(T0) � 0.

Proof. For the desired estimate, we claim that

min
� 6=↵,i,k

d

dt
��k,↵i(T0) � �20. (4.1.19)

Proof of claim (4.1.19): For 8 t 2 [0, T0], ↵ 6= �, and i, k,

�

�

x�k(t)� x↵i(t)
�

� =
�

�

�

x�k0 � x↵i0

�

+

Z t

0

�

v�k(s)� v↵i(s)
�

ds
�

�


�

�

x�k0 � x↵i0

�

�+
p

2M2(0)T0

 D(x0) +
p

2M2(0)T0,

where we have used (4.1.12). By Lemma 4.1.2 and the assumption of K, we

obtain

d

dt
��k,↵i(t)

=
�

v�k(t)� v↵i(t)
�

·
�

v�c(t)� v↵c(t)
�

+
�

x�k(t)� x↵i(t)
�

·
�

v̇�c(t)� v̇↵c(t)
�

=
⇣

(v�k(t)� v�c(t)) + (v�c(t)� v

c
↵(t)) + (vc

↵(t)� v↵i(t))
⌘

·
�

v�c(t)� v↵c(t)
�

+
�

x�k(t)� x↵i(t)
�

·
�

v̇�c(t)� v̇↵c(t)
�

�kv�c(t)� v↵c(t)k
�

kv�c(t)� v↵c(t)k � kv�k(t)� v�c(t)k � kv↵i(t)� v↵c(t)k
�

� kx�k(t)� x↵i(t)kkv̇�c(t)� v̇↵c(t)k

� 15

8

�15

8
� 2

8

�

�20 � 2K
⇣

D(x0) +
p

2M2(0)T0

⌘

(1� �N)
p

2M2(0) (0)

� �20.
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We now integrate the relation (4.1.19) to obtain

��k,↵i(t) � ��k,↵i(0) + �20t, t 2 [0, T0].

Then, the defining relation of T0 in (4.1.5) implies that

��k,↵i(T0) � ��k,↵i(0) + �20T0 � 0.

We now take the minimum over ↵, �, i, and k to obtain the desired result.

Proof of Theorem 4.1.1

In this subsection, we provide the proof of Theorem 4.1.1. For simplicity, we

set a normal vector in the direction of v�c(T0)� v↵c(T0):

e�↵ :=
v�c(T0)� v↵c(T0)

kv�c(T0)� v↵c(T0)k
.

By Lemma 4.1.2, e�↵ is well defined. Define

T ⇤
0 := sup

⇢

T 2 [T0,1)

�

�

�

�

min
↵ 6=�,i,k

{(v�k(t)� v↵i(t)) · e�↵} >
�0
2
,

for all t 2 [T0, T )
o

.

(4.1.20)

Lemma 4.1.4. Let (x(t),v(t)) be a global solution of (1.0.1) with non-

flocking initial data (x0,v0). If the coupling strength K satisfies

K  min

(

�0

16(1� �N)
p

2M2(0) (0)T0

,

�20

(1� �N)
p

2M2(0) (0)
⇣

D(x0) +
p

2M2(0)T0

⌘

9

=

;

,

then, we have

T ⇤
0 > T0 and  M(t)   

⇣�0
2
(t� T0)

⌘

for t 2 [T0, T
⇤
0 ).
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Proof. (i) It follows from Lemma 4.1.2 that

�

v�k(T0)� v↵i(T0)
�

· e�↵
� kv�c(T0)� v↵c(T0)k � kv̂�k(T0)k � kv̂↵i(T0)k

�
✓

15

8
� 1

8
� 1

8

◆

�0 >
�0
2
.

Thus, there exists �0 > 0 such that

⇣

v�k(t)� v↵i(t)
⌘

· e�↵ >
�0
2

for all t 2 [T0, T0 + �0].

Hence, we have

T ⇤
0 > T0.

(ii) We use Lemma 4.1.2 to obtain

kx�k(t)� x↵i(t)k �
�

x�k(t)� x↵i(t)
�

· e�↵
=
�

x�k(T0)� x↵i(T0)
�

· e�↵

+

Z t

T0

�

v�k(s)� v↵i(s)
�

· e�↵ds

� �0
2
(t� T0), t 2 [T0, T

⇤
0 ).

Thus, by the non-increasing property of  (t), we have

 M(t)   
��0
2
(t� T0)

�

, for all t 2 [T0, T
⇤
0 ).

Hence the conclusion holds.

Lemma 4.1.5. Let (x(t),v(t)) be a global solution of (1.0.1) with non-

flocking initial data (x0,v0). If the coupling strength K satisfies

K  min
n �0

16(1� �N)
p

2M2(0) (0)T0

,

�20

(1� �N)
p

2M2(0) (0)
⇣

D(x0) +
p

2M2(0)T0

⌘

o

,
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then, the following estimates hold: for t 2 [T0, T
⇤
0 ),

(i) kv↵c(t)� v↵c(T0)k 
2K

�0
(1� �N)

p

2M2(0)k kL1(R+),

(ii) kv̂↵(t)k2,1  kv̂↵(T0)k2,1 +
4K

�0
(1� �N)

p

2M2(0)k kL1(R+).

Proof. (i) By Proposition 4.1.1 and Lemma 4.1.4,

�

�

�

dv↵c(t)

dt

�

�

�

 K(1� �N)
p

2M2(0) 
⇣�0
2
(t� T0)

⌘

.

We use the above relation to obtain

kv↵c(t)� v↵c(T0)k 
2K

�0
(1� �N)

p

2M2(0)k kL1(R+), for all t 2 [T0, T
⇤
0 ).

(ii) By Proposition 4.1.1 and Lemma 4.1.4,

dkv̂↵(t)k2,1
dt

 2K(1� �N)
p

2M2(0) 
⇣�0
2
(t� T0)

⌘

.

We use the above relation to obtain

kv̂↵(t)k2,1  kv̂↵(T0)k2,1 +
4K

�0
(1� �N)

p

2M2(0)k kL1(R+), 8t 2 [T0, T
⇤).

We are now ready to provide the proof of Theorem 4.1.1 as follows.

Proof. (Proof of Theorem 4.1.1) Let (x(t),v(t)) be a global solution of (1.0.1)

with non-flocking initial data (x0,v0). If the coupling strength K satisfies

K < K0,

then, we claim that

min
� 6=↵,i,k

⇣

v�k(t)� v↵i(t)
⌘

· e�↵ >
�0
2
,

kx�k(t)� x↵i(t)k �
�0
2
(t� T0), t 2 (T0,1).

(4.1.21)
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For the proof of the above claim, we consider two cases:

either T0(x0,v0) > 0, or T0(x0,v0) = 0.

• Case A: Suppose that

T0(x0,v0) > 0.

Then, it follows from the arguments in Lemma 4.1.4 that

T ⇤
0 > T0.

Suppose that

T ⇤
0 <1.

Then, by definition in (4.1.20), there exist � 6= ↵, i, k such that

�

v�k(T
⇤
0 )� v↵i(T

⇤
0 )
�

· e�↵ =
�0
2
. (4.1.22)

On the other hand, it follows from Lemma 4.1.5 that
�

v�k(T
⇤
0 )� v↵i(T

⇤
0 )
�

· e�↵
=
⇥�

v�c(T0)� v↵c(T0)
�

+
�

v�k(T
⇤
0 )� v�c(T

⇤
0 )
�

+
�

v�c(T
⇤
0 )� v�c(T0)

�

�
�

v↵i(T
⇤
0 )� v↵c(T

⇤
0 )
�

�
�

v↵c(T
⇤
0 )� v↵c(T0)

�⇤

· e�↵
� kv�c(T0)� v↵c(T0)k � kv�c(T ⇤

0 )� v�c(T0)k � kv↵c(T ⇤
0 )� v↵c(T0)k

� kv̂�k(T ⇤
0 )k � kv̂↵i(T ⇤

0 )k
� kv�c(T0)� v↵c(T0)k � kv̂�k(T ⇤

0 )k � kv̂↵i(T ⇤
0 )k

� 12K

�0
(1� �N)

p

2M2(0)k kL1(R+)

� 13�0
8
� 12K

�0
(1� �N)

p

2M2(0)k kL1(R+)

>
13�0
8
� �0 >

�0
2
,

where we have used the assumption of K. This contradicts the inequality

(4.1.22). Thus, we have T ⇤
0 =1 and the desired estimate (4.1.21).

• Case B: Suppose that

T0(x0,v0) = 0.
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In this case, recall that

K0 =
�20

6(1� �N)
p

2M2(0)k kL1(R+)

.

Then, for K < K0, we use arguments similar to those in Case A to obtain

kv�k(t)� v↵i(t)k > �0, for all t � 0,

kx�k(t)� x↵i(t)k > �0t, for all t � 0.

Finally, it follows from Case A and Case B that the proof of Theorem 4.1.1

is complete.

4.2 Emergence of multi-cluster flocking

In this section, we present the emergence of multi-cluster flocking for the C-S

model (1.0.1). In the previous section, we divided the particles into n sub-

ensembles, G1, · · · ,Gn, according to their initial velocities, and we showed

that for a small coupling strength K < K0, any two di↵erent particles in

di↵erent groups do not flock. Thus, it is natural to ask whether two di↵erent

particles from the same group will flock in a small-coupling-strength regime.

In what follows, we will focus on this question by allowing the initial veloci-

ties of di↵erent particles in the same group to be slightly di↵erent.

Consider a C-S flocking system with n sub-ensembles G↵, ↵ = 1, 2, · · · , n:

ẋ↵i(t) = v↵i(t), t � 0, ↵ = 1, 2, · · · , n, i = 1, · · · , N↵,

v̇↵i(t) =
K

N

N
↵

X

k=1

 (kx↵k(t)� x↵i(t)k)
�

v↵k(t)� v↵i(t)
�

+
K

N

X

� 6=↵

N
�

X

k=1

 (kx�k(t)� x↵i(t)k)
�

v�k(t)� v↵i(t)
�

.

(4.2.1)
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4.2.1 Framework and main result

As in Section 4.1, we define parameters �0 and r0 related to the separation

of each sub-ensemble:

�0 :=
1

2
min
� 6=↵
kv�c(0)� v↵c(0)k, and

Z 1

r0

 (s)ds :=
�N�0

8(1� �N)
p

2M2(0)
min
↵

Z 1

kx̂
↵

(0)k2,1
 (2x)dx.

Next, we state our framework (C1) for multi-cluster flocking as follows.

Note that we allow kv̂↵(0)k2,1 6= 0 for ↵ = 1, · · · , n.

• (C11) (restriction on initial configurations): The initial configuration is

well separated in the sense that

max
↵
kv̂↵(0)k2,1 <

�0
4
, min

� 6=↵,i,k
�

x�k(0)�x↵i(0)
�

· v�c(0)� v↵c(0)

kv�c(0)� v↵c(0)k
� r0.

• (C12) (restriction on coupling strengths): The coupling strength takes

an intermediate value in the sense that

K1 < K < K2,

where

K1 = max
↵

n 2kv̂↵(0)k2,1
�N

R1
kx̂

↵

(0)k2,1  (2x)dx

o

,

K2 = min
↵

n 2�0
3�N

R1
kx̂

↵

(0)k2,1  (2x)dx

o

.

Theorem 4.2.1. Suppose that the framework (C1) holds, and let (x↵i(t),v↵i(t))
be a solution of the system (4.2.1) with initial configuration (x↵i0,v↵i0).

Then, we have the following estimates:

(i) min
� 6=↵,i,k

kx�k(t)� x↵i(t)k > r0 + �0t,

(ii) there exists x1
↵ such that kx̂↵(t)k1  x1

↵ ,

(iii) kv̂↵(t)k2,1  C↵max{e�
K (2x1

↵

)t
2 , 

⇣

r0 +
�0t

2

⌘

}, as t! +1.

In other words, multi-cluster flocking emerges.
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Remark 4.2.1. 1. In Section 4.1, from the classification, we know that

kv̂↵(0)k2,1 = 0 for any ↵ 2 {1, · · · , n}. Thus, the initial assumption of

velocities in the above theorem is satisfied naturally.

2. Note that our assumption of the initial space di↵erence r0 is crucial. We

cannot predict the phenomenon of multi-cluster flocking without the assump-

tion of distance since the communication weight  highly depend on the dis-

tance. This phenomena is well described in [42] with an explicit example.

3. As in Remark 4.1.1, we compare the results of Theorem 4.2.1 with the

results on bi-cluster flocking formation presented in Chapter 3 as follows.

In Theorem 4.2.1, we discuss multi-cluster flocking, which can include the

bi-cluster flocking result presented in Chapter 3 with similar requirements

of �0, kv̂↵(0)k, and K1. Moreover, we can get a better condition for K2, as

explained in Remark 4.1.1. Because of the term kv̂↵(0)k, Chapter 3 cannot

include the kv̂↵(0)k = 0 case, which seems to be the most reasonable case.

4.2.2 Dynamics of local averages and fluctuations

In this subsection, we study the time evolution of the local averages and

fluctuations.

Proposition 4.2.1. Let
�

x↵i(t),v↵i(t)
�

,↵ = 1, · · · , n be the solution of the

system (4.2.1). Then, we have

(i)
�

�

�

dv↵c(t)

dt

�

�

�

 K(1� �N)
p

2M2(0) M(t),
dkx̂↵(t)k2,1

dt
 kv̂↵(t)k2,1,

(ii)
dkv̂↵(t)k2,1

dt
�K�N 

�

2kx̂↵(t)k2,1
�

kv̂↵(t)k2,1

+2K(1��N)
p

2M2(0) M(t),

where  M(t) := max
� 6=↵,i,k

 (kx�k(t)� x↵i(t)k).

Proof. (i) We can get the estimates from arguments similar to those in Propo-

sition 4.1.1. The first estimate is obvious. By the analytic property of x↵i(t)
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and v↵i(t), we may assume and choose i 2 {1, · · · , N↵} with

kx̂↵(t)k2,1 = kx̂↵i(t)k,

when we consider di↵erential equations. By Lemma 4.1.1 and the Cauchy

inequality, we have

dkx̂↵i(t)k2
dt

= 2hx̂↵i(t), v̂↵i(t)i  2kx̂↵i(t)kkv̂↵i(t)k

 2kx̂↵i(t)k2,1kv̂↵(t)k2,1.

Thus, we have the second estimate.

(ii) In the same way, we can assume and choose i 2 {1, · · · , N↵} with

kv̂↵(t)k2,1 = kv̂↵i(t)k.

We use Lemma 4.1.1 and multiply (4.2.1)2 by 2v̂↵i(t) to get

dkv̂↵i(t)k2
dt

=
2K

N

N
↵

X

k=1

 (kx↵k(t)� x↵i(t)k)hv̂↵i(t), v̂↵k(t)� v̂↵i(t)i

+
2K

N

X

� 6=↵

N
�

X

k=1

 (kx�k(t)� x↵i(t)k)hv̂↵i(t),v�k(t)� v↵i(t)i

� 2hv̂↵i(t), v̇↵c(t)i
 �2K�N 

�

2kx̂↵(t)k2,1
�

kv̂↵(t)k22,1
+ 4K(1� �N)

p

2M2(0) M(t)kv̂↵(t)k2,1.

Thus, we have the desired result.

4.2.3 Proof on multi-cluster flocking

In this subsection, we prove Theorem 4.2.1, the emergence of multi-cluster

flocking configurations for C-S dynamics.
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Definition 4.2.1. Define

T ⇤
1 := sup

�

T > 0
�

� min
� 6=↵,i,k

�

v�k(t)� v↵i(t)
�

· e�↵ > �0, t 2 [0, T )
 

, (4.2.2)

where e�↵ is the unit vector in the direction of v�c(0)� v↵c(0):

e�↵ :=
v�c(0)� v↵c(0)

kv�c(0)� v↵c(0)k
.

Lemma 4.2.1. Let
�

x↵i(t),v↵i(t)
�

,↵ = 1, · · · , n be the solution of the system

(4.2.1) with initial data satisfying (C11). Then, we have

T ⇤
1 > 0 and  M(t)   (r0 + �0t), t 2 [0, T ⇤

1 ).

Proof. (i) By the assumption of (C11) for the initial data, we have

�

v�k(0)�v↵i(0)
�

·e�↵ � kv�k(0)�v↵i(0)k�kv̂�k(0)k�kv̂↵i(0)k �
3

2
�0 > �0.

Thus, we can conclude that T ⇤
1 > 0.

(ii) By the initial assumptions, for any � 6= ↵, 1  i  N↵ and 1  k  N�,

kx�k(t)� x↵i(t)k � (x�k(t)� x↵i(t)) · e�↵

= (x�k(0)� x↵i(0)) · e�↵ +
Z t

0

(v�k(s)� v↵i(s)) · e�↵ds

> r0 + �0t, t 2 [0, T ⇤
1 ).

Thus, by the non-increasing property of  (t), we have the conclusion.

Lemma 4.2.2. Let
�

x↵i(t),v↵i(t)
�

,↵ = 1, · · · , n be the solution of the system

(4.2.1) with initial data satisfying (C11). Then, we have

(i) kv↵c(t)� v↵c(0)k 
K

�0
(1� �N)

p

2M2(0)

Z 1

r0

 (s)ds, t 2 [0, T ⇤
1 ),

(ii) kv̂↵(t)k2,1  kv̂↵(0)k2,1 +
2K

�0
(1� �N)

p

2M2(0)

Z 1

r0

 (s)ds.

The proof of Lemma 4.2.2 is similar to Lemma 4.1.4. We are now ready

to prove Theorem 4.2.1.
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Proof. (Proof of Theorem 4.2.1) Suppose that the framework (C1) holds, and
let (x↵i(t),v↵i(t)) be a solution of the system (4.2.1) with initial configuration

(x↵i0,v↵i0). Then, we claim that T ⇤
1 = +1 and

(i) min
� 6=↵,i,k

kx�k(t)� x↵i(t)k > r0 + �0t,

(ii) there exists x1
↵ such that kx̂↵(t)k1  x1

↵ ,

(iii) kv̂↵(t)k1  C↵max
n

e�
K (2x1

↵

)t
2 , 

⇣

r0 +
�0t

2

⌘o

, for some C↵ > 0.

If all of these are true, then Theorem 4.2.1 holds.

• (Estimate of (i)): It follows from Lemma 4.2.1 that

T ⇤
1 > 0.

We now fix ↵ 2 {1, · · · , n} and suppose that

T ⇤
1 < +1.

Then, by definition in (4.2.2), there exists �0 6= ↵0 2 {1, · · · , n}, 1  i0  N↵

and 1  k0  N�, such that

(v�0k0(T
⇤
1 )� v↵0i0(T

⇤
1 )) · e↵� = �0. (4.2.3)

On the other hand, for any � 6= ↵, 1  i  N↵ and 1  k  N�, we have
�

v�k(t)� v↵i(t)
�

· e↵�
� kv�c(0)� v↵c(0)k � kv̂↵i(t)k � kv̂�k(t)k � kv�c(t)� v�c(0)k
� kv↵c(t)� v↵c(0)k

� kv�c(0)� v↵c(0)k � kv̂↵i(0)k � kv̂�k(0)k

� 6K

�0
(1� �N)

p

2M2(0)

Z 1

r0

 (s)ds

� 3�0
2
� 6K

�0
(1� �N)

p

2M2(0)

Z 1

r0

 (s)ds

=
3�0
2
� 3K

4
�N

Z 1

kx̂
↵

(0)k1
 (2x)dx

> �0, t 2 [0, T ⇤
1 ],
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where we have used Lemma 4.2.2 and the upper bound ofK. In particular, we

have (v�0k0(T
⇤
1 )� v↵0i0(T

⇤
1 )) · e↵� = �0; this contradicts the relation (4.2.3).

Thus, we have T ⇤
1 = +1. Then, we apply the same arguments as those in

Lemma 4.1.4 to derive the estimate

kx�k(t)� x↵i(t)k > r0 + �0t, t � 0.

(ii) It follows from Proposition 4.2.1 that

dkx̂↵(t)k2,1
dt

 kv̂↵(t)k2,1,

dkv̂↵(t)k2,1
dt

 �K�N 
�

2kx̂↵(t)k2,1
�

kv̂↵(t)k2,1

+ 2K(1� �N)
p

2M2(0) 
⇣

r0 + �0t
⌘

.

(4.2.4)

We now define a Lyapunov functional L↵(t):

L↵(t) := kv̂↵(t)k2,1 +K�N

Z kx̂
↵

(t)k2,1

0

 (2x)dx. (4.2.5)

Then, we use (4.2.4) and (4.2.5) to obtain

dL↵(t)
dt

=
dkv̂↵(t)k2,1

dt
+K�N 

�

2kx̂↵(t)k2,1
�dkx̂↵(t)k2,1

dt

 2K(1� �N)
p

2M2(0) (r0 + �0t).

We integrate the above relation to obtain

kv̂↵(t)k2,1 +K�N

Z kx̂
↵

(t)k2,1

kx̂
↵

(0)k2,1
 (2x)dx

 kv̂↵(0)k2,1 +
2K

�0
(1� �N)

p

2M2(0)

Z +1

r0

 (s)ds.

In particular, we have

K�N

Z kx̂
↵

(t)k2,1

kx̂
↵

(0)k2,1
 (2x)dx  kv̂↵(0)k2,1 +

2K

�0
(1� �N)

p

2M2(0)

Z +1

r0

 (s)ds.

63



CHAPTER 4. MULTI-CLUSTER FLOCKING IN TERMS OF
COUPLING STRENGTH

Then, by the assumption of K and choice of r0, we have

kv̂↵(0)k2,1 +
2K

�0
(1� �N)

p

2M2(0)

Z +1

r0

 (s)ds < K�N

Z 1

kx̂
↵

(0)k2,1
 (2x)dx.

Thus, there exists x1
↵ such that

kv̂↵(0)k2,1 +
2K

�0
(1� �N)

p

2M2(0)

Z +1

r0

 (s)ds = K�N

Z x1
↵

kx̂
↵

(0)k2,1
 (2x)dx,

or equivalently,
Z kx̂

↵

(t)k2,1

kx̂
↵

(0)k2,1
 (2x)dx <

Z x1
↵

kx̂
↵

(0)k2,1
 (2x)dx, t 2 [0,+1).

Therefore, for all t 2 [0,+1), we have

kx̂↵(t)k2,1  x1
↵ . (4.2.6)

(iii) By the inequality (4.2.6), we know that, for t 2 [0,+1),

dkv̂↵(t)k2,1
dt

 �K�N 
�

2x1
↵

�

kv̂↵(t)k2,1 +2K(1� �N)
p

2M2(0) (r0 + �0t).

We integrate the above inequality directly to yield

kv̂↵(t)k2,1  kv̂↵0k2,1e��0t + 2K(1� �N)
p

2M2(0)

�0
 (r0)e

��0
2 t

+ 2K(1� �N)
p

2M2(0)

�0
 
⇣

r0 +
�0
2
t
⌘

 C↵max
n

e�
K (2x1

↵

)t
2 , 

⇣

r0 +
�0t

2

⌘o

, for some C↵ > 0,

where �0 := K�N (2x
1
↵ ).

4.3 Numerical simulations

In this section, we present the results of several numerical examples and

compare them with those of the main theorems presented in Sections 4.1 and

4.2. For numerical implementation, we used the fourth-order Runge-Kutta

method with the time step depend on K,
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4.3.1 Non-flocking configurations

First, we see that mono-cluster flocking does not emerge under the condition

of K < K0. Figure 4.1 shows the randomly chosen initial configurations.

Throughout this subsection, we will use this configuration for all simulations

with any K in order to exclude the e↵ects of the initial data. We checked not

only maximal velocity di↵erence, but also the variance of velocities:

V(t) =
�

X

1↵n
1iN

↵

kv↵i(t)� vc(t)k2
�1/2

.

This functions in Figure 4.2 show that the critical coupling strength is in

the range of 1 to 102, where these values are calculated after a long time, at

t = 100K. We can see that there is a large di↵erence in the variance, between

1 to 102. Furthermore, this value is clearly between the following values:

K0 = 0.0020, K0 = 4855.

4.3.2 Emergence of multi-cluster flocking

Here, we present simulation results for the conditions of Theorem 4.2.1. Local

multi-cluster flocking should occur when K1 < K < K2. Figure 4.3 shows

the precisely chosen initial configurations. Note that the initial data satisfy

the condition of Theorem 4.2.1. Now, we let the velocities be di↵erent even

in the same group in order to observe more than three clusters. To measure

the local flocking, we will also use the variance of velocities. For each ↵, let

V↵(t) =
�

X

1↵R
1iN

↵

kv↵i(t)� v↵c(t)k2
�1/2

.

In this case, the function kv̂↵(t)k2,1 shows similar behavior since our initial

configuration is close to multi-cluster flocking. Figure 4.4 shows that these

factors are calculated after a long time, at t = 100K. We can see that mono-

cluster flocking vanishes near 10 to 102, and multi-cluster flocking vanishes

near 1. This large di↵erence in variance occurs outside the range of the fol-

lowing values:

K1 = 2.9152, K2 = 5.0670,

which confirms Theorem 4.2.1.
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(a) Initial positions of particles (b) Initial velocities of particles

Figure 4.1: Initial configurations for the non-flocking phenomenon (markers

for di↵erent groups)
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Figure 4.2: Flocking and non-flocking phenomena for di↵erent K at time

t = 100K
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(a) Initial positions of particles (b) Initial velocities of particles

Figure 4.3: Initial configurations for the multi-cluster flocking phenomenon

(markers for di↵erent groups)

(a) the variance of velocities (b) the maximal di↵erence of velocities

Figure 4.4: Local flocking and non-flocking phenomena for di↵erentK at time

t = 100K (markers for di↵erent groups, non-marked for the global variance)
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Chapter 5

Existence of bi-cluster flocking
with unit speed constraint

In this chapter, we study a unit-speed constrainted flocking model intro-

duced in Section 2.4. The contents of this chapter correspond with the ones

of Chapter 3. First, we suggest a set of configurations tend to bi-cluster

flocking mimicking the situation of separating two particles. Second, we use

di↵erential inequalities and Lyapunov functionals to prove it. This chapter

is based on the joint work in [19].

5.1 A generalized two-dimensional J-K model

In this section, we consider a generalized two-dimensional J-K model with

a metric-dependent communication weight  , compared to the original J-

K model where the interaction between agents is all-to-all. We show that

the bi-cluster flocking phenomena occurs for an admissible class of initial

configurations. To this end, we first reformulate the J-K system in (2.4.13)

into an expanded system that is suitable for bi-cluster flocking analysis. Note

that the bi-cluster configuration cannot be an equilibrium for the J-K model,

but it can be achieved asymptotically. To measure the formation of bi-cluster

flocking, we introduce new functionals that simplify the analysis. Imagine

that the whole ensemble can be split into two flocking clusters so that each

cluster moves with the same velocity in two di↵erent directions; thus, the
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metric distance between the two clusters approaches infinity as time goes

to infinity. In contrast, the velocity diameter of each cluster tends to zero.

After introducing several functionals, we derive a SDDI, and then, under an

admissible class of initial configurations, we show that bi-cluster flocking can

occur using the continuity argument.

5.1.1 A reformulation of the J-K model

Assume that the system is composed of two groups G1 and G2 with |G1| = N1

and |G2| = N2. We relabel the position and heading of each agent with

(x1i, ✓1i), i = 1, 2, · · · , N1 and (x2j, ✓2j), j = 1, 2, · · · , N2. Then, the system

can be reformulated as an augmented system:

dx1i

dt
= (cos ✓1i, sin ✓1i),

dx2j

dt
= (cos ✓2j, sin ✓2j), t > 0,

d✓1i
dt

=
K

N

N1
X

k=1

 (|x1k � x1i|) sin(✓1k � ✓1i)

+
K

N

N2
X

k=1

 (|x2k � x1i|) sin(✓2k � ✓1i),

d✓2j
dt

=
K

N

N2
X

k=1

 (|x2k � x2j|) sin(✓2k � ✓2j)

+
K

N

N1
X

k=1

 (|x1k � x2j|) sin(✓1k � ✓2j),

(5.1.1)

where i = 1, 2, · · · , N1, j = 1, 2, · · · , N2, and 1  N1  N2.

Next, we define new quantities to measure the local averages and local

fluctuations of the state variables (x↵i, ✓↵i) in each group:

x1c :=
1

N1

N1
X

k=1

x1k, x2c :=
1

N2

N2
X

k=1

x2k,

✓1c :=
1

N1

N1
X

k=1

✓1k, ✓2c :=
1

N2

N2
X

k=1

✓2k,
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x̂↵i := x↵i � x↵c, ✓̂↵i = ✓↵i � ✓↵c, ↵ = 1, 2.

One can expect that if the initial condition is close to the central position

and central velocity of each group and the groups are su�ciently separated,

then bi-cluster flocking occurs.

We introduce several functionals to manage crowding in each flocking

group. For each flocking group, the spatial and angular fluctuations of group

members are summed:

V↵(x) :=

v

u

u

t

N
↵

X

k=1

|x̂↵k|2, V↵(⇥) :=

v

u

u

t

N
↵

X

k=1

✓̂2↵k, ↵ = 1, 2

V(x) := V1(x) + V2(x), V(⇥) := V1(⇥) + V2(⇥),

D↵(⇥) := max
i,j

|✓↵i � ✓↵j|, D(⇥) := D1(⇥) +D2(⇥).

Then, it is easy to verify that

1p
N
V(⇥)  D(⇥) 

p
2V(⇥). (5.1.2)

5.1.2 A class of admissible initial data

Suppose there exists r0 > 0 such that

min
i,j

(x1
1i(0)� x1

2j(0)) =: r0 > 0. (5.1.3)

By the continuity of the solution, there exists T > 0 such that

|x1i(t)� x2j(t)| � t+
r0
2

for t 2 [0, T ) and 8i, j 2 {1, · · · , N}. (5.1.4)

Fix the following set T and its supremum T ⇤:

T := {T 2 (0,1] : (5.1.4) holds for t 2 [0, T )}, T ⇤ := sup T .

Since  is nonincreasing, it follows that

 (|x1i(t)� x2j(t)|)   (t+
r0
2
) in [0, T ⇤).
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We are now ready to present a class of well-prepared initial data satisfying

C2, which will lead to a bi-cluster flocking configuration.

(C20) : r0 = min
i,j

(x1
1i(0)� x1

2j(0)) > 0,

(C21) : (i) ✓1i(0) 2
⇣

� ⇡

6
,
⇡

6

⌘

, ✓2j(0) 2
⇣5⇡

6
,
7⇡

6

⌘

,

for all i = 1, 2, · · · , N1, j = 1, 2, · · · , N2,

(ii) V(⇥0) < min

⇢

⇡

24
,
A�0

4
p
2

�

,

(C22) : (i) K

Z 1

r0
2

 (s)ds <
⇡

12
, V(⇥0) >

2K

�0

r

2N1N2

N
 
⇣r0
2

⌘

,

(ii)
2K

�0

r

N1N2

N

Z 1

r0
2

 (s)ds <
A

2
,

where �0 and A are positive constants defined by

�0 :=
KN1

2N
 (
p
2V(x0)),  (

p
2(V(x0) + A)) :=

1

2
 (
p
2V(x0)). (5.1.5)

The first condition (C21) implies that the perturbations of the two groups

are su�ciently small, each group is close to the flocking state, and they are

initially separated from each other. The second condition (C22) implies that

the distance between the two groups is su�ciently large, which will decrease

the interaction between them. It is easy to verify that the set of the initial

data is not empty.

5.1.3 Time-evolution of functionals

In this subsection, we derive di↵erential inequalities for the functionals V(x)
and V(⇥):

�

�

�

�

dV(x)
dt

�

�

�

�


p
2V(⇥),

d

dt
V(⇥)  ��0

2
V(⇥)+K

r

2N1N2

N
 (t+

r0
2
), t > 0.

(5.1.6)

In the following two lemmas, we derive the inequalities in (5.1.6).
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Lemma 5.1.1. Suppose that (x1i(t), ✓1i(t)) and (x2j(t), ✓2j(t)) are solutions

to system (5.1.1). Then
�

�

�

�

dV1(x)

dt

�

�

�

�


p
2V1(⇥),

�

�

�

�

dV2(x)

dt

�

�

�

�


p
2V2(⇥),

�

�

�

�

dV(x)
dt

�

�

�

�


p
2V(⇥), t > 0.

Proof. It needs direct but long calculation from the equations for any i,

2x̂1i ·
dx̂1i

dt
= 2x̂1i ·

⇣

cos ✓1i �
1

N1

N1
X

k=1

cos ✓1k, sin ✓1i �
1

N1

N1
X

k=1

sin ✓1k
⌘

.

Lemma 5.1.2. Suppose that conditions (C21)(ii) and (C22) in Section 5.1.2

hold. Then

(i)
d

dt
V(⇥)  ��0

2
V(⇥) +K

r

2N1N2

N
 (t+

r0
2
), t 2 (0, T ⇤),

(ii) sup
t2[0,T ⇤)

V(⇥(t)) < 2V(⇥0), sup
t2[0,T ⇤)

V(x(t)) < V(x0) + A,
(5.1.7)

where T ⇤, r0, and A are positive constants defined in (5.1.3), (5.1.4), and

(5.1.5), respectively.

Proof. First, recall from (5.1.4) that

T ⇤ := sup
n

T 2 (0,1] : min
i,j

|x1i(t)� x2j(t)| � t+
r0
2

for t 2 [0, T )
o

> 0.

(5.1.8)

In the sequel, desired estimates in (5.1.7) hold in the time-interval [0, T ⇤);
specifically, consider the set S:

S := {T 2 (0, T ⇤] : estimates (i) and (ii) in (5.1.7) hold for t 2 [0, T )}.

In the following two steps, we will show that S is nonempty, and its supre-

mum is equal to T ⇤.

• Step A (S is not empty): Since �0 := KN1
2N  (

p
2V(x0)), these are initially

ture. by the continuity of V(⇥) and V(x), S is not empty.
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• Step B (supS = T ⇤): By Step A, we know that the set S has a supremum.

S⇤ := supS 2 (0, T ⇤].

First, we must rule out the possibility of

S⇤ < T ⇤. (5.1.9)

Assume that (5.1.9) holds. In this case,

lim
t!S⇤�

V(x(t)) = V(x0) + A or lim
t!S⇤�

V(⇥(t)) = 2V(⇥0).

⇧ (Case 1) Suppose

lim
t!S⇤�

V(x(t)) = V(x0) + A. (5.1.10)

Note that relations (5.1.2) and (C21)(ii) yield

|✓̂1i � ✓̂1j|  D(⇥(t)) 
p
2V(⇥)  2

p
2V(⇥0) <

⇡

6
in [0, ⌧).

This implies

sin(✓̂1i � ✓̂1j)
✓̂1i � ✓̂1j

>
sin(2

p
2V(⇥0))

2
p
2V(⇥0)

>
1

2
in [0, ⌧).

On the other hand, by using (5.1.1) and ✓1i = ✓̂1i + ✓1c, we obtain

d✓̂1i
dt

=
K

N

N1
X

k=1

 (|x1k � x1i|) sin(✓̂1k � ✓̂1i)

+
K

N

N2
X

k=1

 (|x2k � x1i|) sin(✓2k � ✓1i)�
d✓1c
dt

.

This yields

2
N1
X

i=1

✓̂1i
d✓̂1i
dt

=
2K

N

N1
X

i=1

N1
X

k=1

 (|x1k � x1i|) sin(✓̂1k � ✓̂1i)✓̂1i

+
2K

N

N1
X

i=1

N2
X

k=1

 (|x2k � x1i|) sin(✓2k � ✓1i)✓̂1i.
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By definition of V1(⇥), it follows that for t 2 (0, ⌧),

2V1(⇥)
dV1(⇥)

dt
=� K

N

N1
X

i=1

N1
X

k=1

 (|x1k � x1i|) sin(✓̂1k � ✓̂1i)(✓̂1k � ✓̂1i)

+
2K

N

N1
X

i=1

N2
X

k=1

 (|x2k � x1i|) sin(✓2k � ✓1i)✓̂1i

� KN1 (
p
2V(x))

N
V2
1 (⇥) +

2KN2

p
N1

N
 (t+

r0
2
)V1(⇥),

where the following inequality is applied;

sin(✓̂1k � ✓̂1i)(✓̂1k � ✓̂1i) >
1

2
(✓̂1k � ✓̂1i)2 in (0, ⌧).

This implies a di↵erential inequality for V1(⇥):

dV1(⇥)

dt
 �KN1

2N
 (
p
2V(x))V1(⇥) +

KN2

p
N1

N
 (t+

r0
2
) in (0, ⌧).

(5.1.11)

Similarly, we can get the same equation for V2, hence for N1  N2,

dV(⇥)

dt
 �KN1

2N
 (
p
2V(x))V(⇥) +K

r

2N1N2

N
 
⇣

t+
r0
2

⌘

in (0, ⌧).

(5.1.12)

Again, we use the assumption of �0 to (5.1.12),

dV(⇥)

dt
 ��0

2
V(⇥) +K

r

2N1N2

N
 
⇣

t+
r0
2

⌘

in (0, ⌧). (5.1.13)

We integrate (5.1.13) using Gronwall’s lemma to find

V(⇥(t))  V(⇥0)e
��0

2 t +K

r

2N1N2

N

Z t

0

 
⇣

s+
r0
2

⌘

e
�0
2 (s�t)ds in (0, ⌧).

(5.1.14)
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It follows from Lemma 5.1.1 and (5.1.14) that

|V(x(t))� V(x0)|


Z t

0

�

�

�

d

ds
V(x(s))

�

�

�

ds 
p
2

Z t

0

V(⇥(s))ds


p
2V(⇥0)

Z t

0

e�
�0
2 sds+

p
2K

r

2N1N2

N

Z t

0

Z s

0

 
⇣

s̃+
r0
2

⌘

e
�0
2 (s̃�s)ds̃ds

 2
p
2V(⇥0)

�0
+

2K

�0

r

N1N2

N

Z 1

r0
2

 (s)ds, in (0, ⌧).

(5.1.15)

Thus, (5.1.15) implies

V(x(t))  V(x0) +
2
p
2V(⇥0)

�0
+

2K

�0

r

N1N2

N

Z 1

r0
2

 (s)ds t 2 [0, ⌧).

Then, it follows from (C21)(ii) and (C22)(ii) that the sum of the last two

terms is strictly less than A, i.e.,

V(x(t)) < V(x0) + A� ✏, for t 2 [0, ⌧), ✏⌧ 1. (5.1.16)

Finally, combining (5.1.13) and (5.1.16) yields

lim
t!S⇤�

V(x(t)) < V(x0) + A,

which contradicts (5.1.10).

⇧ (Case 2): Now, suppose

lim
t!S⇤�

V(⇥(t)) = 2V(⇥0). (5.1.17)

We use the estimate

I(t) =

Z t

0

 
⇣

s+
r0
2

⌘

e
�0
2 (s�t)ds   

⇣r0
2

⌘

Z t

0

e
�0
2 (s�t)ds  2

�0
 
⇣r0
2

⌘

,

assumption (C22), and (5.1.14) to obtain

V(⇥(t))  V(⇥0)e
��0

2 t +
2K

�0

r

2N1N2

N
 
⇣r0
2

⌘

< V(⇥0)e
��0

2 t + V(⇥0), in [0, S⇤).

(5.1.18)
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Letting t! S⇤ in (5.1.18), we have

lim
t!S⇤�

V(⇥(t))  V(⇥0)(e
��0

2 S⇤
+ 1) < 2V(⇥0),

which contradicts (5.1.17).

Therefore, combining two cases, S⇤ = T ⇤ and we get the desired result.

5.1.4 Emergence of bi-cluster flocking

In this subsection, we present our first main result on the bi-cluster flocking

estimate of system (2.4.13) for well-prepared initial data satisfying assump-

tions (C2) in Section 5.1.2. Note that once we show that

sup
0t<1

V(x(t)) < V(x0) + A, lim
t!1

V(⇥(t)) = 0,

lim inf
0t<1

min
i,j

|x1i(t)� x2j(t)| =1,

we achieve the desired bi-cluster flocking in the sense of Definition 2.1.1.

Theorem 5.1.1. (Emergent of bi-cluster flocking) Suppose that conditions

(C21) and (C22) hold. Then T ⇤ = 1, and the following bi-flocking estimates

hold: for t 2 [0,1),

(i) V(x(t)) < V(x0) + A, |x1i(t)� x2j(t)| > t+
r0
2
,

(ii) V(⇥(t))  C
h

e�
�0
4 t +  

⇣t+ r0
2

⌘i

.

Proof. • Step A: We will show that Lemma 5.1.2 holds with T ⇤ =1.

In (5.1.8), assume that T ⇤ <1. Then there exist i0 and j0 such that

|x1i0(T
⇤)� x2j0(T

⇤)| = T ⇤ +
r0
2
. (5.1.19)

Since
d✓1c
dt

=
K

N1N

N1
X

i=1

N2
X

k=1

 (|x2k � x1i|) sin(✓2k � ✓1i),
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it follows that

|✓1c(t)� ✓1c(0)|  K

Z t

0

 (s+
r0
2
)ds  K

Z 1

r0
2

 (s)ds, in [0, T ⇤). (5.1.20)

Now, for each ✓1i, we use (5.1.20) to obtain

|✓1i(t)|  |✓1i(t)� ✓1c(t)|+ |✓1c(t)� ✓1c(0)|+ |✓1c(0)|

 V(⇥(t)) + |✓1c(0)|+K

Z 1

r0
2

 (s)ds

 2V(⇥0) + |✓1c(0)|+K

Z 1

r0
2

 (s)ds, t 2 [0, T ⇤).

(5.1.21)

Hence, (C21) and (C22)(i) imply

V(⇥0) <
⇡

24
, |✓1c(0)| <

⇡

6
, K

Z 1

r0
2

 (s)ds <
⇡

12
. (5.1.22)

Combining (5.1.21) and (5.1.22) yields

✓1i(t) 2 (�⇡
3
,
⇡

3
) in [0, T ⇤). (5.1.23)

Similarly, we have

✓2j(t) 2 (
2⇡

3
,
4⇡

3
) in [0, T ⇤). (5.1.24)

Since
dx1

↵i

dt
= cos ✓↵i, it follows from (5.1.23) and (5.1.24) that

ẋ1
1i = cos ✓1i(t) >

1

2
, ẋ1

2j = cos ✓2j(t) < �
1

2
, t 2 [0, T ⇤).

This yields

|x1i(t)� x2j(t)| � |x1
1i(t)� x1

2j(t)|

=
�

�

�

x1
1i(0)� x1

2j(0) +

Z t

0

(cos ✓1i(s)� cos ✓2j(s))ds
�

�

�

� t+ |x1
1i(0)� x1

2j(0)| > t+
r0
2
, t 2 [0, T ⇤).
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From continuity and letting t! T ⇤�, we obtain

lim
t!T ⇤�

|x1i(t)� x2j(t)| > T ⇤ +
r0
2
,

which contradicts (5.1.19). Thus, Lemma 5.1.2 holds with T ⇤ =1.

• Step B (Estimate of V(⇥)): Note that V(⇥) satisfies

d

dt
V(⇥)  ��0

2
V(⇥) +K

r

2N1N2

N
 (t+

r0
2
), t 2 (0,1).

We now apply Lemma A.0.1 with

↵ =
�0
2

and f(t) = K

r

2N1N2

N
 (t+

r0
2
)

to derive the desired estimate:

V(⇥(t))  2K

�0

r

2N1N2

N
 (

t+ r0
2

) + V(⇥0)e
��0t

2 +K

r

2N1N2

N
 (

r0
2
)e�

�0t
4 .

Proposition 5.1.1. (Relaxation of local averaged velocities) Suppose con-

ditions (C21) and (C22) hold. Then there exist asymptotic velocities ✓11c and

✓12c such that

|✓1c(t)� ✓11c |+ |✓2c(t)� ✓12c |  C

Z 1

t

 
⇣

s+
r0
2

⌘

ds as t!1,

where C is a positive constant.

Proof. Note that the local phase average ✓1c satisfies

✓1c(t) = ✓1c(0) +
K

N1N

N1
X

i=1

N2
X

k=1

Z t

0

 (|x2k � x1i|) sin(✓2k � ✓1i)ds. (5.1.25)

We set the asymptotic state ✓11c as follows:

✓11c := ✓1c(0) +
K

N1N

N1
X

i=1

N2
X

k=1

Z 1

0

 (|x2k � x1i|) sin(✓2k � ✓1i)ds. (5.1.26)
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It follows from (5.1.25) and (5.1.26) that

|✓1c(t)� ✓11c |  K

Z 1

t

 
⇣

s+
r0
2

⌘

ds. (5.1.27)

Note that the right-hand side goes to zero due to integrability of  . We

conclude the result since this is also true for ✓12c .

Remark 5.1.1. By combining results of Theorem 5.1.1 and Proposition

5.1.1,

|✓1i(t)� ✓11 |+ |✓2j(t)� ✓12 |
 (|✓1i(t)� ✓1c(t)|+ |✓2j(t)� ✓2c(t)|) + |✓1c(t)� ✓11 |+ |✓2c(t)� ✓12 |
 V(⇥(t)) + 2K

Z 1

t

 
⇣

s+
r0
2

⌘

ds

 C
h

e�
�0
4 t +  

⇣t+ r0
2

⌘i

+ 2K

Z 1

t

 
⇣

s+
r0
2

⌘

ds.

In particular, for the C-S communication weight  (s) = 1
(1+s)� with � > 1,

we can find the explicit decay rate

|✓1i(t)� ✓11 |+ |✓2j(t)� ✓12 |  C(1 + t)�(��1) as t!1.

5.2 The multi-dimensional C-S model with

the unit speed constraint

In this section, we present a formation of bi-cluster flocking for the C-S model

with the unit speed constraint, which was introduced in [24]:

dxi

dt
= vi, 1  i  N, t > 0,

dvi

dt
=

K

N

N
X

k=1

 (kxk � xik)
⇣

vk �
hvi,vki
hvi,vii

vi

⌘

.
(5.2.1)

As noted in Theorem 2.4.2, when the initial configuration is close to a mono-

cluster flocking configuration, the emergence of mono-cluster flocking can

be guaranteed. Thus, if the su�cient conditions stated in Theorem 2.4.2

are violated, the number of clusters that emerge asymptotically cannot be

determined. In the future, we will focus on the formation of bi-cluster flocking

using an idea similar to those in the previous section.
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5.2.1 A reformulation of the C-S model

We assume the system is composed of two subgroups G1 and G2 with |G1| = N1

and |G2| = N2. We relabel the position and velocity of each agent with
(x1i,v1i), i = 1, 2, · · · , N1 and (x2j,v2j), j = 1, 2, · · · , N2, respectively. In
this setting, system (5.2.1) can be rewritten as

˙

x1i = v1i, ˙

x2j = v2j ,

˙

v1i =
K

N

N1
X

k=1

 (kx1k � x1ik)
⇣

v1k �
hv1i,v1ki
hv1i,v1ii

v1i

⌘

+

K

N

N2
X

k=1

 (kx2k � x1ik)
⇣

v2k �
hv1i,v2ki
hv1i,v1ii

v1i

⌘

,

˙

v2j =
K

N

N2
X

k=1

 (kx2k � x2jk)
⇣

v2k �
hv2j ,v2ki
hv2j ,v2ji

v2j

⌘

+

K

N

N1
X

k=1

 (kx1k � x2jk)
⇣

v1k �
hv2j ,v1ki
hv2j ,v2ji

v2j

⌘

,

(5.2.2)

where i = 1, 2, · · · , N1 and j = 1, 2, · · · , N2. Without loss of generality, we

assume

kvi(t)k = 1 and 1  N1  N2. (5.2.3)

Next, we define the local averages and local fluctuations with respect to space

and velocity to analyze (5.2.2):

x1c =
1

N1

N1
X

k=1

x1k, x2c =
1

N2

N2
X

k=1

x2k,

v1c =
1

N1

N1
X

k=1

v1k, v2c =
1

N2

N2
X

k=1

v2k,

x̂↵i = x↵i � x↵c, v̂↵i = v↵i � v↵c, ↵ = 1, 2.

(5.2.4)

Lemma 5.2.1. Let (x,v) be a solution to (5.2.1) and (5.2.3). Then the local
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averages and fluctuations in (5.2.4) satisfy the following coupled system:

˙̂
x1i =v̂1i, ˙̂

x2i = v̂2i

˙̂
v1i =

K

N

N1
X

k=1

 (kx1k � x1ik)(v1k � v1i)

+
K

N

N1
X

k=1

 (kx1k � x1ik)hv1i � v1k,v1iiv1i

+
K

N

N2
X

k=1

 (kx2k � x1ik)(v2k � hv1i,v2kiv1i)� v̇1c

˙̂
v2i =

K

N

N2
X

k=1

 (kx2k � x2ik)(v2k � v2i)

+
K

N

N2
X

k=1

 (kx2k � x2ik)hv2i � v2k,v2iiv2i

+
K

N

N1
X

k=1

 (kx1k � x2ik)(v1k � hv2i,v1kiv2i)� v̇2c.

(5.2.5)

Proof. The proof directly follows from the equation. See Lemma 3.1.2.

Next, we introduce `2-type functionals that measure the total fluctuations

of each flocking group:

V↵(x) :=

v

u

u

t

N
↵

X

k=1

kx̂↵kk2, V↵(v) :=

v

u

u

t

N
↵

X

k=1

kv̂↵kk2, ↵ = 1, 2

V(x) :=V1(x) + V2(x), V(v) := V1(v) + V2(v).

Lemma 5.2.2. Suppose (x1i(t),v1i(t)) and (x2j(t),v2j(t)) for i = 1, 2, · · · , N1

and j = 1, 2, · · · , N2 are the solutions to the coupled system in (5.2.5). Then
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the functionals V(x) and V(v) satisfy

(i)

�

�

�

�

dV(x)
dt

�

�

�

�

 V(v), t > 0,

(ii)
dV(v)
dt

 �KN1

N
 (
p
2V(x))V(v)

+
KN2

N
 (0)(V(v))2 + 2K

r

2N1N2

N
 M ,

where  M := max
i,j

 (kx1i � x2jk).

Proof. These are basically from the equation (5.2.5). The proof is based on

the one of Lemma 3.1.3, but we need a little more than that from the lack

of symmetry. This di�culty can be figured out from the following facts:

hv1i � v1k,v1ii =
1

2
kv1k � v1ik2, kx1k � x1ik 

p
2V(x),

kv1ik = kv2jk = 1.

5.2.2 A class of admissible initial data

In this subsection, we present a class of admissible initial data leading to

asymptotic bi-cluster flocking. First, we define

�0 :=
KN1

N
 (
p
2V(x0)),  (

p
2(V(x0) + A)) =

3

4
 (
p
2V(x0)),

ed := (0, 0, · · · , 0, 1), r0 := min
i,j
hx1i(0)� x2j(0), edi.

(5.2.6)
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Below, we list the conditions for admissible initial data:

(C31) :(i) hv1i, edi 2 (

p
3

2
, 1], hv2j, edi 2 [�1,�

p
3

2
), for all i, j,

(ii) V(v0) < min

(p
3� 1

8
,
A�0
4

,
N�0

8N2K (0)

)

,

, (C32) :(i) V(v0) >
4
p
2K

�0

r

N1N2

N
 (

r0
2
),

A

2
>

4
p
2K

�0

r

N1N2

N

Z 1

r0
2

 (s)ds,

(ii)
128K3N1N2

N2�2
0

 (0) (
r0
2
)
h 2

�0
 (

r0
2
) +

Z 1

r0
2

 (s)ds
i

+
2K (0)

N�0
V2(v0) + 2K

Z 1

r0
2

 (s)ds <

p
3� 1

4
.

Condition (C31) implies the perturbations of the two groups are su�ciently

small, each group is close to a flocking state, and they are separate from each

other initially. Condition (C32) implies the distance between the two groups

is su�ciently large, which will decrease the interaction between them. It is

easy to verify that the set of initial data is not empty.

For any i, j, we have kx1i(0) � x2j(0)k � r0. By the continuity of the

solution, there exists a T > 0 such that

kx1i(t)� x2j(t)k � t+
r0
2

for t 2 [0, T ) and all i, j.

Let T ⇤
2 = supT . Then

 (kx1i(t)� x2j(t)k)   (t+
r0
2
) in [0, T ⇤

2 ), and for all i, j.

5.2.3 Time-evolution of functionals

In this subsection, we study the time-evolution estimates of the functionals

V(x) and V(v).
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Lemma 5.2.3. The following estimate holds:

Z t

0

 (s+
r0
2
)e

�0(s�t)
2 ds  2

�0
 
⇣r0
2

⌘

e�
�0t
4 +

2

�0
 
⇣t+ r0

2

⌘

.

Proof. Direct integration similar to (A.0.1) in Appendix.

Proposition 5.2.1. Suppose that conditions (C31)(i) and (C32)(i)(ii) hold.

Then there exists a positive constant T ⇤
2 2 (0,1] such that for all t 2 [0, T ⇤

2 ),

(i) V(v) < 2V(v0),
dV(v)
dt

 ��0
2
V(v) + 2K

r

2N1N2

N
 
⇣

t+
r0
2

⌘

,

(ii) V(x) < V(x0) + A,

(5.2.7)

where T ⇤
2 , r0, and A are positive constants defined in (5.2.6).

Proof. We follow the same bootstrapping argument used to prove Lemma

5.1.2. Note that

T ⇤
2 := sup

n

T 2 (0,1] : min
i,j

|x1i(t)� x2j(t)| � t+
r0
2

for t 2 [0, T )
o

> 0.

Consider the set S2:

S2 := {T 2 (0, T ⇤
2 ] : estimates (i) and (ii) in (5.2.7) hold for t 2 [0, T )}.

In the following two steps, we will show that S2 is nonempty, and its supre-

mum is equal to T ⇤
2 .

⇧ Step A (S2 is not empty): A type of bootstrapping argument is used:

• Step A.1: Rough estimates of V(v) and V(x).

• Step A.2: Refined estimate of V(v) using the rough estimate of V(v)
and the second Gronwall inequality in Lemma 5.2.2.

• Step A.3: Estimate of V(x) using the first Gronwall inequality in Lemma

5.2.2.
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• Step A.4: Repeat the above process again to derive an optimal estimate.

• Step A.1 (rough estimates of V(x) and V(v)): From the assumption (C31)(ii)
and the relation

KN1

N
 (
p
2V(x0)) = �0,

there exists ⌧ 2 (0, T ⇤
2 ) such that

KN2

N
 (0)V(v(t)) < 2KN2

N
 (0)V(v0) <

1

4
�0 () V(v(t)) < 2V(v0),

KN1

N
 (
p
2V(x(t))) > 3�0

4
() V(x(t)) < V(x0) + A, t 2 [0, ⌧).

(5.2.8)

Thus, ⌧ 2 S2, i.e., the set S2 is not empty.

• Step A.2 (Refined estimates of V(x) and V(v)): Note that it follows from

Lemma 5.2.2(ii) that

dV(v)
dt

 �KN1

N
 (
p
2V(x))V(v) + KN2

N
 (0)(V(v))2 + 2K

r

2N1N2

N
 M .

(5.2.9)

The a priori estimates in (5.2.8) and (5.2.9) are used to obtain

dV(v)
dt

 ��0
2
V(v) + 2K

r

2N1N2

N
 
⇣

t+
r0
2

⌘

in (0, ⌧).

Gronwall’s inequality implies a refined estimate for V(v):

V(v(t))  V(v0)e
��0

2 t + 2K

r

2N1N2

N

Z t

0

 
⇣

s+
r0
2

⌘

e
�0
2 (s�t)ds in [0, ⌧).

(5.2.10)

• Step A.3 (Refined estimates of V(x)): Using Lemma 5.2.2, (5.2.10), and

Fubini’s theorem, we obtain

V(x(t))  V(x0) +
2V(v0)

�0
+

4
p
2K

�0

r

N1N2

N

Z 1

r0
2

 (s)ds in [0, ⌧ ],
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where the same estimate in (5.1.15) in Lemma 5.1.2 is used.

• Step A.4 (supS2 = T ⇤
2 ): By Step A.1, we know that the set S2 has a

supremum, so we set

S⇤
2 := supS2 2 (0, T ⇤

2 ].

Now we must rule out the possibility that

S⇤
2 < T ⇤

2 (5.2.11)

to obtain the desired estimate. Assume that (5.2.11) holds. It follows that

lim
t!S⇤

2�
V(x(t)) = V(x0) + A or lim

t!S⇤
2�

V(v(t)) = 2V(v0).

The conditions (C31)(ii) and (C32)(i) provide us

V(x(t)) < V(x0) + A� ✏, t 2 [0, ⌧), ✏⌧ 1.

On the other hand, if

lim
t!S⇤

2�
V(v(t)) = 2V(v0), (5.2.12)

the assumption (C32)(i) and (5.2.10) imply

V(v(t))  V(v0)e
��0

2 t +
4
p
2K

�0

r

N1N2

N
 
⇣r0
2

⌘

< V(v0)e
��0

2 t + V(v0), in [0, S⇤
2).

(5.2.13)

Letting t! S⇤� in (5.2.13), we have

lim
t!S⇤�

V(v(t))  V(v0)(e
��0

2 S⇤
+ 1) < 2V(v0),

which contradicts (5.2.12). Therefore, we obtain our desired result.

5.2.4 Emergence of bi-cluster flocking

In this subsection, we prove bi-cluster flocking for system (5.2.1) using Lemma

5.2.1 with T ⇤
2 =1.
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Theorem 5.2.1. (Emergence of bi-cluster flocking) Suppose conditions (C31)
and (C32) hold. Then T ⇤

2 = 1, and the following bi-flocking estimates hold:

for t 2 [0,1),

(i) V(x(t)) < V(x0) + A, |x1i(t)� x2j(t)| > t+
r0
2
,

(ii) V(v(t))  C
h

e�
�0
4 t +  

⇣t+ r0
2

⌘i

.

Proof. We split the estimates into two steps.

• Step A: Lemma 5.2.1 holds with T ⇤
2 =1.

Suppose to the contrary. Then there exist i0 and j0 such that

kx1i0(T
⇤
2 )� x2j0(T

⇤
2 )k = T ⇤

2 +
r0
2
. (5.2.14)

On the other hand, note that

v̇1c =
K

2NN1

N1
X

i=1

N1
X

k=1

 (kx1k � x1ik)kv1k � v1ik2v1i

+
K

NN1

N1
X

i=1

N2
X

k=1

 (kx2k � x1ik)(v2k � hv1i,v2kiv1i),

(5.2.15)

where the following relation is used:

K

NN1

N1
X

i=1

N1
X

k=1

 (kx1k � x1ik)(v1k � hv1i,v1kiv1i)

=
K

2NN1

N1
X

i=1

N1
X

k=1

 (kx1k � x1ik)kv1k � v1ik2v1i.

87



CHAPTER 5. EXISTENCE OF BI-CLUSTER FLOCKING WITH UNIT
SPEED CONSTRAINT

Next, we integrate (5.2.15) and use the relations

�

�

�

N1
X

i=1

N1
X

k=1

 (kx1k � x1ik)kv1k � v1ik2v1i

�

�

�


N1
X

i=1

N1
X

k=1

 (0)kv1k � v1ik2 =
N1
X

i=1

N1
X

k=1

 (0)kv1k � v1c + v1c � v1ik2

= 2N1 (0)
N1
X

i=1

kv1c � v1ik2 = 2N1 (0)V2
1 (v),

�

�

�

N1
X

i=1

N2
X

k=1

 (kx2k � x1ik)(v2k � hv2k,v1iiv1i)
�

�

�

 2N1N2 
⇣

t+
r0
2

⌘

(5.2.16)

to obtain

kv1c(t)�v1c(0)k 
K (0)

N

Z t

0

V2(v(s))ds+2K

Z t

0

 
⇣

s+
r0
2

⌘

ds, t 2 [0, T ⇤
2 ).

(5.2.17)

We now use (5.2.10) to show that

V2(v(t))  2
h

V2(v0)e
��0t +

8K2N1N2

N

⇣

Z t

0

 (s+
r0
2
)e

�0(s�t)
2 ds

⌘2i

. (5.2.18)

It follows from (5.2.18) and Lemma 5.2.3 that for t 2 [0, T ⇤
2 ),

V2(v(t))  2V2(v0)e
��0t +

128K2N1N2

N�2
0

h

 2
⇣r0
2

⌘

e�
�0t
2 +  2

⇣t+ r0
2

⌘i

.

(5.2.19)

In (5.2.17), (5.2.19) is used to obtain

kv1c(t)� v1c(0)k

 K (0)

N

Z t

0

V2(v(s))ds+ 2K

Z t

0

 
⇣

s+
r0
2

⌘

ds

 2K (0)

N�0
V2(v0) + 2K

Z t

0

 (s+
r0
2
)ds

+
128K3 (0)N1N2

N2�2
0

h 2

�0
 2(

r0
2
) +  (

r0
2
)

Z t

0

 (
s+ r0

2
)ds

i

,
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for the time t 2 [0, T ⇤
2 ). On the other hand, condition (C32)(ii) implies

kv1c(t)� v1c(0)k <
p
3� 1

4
, in [0, T ⇤

2 ).

Using (C31), we have

hv1i(t), edi = hv1c(0), edi+ hv1c(t)� v1c(0), edi+ hv1i(t)� v1c(t), edi

>

p
3

2
� kv1c(t)� v1c(0)k � 2V(v0) >

1

2
, in [0, T ⇤

2 ).

Similarly, we obtain

hv2j(t), edi < �
1

2
in [0, T ⇤

2 ).

Thus,

kx1i(t)� x2j(t)k �
�

�

�

�

Z t

0

hv1i(s)� v2j(s), edids+ hx1i(0)� x2j(0), edi
�

�

�

�

> t+
r0
2

in [0, T ⇤
2 ],

which contradicts (5.2.14). Therefore,

T ⇤
2 =1.

• Step B (Estimate of V(v)): Applying Gronwall’s inequality to (5.2.7) and

Lemma 5.2.3 yields

V(v(t))  V(v0)e
��0

2 t + 2K

r

2N1N2

N

Z t

0

 
⇣

s+
r0
2

⌘

e
�0
2 (s�t)ds

 V(v0)e
��0

2 t +
4K

�0

r

2N1N2

N

⇣

 (
r0
2
)e�

�0t
4 +  (

t+ r0
2

)
⌘

 C
h

e�
�0t
4 +  (

t+ r0
2

)
i

Remark 5.2.1. It is easy to verify that the estimates given in Theorem 5.2.1

imply asymptotic bi-cluster flocking in the sense of Definition 2.1.1.
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In the following proposition, we also show that there are asymptotic ve-

locities such that bi-clusters evolve to them.

Proposition 5.2.2. Suppose conditions (C31) and (C32) hold. Then there

exist constant asymptotic states v

1
1c and v

1
2c such that

kv1c(t)� v

1
1ck+ kv2c(t)� v

1
2ck  C

h

e�
�0t
2 +

Z 1

t

 
⇣

s+
r0
2

⌘

ds
i

as t!1,

where C is a positive constant.

Proof is basically same as in Theorem 3.2.2, from the equation

v1c(t) = v1c(0) +
K

2NN1

N1
X

i=1

N1
X

k=1

Z t

0

 (kx1k � x1ik)kv1k � v1ik2v1ids

+
K

NN1

N1
X

i=1

N2
X

k=1

Z t

0

 (kx2k � x1ik)(v2k � hv1i,v2kiv1i)ds.

5.3 Numerical simulations

In this section, we provide numerical simulations on the two dimensional

model, the generalized J-K model. In order to compare it to Theorem 5.1.1,

the initial data were chosen to satisfy the conditions the conditions in Section

5.1.3 (see Figure 5.1). We used the fourth-order Runge-Kutta method. The

common parameters used in the simulations were as follows,

 (s) =
1

(1 + s2)
1
2

, N1 = N2 = 50, �t = 0.01.

Particles in each group were randomly distributed around designated points.

Their velocities indicated almost the opposite direction with respect to that

of another group. We performed numerical integrations of (2.4.13) with dif-

ferent coupling strengths, K = 0.5, 1, 2, 4, 8, to assess their e↵ects.

In Figure 5.2, we consider the time-variations of local fluctuations. Notice

that the local variation of heading angles tends to zero exponentially fast,

and the local variation of spatial configurations also relaxes to some positive
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constant exponentially fast. In both figures, as the coupling strength doubles,

the time it takes to achieve a relaxed state reduces to almost half of that of

the preceding one.

In Figure 5.3, we plot the intergroup distance and phase di↵erence. Observe

that the intergroup distance tends to infinity almost linearly, and regardless

of the coupling strength, the distance grows at the same rate; hence, the

graph appears to be one line. The phase di↵erence converges to some con-

stant exponentially fast, and the convergence time and coupling strength are

inversely proportional. Note that although the time taken to reach a certain

constant varies for di↵erent coupling strengths, they all go to the same con-

stant regardless of the coupling strengths.

x
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(b) Initial velocity

Figure 5.1: Initial configuration: The generalized J-K model
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(a) Dynamics of V(x) (b) Dynamics of V(⇥)

Figure 5.2: The evidence of local flocking

(a) Dynamics of min

i,j

(|x1i � x2j |) (b) Dynamics of min

i,j

(|✓1i � ✓2j |)

Figure 5.3: The evidence of separation
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Chapter 6

Multi-cluster flocking with unit
speed constraint

In this chapter, we analyze the unit speed constrained model with the argu-

ments of Chapter 4. In Chapter 5, we considered a set of initial configurations

that is close to the separating two-particle model. We continue to analyze the

same model with other situations, totally separating conditions and multi-

cluster separating conditions, which appeared in Chapter 4. In the same way,

we can study on the critical coupling strength of C-S model with unit speed

constraint. This chapter is based on the joint work in [43].

6.1 A necessary condition for mono-cluster

flocking

In this section, we provide a framework for the non-existence of mono-cluster

flocking and state a necessary condition for the emergence of a mono-cluster

flocking. As in the arguments of Chapter 4, we study the condition that every

particle with di↵erent velocities does not flock each other.

Before we start the analysis, we recall the flocking estimates on the mono-

cluster formation for (2.4.13). We set

D(v) := max
i,j
kvi � vjk.
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Theorem 6.1.1. [20] Suppose that the coupling strength and initial configu-

ration (x0,v0) satisfy

K > 0, kv0
i k = 1, min

8 i 6=j
hv0

i ,v
0
ji > 0, 0 < D(v0) <

KA(v0)

2

Z 1

D(x0)

 (s)ds,

Then, for any solution
�

x(t),v(t)
�

to system (2.4.13), there exists a positive

constant d1x such that

sup
0t<1

D
�

x(t)
�

 d1x , t � 0, D
�

v(t)
�

 D(v0)e
�KC0 (d1

x

t).

Remark 6.1.1. Note that Theorem 6.1.1 yields a su�cient condition for a

mono-cluster flocking. For a small coupling strength K ⌧ 1, bi-cluster and

multi-cluster flockings can emerge from some initial configurations. It has

been shown that local flocking, in particular bi-cluster flocking, can emerge

from some well-prepared configurations close to bi-cluster configurations in

Chapter 4 and 5.

6.1.1 A framework and main result

In this subsection, we will introduce a framework for the non-existence of

mono-cluster flocking. Let G := {(xi0,vi0

�

}Ni=1 be an initial non-flocking

configuration of the ensemble of C-S particles. Then, we set subensembles

G1, · · · ,Gn of the total ensemble G according to initial velocity: for ↵ =

1, · · · , n,

(x↵i,v↵i), (x↵j,v↵j) 2 G↵ () v↵i0 = v

0
↵j, for all i, j  |G↵| =: N↵.

Since we assume the initial configuration is not in the mono-cluster flocking

state, we have n � 2, and the original system (2.4.13) can be rewritten as:

ẋ↵i = v↵i, t > 0, i = 1, 2, · · · , N↵,

v̇↵i =
K

N

N
↵

X

k=1

 (kx↵k � x↵ik)
✓

v↵k �
hv↵k,v↵ii
hv↵i,v↵ii

v↵i

◆

+
K

N

X

� 6=↵

N
�

X

k=1

 (kx�k � x↵ik)
✓

v�k(t)�
hv�k,v↵ii
hv↵i,v↵ii

v↵i

◆

,

(x↵i(0),v↵i(0)) = (x↵i0,v↵i0), kv↵i0k = 1.

(6.1.1)
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Here we assume the short-range communication weight such that

 (s) =
1

(1 + s2)
�

2

, � � 1.

For conveniences, we introduce local averages:

x↵c :=
1

N↵

N
↵

X

i=1

x↵i, v↵c :=
1

N↵

N
↵

X

i=1

v↵i. (6.1.2)

Now, we describe the geometry of initial separation between sub-ensembles.

For a given initial configuration (x0,v0), we set

✓0(x0,v0) := min
� 6=↵

arccos(v�c(0) · v↵c(0)), D(x0) := max
� 6=↵,i,k

kx↵i0 � x�k0k,

T0(x0,v0) := max
� 6=↵,i,k

n

0,�
�

x↵i0 � x�k0

�

· v↵c(0)
�0

o

, �0 := cos
✓0
4
� cos

3✓0
8

.

(6.1.3)

For notational simplicity, we suppress (x0,v0) dependence in T0, K0 in the

following:

✓0 := ✓0(x0,v0), T0 := T0(x0,v0).

Remark 6.1.2. We can easily see that ✓0 2 (0, ⇡].

We next introduce a coupling strength K0(x0,v0) depending on the ge-

ometry of the initial configuration (x0,v0).

• If initial configuration satisfies

min
� 6=↵,i,k

�

x↵i0 � x�k0

�

· v↵c(0) < 0,

then, we set

K0(x0,v0) := min
n1� cos ✓08

2T0
,
cos ✓08 � cos ✓04
D(x0) + 2T0

,
�0(cos

✓0
8 � cos ✓04 )

(1� �N)
R1
0  (s)ds

o

,

�N :=
minN�

N
.
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• If initial configuration satisfies

min
� 6=↵,i,k

�

x↵i0 � x�k0

�

· v↵c(0) � 0,

then, we set

K0(x0,v0) :=
�̄0(1� cos ✓08 )

(1� �N)
R1
0  (s)ds

, �̄0 = cos
✓0
8
� cos

7✓0
8

.

Now we are ready to state our main result as follows.

Theorem 6.1.2. Let (x,v) be a global solution to (2.4.13) with initial data

satisfying

max
i 6=j
kvi0 � vj0k > 0.

If K < K0(x0,v0), then we have

min
↵ 6=�,i,k

sup
0t<1

kx↵i(t)� x�k(t)k =1, min
↵ 6=�,i,k

lim inf
t!1

kv↵i(t)� v�k(t)k > 0.

i.e., mono-cluster flocking does not occur asymptotically. Moreover, each

groups are separating.

6.1.2 Dynamics of local averages and fluctuations

In this subsection, we provide estimates on the local averages and fluctuations

defined in (6.1.2). Now, we introduce a useful function which is crucial for

the study of the Cucker-Smale model with unit speed:

vm↵ (t) := min
1iN

↵

v↵i(t) · e, t � 0, (6.1.4)

where e represents a unit constant vector, which will be replaced later by a

fixed vector e↵(T0) depending on initial data. Then, we have the following

proposition with respect to function v

m
↵ (t) defined in (6.1.4) as follows.

Proposition 6.1.1. Let
�

x↵i,v↵i
�

, ↵ = 1, · · · , n be a solution to system

(6.1.1). Then, for any ↵ and e, we have

v̇m↵ (t) � �K(1� �N) M(t), t 2 [0, T ),  M(t) := max
� 6=↵,i,k

 (kx�k(t)� x↵i(t)k),

where T is the time satisfying hv↵i(t), ei � 0 for all t 2 [0, T ).
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Proof. Each v↵i(t) (resp each v↵i(t) ·e) is a real analytic function with values

in Rd (resp in R) on t 2 [0,+1). Thus, vm↵ (t) is piecewise analytic, hence

there exists time steps 0 = t↵0 < t↵1 < t↵2 < · · · such that for each k 2
{0, 1, 2, · · · }, there exists ik 2 {1, · · · , N↵} satisfying vm↵ (t) = v↵i

k

(t) · e for

all t 2 [t↵k, t↵(k+1)]. For shorthand, we assume that

v↵i(t) · e = vm↵ (t), t 2 [t↵k, t↵(k+1)].

Note that as v�k � hv↵i,v�kiv↵i is the component of v�k that is orthogonal

to v↵i, then

kv�k � hv↵i,v�kiv↵ik  1,

and

hv↵k, ei � hv↵k,v↵iihv↵i, ei � hv↵k, ei � hv↵i, ei � 0.

Thus, we have

v̇↵i(t) · e

=
K

N

N
↵

X

k=1

 (kx↵k(t)� x↵i(t)k)
�

v↵k(t)� hv↵i(t),v↵k(t)iv↵i(t)
�

· e

+
K

N

X

� 6=↵

N
�

X

k=1

 (kx�k(t)� x↵i(t)k)
�

v�k(t)� hv↵i(t),v�k(t)iv↵i(t)
�

· e

� �K

N
(N �N↵) M(t)kv�k � hv↵i,v�kiv↵ik

� �K(N �N↵)

N
 M(t) � �K(1� �N) M(t), t 2 [0, T ).

6.1.3 Non-existence of mono-cluster flocking

In this subsection, we will provide the proof of Theorem 6.1.2. We first briefly

outline our strategy as follows. The idea of our main results can be split into

three stages. For a given initial configuration (x0,v0),
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• Initial stage (from mixed configuration to segregated configuration):

there exists a T0 � 0 such that, for any i, k, and � 6= ↵,
�

x↵i(T0)� x�k(T0)
�

· v↵c(T0) � 0.

• Intermediate stage (maintaining segregated configuration): there exists

T ⇤
0 > T0 which has the desired properties for all t 2 [T0, T

⇤
0 ),

min
↵ 6=�,i,k

n

�

v↵i(t)�v�k(t)
�

·e↵(T0)
o

> �0, kx�k(t)�x↵i(t)k > �0(t�T0),

where e↵(T0) is the unit vector in the direction of v↵c(T0).

• Final stage (emergence of non-mono cluster configuration): finally we

show that

T ⇤
0 =1

and obtain the non-existence of mono-cluster flocking.

Emergence of segregated configurations

In this subsection, we will show that the configuration at time T0 is well

segregated:

�↵i,�k(T0) :=
�

x↵i(T0)� x�k(T0)
�

· v↵c(T0) � 0. (6.1.5)

Recall that

T0 := max
� 6=↵,i,k

n

� �↵i,�k(0)

�0
, 0
o

.

In the sequel, we assume without loss of generality that

�↵i,�k(0) < 0 so that T0 > 0.

Otherwise, T0 = 0 and the desired estimate (6.1.5) holds trivially, and all

the lemmas from Lemma 6.1.1 to Lemma 6.1.4 can be proved with better

estimates. We stated this argument in the proof of Theorem 6.1.2, at the end

of this section. As in the definition of e↵(T0), we set

e↵(t) =
v↵c(t)

kv↵c(t)k
.
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Lemma 6.1.1. Let (x↵i,v↵i) be a global solution to (6.1.1) with non-flocking

initial data (x↵i0,v↵i0). If the coupling strength K satisfies

0 < K <
1� cos ✓08

2T0
,

then the following estimates hold: for t 2 [0, T0] and � 6= ↵,

(i) v↵i(t) · v↵c(t) > cos
✓0
8
, v�k(t) · v↵c(t) < cos

7✓0
8

,

(ii) v↵i(t) · v�k(t) < cos
7✓0
8

, e↵(t) · e�(t) < cos
5✓0
8

.

Proof. (i) Note that

kv↵k(t)� hv↵i(t),v↵k(t)iv↵i(t)k  1.

Now, we use system (6.1.1), the assumption of  in (1.0.2), and the above

relation to get for any ↵ 2 {1, · · · , n},

kv̇↵i(t)k 
KN↵

N
+

K(N �N↵)

N
= K. (6.1.6)

Similarly, by direct calculation, we have

kv̇↵c(t)k  K. (6.1.7)

Thus, we combine estimates (6.1.6) and (6.1.7) to obtain
�

�

�

�

�

d
�

v↵i(t) · v↵c(t)
�

dt

�

�

�

�

�

 2K. (6.1.8)

Then, we use estimate (6.1.8) and the assumption of K to get

v↵i(t) · v↵c(t) � v↵i(0) · v↵c(0)� 2KT0 = 1� 2KT0 > cos
✓0
8
, t 2 [0, T0].

For the second estimate, we use the estimate of v↵c(t) in (i) for all ↵ 2
{1, · · · , n} to obtain that for any � 6= ↵

�

�

�

�

�

d
�

v�k(t) · v↵c(t)
�

dt

�

�

�

�

�

 |v̇�k(t) · v↵c(t)|+ |v�k(t) · v̇↵c(t)|  2K.
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Thus, we obtain the following from the assumption of K.

v�k(t) · v↵c(t)  v�k(0) · v↵c(0) + 2KT0

 cos ✓0 + 2KT0  cos ✓0 + 1� cos
✓0
8

 cos
7✓0
8

, t 2 [0, T0].

Here the last inequality is from properties of cosine functions. For ✓0 2 (0, ⇡],

cos
✓0
8
+ cos

7✓0
8

= 2 cos(
✓0
2
) cos(

3✓0
8

) � 2 cos(
✓0
2
) cos(

✓0
2
) = 1 + cos ✓0.

(ii) By using a similar analysis as in the second estimate of (i), we can derive

the first estimate in (ii). For the last inequality, we use (i) and the definition

of e↵(t) to see that for any ↵ 2 {1, · · · , n},

v↵i(t) · e↵(t) � v↵i(t) · v↵c(t) > cos
✓0
8
, t 2 [0, T0] (6.1.9)

Now we combine relation (6.1.9) and the previous estimates to get

arccos
�

e↵(t) · e�(t)
�

� arccos
�

v↵i(t) · v�k(t)
�

� arccos
�

v↵i(t) · e↵(t)
�

� arccos
�

v�k(t) · e�(t)
�

>
7✓0
8
� ✓0

8
� ✓0

8
=

5✓0
8

, t 2 [0, T0].

Hence, we obtain

e↵(t) · e�(t) < cos
5✓0
8

, t 2 [0, T0].

Lemma 6.1.2. Let (x↵i,v↵i) be a global solution to (6.1.1) with non-flocking

initial data (x↵i0,v↵i0). If the coupling strength K satisfies

0 < K < min
n1� cos ✓08

2T0
,
cos ✓08 � cos ✓04
D(x0) + 2T0

o

,

then, we have

min
� 6=↵,i,k

�↵i,�k(T0) > 0.
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Proof. For the desired estimate, we claim:

min
� 6=↵,i,k

d

dt
�↵i,�k(t) > �0, t 2 [0, T0]. (6.1.10)

Proof of claim (6.1.10): For all t 2 [0, T0], ↵ 6= � and i, k,

�

�

x↵i(t)� x�k(t)
�

� =
�

�

�

x↵i0 � x�k0

�

+

Z t

0

�

v↵i(s)� v�k(s)
�

ds
�

�


�

�

x�k0 � x↵i0

�

�+ 2T0

 D(x0) + 2T0,

By Lemma 6.1.1 and the assumption of K, we obtain

d

dt
�↵i,�k(t)

=
�

v↵i(t)� v�k(t)
�

· v↵c(t) +
�

x↵i(t)� x�k(t)
�

· v̇↵c(t)
= v↵i(t) · v↵c(t)� v�k(t) · v↵c(t) +

�

x↵i(t)� x�k(t)
�

· v̇↵c(t)

> cos
✓0
8
� cos

7✓0
8
�
�

D(x0) + 2T0

�

K

> cos
✓0
4
� cos

7✓0
8

> �0, t 2 [0, T0].

Now the claim (6.1.10) is proved. We integrate relation (6.1.10) to obtain

�↵i,�k(t) > �↵i,�k(0) + �0t, t 2 (0, T0].

Then, the defining relation of T0 in (6.1.3) implies

�↵i,�k(T0) > �↵i,�k(0) + �0T0 � 0.

We now take an minimum over ↵, �, i and k to obtain the desired result.

Proof of Theorem 6.1.2

In this subsection, we provide the proof of Theorem 6.1.2. Recall that we

defined a normal vector in the direction of v↵c(T0):

e↵(T0) :=
v↵c(T0)

kv↵c(T0)k
.
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Note that it is a well-defined since v↵c(T0) cannnot be zero from previous

lemmas. We define

T ⇤
0 := sup

⇢

T 2 [T0,1)

�

�

�

�

min
↵,i

�

v↵i(t) · e↵(T0)
�

> cos
✓0
4
, for all t 2 [T0, T ]

�

.

(6.1.11)

Lemma 6.1.3. Let (x,v) be a global solution to (6.1.1) with non-flocking

initial data (x0,v0). If the coupling strength K satisfies

0 < K <
1� cos ✓08

2T0
.

Then we have, for t 2 [T0, T
⇤
0 ),

(i) max
�k

�

v�,k(t) · e↵(T0)
�

< cos
3✓0
8

,

(ii) min
↵ 6=�,i,k

n

�

v↵i(t)� v�k(t)
�

· e↵(T0)
o

> �0,

where �0 := cos ✓04 � cos 3✓0
8 .

Proof. (i) We use Lemma 6.1.1 to get that for t 2 [T0, T
⇤
0 )

arccos
�

v�k(t) · e↵(T0)
�

� arccos
�

e↵(T0) · e�(T0)
�

� arccos
�

v�k(t) · e�(T0)
�

>
5✓0
8
� ✓0

4
=

3✓0
8

.

Hence, we obtain

v�k(t) · e↵(T0) < cos
3✓0
8

, t 2 [T0, T
⇤
0 ).

(ii) By the definition of T ⇤
0 and estimate (i), assertion (ii) holds trivially.

Lemma 6.1.4. Let (x,v) be a global solution to (2.4.13) with non-flocking

initial data (x0,v0). If the coupling strength K satisfies

0 < K < min
n1� cos ✓08

2T0
,
cos ✓08 � cos ✓04
D(x0) + 2T0

o

.

Then, we have

T ⇤
0 > T0 and  M(t) <  

⇣

�0(t� T0)
⌘

for t 2 (T0, T
⇤
0 ).
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Proof. (i) It follows from Lemma 6.1.1 that we have

v↵i(T0) · e↵(T0) > cos
✓0
4
.

Hence, we have T ⇤
0 > T0.

(ii) We use Lemma 6.1.2 and Lemma 6.1.3 to obtain

kx↵i(t)� x�k(t)k �
�

x↵i(t)� x�k(t)
�

· e↵(T0)

>

Z t

T0

�

v↵i(s)� v�k(s)
�

· e↵(T0)ds

> �0(t� T0), t 2 (T0, T
⇤
0 ).

Thus, by the non-increasing property of  (t), we get the conclusion.

We are now ready to provide the proof of Theorem 6.1.2 as follows.

The proof of Theorem 6.1.2. Let (x,v) be a global solution to (2.4.13) with

non-flocking initial data (x0,v0). If the coupling strength K satisfies

K < K0.

Then, we claim: for t 2 (T0,1),

min
� 6=↵,i,k

⇣

v↵i(t)� v�k(t)
⌘

· e↵(T0) > �0, kx↵i(t)� x�k(t)k > �0(t� T0).

For the proof of the above claim, we consider two cases:

Either T0(x0,v0) > 0, or T0(x0,v0) = 0.

• Case A: Suppose that we have T0(x0,v0) > 0. Then, it follows from the

arguments in Lemma 6.1.4 that T ⇤
0 > T0.

Suppose that

T ⇤
0 <1.

Then, by definition in (6.1.11), there exist ↵, i such that

v↵i(T
⇤
0 ) · e↵(T0) = cos

✓0
4
. (6.1.12)
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On the other hand, we use Proposition 6.1.1, Lemma 6.1.1, Lemma 6.1.4 and

the assumption of K to obtain

v↵i(t) · e↵(T0) � v

m
↵ (t) � v

m
↵ (T0)�

K(N �N↵)

N

Z t

T0

 M(s)ds

� cos
✓0
8
� K(1� �N)

�0

Z 1

0

 (s)ds > cos
✓0
4
, t 2 [T0, T

⇤
0 ].

In particular, we have

v↵i(T
⇤
0 ) · e↵(T0) > cos

✓0
4

This contradicts inequality (6.1.12). Thus, we have T ⇤
0 = 1. Therefore, the

conclusion (ii) of Lemma 6.1.3 implies the conclusion of Theorem 6.1.2.

• Case B: Suppose that we have

T0(x0,v0) = 0.

In this case, recall that

K0 =
1� cos ✓08

(1� �N)
R1
0  (s)ds

, �̄0 = cos
✓0
8
� cos

7✓0
8

.

Then, for K < K0, we use the similar arguments in Case A. The conclusion

of Lemma 6.1.2 is just (6.1.5) and same for Lemma 6.1.4. Lemma 6.1.1 can

be proved without smallness of K and we can improve the result into e↵(t) ·
e�(t) < cos 7✓0

8 . From the same reason, the conclusion of Lemma 6.1.3 became

min
↵ 6=�,i,k

n

�

v↵i(t)� v�k(t)
�

· e↵(T0)
o

> �̄0. Hence we obtain

kv↵i(t)� v�k(t)k > �̄0, kx↵i(t)� x�k(t)k > �̄0t, for all t > 0.

Finally, it follows from Case A and Case B that we complete the proof of

Theorem 6.1.2.
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6.2 Emergence of multi-cluster flocking

In this section, we present an emergence of multi-cluster flocking to the

Cucker-Smale model (2.4.13). In Section 6.1, we divided the particles into

n sub-ensembles G1, · · · ,Gn according to their initial velocities, and showed

that for a small coupling strength K < K0, any two di↵erent particles in

di↵erent groups do not flock. Thus, it is natural to ask whether two di↵erent

particles in the same group will flock or not in a small coupling regime. In

the sequel, we will concentrate this question by allowing the initial velocities

of di↵erent particles in the same group to be slightly di↵erent.

Consider the Cucker-Smale flocking system with n sub-ensembles G↵, ↵ =

1, 2, · · · , n:

ẋ↵i = v↵i, t � 0, ↵ = 1, 2, · · · , n, i = 1, · · · , N↵,

v̇↵i =
K

N

N
↵

X

k=1

 (kx↵k � x↵ik)
✓

v↵k �
hv↵i,v↵ki
hv↵i,v↵ii

v↵i

◆

+
K

N

X

� 6=↵

N
�

X

k=1

 (kx�k � x↵ik)
✓

v�k �
hv↵i,v�ki
hv↵i,v↵ii

v↵i

◆

.

(6.2.13)

6.2.1 A framework and main result

As in Section 6.1, we define some parameters ✓0, �0 and r0 related to the

separations of each sub-ensembles:

✓0(x0,v0) := min
� 6=↵

arccos
�

v�c(0) · v↵c(0)
�

,

�0(x0,v0) := max
↵,i

arccos
�

v↵i0 · v↵c(0)
�

r0(x0,v0) := min
↵ 6=�,i,k

�

x↵i0 � x�k0

�

· v↵c(0)

kv↵c(0)k
,

⇤0 := cos
⇣✓0
3
+
�0
3

⌘

� cos
⇣2✓0

3
� �0

3

⌘

.
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Now, we introduce the local fluctuations and l2- type functionals that measure

the total fluctuations of each group:

x̂↵i := x↵i�x↵c, v̂↵i := v↵i�v↵c, X↵ :=
⇣

N
↵

X

i=1

x̂

2
↵i

⌘

1
2
, V↵ :=

⇣

N
↵

X

i=1

v̂

2
↵i

⌘

1
2
.

We next state our framework (C3) for a multi-cluster flocking as follows.

• (C31) (Initial configuration): Initial configuration is well-separated and

initial fluctuations are su�ciently small in the sense that

r0 � 0, �0 2
h

0,
1

2
✓0

⌘

, V0
↵ 

1

4
 (
p
2X 0

↵).

• (C32) (Coupling strength): The coupling strength takes an intermediate

value and the initial distance is large such that

(i)  
�

p
2(X 0

↵ + A)
�

� 3

4
 (
p
2X 0

↵),

(ii) K < K1 := min
n⇤0

�

cos �0 � cos( ✓03 + �0
3 )
�

(1� �N)
R1
0  (s)ds

,

⇤0 (
p
2X 0

↵)

4
p
N(1� �N)

R1
0  (s)ds

o

,

where A and �↵ are positive constants defined by the following relations

A :=
4V0

↵

�↵
+

4K
p
N(1� �N)
N�↵⇤0

Z +1

r0

 (s)ds, �↵ := KN↵ (
p
2X 0

↵).

(6.2.14)

Remark 6.2.1. (i) By the assumption (C31), we know that ⇤0 > 0,

(ii) For fixed X 0
↵ , ✓0, �0, if V0

↵ ⌧ 1 and r0 � 1, we can always choose such K

satisfying (C32).
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Theorem 6.2.1. Suppose that the framework (C3) holds, and let (x↵i,v↵i)

be a solution to system (6.2.13) with initial configuration (x↵i0,v↵i0). Then,

we have the following estimates:

(i) min
� 6=↵,i,k

kx�k(t)� x↵i(t)k > r0 + ⇤0t, t 2 (0,1),

(ii) X↵(t) < X 0
↵ + A,

(iii) V↵(t)  C↵max
n

e�
K (

p
2X0
↵

)t
4 , 

⇣

r0 +
⇤0t

2

⌘o

, for some C↵ > 0,

i.e., the multi-cluster flocking emerges.

Remark 6.2.2. In Section 6.1, it follows from the classification that we

assume v↵i0 = v↵c(0) for any ↵ 2 {1, · · · , n}. Thus the initial assumption of

�0 in the above theorem is satisfied naturally.

6.2.2 Dynamics of local averages and fluctuations

In this subsection, we study the time-evolution of local averages and fluctu-

ations. We use the same definition as in (6.1.2).

Lemma 6.2.1. Let
�

x↵i,v↵i
�

be a solution to system (6.2.13). Then, local

averages and fluctuations satisfy
8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

ẋ↵c = v↵c, t � 0, ↵ = 1, 2, · · · , n,

v̇↵c =
K

2NN↵

N
↵

X

k=1

N
↵

X

i=1

 (kx↵k � x↵ik)kv̂↵i � v̂↵kk2v↵i

+
K

NN↵

X

� 6=↵

N
�

X

k=1

N
↵

X

i=1

 (kx�k � x↵ik)
�

v�k � hv↵i,v�kiv↵i
�

.

(6.2.15)

and
8

>

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

>

:

˙̂
x↵i(t) = v̂↵i(t), t � 0, ↵ = 1, · · · , n, i = 1, 2, · · · , N↵,

˙̂
v↵i(t) = �v̇↵c +

K

N

N
↵

X

k=1

 (kx↵k � x↵ik)
�

v↵k � v↵i

�

+
K

N

N
↵

X

k=1

 (kx↵k � x↵ik)hv↵i,v↵i � v↵kiv↵i

+
K

N

X

� 6=↵

N
�

X

k=1

 (kx�k � x↵ik)
�

v�k � hv↵i,v�kiv↵i
�

.

(6.2.16)
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The proof is basically same as Lemma 3.1.2. For the lack of symmetry,

note that

hv↵i,v↵i � v↵ki = hv↵k,v↵ki � hv↵k,v↵ii,

hence we have

hv↵i,v↵i � v↵ki =
1

2
kv↵i � v↵kk2 =

1

2
kv̂↵i � v̂↵kk2. (6.2.17)

In the following proposition, we derive estimates on the time-derivatives

of X↵ and V↵.

Proposition 6.2.1. Let
�

x↵i,v↵i
�

,↵ = 1, · · · , n be a solution to system

(6.1.1). Then we have, for any ↵,

(i)
dX↵

dt
 V↵, a.e. t 2 [0,1),

(ii)
dV↵
dt
 �KN↵

N

�

 (
p
2X↵)� V↵

�

V↵ +K
p
N(1� �N) M ,

where  M := max
� 6=↵,i,k

 (kx�k � x↵ik).

Proof. The outline of the proof is same as that of Lemma 3.1.3. For the

part (ii), we multiply the second equation of (6.2.16) by 2v̂↵i(t) and sum the

resulting relation over i = 1, · · · , N↵. Then

dV2
↵

dt
= �2

N
↵

X

i=1

hv̂↵i, v̇↵ci

+
2K

N

N
↵

X

k=1

N
↵

X

i=1

 (kx↵k � x↵ik)hv̂↵i, v̂↵k � v̂↵ii

+
2K

N

N
↵

X

k=1

N
↵

X

i=1

 (kx↵k � x↵ik)hv↵i,v↵i � v↵kihv̂↵i,v↵ii

+
2K

N

X

� 6=↵

N
�

X

k=1

N
↵

X

i=1

 (kx�k � x↵ik)hv̂↵i,v�k � hv↵i,v�kiv↵ii

=: I21 + I22 + I23 + I24.

(6.2.18)
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• (Estimate on I21): It is easy to see that

I21 = 0.

• (Estimate on I22): We exchange i ! k to get

I22 = �
K

N

N
↵

X

k=1

N
↵

X

i=1

 (kx↵k � x↵ik)kv̂↵i � v̂↵kk2  �
2N↵K

N
 (
p
2X↵)V2

↵.

• (Estimate on I23): We use relation hv↵i,v↵i�v↵ki = 1
2kv̂↵i� v̂↵kk2 derived

in (6.2.17) to get that

I23 = �
K

N

N
↵

X

k=1

N
↵

X

i=1

 (kx↵k � x↵ik)kv̂↵i � v̂↵kk2hv̂↵i,v↵ii.

Thus, we use the upper bound of  and v↵i to obtain

|I23| 
K

N

N
↵

X

k=1

N
↵

X

i=1

kv̂↵i � v̂↵kk2kv̂↵ik

=
K

N

N
↵

X

k=1

N
↵

X

i=1

(kv̂↵ik2 + kv̂↵kk2)kv̂↵ik

 K

N
(N↵V3

↵ +
p

N↵V3
↵) 

2N↵K

N
V3
↵,

where in the second equality we have used that

�2
N
↵

X

k=1

N
↵

X

i=1

hv̂↵i, v̂↵kikv̂↵ik = �2
*

N
↵

X

k=1

v̂↵k,

N
↵

X

i=1

v̂↵ikv̂↵ik
+

= 0.

• (Estimate on I24): Note that

kv�k � hv↵i,v�kiv↵ik  1.

Hence

|I24| 
2K M

N

X

� 6=↵

N
�

X

k=1

N
↵

X

i=1

kv̂↵ikkv�k�hv↵i,v�kiv↵ik 
2
p
N↵(N �N↵)K

N
 MV↵.

109



CHAPTER 6. MULTI-CLUSTER FLOCKING WITH UNIT SPEED
CONSTRAINT

In (6.2.18), we combine all estimates of I1i, i = 1, · · · , 4 to obtain

dV2
↵

dt
 �2N↵K

N
 (
p
2X↵)V2

↵ +
2N↵K

N
V3
↵ +

2
p
N↵(N �N↵)K

N
 MV↵

 �2KN↵

N

�

 (
p
2X↵)� V↵

�

V2
↵ + 2K

p
N(1� �N) MV↵.

We now divide the above relation by 2V↵ to obtain the desired estimate.

6.2.3 Proof on multi-cluster flocking

In this subsection, we prove Theorem 6.2.1, the emergence of multi-cluster

flocking configurations for the Cucker-Smale dynamics.

Definition 6.2.1. Define

T ⇤
1 := sup

⇢

T > 0

�

�

�

�

min
↵,i

�

v↵i(t) · e↵(0)
�

> cos(
✓0
3
+
�0
3
), t 2 [0, T ]

�

,

(6.2.19)

where e↵(0) is the unit vector in the direction of v↵c(0) as before.

e↵(0) :=
v↵c(0)

kv↵c(0)k
.

Lemma 6.2.2. Let
�

x↵i(t),v↵i(t)
�

, ↵ = 1, · · · , n be the solution to system

(6.2.13) with initial data satisfying (C31). Then, we have for t 2 [0, T ⇤
1 ),

(i) max
�,k

�

v�,k(t) · e↵(T0)
�

< cos(
2✓0
3
� �0

3
),

(ii) min
� 6=↵,i,k

�

v↵i(t)� v�k(t)
�

· e↵(0) > ⇤0,

where ⇤0 is a constant depending on ✓0 and �0:

⇤0 := cos(
✓0
3
+
�0
3
)� cos(

2✓0
3
� �0

3
).

Proof. (i) For any � 6= ↵ and 1  k  N�, we can get that

arccos
�

v�k(t) · e↵(0)
�

� arccos
�

e↵(0) · e�(0)
�

� arccos
�

v�k(t) · e�(0)
�

> ✓0 �
1

3
(✓0 + �0) =

1

3
(2✓0 � �0), t 2 [0, T ⇤

1 ).
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Thus, we have

max
�,k

�

v�,k(t) · e↵(T0)
�

< cos(
2✓0
3
� �0

3
), t 2 [0, T ⇤

1 ).

(ii) By the definition of T ⇤
1 and estimate (i), assertion (ii) holds trivially.

Lemma 6.2.3. Let
�

x↵i(t),v↵i(t)
�

, ↵ = 1, · · · , n be the solution to system

(6.2.13) with initial data satisfying (C31). Then, we have

T ⇤
1 > 0 and  M(t) <  (r0 + ⇤0t) for t 2 (0, T ⇤

1 ).

Proof. (i) By the assumptions (C31) on initial data, we have

arccos
�

v↵i(0) · e↵(0)
�

 �0 <
1

3
(✓0 + �0).

Thus, by the continuity, we can conclude T ⇤
1 > 0.

(ii) By the initial assumptions and Lemma 6.2.2, for any � 6= ↵, 1  i  N↵

and 1  k  N�,

kx↵i(t)� x�k(t)k �
�

x↵i(t)� x�k(t)
�

· e↵(0)

=
�

x↵i(0)� x�k(0)
�

· e↵(0) +
Z t

0

�

v↵i(s)� v�k(s)
�

· e↵(0)

> r0 + ⇤0t, t 2 (0, T ⇤
1 ).

Thus, by the non-increasing property of  (t), we have the result.

We are now ready to prove Theorem 6.2.1.

The proof of Theorem 6.2.1. Suppose that the framework (C3) holds, and let

(x↵i(t),v↵i(t)) be a solution to system (6.2.13) with initial configuration

(x↵i0,v↵i0). Then, we claim T ⇤
1 = +1 and

(i) min
� 6=↵,i,k

kx↵i(t)� x�j(t)k > ⇤0t+ r0,

(ii) X↵(t) < X 0
↵ + A, where A =

4V0

�↵
+

4K
p
N(1� �N)
N�↵⇤0

Z +1

r0

 (s)ds,
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with �↵ = KN↵ (
p
2X 0

↵),

(iii) V↵(t)  C↵max
n

e�
K (

p
2X0
↵

)t
4 , 

⇣

r0 +
⇤0t

2

⌘o

, for some C↵ > 0.

• (Estimate of estimate (i)): It follows from Lemma 6.2.3 that we have T ⇤
1 > 0.

Now suppose that T ⇤
1 < +1.

Then by definition in (6.2.19), there exists ↵ 2 {1, · · · , n} and 1  i0  N↵

such that

v↵i0(T
⇤
1 ) · e↵(0) = cos(

✓0
3
+
�0
3
). (6.2.20)

On the other hand, we use Proposition 6.1.1 and Lemma 6.2.3 to have that

for any ↵ 2 {1, · · · , n}

v̇m↵ (t) � �K(1� �N) (r0 + ⇤0t), t 2 [0, T ⇤
1 ]. (6.2.21)

Thus, we use relation (6.2.21) and the assumption of K to obtain

vm↵ (T
⇤
1 ) � vm↵ (0)�K(1� �N)

Z T ⇤
1

0

 (r0 + �0t)dt

� cos �0 �
K(1� �N)

⇤0

Z 1

0

 (s)ds > cos(
✓0
3
+
�0
3
).

Then, we have

v↵i(T
⇤
1 ) · e↵(0) � vm↵ (T

⇤
1 ) > cos(

✓0
3
+
�0
3
).

This contradicts to relation (6.2.20). Thus we have T ⇤
1 = +1.

Now we apply the arguments of Lemma 6.2.3 to derive the estimate:

kx�k(t)� x↵i(t)k > r0 + ⇤0t, t > 0.

• (Estimate of estimate (ii)): We claim that

V↵(t) < V0
↵ +

K
p
N(1� �N)
⇤0

Z 1

r0

 (s)ds, X↵(t) < X 0
↵ + A, (6.2.22)

where A and �↵ are defined in (6.2.14).
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To prove the claim (6.2.22), we set

T̂ ⇤ := sup{T � 0
�

� Claim (6.2.22) holds, for all t 2 [0, T ]}.

We only need to prove that T̂ ⇤ = +1. Clearly T̂ ⇤ > 0.

Suppose that T̂ ⇤ < +1. By definition of T̂ ⇤, we have

V↵(T̂ ⇤) = V0
↵ +

K
p
N(1� �N)
⇤0

Z 1

r0

 (s)ds or X↵(T̂
⇤) = X 0

↵ + A.

(6.2.23)

On the other hand, if we use assumption (C31) and (C32), then for t 2 [0, T̂ ⇤],

 (
p
2X↵)� V↵

�  (
p
2(X 0

↵ + A))� V0
↵ +

K
p
N(1� �N)
⇤0

Z 1

r0

 (s)ds

>
3

4
 (
p
2X 0

↵)�
1

4
 (
p
2X 0

↵)�
1

4
 (
p
2X 0

↵) =
1

4
 (
p
2X 0

↵).

Thus, by Proposition 6.2.1 and Lemma 6.2.3, we have

dV↵(t)
dt

 �KN↵

N

�

 (
p
2X↵)� V↵

�

V↵(t) +K
p
N(1� �N) (⇤0t+ r0)

< ��↵
4
V↵(t) +K

p
N(1� �N) (⇤0t+ r0), t 2 [0, T̂ ⇤],

(6.2.24)

where �↵ = KN↵ (
p
2X 0

↵). We Integrate (6.2.24) directly and apply Gron-

wall’s inequality to obtain

V↵(t) < V0
↵e

��

↵

4 t +K
p
N(1� �N)

Z t

0

 (⇤0s+ r0)e
��

↵

4 (t�s)ds, t 2 (0, T̂ ⇤].

(6.2.25)

In particular, we obtain

V↵(T̂ ⇤) < V0
↵ +

K
p
N(1� �N)
⇤0

Z 1

r0

 (s)ds. (6.2.26)
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It follows from the inequality (6.2.25) that we have

|X↵(t)� X 0
↵ | 

Z t

0

| d
ds

X↵(s)|ds 
Z t

0

V↵(s)ds

< V0
↵

Z t

0

e�
�

↵

4 ⌧d⌧ +K
p
N(1� �N)

Z t

0

Z s

0

 (⇤0⌧ + r0)e
��

↵

4 (s�⌧)d⌧ds

 4V0
↵

�↵
+

4K
p
N(1� �N)
�↵⇤0

Z +1

r0

 (s)ds, t 2 (0, T̂ ⇤].

Thus, we get

X↵(T̂
⇤) < X 0

↵ +
4V0

�↵
+

4K
p
N(1� �N)
N�↵⇤0

Z +1

r0

 (s)ds. (6.2.27)

The inequalities (6.2.26) and (6.2.27) contradict the assertion (6.2.23). Thus

we obtain T̂ ⇤ = +1.

(iii) For all t 2 (0,+1), we use assertions (6.2.25) to get that

V↵(t) < V0
↵e

��

↵

4 t +
4K
p
N(1� �N) (⇤0t+ r0)

�↵

�

 (r0)e
��

↵

4 t +  (
⇤0

2
t+ r0)

�

.

Thus we have V↵(t)! 0 as t! +1.

6.3 Numerical simulations

In this section, we present several numerical examples and compare them with

analytical results in the previous sections, in particular Theorem 6.1.2 and

Theorem 6.2.1. For numerical integrations, we use the fourth-order Runge-

Kutta method and well prepared initial configurations and parameter values

in the model (2.4.13) as follows:

�t = 0.01, d = 2,  (s) =
1

(1 + s2)
, for t 2 [0, 2000]

in order to get clear visualizations and computations.
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6.3.1 Non-existence of mono-cluster flocking

Recall that Theorem 6.1.2 deals with initial conditions leading to the com-

plete separation of each ensemble of particles. We start with some ensembles

of particles whose initial velocities are same in each ensemble. We choose the

following parameters of initial data:

N = 10, N1 = 3, N2 = 4, N3 = 3.

Figure 6.1(a) represents initial spatial configuration. The initial positions

are chosen randomly based on the fixed central positions of groups, whereas

initial velocities are chosen to collide with other groups. In this situation, the

relative parameters employed in the simulation are

✓0 = 1.5708, T0 = 122.18, K0 = 0.0147, K = 0.9⇥K0

and they satisfy the su�cient condition in Theorem 6.1.2. On the other hand,

Figure 6.1(b) illustrates the conclusion of Lemma 6.1.4. It shows that each

group is separating at least after the time T0.

Figure 6.2 and 6.3 denote the temporal evolutions ofD(x(t)) and ✓(x(t),v(t)),

which measure the diameters of positions and velocities of the whole ensem-

ble, respectively. Note that their velocities do not change much initially since

K is quite small. This is the basic idea of proofs on Lemma 6.1.1, Lemma

6.1.2, Lemma 6.1.3, and Lemma 6.1.4.

6.3.2 Total separation of particles

The initial positions and velocities are chosen uniformly in [�1, 1]2 and S1,

respectively. This randomness makes T0 and K0 get extremely big and small

values, respectively.

K0 = 1.1658⇥ 10�8, T0 = 18884.

Figure 6.4(a) shows a realization of initial data. Figure 6.4(b) shows that total

separation condition is satisfied near t = 30 for K = 0.9 ⇥K0. The notable

point is, however, that Theorem 6.1.2 is generally satisfied with respect to

initial data if we give small enough K. On the other hand, the result of

Theorem 6.2.1 cannot be applied to general initial data, since the existence

of local flocking itself is not guaranteed for general initial configuration.
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6.3.3 Emergence of multi-cluster flockings

Now we focus on Theorem 6.2.1. The results are similar to the subsection

6.3.3, but the di↵erence comes from the fluctuation of initial velocities. Since

Theorem 6.2.1 has restriction on X 0 and V0, the L2-norm of fluctuation, its

result depend on the number of particles N . Hence we set small number of

particles as follows, for the convenience of visualization.

N = 10, N1 = 3, N2 = 4, N3 = 3.

Initial configuration is also chosen in a similar way as in subsection 6.3.1. The

reference positions and velocities of each group are fixed and we give small

random fluctuation for each particle. In contrast to the previous setting, we

set separating initial conditions to see the behavior after separation.

Figure 6.5(a) shows the initial spatial distribution which is separating.

Relative positions are scaled larger to guarantee the conditions of Theorem

6.2.1. This configuration has the following parameters,

�0 =
⇡

10000
, ✓0 = 1.5708,

X 0 = 0.1579, V0 = 1.6203⇥ 10�4, A = 0.2548,

where the coupling strengths are chosen as follows.

K1 = 0.0251, K = 0.9⇥K1 < K1.

Hence all the restrictions for Theorem 6.2.1 are satisfied. Here �0 is chosen

to be quite small value in order to satisfy the condition (C32).
In Figure 6.5(b), we can observe the minimal di↵erence of velocity angle is

nearly constant, which impliesK is so small that the interaction between each

groups are little. On the other hand, K is large enough to make local flocking

of each group, as we can see Figure 6.6. Smaller values break Theorem 6.2.1,

for example, we tested K = 0.09K1 makes X > X 0 + A and K = 0.009K1

makes more clusters than three.
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Figure 6.1: Position-velocity configurations
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Figure 6.2: Diameter of positions D(x) along time axis
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Figure 6.3: Temporal evolution of ✓(x(t),v(t))
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Figure 6.5: Initial configuration and its evidence of non-flocking
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Figure 6.6: Emergence of local flocking
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Chapter 7

Local flocking scenarios with
two ensemble coupling network

In this chapter, we are addressing the following situation. Suppose that two

homogeneous ensembles of C-S particles are interacting in the whole space.

Then, what will happen asymptotically after they begin to interact? Do they

form a single ensemble moving together? Or do they diverge as a separate

flocking ensemble after the initial mixing? We can think of several possi-

ble scenarios from this situation. Here, the main interest is to suggest three

frameworks, which su�ciently lead to possible scenarios. Each one repre-

sents global flocking, bi-cluster flocking, and partial flocking, respectively.

This work is a continuation of the contents in Chapter 3 and 4, and the

arguments will be applied to Chapter 8. This chapter is based on the joint

work in [45].

To fix the idea, the notation G1 = {(x1i,v1i)}N1
i=1 and G2 = {(x2j,v2j)}N2

j=1

will be used as two homogeneous C-S ensembles. In contrast with Chapter

3, the interaction between two subsystems G1 and G2 might have di↵erent

coupling network. Here the adjective “homogeneous” means that each C-S

particle in the same subsystem has the same mass, so that each particle is

indistinguishable. Let
�

x↵i(t),v↵i(t)
�

2 R2d be the phase-space coordinate

of the ith Cucker-Smale flocking agent in group G↵. Consider the interacting
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Cucker-Smale flocking system:

ẋ1i = v1i, ẋ2j = v2j, t > 0, i = 1, 2, · · · , N1, j = 1, 2, · · · , N2,

v̇1i =
K1

N1

N1
X

k=1

 1(kx1k � x1ik)
�

v1k � v1i

�

+
Kd

N2

N2
X

k=1

 d(kx2k � x1ik)
�

v2k � v1i

�

,

v̇2j =
K2

N2

N2
X

k=1

 2(kx2k � x2jk)
�

v2k � v2j

�

+
Kd

N1

N1
X

k=1

 d(kx1k � x2jk)
�

v1k � v2j

�

,

(7.0.1)

where K1, K2, and Kd are nonnegative intra-system and inter-system cou-

pling strengths, and the communication weight  ↵ : R+ ! R is Lipschitz

continuous and satisfies the following conditions:

0 <  ↵(s)   ↵(0) = 1 < +1,  ↵(s) 2 L1(R+), ↵ = 1, 2, d,

( ↵(s2)�  ↵(s1))(s2 � s1)  0, s1, s2 2 R+.
(7.0.2)

Note that if we turn o↵ inter-system coupling strength Kd = 0, then sys-

tem (7.0.1) becomes the collection of two C-S models. The well-posedness of

system (7.0.1) - (7.0.2) is obvious owing to the standard Cauchy-Lipschitz

theory of ordinary di↵erential equations.

The main story of this chapter is threefold. First, we present a su�-

cient framework for a mono-cluster flocking to the combined system (7.0.1)-

(7.0.2). It turns out that the key factor for the emergence of mono-cluster

flocking is basically dependent on the inter-system coupling strength Kd.

For a large inter-system coupling strength Kd, the combined system leads

to mono-cluster flocking for any nonnegative intra-system coupling strengths

K1 andK2 (Theorem 7.1.1) for some admissible class of initial configurations.

Second, we deal with a su�cient framework for the bi-cluster flocking of sub-

systems G1 and G2. In this case, the inter-system coupling strength should be
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small, but the intra-system coupling strength should be large. We quantify

this plausible guess by providing explicit lower and upper bounds for K↵

and Kd in terms of initial configuration only. Third, we present a su�cient

framework for a partial flocking. More precisely, we present the conditions

for local flocking of subsystem G1, where G2 does not flock (Theorem 7.2.2).

7.1 Emergence of mono-cluster flocking

In this section, we study a su�cient condition for the mono-cluster flocking

in the interaction of two homogeneous C-S ensembles. We will see that the

inter-ensemble coupling strength Kd will play a key role in the mono-cluster

flocking estimates as long as the intra-ensemble coupling strengths K1 and

K2 are nonnegative.

7.1.1 Estimates on moments and functionals

Before we start the analysis, we need longer and more complex calculations

than before. In this subsection, we focus on the temporal evolution of the

normalized first and second velocity moments. For this, we set

v1c :=
1

N1

N1
X

i=1

v1i, v2c :=
1

N2

N2
X

i=1

v2i,

m2,1 :=
1

N1

N1
X

i=1

kv1ik2, m2,2 :=
1

N2

N2
X

i=1

kv2ik2,

M1 := v1c + v2c, M2 := m2,1 +m2,2.

As we did before, we need to construct di↵erential inequalities for these

moments. To start with, the first and second velocity moments satiesfy the

following equations.

Lemma 7.1.1. Let
�

x,v
�

be a global solution of the coupled system (7.0.1).

Then, we have

(i)
dv1c

dt
=

Kd

N1N2

N2
X

k=1

N1
X

i=1

 d(kx2k � x1ik)
�

v2k � v1i

�

.
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(ii)
dv2c

dt
= � Kd

N1N2

N2
X

k=1

N1
X

i=1

 d(kx1i � x2kk)
�

v2k � v1i

�

.

(iii)
dm2,1

dt
= �K1

N2
1

N1
X

k=1

N1
X

i=1

 1(kx1k � x1ik)
�

�

v1k � v1i

�

�

2

+
2Kd

N1N2

N2
X

k=1

N1
X

i=1

 d(kx2k � x1ik)hv1i,v2k � v1ii.

(iv)
dm2,2

dt
= �K2

N2
2

N2
X

k=1

N2
X

i=1

 2(kx2k � x2ik)
�

�

v2k � v2i

�

�

2

� 2Kd

N1N2

N2
X

k=1

N1
X

i=1

 d(kx1i � x2kk)hv2k,v2k � v1ii.

We omit the proof since it is similar to Lemma 3.1.2.

Remark 7.1.1. If we define the total momentum P and energy E,

P :=
N1
X

i=1

v1i +
N2
X

i=1

v2i = N1v1c +N2v2c,

E :=
1

2

⇣

N1
X

i=1

kv1ik2 +
N2
X

i=1

kv2ik2
⌘

=
1

2

⇣

N1V2
1 +N2V2

2

⌘

,

then they satisfy the following estimates:

Ṗ = N1v̇1c +N2v̇2c

= Kd

⇣ 1

N2
� 1

N1

⌘

N2
X

k=1

N1
X

i=1

 d(kx2k � x1ik)
�

v2k � v1i

�

,

and

Ė =
1

2
N1ṁ2,1 +

1

2
N2ṁ2,2

= � K1

2N1

N1
X

k=1

N1
X

i=1

 1(kx1k � x1ik)
�

�

v1k � v1i

�

�

2

� K2

2N2

N2
X

k=1

N2
X

i=1

 2(kx2k � x2ik)
�

�

v2k � v2i

�

�

2
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+
Kd

N2

N2
X

k=1

N1
X

i=1

 d(kx2k � x1ik)hv1i,v2k � v1ii

� Kd

N1

N2
X

k=1

N1
X

i=1

 d(kx1i � x2kk)hv2k,v2k � v1ii.

As a direct corollary of Lemma 7.1.1, we have the estimates for M1 and

M2 as follows.

Corollary 7.1.1. Let
�

x1,v1

�

and
�

x2,v2

�

be a global solution of the coupled

system (7.0.1). Then, we have

M1(t) = M1(0), M2(t) M2(0), t � 0.

From the analysis of moments, the first momentum is conserved and

the propagation velocities cannot go to infinity. Next, we introduce nonlin-

ear functionals measuring the formation of mono-cluster flocking for system

(7.0.1), and derive a system of dissipative di↵erential inequalities (SDDI).

In order to study the global flocking, we introduce the global averages and

fluctuations around them:

xc :=
1

2

⇣ 1

N1

N1
X

i=1

x1i +
1

N2

N2
X

j=1

x2j

⌘

, vc :=
1

2

⇣ 1

N1

N1
X

i=1

v1i +
1

N2

N2
X

j=1

v2j

⌘

,

x̂↵i := x↵i � xc, v̂↵i := v↵i � vc, ↵ = 1, 2.

Then (xc,vc) and (x̂↵, v̂↵) satisfy

ẋc = vc, v̇c = 0, ˙̂
x1i = v̂1i, ˙̂

x2j = v̂2j, t > 0,

˙̂
v1i =

K1

N1

N1
X

k=1

 1(kx̂1k � x̂1ik)
�

v̂1k � v̂1i

�

+
Kd

N2

N2
X

k=1

 d(kx̂2k � x̂1ik)
�

v̂2k � v̂1i

�

,

˙̂
v2j =

K2

N2

N2
X

k=1

 2(kx̂2k � x̂2jk)
�

v̂2k � v̂2j

�

+
Kd

N1

N1
X

k=1

 d(kx̂1k � x̂2jk)
�

v̂1k � v̂2j

�

.

(7.1.1)
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Note that the dynamics of (xc,vc) and (x̂↵, v̂↵) are coupled except for N1 =

N2. We now define Lyapunov functionals X and V as the weighted l2-norms:

X :=
� 1

N1

N1
X

i=1

kx̂1ik2 +
1

N2

N2
X

j=1

kx̂2jk2
�

1
2 ,

V :=
� 1

N1

N1
X

i=1

kv̂1ik2 +
1

N2

N2
X

j=1

kv̂2jk2
�

1
2 .

(7.1.2)

Note that X and V measure the deviations from the global averages, and it

is easy to see that the functional X and V are Lipschitz continuous in t, so it

is di↵erentiable for almost all t 2 (0,1). Before we proceed to the flocking

estimate, we recall the definition of mono-cluster flocking as follows.

Definition 7.1.1. Let (x,v) be a global solution to (7.0.1). We call the

subsystems G1 and G2 exhibit a time-asymptotic mono-cluster flocking if X
and V satisfy

sup
0t<1

X (t) <1, lim
t!1

V(t) = 0.

Note that, in the following sections, we let x := (x1,x2), v := (v1,v2),

and N1 +N2 := N .

Proposition 7.1.1. Let (x,v) be a global solution to (7.0.1) with

K↵ � 0, ↵ = 1, 2, Kd > 0.

Then, the Lyapunov functionals defined in (7.1.2) satisfy

�

�

�

dX
dt

�

�

�

 V , dV
dt
 �Kd d

�

p
2NX

�

V , a.e. t 2 (0,1).

Proof. The first inequality is from the direct calculaltion. For the second

inequality, we multiply (7.1.1)2 by 2v̂1i and (7.1.1)3 by 2v̂2j, and sum the
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results together. Using similar calculations to the proof of Lemma 7.1.1 (ii),

dV2

dt
=

2

N1

N1
X

i=1

hv̂1i, ˙̂v1ii+
2

N2

N2
X

j=1

hv̂2j, ˙̂v2ji

 � 2Kd

N1N2

N2
X

k=1

N1
X

i=1

 d(kx̂2k � x̂1ik)kv̂2k � v̂1ik2

 �2Kd

N1
 d

�

p
2NX

�

N1
X

i=1

kv̂1ik2�
2Kd

N2
 d

�

p
2NX

�

N2
X

k=1

kv̂2kk2

+ 4Kd d

�

p
2NX

�� 1

N1

N1
X

i=1

v̂1i

�

·
� 1

N2

N2
X

k=1

v̂2k

�

,

(7.1.3)

where we used

K↵ � 0, ↵ = 1, 2, kx̂2k � x̂1ik2  2NX 2.

On the other hand, note that

1

N1

N1
X

i=1

v̂1i +
1

N2

N2
X

k=1

v̂2k = (
1

N1

N1
X

i=1

v1i +
1

N2

N2
X

k=1

v2k)� 2vc = 0.

Then, we substitute the relation
1

N2

N2
X

k=1

v̂2k = �
1

N1

N1
X

i=1

v̂1i into (7.1.3),

dV2

dt
 �2Kd

N1
 
�

p
2NX

�

N1
X

i=1

kv̂1ik2 �
2Kd

N2
 d

�

p
2NX

�

N2
X

k=1

kv̂2kk2

= �2Kd d

�

p
2NX

�

V2.

This yields the desired di↵erential inequality for V .

7.1.2 Proof on the mono-cluster flocking pheonomena

In this subsection, we provide the proof of the emergence of mono-cluster

flocking using the SDDI in Proposition 7.1.1. We now present our first main

result.
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Theorem 7.1.1. Suppose that initial data (x0,v0) are given and the intra-

and inter-ensemble coupling strengths K↵ and Kd satisfy the following con-

ditions:

K↵ � 0, ↵ = 1, 2, Kd >
V0

R1
X0
 d(
p
2Nx)dx

. (7.1.4)

Then, for global solution (x,v) to (7.0.1), there exists a positive constant

x1M such that

sup
0t<1

X (t)  x1M , V(t)  V0e
�K

d

 
d

�p
2Nx1M

�

t, as t!1.

Proof. • Step A (Existence of x1M): It follows from Proposition 7.1.1 that

we have
�

�

�

dX
dt

�

�

�

 V , dV
dt
 �Kd d

�

p
2NX

�

V , a.e. t 2 (0,1). (7.1.5)

We now define a Lyapunov functional L0 following [47]:

L0(t) := V(t) +Kd

Z X (t)

0

 d(
p
2Nx)dx, t 2 (0,1). (7.1.6)

Then, we use (7.1.5) and (7.1.6) to obtain

dL0

dt
=

dV
dt

+Kd d(
p
2NX )

dX
dt
 �Kd d(X )

⇣

V � dX
dt

⌘

 0.

This yields

L0(t)  L0(0), t 2 (0,1),

or equivalently

V(t) +Kd

Z X (t)

X0

 d(
p
2N⇠)d⇠  V0, t 2 (0,1).

In particular, this yields

Kd

Z X (t)

X0

 d(
p
2N⇠)d⇠  V0, t 2 (0,1). (7.1.7)

We set

F(�) := Kd

Z �

X0

 d(
p
2N⇠)d⇠, � � 0.
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Then, F(�) is a continuous and increasing function of �, and by assumption

(7.1.4), we have

0 = F(X0) < V0 < lim
�!1

F(�).

Hence, by the intermediate value theorem, we can choose the largest value

of x1M such that

Kd

Z x1M

X0

 d(
p
2N⇠)d⇠ = V0.

Then, we claim

sup
0t<1

X (t)  x1M . (7.1.8)

Proof of claim (7.1.8): Suppose not, i.e., there exists t⇤ 2 (0,1) such that

X (t⇤) > x1M .

Then, for such X (t⇤), we have

Kd

Z X (t⇤)

X0

 d(
p
2N⇠)d⇠ > Kd

Z x1M

X0

 d(
p
2N⇠)d⇠ = V0,

which is contradictory to (7.1.7).

• Step B (Exponential decay of V): We use (7.1.8) and the non-increasing

property of  d to obtain

dV(t)
dt
 �Kd d

�

p
2NX

�

V  �Kd d

�

p
2Nx1M

�

V(t), a.e. t 2 (0,1).

This yields the desired result.

Remark 7.1.2. 1. Note that in (7.0.2), we assume that the communication

weights  ↵ is assumed to be Lipschitz continuous to guarantee the global well-

posedness of the coupled system (7.0.1). However, in the proofs of Theorem

7.1.1, Theorem 7.2.1 and Theorem 7.2.2, we only need  ↵ to be integrable;

while in Corollary 7.2.1 and Corollary 7.2.2, we need the boundedness of  ↵
to guarantee the existence of the finite time T0. Thus, in principle our flocking

estimates can be done for the coupled particle system (7.0.1) and its kinetic
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counterpart with singular communication weights [12, 47, 69] in a priori set-

tings. However, we leave this issue for future work.

2. The condition (7.1.4) on the lower bound for Kd implies that, as V0

increases or X0 increases, the lower bound for Kd increases. This is what we

can expect to happen.

3. Consider the system with a bi-partite interaction, i.e., there is no

intra-ensemble interaction, i.e., K1 = K2 = 0: for i = 1, 2, · · · , N1, j =

1, 2, · · · , N2,

ẋ1i = v1i, ẋ2j = v2j, t > 0,

v̇1i =
Kd

N2

N2
X

k=1

 d(kx2k � x1ik)
�

v2k � v1i

�

,

v̇2j =
Kd

N1

N1
X

k=1

 d(kx1k � x2jk)
�

v1k � v2j

�

.

Then, the result of Theorem 7.1.1 yields that, as long as the inter-ensemble

coupling strength Kd is su�ciently large, we still have mono-cluster flocking

for the initial configuration. This is a rather counterintuitive result.

In the following two sections, we study the formation of bi-cluster and

multi-cluster flocking.

7.2 Emergence of the local flocking phenom-

ena

In this section, we study the dynamics of system (7.0.1) in a small inter-

coupling regime Kd ⌧ 1. In this regime, we present su�cient conditions

where each sub-ensemble G1 and G2 flock by themselves, but there is no

mono-cluster flocking. Note that, for a large inter-ensemble coupling regime

Kd >
V0

R1
X0
 d(
p
2Nx)dx

, we have a mono-cluster flocking wherein two sub-

ensembles flock together independent of the detailed geometry of the initial

configurations.
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7.2.1 Description of bi-cluster flocking

In this subsection, we briefly discuss our main results on the formation of

bi-cluster flocking. Since we have bi-cluster flocking asymptotics in mind, we

introduce local ensemble averages and local fluctuations around them: for

↵ = 1, 2, we set

x↵c :=
1

N↵

N
↵

X

i=1

x↵i, v↵c :=
1

N↵

N
↵

X

i=1

v↵i, x̂↵i := x↵i � x↵c,

v̂↵i := v↵i � v↵c, X↵ :=
� 1

N↵

N
↵

X

i=1

kx̂↵ik2
�

1
2 , V↵ :=

� 1

N↵

N
↵

X

i=1

kv̂↵ik2
�

1
2 ,

kx̂↵k1 := sup
1iN

↵

kx̂↵ik, kv̂↵k1 := sup
1iN

↵

kv̂↵ik.

Here we use the same notation for the local fluctuations as for the global

fluctuations in Section 7.1 for notational simplicity. Then, it is easy to see

that

N
↵

X

i=1

x̂↵i = 0,
N
↵

X

i=1

v̂↵i = 0, ↵ = 1, 2.
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And then (x↵c,v↵c) and (x̂↵, v̂↵) satisfy

ẋ1c = v1c, ẋ2c = v2c, ˙̂
x1i = v̂1i, ˙̂

x2j = v̂2j, t > 0,

v̇1c =
Kd

N1N2

N2
X

k=1

N1
X

i=1

 d(kx2k � x1ik)
�

v2k � v1i

�

,

v̇2c =
Kd

N1N2

N1
X

k=1

N2
X

j=1

 d(kx1k � x2jk)
�

v1k � v2j

�

,

˙̂
v1i = �v̇1c +

K1

N1

N1
X

k=1

 1(kx̂1k � x̂1ik)
�

v̂1k � v̂1i

�

+
Kd

N2

N2
X

k=1

 d(kx2k � x1ik)
�

v2k � v1i

�

,

˙̂
v2j = �v̇2c +

K2

N2

N2
X

k=1

 2(kx̂2k � x̂2jk)
�

v̂2k � v̂2j

�

+
Kd

N1

N1
X

k=1

 d(kx1k � x2jk)
�

v1k � v2j

�

.

(7.2.1)

Definition 7.2.1. Let (x,v) be a global solution to the coupled system (7.0.1).

1. The subsystem Gi exhibits a time-asymptotic flocking if and only if

sup
0t<1

Xi(t) <1, lim
t!1

Vi(t) = 0, i = 1, 2.

2. The whole system (G1,G2) exhibits a time-asymptotic bi-cluster flock-

ing if and only if both subsystems G1 and G2 exhibit a time-asymptotic

flocking, but the whole system does not exhibit a time-asymptotic mono-

cluster flocking.

3. The whole system (G1,G2) exhibits a time-asymptotic partial flocking if

and only if only one of G1 and G2 exhibits a time-asymptotic flocking,

but the other does not.

Our main results on the emergence of bi-cluster flocking can be summa-

rized as follows.
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Theorem 7.2.1. Suppose that the following framework (C4) holds for the

initial data (x0,v0) to system (7.0.1).

• (C41): (Restriction on initial configurations)

�0 :=
1

2
kv2c(0)� v1c(0)k > 0,

max
1iN1

kv1i(0)� v1c(0)k 
1

4
�0, max

1kN2

kv2k(0)� v2c(0)k 
1

4
�0,

min
1iN1
1kN2

�

(x2k(0)� x1i(0)) · (v2c(0)� v1c(0))
 

� 0.

• (C42): (Restriction on coupling strengths): for ↵ = 1, 2,

K↵ >
V↵(0) +

K
d

p
2NM2(0)

�0

R1
0  d(x)dx

R1
X
↵

(0)  ↵(
p
2N↵x)dx

,

0  Kd <
�20

12
p

2NM2(0)
R1
0  d(x)dx

.

Then, the whole system (G1,G2) exhibits a time-asymptotic bi-cluster flocking.

More precisely, for the solution (x,v) to system (7.0.1) with initial data

(x0,v0), there exist positive constants x1
↵ and C↵, ↵ = 1, 2 that depend only

on the initial data and  such that

sup
0t<1

X↵(t)  x1
↵ , V↵(t)  C↵max

n

e�
K

↵

 

↵

(
p
2N
↵

x

1
↵

)t
2 , d

⇣�0
2
t
⌘o

,

inf
0t<1,i,k

kv2k(t)� v1i(t)k � �0, min
i,k
kx2k(t)� x1i(t)k � �0t, t 2 [0,1).

Remark 7.2.1. 1. The last geometric condition

min
1iN1
1kN2

�

(x2k(0)� x1i(0)) · (v2c(0)� v1c(0))
 

� 0

means that the particles in di↵erent groups depart each other initially. Actu-

ally, this geometric condition is not that crucial for the validity of Theorem

7.2.1 as can be seen in Corollary 7.2.1. This condition will be attained in a

finite time for proper coupling strengths, even if we begin with initial data
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that do not satisfy this condition.

2. The smallness condition on Kd is needed to prevent mono-cluster flocking,

whereas the largeness condition on K↵ is needed to enable flocking of each

subsystem.

As we did in Chapter 4 and 6, we can get rid of the condition

min
1iN1
1kN2

�

(x2k(0)� x1i(0)) · (v2c(0)� v1c(0))
 

� 0.

In order to guarantee the separation, we use the following time stamp.

T0 :=
1

�20
max

1iN1
1kN2

�

�

�

(x2k(0)� x1i(0)) · (v2c(0)� v1c(0))
�

�

�

.

Corollary 7.2.1. Suppose that the following framework (C5) holds for the

initial data (x0,v0) to system (7.0.1).

• (C51): (Restriction on initial configurations)

�0 :=
1

2
kv2c(0)� v1c(0)k > 0,

max
1iN1

kv1i(0)� v1c(0)k 
1

4
�0, max

1kN2

kv2k(0)� v2c(0)k 
1

4
�0.

• (C52): (Restriction on coupling strengths): for ↵ = 1, 2,

0  Kd < min
n �0

16
p

2NM2(0)T0

,
�20

24
p

2NM2(0)
R1
0  d(x)dx

,

�20

2
�

D(x1(0),x2(0)) +
p

2NM2(0)T0

�

p

2NM2(0)

o

,

K↵ >
P↵(0) +

K
d

p
2NM2(0)

�0

R1
0  d(x)dx

R1
R
↵

(0)  ↵(
p
2N↵x)dx

, ↵ = 1, 2.

where we have used some quantities that only depend on the initial data:

D(x1(0),x2(0)) := max
i,k
kx2k(0)� x1i(0)k,

P↵(0) := V↵(0) +
�0
16

, ↵ = 1, 2, R↵(0) := X↵(0) + P↵(0)T0.

(7.2.2)
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Then, the whole system (G1,G2) exhibits a time-asymptotic bi-cluster flocking.

More precisely, for the solution (x,v) to system (7.0.1) with initial data

(x0,v0), there exist x1
↵ and C↵, ↵ = 1, 2, that only depend on the initial

data and  such that

sup
T0t<1

X↵(t)  x1
↵ , V↵(t)  C↵max

n

e�
K

↵

 

d

(
p
2N
↵

x

1
↵

)(t�T0)
2 , d

⇣�0(t� T0)

4

⌘o

,

inf
i,k,0t<1

kv2k(t)� v1i(t)k �
�0
2
, min

i,k
kx2k(t)� x1i(t)k �

�0
2
t, , t 2 [T0,1).

Remark 7.2.2. The technique using the separated time T0 is described in

Theorem 4.1.1 in Chapter 4 and Theorem 6.1.2 in Chapter 6. There is a

detailed explanation in [45], hence we omit in this Chapter.

7.2.2 Emergence of bi-cluster flocking

In this subsection, we present a proof of Theorem 7.2.1 on the formation of

bi-cluster flockings resulting from the interaction of two C-S ensembles in the

low inter-coupling regime Kd ⌧ 1.

Proposition 7.2.1. Suppose that the coupling strengths satisfy

K↵ � 0, ↵ = 1, 2, Kd � 0,

and let (x,v) be a global solution to (7.0.1). Then, for ↵ = 1, 2, we have

(i)
�

�

�

dv↵c
dt

�

�

�

 Kd

p

2NM2(0) dM , a.e. t 2 (0,1),

(ii)
dX↵

dt
 V↵,

dV↵
dt
 �K↵ ↵(

p

2N↵X↵)V↵ +Kd

p

2NM2(0) dM ,

where  dM is the time-dependent maximal communication weight between

distinct ensembles:

 dM(t) := max
1iN1
1kN2

 d(kx2k(t)� x1i(t)k) � 0.

Proof. Since the estimates for subsystem G2 are the same as for subsystem

G1, we only treat estimates for ↵ = 1.
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(i) We use (7.2.1) and the following inequality

kv2k(t)� v1i(t)k 
p

2NM2(t) 
p

2NM2(0)

to conclude the result,

�

�

�

dv1c

dt

�

�

�

=
Kd

N1N2

N2
X

k=1

N1
X

i=1

 d(kx2k � x1ik)kv2k � v1ik

 Kd

p

2NM2(0) dM(t).

(ii) Since the first inequality can be proved similarly with Proposition 7.1.1,

here we only prove the second one. We multiply (7.2.1)4 by 2v̂1i and sum the

results with respect to i to obtain

dV2
1

dt
=

2

N1

N1
X

i=1

hv̂1i, ˙̂v1ii

= � 2

N1

D

N1
X

i=1

v̂1i, v̇1c

E

� K1

N2
1

N1
X

k=1

N1
X

i=1

 1(kx̂1k � x̂1ik)
�

�

v̂1k � v̂1i

�

�

2

+
2Kd

N1N2

N2
X

k=1

N1
X

i=1

 d(kx2k � x1ik)hv̂1i,v2k � v1ii

 �K1

N2
1

 1(
p

2N1X1)
N1
X

k=1

N1
X

i=1

�

�

v̂1k � v̂1i

�

�

2
+ 2Kd

p

2NM2(0) dMV1.

(7.2.3)

On the other hand, note that

N1
X

i=1

N1
X

k=1

kv̂1k � v̂1ik2 = 2N1

N1
X

k=1

kv̂1ik2 = 2N2
1V2

1 . (7.2.4)

Putting (7.2.4) into (7.2.3) leads to the desired inequality,

dV1

dt
 �K1 1(

p

2N1X1)V1 +Kd

p

2NM2(0) dM .

The inequality for V2 can be proved in the same way.
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Proposition 7.2.2. Suppose that the coupling strengths satisfy

K↵ � 0, ↵ = 1, 2, Kd � 0,

and let (x,v) be a global solution to (7.0.1). Then, for ↵ = 1, 2, we have

kv̂↵(t2)k1 � kv̂↵(t1)k1  2Kd

p

2NM2(0)

Z t2

t1

 dM(t)dt,

for any time step 0  t1  t2 <1.

Proof. We only prove ↵ = 1 since the case ↵ = 2 can be treated in the same

way. We set

F(t) = 2Kd

p

2NM2(0) dM(t).

We claim that for any t1 2 [0,1), there exists �t > 0 such that

kv̂1(t2)k1 � kv̂1(t1)k1 
Z t2

t1

F(t)dt, 8t2 2 (t1, t1 +�t]. (7.2.5)

Proof of claim (7.2.5). Now we take an arbitrary t1 2 [0,1). Set

It1 := {1  j  N1

�

�

�

kv̂1j(t1)k = kv̂1(t1)k1}.

For any j 2 It1 , we have

dkv̂1j(t)k2
dt

�

�

�

t=t1
=
n2K1

N1

N1
X

k=1

 1(kx̂1k(t)� x̂1j(t)k)hv̂1j(t), v̂1k(t)� v̂1j(t)i

+
2Kd

N2

N2
X

k=1

 d(kx2k(t)� x1j(t)k)hv̂1j(t),v2k(t)� v1j(t)

� 2v̂1j · v̇1ci
o

�

�

�

t=t1
.

We use hv̂1j(t1), v̂1k(t1)� v̂1j(t1)i  0 and the estimate of kv̇↵ck in Proposi-

tion 7.2.1 to find
dkv̂1j(t)k

dt

�

�

�

t=t1
< F(t1).
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From the continuity, there exists �t > 0 such that for any t 2 [t1, t1 +�t],

any j 2 It1 and any i 2 {1, · · · , N}\It1 , it holds that

dkv̂1j(t)k
dt

< F(t) and kv̂1i(t)k < kv̂1(t)k1.

Thus, for any t2 2 [t1, t1 + �t], there exists j 2 It1 such that kv̂1j(t2)k =

kv̂1(t2)k1. Hence, we have

kv̂1(t2)k1 � kv̂1(t1)k1 = kv̂1j(t2)k � kv̂1j(t1)k

=

Z t2

t1

dkv̂1j(t)k
dt

<

Z t2

t1

F(t)dt, for all t2 2 (t1, t1 +�t].

Thus, the claim (7.2.5) holds. Now we set

T \ := sup{t 2 (t1,1)
�

�

�

kv̂1(s)k1 � kv̂1(t1)k1 
Z s

t1

F(⌧)d⌧, 8s 2 [t1, t]}.

Now we claim

T \ =1.

Otherwise, we assume T \ <1. Then

kv̂1(T
\)k1 � kv̂1(t1)k1 =

Z T \

t1

F(t)dt.

We use claim (7.2.5) to know there exists �t > 0 such that

kv̂1(s)k1 � kv̂1(T
\)k1 

Z s

T \
F(t)dt, for all s 2 (T \, T \ +�t].

Thus, we can have the following for s 2 [t1, T \ +�t].

kv̂1(s)k1 � kv̂1(t1)k1  (

Z s

T \
+

Z T \

t1

)F(t)dt =

Z s

t1

F(t)dt.

This contradicts the definition of T \. Therefore, the conclusion follows.

In the following two subsections, we proceed to prove Theorem 7.2.1.
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• Step A (Local-in-time estimate): We will show that each sub-ensemble

G↵ satisfies the flocking estimates for some finite time T and t 2 [0, T ):

sup
0t<T

X↵(t) < x1
↵ , V↵(t)  C↵max

n

e�
K

↵

 

↵

(
p
2N
↵

x

1
↵

)t
2 , d

⇣�0t

2

⌘o

inf
0t<T,i,k

kv2k(t)� v1i(t)k � �0, min
i,k
kx2k(t)� x1i(t)k � �0t.

• Step B (Continuation to the whole time interval): We will show that

time T in Step A can be chosen to be infinity.

Step A : Local-in-time flocking estimates

To find the time interval where all desired flocking estimates hold, we set

e

0
1,2 :=

v2c(0)� v1c(0)

kv2c(0)� v1c(0)k
, T ⇤

1 := sup T1,

T1 :=
n

T 2 [0,+1)
�

� min
i,k

{(v2k(t)� v1i(t)) · e01,2} > �0, 8 t 2 [0, T )
o

.

(7.2.6)

We first show that T ⇤
1 exists and is positive.

Lemma 7.2.1. Let (x,v) be a global solution to (7.0.1) with initial data

(x0,v0) satisfying (C41) in Theorem 7.2.1. Then, we have

T ⇤
1 > 0 and  dM(t)   d (�0t) , for all t 2 [0, T ⇤

1 ).

Proof. (i) We first show that T ⇤ > 0.

(v2k(0)� v1i(0)) · e0
1,2

=
(v2c(0)� v1c(0))

kv2c(0)� v1c(0)k
·
⇣

v2c(0)� v1c(0)� v̂1i(0) + v̂2k(0)
⌘

� kv2c(0)� v1c(0)k � kv̂1(0)k1 � kv̂2(0)k1
� 3�0

2
> �0.

We now take a minimum over i and k to obtain

min
i,k

{(v2k(0)� v1i(0)) · e0
1,2} > �0.
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Then, by the continuity, there exists � > 0 such that

min
i,k

{(v2k(t)� v1i(t)) · e0
1,2} > �0, t 2 [0, �), i.e., � 2 T1.

Hence T ⇤
1 � � > 0.

(ii) For t 2 [0, T ⇤
1 ), we have

kx2k(t)� x1i(t)k �
�

x2k(t)� x1i(t)
�

· e0
1,2

=
�

x2k(0)� x1i(0)
�

· e0
1,2

+

Z t

0

�

v2k(s)� v1i(s)
�

· e0
1,2ds � �0t.

Thus, by the non-increasing property of  d, we have

 dM(t)   d (�0t) , for all t 2 [0, T ⇤
1 ).

Lemma 7.2.2. (Flocking estimate in [0, T ⇤
1 )) Suppose that the initial data

(x0,v0) satisfy (C41) and the coupling strengths satisfy

K↵ >
V↵(0) +

K
d

p
2NM2(0)

�0

R1
0  d(x)dx

R1
X
↵

(0)  ↵(
p
2N↵x)dx

, ↵ = 1, 2, Kd � 0.

Then, for the solution (x,v) to system (7.0.1) with initial data (x0,v0), there

exist positive constants x1
↵ and C↵ independent of time t such that

sup
0t<T ⇤

1

X↵(t) < x1
↵ ,

V↵(t)  C↵max

⇢

e�
K

↵

 

↵

(
p
2N
↵

x

1
↵

)t
2 , d

✓

�0t

2

◆�

, t 2 [0, T ⇤
1 ).

Proof. (i) (Existence of an upper bound x1
↵ ): We fix ↵ 2 {1, 2} and define a

Lyapunov functional L1↵:

L1↵(t) := V↵(t) +K↵

Z X
↵

(t)

0

 ↵(
p

2N↵x)dx.
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It follows from Proposition 7.2.1 and Lemma 7.2.1 that

dL1↵(t)

dt
=

d

dt
V↵(t) +K↵ ↵(

p

2N↵X↵(t))
d

dt
X↵(t)

 �K↵ ↵(
p

2N↵X↵(t))
⇣

V↵(t)�
d

dt
X↵(t)

⌘

+Kd

p

2NM2(0) dM

 Kd

p

2NM2(0) d(�0t), t 2 [0, T ⇤
1 ).

We integrate the aforementioned relation to obtain

V↵(t) +K↵

Z X
↵

(t)

X
↵

(0)

 ↵(
p

2N↵x)dx  V↵(0) +
Kd

p

2NM2(0)

�0

Z 1

0

 d(x)dx.

In particular, this yields

K↵

Z X
↵

(t)

X
↵

(0)

 ↵(
p

2N↵x)dx  V↵(0)+
Kd

p

2NM2(0)

�0

Z 1

0

 d(x)dx, t 2 [0, T ⇤
1 ).

(7.2.7)

On the other hand, the assumption on K↵ implies

V↵(0) +
Kd

p

2NM2(0)

�0

Z 1

0

 d(x)dx < K↵

Z 1

X
↵

(0)

 ↵(
p

2N↵x)dx. (7.2.8)

We use (7.2.7) and (7.2.8) to see the existence of a solution to the following

equation with variable x1
↵ :

K↵

Z x1
↵

X
↵

(0)

 ↵(
p

2N↵x)dx = V↵(0) +
Kd

p

2NM2(0)

�0

Z 1

0

 d(x)dx.

We set x1
↵ to be its largest possible positive value. Then, by the same argu-

ment employed in Theorem 7.1.1, we have

X↵(t)  x1
↵ , for all t 2 [0, T ⇤

1 ).

(ii) (Decay estimate of kv̂↵(t)k1): By the estimate (ii) in Proposition 7.2.1,

we have

dV↵
dt
 �K↵ ↵(

p

2N↵x
1
↵ )V↵ +Kd

p

2NM2(0) d(�0t).
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We now apply Lemma A.0.1 in Appendix with

a := K↵ ↵(
p

2N↵x
1
↵ ), f := Kd

p

2NM2(0) d(�0t),

to find the desired flocking estimate:

V↵(t)  V↵(0)e�K
↵

 
↵

(
p
2N

↵

x1
↵

)t

+
Kd

p

2NM2(0)

K↵ (
p
2N↵x1

↵ )

h

e�
K

↵

 

d

(
p
2N
↵

x

1
↵

)t
2 +  d

⇣�0t

2

⌘i

.

As a final step, we are now ready to complete the proof of Theorem 7.2.1

by showing that T ⇤
1 =1.

Step B: Continuation to the whole time interval

Suppose that initial data (x0,v0) and coupling strengths satisfy the frame-

work (FA). We claim

T ⇤
1 =1. (7.2.9)

Proof of claim (7.2.9): Suppose not, i.e., 0 < T ⇤
1 <1. Then, it follows from

the definition of T ⇤ in (7.2.6) that

(v2k(T
⇤
1 )� v1i(T

⇤
1 )) · e0

1,2 = �0. (7.2.10)

On the other hand, we use Proposition 7.2.1 and Proposition 7.2.2 to obtain:

for ↵ = 1, 2,

kv↵c(T ⇤
1 )� v↵c(0)k 

Kd

p

2NM2(0)

�0

Z 1

0

 d(x)dx,

kv̂↵(T ⇤
1 )k1  kv̂↵(0)k1 +

2Kd

p

2NM2(0)

�0

Z 1

0

 d(x)dx.

(7.2.11)
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We use assumptions on the initial dataKd and (7.2.11) to derive the following

relation:

(v2k(T
⇤
1 )� v1i(T

⇤
1 )) · e0

1,2

� kv2c(0)� v1c(0)k � kv1c(T
⇤
1 )� v1c(0)k � kv2c(T

⇤
1 )� v2c(0)k

� kv̂1(T
⇤
1 )k1 � kv̂2(T

⇤
1 )k1

� 2�0 � kv̂1(0)k1 � kv̂2(0)k1 �
6Kd

p

2NM2(0)

�0

Z 1

0

 d(s)ds

> �0.

This contradicts relation (7.2.10). Thus T ⇤
1 =1.

7.2.3 Description of partial flocking

In this subsection, we briefly discuss the main results for the emergence of

partial flocking (see Definition 7.2.1) for some class of initial configurations

under the following situation:

K1 � 1, K2 ⌧ 1, Kd ⌧ 1.

In this case, subsystem G1 flocks, but the other subsystem, G2, does not. More

precisely, our result is as follows.

Theorem 7.2.2. Suppose that the following framework (C6) holds for the

initial data (x0,v0) to system (7.0.1).

• (C61): (Restriction on initial configurations)

max
1iN1

kv1i(0)� v1c(0)k <
1

4
min

1kN2

kv2k(0)� v1c(0)k,
v2k(0) 6= v2i(0), for i 6= k,

min
1iN1
1kN2

{(x2k(0)� x1i(0)) · (v2k(0)� v1c(0))} � 0 and

min
1i 6=kN2

{(x2k(0)� x2i(0)) · (v2k(0)� v2i(0))} � 0.
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• (C62): (Restriction on coupling strengths):

0  Kd <
⇤0 min{µ0,

⇤0
4 }

4
p

2NM2(0)
R1
0  d(x)dx

,

0  K2 <
µ0 min{µ0,

⇤0
2 }

4
p

2NM2(0)
R1
0  2(x)dx

,

K1 >
V1(0) +

K
d

p
2NM2(0)

⇤0

R1
0  d(x)dx

R1
X1(0)

 1(
p
2N1x)dx

,

where positive constants ⇤0 and µ0 are given by the following relations:

⇤0 :=
1

2
min

1kN2

kv2k(0)� v1c(0)k, µ0 :=
1

2
min

1i 6=kN2

kv2k(0)� v2i(0)k.

Then, the subsystem G1 and G2 exhibit a time-asymptotic partial flocking.

More precisely, for the solution (x,v) to system (7.0.1) with initial data

(x0,v0), there exist x̄1
1 and C1 that only depend on the initial data and  1

such that for any t � 0,

sup
0t<1

X1(t) < x̄1
1 , V1(t)  C1 max

n

e�
K1 1(

p
2N1x̄

1
1 )t

2 , d

⇣⇤0t

2

⌘o

,

inf
0t<1

1i 6=kN2

kv2k(t)� v2i(t)k � µ0, min
1i 6=kN2

kx2k(t)� x2i(t)k � µ0t.

As a corollary of Theorem 7.2.2, we get rid of the assumptions

min
1iN1
1kN2

{(x2k(0)� x1i(0)) · (v2k(0)� v1c(0))} � 0, and

min
1i 6=kN2

{(x2k(0)� x2i(0)) · (v2k(0)� v2i(0))} � 0.

For this, we define

T1 :=
1

⇤2
0

max
1iN1
1kN2

|(x2k(0)� x1i(0)) · (v2k(0)� v1c(0))|,

T2 :=
1

µ2
0

max
1i 6=kN2

|(x2k(0)� x2i(0)) · (v2k(0)� v2i(0))|,

T0 := max{T1, T2} � 0.
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Corollary 7.2.2. Suppose that the following framework (C7) holds for the

initial data (x0,v0) to system (7.0.1).

• (C71): (Restriction on initial configurations)

max
1iN1

kv1i(0)� v1c(0)k <
1

4
min

1kN2

kv2k(0)� v1c(0)k,
v2k(0) 6= v2i(0), for i 6= k.

• (C72): (Restriction on coupling strengths):

0  Kd < min
n min{⇤0, µ0}
16
p

2NM2(0)T0

,
⇤0 min{µ0,

⇤0
4 }

8
p

2NM2(0)
R1
0  d(x)dx

,

min{⇤2
0, µ

2
0}

4
�

D(x1(0),x2(0)) +
p

2NM2(0)T0

�

p

2NM2(0)
}
o

,

0  K2 < min
n min{⇤0, µ0}
16
p

2NM2(0)T0

,
µ0 min{µ0,

⇤0
2 }

8
p

2NM2(0)
R1
0  2(x)dx

,

min{⇤2
0, µ

2
0}

4
�

D(x1(0),x2(0)) +
p

2NM2(0)T0

�

p

2NM2(0)
,
o

,

K1 >
P1(0) +

K
d

p
2NM2(0)

⇤0

R1
0  d(x)dx

R1
R1(0)

 1(
p
2N1x)dx

,

where P1(0) and R1(0) are defined in (7.2.2).

Then, the subsystems G1 and G2 exhibit a time-asymptotic partial flocking.

More precisely, for the solution (x,v) to system (7.0.1) with initial data

(x0,v0), the following estimates hold: there exist x1
1 > 0 and T0 such that

sup
0t<1

X1(t) < x̄1
1 , V1(t)  C2 max

n

e�
K1 1(

p
2N1x̄

1
1 )(t�T0)

2 , d

⇣⇤0(t� T0)

4

⌘o

,

inf
T0t<1

1i 6=kN2

kv2k(t)� v2i(t)k �
µ0

2
,

min
1i 6=kN2

kx2k(t)� x2i(t)k >
µ0

2
(t� T0), t 2 [T0,1).

As we mentioned in Remark 7.2.2, we only present the proof of Theorem

7.2.2 in the following section.
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7.2.4 Emergence of partial flocking

We first remind the system of di↵erential inequalities on our functionals.

Proposition 7.2.3. Suppose that the coupling strengths satisfy

K↵ � 0, ↵ = 1, 2, Kd � 0,

and let (x,v) be a global solution to (7.0.1). Then, for ↵ = 1, 2, we have

(i)
�

�

�

dv↵c
dt

�

�

�

< Kd

p

2NM2(0) dM , a.e. t 2 (0,1),

(ii)
�

�

�

dv2k(t)

dt

�

�

�

 K2

p

2NM2(0) 2M(t) +Kd

p

2NM2(0) dM(t),

(iii)
dX1

dt
 V1,

dV1

dt
 �K1 1(

p

2N1X1)V1 +Kd

p

2NM2(0) dM ,

(iv) kv̂↵(t2)k1 � kv̂↵(t1)k1  2Kd

p

2NM2(0)

Z t2

t1

 dM(t)dt,

for any 0  t1  t2 <1.

where  dM and  2M are given by the following relations:

 dM := max
1iN1
1kN2

 d(kx2k�x1ik),  2M := max
1i 6=kN2

 2(kx2k�x2ik). (7.2.12)

Proof. It is an analogue of the proof of Proposition 7.2.1 and Proposition

7.2.2.

In the following two subsections, we prove Theorem 7.2.2 as follows.

• Step A (Local-in-time estimate): We will show that, for some finite time

T , subsystem G1 satisfies the flocking estimate, but subsystem G2 does

not:

sup
0t<T

X1(t) < x1
1 , V1(t)  C1 max

n

e�
K1 1(

p
2N1x

1
1 )t

2 , d

⇣⇤0t

2

⌘o

,

min
i 6=k
kx2k(t)� x2i(t)k � Ct, for some C > 0, for all t 2 [0, T ).

• Step B (Continuation to the whole time interval): We will show that

the time T in Step A can be chosen to be infinity.
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Step A : Local-in-time flocking estimates

In this part, we show that the flocking estimates hold at least locally in time.

For this, we set

e

0
2k,1 :=

v2k(0)� v1c(0)

kv2k(0)� v1c(0)k
, e

0
2k,2i :=

v2k(0)� v2i(0)

kv2k(0)� v2i(0)k
,

T ⇤
0 := sup

n

T 2 [0,1)
�

� min
i,k

{(v2k(t)� v1i(t)) · e0
2k,1} > ⇤0, 8t 2 [0, T )

o

,

T̂ ⇤
0 := sup

n

T 2 [0, T ⇤
0 )

�

� min
i 6=k

{(v2k(t)� v2i(t)) · e0
2k,2i} > µ0, 8t 2 [0, T )

o

,

(7.2.13)

Lemma 7.2.3. Suppose that initial data (x0,v0) satisfy the following rela-

tions:

max
1iN1

kv1i(0)� v1c(0)k <
1

4
min

1kN2

kv2k(0)� v1c(0)k,

v2k(0) 6= v2i(0), for i 6= k.

Then, we have

T ⇤
0 > 0 and T̂ ⇤

0 > 0.

Proof. We use assumptions to see

(v2k(0)� v1i(0)) · e0
2k,1 = (v2k(0)� v1c(0)� v̂1i(0)) · e0

2k,1

� kv2k(0)� v1c(0)k � kv̂1(0)k1 �
3⇤0

2
> ⇤0,

(v2k(0)� v2i(0)) · e0
2k,2i = kv2k(0)� v2i(0)k � 2µ0 > µ0.

Then, by the continuity argument, we have T ⇤
0 > 0 and T̂ ⇤

0 > 0.

Lemma 7.2.4. Suppose that the initial data (x0,v0) satisfy (C61). Let  2M

and  dM be the functions defined in (7.2.12). Then, they satisfy

 2M(t)   2(µ0t),  dM(t)   d(⇤0t), t 2 [0, T̂ ⇤
0 ).

Proof. For t 2 [0, T̂ ⇤
0 ] and i 6= k, we have

kx2k(t)� x2i(t)k � (x2k(t)� x2i(t)) · e0
2k,2i

= (x2k(0)� x2i(0)) · e0
2k,2i +

Z t

0

(v2k(s)� v2i(s)) · e0
2k,2ids

� µ0t.
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Similarly, we have

kx2k(t)� x1i(t)k � ⇤0t.

Thus, by the non-increasing property of  2 and  d, we have the desired

estimates.

Lemma 7.2.5. Suppose that the initial data (x0,v0) satisfy (C61), then the

following estimate holds.

kv2(t)�v2(0)k1 
K2

p

2NM2(0)

µ0

Z 1

0

 2(x)dx+
Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx,

for t 2 [0, T̂ ⇤
0 ), where kv2(t)� v2(0)k1 := max

1iN2

kv2i(t)� v2i(0)k.

Proof. It follows from Proposition 7.2.3 that, for i 2 {1, · · · , N2},

kv2i(t)� v2i(0)k  K2

p

2NM2(0)

Z t

0

 2(µ0x)dx

+Kd

p

2NM2(0)

Z t

0

 d(⇤0x)dx

 K2

p

2NM2(0)

µ0

Z 1

0

 2(x)dx

+
Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx.

Lemma 7.2.6. Suppose that the initial data (x0,v0) satisfy (C61) and the

coupling strengths K2 and Kd satisfy

0  Kd <
⇤0µ0

4
p

2NM2(0)
R1
0  d(x)dx

, and

0  K2 <
µ2
0

4
p

2NM2(0)
R1
0  2(x)dx

.

Then, we have T̂ ⇤
0 = T ⇤

0 .
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Proof. It follows from Lemma 7.2.3 that we have T̂ ⇤
0 > 0. We now assume

that

T̂ ⇤
0 < T ⇤

0 .

Then, the definition of T̂ ⇤
0 implies

(v2k(T̂
⇤
0 )� v2i(T̂

⇤
0 )) · e0

2k,2i = µ0. (7.2.14)

On the other hand, by the initial assumption and Lemma 7.2.5, for t 2 [0, T̂ ⇤
0 ]

and i 6= k

(v2k(t)� v2i(t)) · e0
2k,2i

� kv2k(0)� v2i(0)k � kv2k(t)� v2k(0)k � kv2i(t)� v2i(0)k
� 2µ0 �

✓

2K2

µ0

Z 1

0

 2(x)dx+
2Kd

⇤0

Z 1

0

 d(x)dx

◆

p

2NM2(0)

> 2µ0 � µ0 = µ0.

The last inequality is from the assumptions of K2 and Kd. This gives a

contradiction to (7.2.14). Hence we obtain T̂ ⇤
0 = T ⇤

0 .

Lemma 7.2.7. Keep the assumption of Lemma 7.2.6, we have

(i) kv1c(t)� v1c(0)k 
Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx, t 2 [0, T ⇤
0 ).

(ii) kv̂1(t)k1  kv̂1(0)k1 +
2Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx, t 2 [0, T ⇤
0 ).

Proof. The estimates follow directly from the Proposition 7.2.3.

Lemma 7.2.8. (Local-in-time flocking estimate) Suppose that the initial

data (x0,v0) satisfy (C61) and the coupling strengths satisfy

0  Kd <
µ0⇤0

4
p

2NM2(0)
R1
0  d(x)dx

,

0  K2 <
µ2
0

4
p

2NM2(0)
R1
0  2(x)dx

,

K1 >
V1(0) +

K
d

p
2NM2(0)

⇤0

R1
0  d(x)dx

R1
X1(0)

 1(
p
2N1x)dx

.
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Then, for the solution (x,v) to system (7.0.1) with initial data (x0,v0), there

exist positive constants x̄1
1 and C1 independent of time t such that

sup
0t<1

X1(t) < x̄1
1 , V1(t)  C1 max

n

e�
K1 1(

p
2N1x̄

1
1 )t

2 , d

⇣⇤0t

2

⌘o

,

inf
0t<1

1i 6=kN2

kv2k(t)� v2i(t)k � µ0,

min
1i 6=kN2

kx2k(t)� x2i(t)k � µ0t, t 2 [0, T ⇤
0 ].

Proof. (i) (Existence of x̄1
1 ): Define a Lyapunov functional L2:

L2(t) := V1(t) +K1

Z X1(t)

0

 1(
p

2N1x)dx.

It follows from Proposition 7.2.3 and Lemma 7.2.4 that we have

dL2(t)

dt
=

d

dt
V1(t) +K1 1(

p

2N1X1(t))
d

dt
X1(t)

 �K1 1(
p

2N1X1(t))
⇣

V1(t)�
d

dt
X1(t)

⌘

+Kd

p

2NM2(0) dM

 Kd

p

2NM2(0) d

⇣

⇤0t
⌘

, t 2 [0, T ⇤
0 ).

We integrate the aforementioned relation to obtain

V1(t) +K1

Z X1(t)

X1(0)

 1(
p

2N1x)dx  V1(0) +
Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx.

In particular, this yields

K1

Z X1(t)

X1(0)

 1(
p

2N1x)dx  V1(0)+
Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx, t 2 [0, T ⇤
0 ).

(7.2.15)

On the other hand, the condition on K1 implies

V1(0) +
Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx < K1

Z 1

X1(0)

 1(
p

2N1x)dx.

We set x̄1
1 to be a positive number satisfying the following relation:

K1

Z x̄1
1

X1(0)

 1(
p

2N1x)dx = V1(0) +
Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx. (7.2.16)
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Then, by using (7.2.15) and (7.2.16), we have

sup
0t<T ⇤

0

X1(t) < x̄1
1 , t 2 [0, T ⇤

0 ].

(ii) (Decay estimate of V1): It follows from Proposition 7.2.3 and the result

of (i) that we have

dV1

dt
 �K1 1(

p

2N1x̄
1
1 )V1 +Kd

p

2NM2(0) dM .

This yields the desired decay estimate of V1.

The two remaining estimates are direct results of Lemma 7.2.4 and Lemma

7.2.6.

Step B: Continuation to the whole time interval

In this part, we complete the proof of Theorem 7.2.2. Suppose that the initial

data and coupling strength satisfy the framework (C6) in Theorem 7.2.2.

Then, it follows from Lemma 7.2.3 that we have

T ⇤
0 > 0.

Suppose that T ⇤
0 <1. Then, by the definition of T ⇤

0 in (7.2.13), we have

(v2k(T
⇤
0 )� v1i(T

⇤
0 )) · e0

2k,1 = ⇤0. (7.2.17)

It follows from Lemma 7.2.4-Lemma 7.2.7 that we have

(v2k(T
⇤
0 )� v1i(T

⇤
0 )) · e0

2k,1

� kv2k(0)� v1c(0)k
�kv̂1i(T

⇤
0 )k � kv2k(T

⇤
0 )� v2k(0)k � kv1c(T

⇤
0 )� v1c(0)k

� kv2k(0)� v1c(0)k � kv̂1(0)k1
�K2

p

2NM2(0)

µ0

Z 1

0

 2(x)dx�
4Kd

p

2NM2(0)

⇤0

Z 1

0

 d(x)dx

> ⇤0,

where we have used the initial assumption and the assumptions of K2, Kd to

get the last inequality. This gives a contradiction to (7.2.17). Thus T ⇤
0 =1.

Now we apply Lemma 7.2.8 with T ⇤
0 = 1 to get the desired estimates and

complete the proof of Theorem 7.2.2.
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Chapter 8

Bi-cluster flocking on
hydrodynamic Cucker-Smale
model

The purpose of this chapter is to provide two frameworks leading to mono-

cluster and bi-cluster flockings in terms of communication weight, coupling

strengths, and regularity and size of initial configurations. We did those

things on particle-based N -body dynamics in the previous chapters. Now

we treat hydrodynamic model (2.5.29) mentioned in Section 2.5. This chap-

ter is based on the joint work in [44].

Before proceeding, a few comments on notation are in order. Here we use

the same notation for vectors and scalars, which excludes bold, double, or

arrow notations. For any nonnegative integer k, Hk := Hk(⌦) denotes the

kth-order Sobolev space on ⌦, and for simplicity, we omit ⌦-dependence in

norm whenever there is no confusion, i.e., kukHk := kukHk(⌦). On the other

hand, Ck(I;E) is the space of k times continuously di↵erentiable functions

from an interval I ⇢ R into a Banach space E. The derivative character rk

denotes any spatial partial derivative @↵ with a multi-index ↵ with |↵| = k.

In this chapter, we are interested in a coupled system of hydrodynamic

models (2.5.26) for (⇢i, ui), i = 1, 2, on each domain ⌦1(t) and ⌦2(t), which
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is separated. The equations of motion are stated in Section 2.5;

@t⇢1 +r · (⇢1u1) = 0, @t⇢2 +r · (⇢2u2) = 0, (x, t) 2 Rd ⇥ R+,

⇢1@tu1 + ⇢1u1 ·ru1

= 11

Z

⌦1(t)

⇢1(x)⇢1(y) (|y � x|)(u1(y)� u1(x))dy

+ 12

Z

⌦2(t)

⇢1(x)⇢2(y) (|y � x|)(u2(y)� u1(x))dy,

⇢2@tu2 + ⇢2u2 ·ru2

= 22

Z

⌦2(t)

⇢2(x)⇢2(y) (|y � x|)(u2(y)� u2(x))dy

+ 21

Z

⌦1(t)

⇢2(x)⇢1(y) (|y � x|)(u1(y)� u2(x))dy,

(8.0.1)

subject to initial data

(⇢i, ui)(x, 0) = (⇢i0, ui0), x 2 Rd, i = 1, 2. (8.0.2)

Here, we consider the fluid regions ⌦1(t) and ⌦2(t) are the connected compact

supports of the densities ⇢1 and ⇢2 at time t, respectively, and ii and ij
are intra- and inter-coupling strengths, which are assumed to be nonnegative.

We assume ⇢1 and ⇢2 are strictly positive on each regions ⌦1(t) and ⌦2(t),

respectively, so that there are jumps in the mass densities near the boundary

of domain. This allow us to avoid di�culties of vacuum. Moreover, initial

data are su�ciently regular to satisfy

(⇢i0, ui0) 2 Hs(⌦i)⇥Hs+1(⌦i), s > 1 +
d

2
,

so that we have a classical solution

(⇢i, ui) 2 Hs(⌦i)⇥Hs+1(⌦i),

which is C1 by the Sobolev embedding theorem.

This chapter consists of two main result. First, we present a framework

leading to mono-cluster flocking on (2.5.29). The framework is formulated
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in terms of the initial configuration, coupling strengths, and communication

weight. The intercoupling strengths 12 and 21 are assumed to be the same,

whereas intracoupling strengths are su�ciently large so that two ensembles

of macroscopic C-S fluids are combined into one single cluster.

Our second result addresses the case in which bi-cluster flocking is guaran-

teed. To guarantee bi-cluster flocking, the intracoupling strengths should be

su�ciently large, but the intercoupling strengths should be su�ciently small

so that two ensemble configurations are sustained for all time. As noticed

in Chapter 3 and 4, for a technical reason, we require that the initial con-

figurations be well prepared in the sense that they are close to a bi-cluster

flocking configuration; otherwise, in general, we may have multi-cluster flock-

ings. These restrictions are encoded in our second framework for bi-cluster

flocking in Section 3.2.

8.1 Lagrangian formulation and variables

In order to construct di↵erential inequalities on Lyapunov functionals, we

discuss a Lagrangian formulation for the coupled system (8.0.1) and give

several basic a priori estimates for the propagation of velocity moments cor-

responding to mass, momentum, and energy. In this way, we can avoid free

boundary problems while we need positive minimum density of particles.

8.1.1 Lagrangian formulation

As noticed in [41] for the hydrodynamic C-S model (2.5.26) in the vacuum

regime, it is convenient to reformulate the system (8.0.1) in terms of La-

grangian variables so that system (8.0.1) becomes an integro-di↵erential sys-

tem in Lagrangian coordinates, where the computational domain is fixed as

the initial domain. Now, we briefly discuss the Lagrangian formulation of

(8.0.1), loosely following the presentation in [21, 41]. First, we introduce the

triplet (⌘i, qi, vi) for Lagrangian variables associated with macroscopic observ-

ables (⇢i, ui), consisting of the forward particle path ⌘i = ⌘i(x, t), Lagrangian

mass qi = qi(x, t), and velocity densities vi = vi(x, t). We set ⌦1 := ⌦1(0)
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and ⌦2 := ⌦2(0) for notational convenience. Then, for a fixed x 2 ⌦i,
8

<

:

d⌘i(x, t)

dt
= ui(⌘i(x, t), t), t > 0, i = 1, 2,

⌘i(x, 0) = x
(8.1.1)

and

qi(x, t) := ⇢i(⌘i(x, t), t), vi(x, t) := ui(⌘i(x, t), t). (8.1.2)

In the following lemma, we study the evolution of the Lagrangian triplet

(⌘i, qi, vi).

Lemma 8.1.1. Let (⇢i, ui) be a su�ciently smooth solution to system (8.0.1)

and (8.0.2). Then, the Lagrangian variables (⌘i, qi, vi) defined by (8.1.1) and

(8.1.2) satisfy the following relations:

⌘i(x, t) = x+

Z t

0

vi(x, ⌧)d⌧,

qi(x, t) = ⇢i0(x)det(r⌘i(x, t))�1, x 2 ⌦i, i = 1, 2,

@tv1 = 11

Z

⌦1

q1(y, 0) (|⌘1(y)� ⌘1(x)|)(v1(y)� v1(x))dy

+ 12

Z

⌦2

q2(y, 0) (|⌘2(y)� ⌘1(x)|)(v2(y)� v1(x))dy,

@tv2 = 22

Z

⌦2

q2(y, 0) (|⌘2(y)� ⌘2(x)|)(v2(y)� v2(x))dy

+ 21

Z

⌦1

q1(y, 0) (|⌘1(y)� ⌘2(x)|)(v1(y)� v2(x))dy,

vi(x, 0) = ui0.

(8.1.3)

Proof. In the following, we only sketch the derivation of the relations for q1
and v1; the estimates for q2 and v2 can be done similarly (see [41] for corre-

sponding estimates for (2.5.26)).

• (Estimate for q1): We evaluate the continuity equation for ⇢1 on the La-

grangian path (⌘i(x, t), t) 2 Rd ⇥ R+:

0 = @t⇢1 +r · (⇢1u1)
�

�

�

(⌘1(x,t),t)

= (@t⇢1 + u1 ·r⇢1)
�

�

�

(⌘1(x,t),t)
+ ⇢1r · u1

�

�

�

(⌘1(x,t),t)
.

(8.1.4)
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It follows from the defining relations (8.1.2) that

(@t⇢1 + u1 ·r⇢1)
�

�

�

(⌘1(x,t),t)
= @tq1(x, t) and

r · u1

�

�

�

(⌘1(x,t),t)
=

d
X

i,j=1

@x
j

v1i@x
i

(⌘�1
1 )j =

d
X

i,j=1

(r⌘1)�1
j,i @xj

v1i.
(8.1.5)

Then, we combine (8.1.4) and (8.1.5) to obtain

@tq1 + q1

d
X

i,j=1

(r⌘)�1
j,i @xj

v1i = 0, x 2 ⌦1, t > 0. (8.1.6)

We also note that

@tdet(r⌘1(x, t)) = det(r⌘1(x, t))
n
X

i,j=1

(r⌘1)�1
j,i @xj

v1i. (8.1.7)

We now combine (8.1.6) and (8.1.7) to obtain the relation for q1:

@t

⇣

q1(x, t)det(r⌘1(x, t)
⌘

= 0,

and integrate the above relation in t and use r⌘1(x, 0) = I to find

q1(x, t)det(r⌘1(x, t)) = ⇢10(x)det(r⌘1(x, 0) = ⇢10(x),

i.e., q1(x, t) = ⇢10(x)det(r⌘1(x, t))�1.
(8.1.8)

• (Estimate for v1): Note that the left hand side of the momentum equation

in (8.0.1) along the Lagrangian path can be rewritten as

@t(⇢1u1)+r·(⇢1u1⌦u1)
�

�

�

(⌘1(x,t),t)
= ⇢1(@tu1+u1·ru1)

�

�

�

(⌘1(x,t),t)
= q1(x, t)@tv1(x, t).

Hence, the momentum equation becomes

q1@tv1 = 11q1

Z

⌦1

q1(y, t)det(r⌘1(y, t)) (|⌘1(x, t), ⌘1(y, t)|)(v1(y)� v1(x))dy

+ 12q1

Z

⌦2

q2(y, t)det(r⌘2(y, t)) (|⌘1(x, t), ⌘2(y, t)|)(v2(y)� v1(x))dy.

(8.1.9)

Then, we now substitute the relation (8.1.8) into (8.1.9) to get the desired

estimate.
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Remark 8.1.1. When ⇢i is strictly positive on Int(⌦i) (the interior of ⌦i),

inf
x2Int(⌦)

(⇢i0(x)) > 0, i = 1, 2,

the following two statements are equivalent:

(1) There are smooth solutions (ui, ⇢i) of system (8.0.1) with (8.0.2) in ⌦i(t).

(2) There are smooth solutions (vi, qi, ⌘i) of system (8.1.3) in ⌦i ⇥ R+.

8.1.2 Macroscopic quantities

In this subsection, we study the dynamics of macroscopic quantities corre-

sponding to total mass, momentum, and energy. For t � 0, we set

mass: Mi0(t) :=

Z

⌦1

qi(x, 0)dx, i = 1, 2,

momentum: M1(t) :=

Z

⌦1

q1(x, 0)v1(x, t)dx+

Z

⌦2

q2(x, 0)v2(x, t)dx,

energy: M2(t) :=

Z

⌦1

q1(x, 0)|v1(x, t)|2dx+

Z

⌦2

q2(x, 0)|v2(x, t)|2dx.

It follows from Remark 8.1.1 that we can easily check that the definitions of

the macroscopic quantities are equivalent to the settings above in Lagrangian

coordinates. In particular, it is easy to see that the total mass is conserved

along the flow (8.0.1):

M10(t) +M20(t) = M10(0) +M20(0), t � 0.

In the following lemma, for the simplicity of presentation, we suppress t-

dependence in ⌘i and vi:

⌘i(x) := ⌘i(x, t), vi(x) := vi(x, t), i = 1, 2,

and we study the temporal evolution of M1 and M2.

Lemma 8.1.2. Let (qi, vi), i = 1, 2, be the classical solution to system (8.1.3)

decaying at |x| = 1 su�ciently fast. Then, we have the following a priori
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estimates for t > 0:

(i)
d

dt

Z

⌦1

q1(x, 0)v1(x)dx

= 12

ZZ

⌦1⇥⌦2

q1(x, 0)q2(y, 0) (|⌘2(y)� ⌘1(x)|)(v2(y)� v1(x))dydx.

(ii)
d

dt

Z

⌦2

q2(x, 0)v2(x)dx

= 21

ZZ

⌦1⇥⌦2

q1(y, 0)q2(x, 0) (|⌘1(y)� ⌘2(x)|)(v1(y)� v2(x))dydx.

(iii)
1

2

d

dt

Z

⌦1

q1(x, 0)|v1(x)|2dx

= �11
2

ZZ

⌦1⇥⌦1

q1(x, 0)q1(y, 0) (|⌘1(y)� ⌘1(x)|)|v1(y)� v1(x)|2dydx

+ 12

ZZ

⌦1⇥⌦2

q1(x, 0)q2(y, 0) (|⌘2(y)� ⌘1(x)|)hv1(x), v2(y)� v1(x)idy.

(iv)
1

2

d

dt

Z

⌦2

q2(x, 0)|v2(x)|2dx

= �22
2

ZZ

⌦2⇥⌦2

q2(x, 0)q2(y, 0) (|⌘2(y)� ⌘2(x)|)|v2(y)� v2(x)|2dydx

+ 21

ZZ

⌦1⇥⌦2

q1(y, 0)q2(x, 0) (|⌘1(y)� ⌘2(x)|)hv2(x), v1(y)� v2(x)idy.

Proof. (i) and (ii): We multiply (8.1.3)2 by q1(x, 0) and integrate the resulting

relation with respect to x in ⌦1 and then use the symmetric trick x  ! y

to obtain

d

dt

Z

⌦1

q1(x, 0)v1(x)dx

= 12

ZZ

⌦1⇥⌦2

q1(x, 0)q2(y, 0) (|⌘2(y)� ⌘1(x)|)(v2(y)� v1(x))dydx.

Similarly, we have the same statement for q2(x, 0)v2(x).

(iii) and (iv): We multiply (8.1.3)2 by q1(x, 0)v1(x) and integrate the resulting
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relation with respect to x in ⌦1 to obtain

1

2

d

dt

Z

⌦1

q1(x, 0)|v1(x)|2dx

= 11

ZZ

⌦1⇥⌦1

q1(x, 0)q1(y, 0) (|⌘1(y)� ⌘1(x)|)hv1(x), v1(y)� v1(x)idydx

+ 12

ZZ

⌦1⇥⌦2

q1(x, 0)q2(y, 0) (|⌘2(y)� ⌘1(x)|)hv1(x), v2(y)� v1(x)idydx

= �11
2

ZZ

⌦1⇥⌦1

q1(x, 0)q1(y, 0) (|⌘1(y)� ⌘1(x)|)|v1(y)� v1(x)|2dydx

+ 12

ZZ

⌦1⇥⌦2

q1(x, 0)q2(y, 0) (|⌘2(y)� ⌘1(x)|)hv1(x), v2(y)� v1(x)idydx.

As a direct corollary of Lemma 8.1.2, we have conservation of total mo-

mentum and dissipation of total energy.

Corollary 8.1.1. Suppose that the intercoupling strengths are symmetric:

12 = 21, (8.1.10)

and let (qi, vi) be a smooth solution to system (8.1.3). Then, we have the

following: for t > 0,

(i)
dM1

dt
= 0.

(ii)
dM2

dt
= �11

ZZ

⌦1⇥⌦1

q1(x, 0)q1(y, 0) (⌘1(y), ⌘1(x))|v1(y)� v1(x)|2dydx

� 22
ZZ

⌦2⇥⌦2

q2(x, 0)q2(y, 0) (⌘2(y), ⌘2(x))|v2(y)� v2(x)|2dydx

� 212

ZZ

⌦1⇥⌦2

q1(x, 0)q2(y, 0) (⌘2(y), ⌘1(x))|v2(y)� v1(x)|2dydx.

Proof. The estimates follow from the symmetric trick x ! y and the sym-

metry relation (8.1.10).

Remark 8.1.2. Note that M2 is nonincreasing along the flow (8.1.3):

M2(t) M2(0), t � 0.
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8.2 Description of frameworks and main re-

sults

In this section, we present two frameworks employed in the emergence of

mono-cluster and bi-cluster flocking in later sections, and we discuss main

results under the proposed frameworks. Before we present the frameworks,

we introduce local and global averages for velocity and density as follows.

For i = 1, 2,

vic(t) :=
1

Mi0

Z

⌦
i

qi(x, 0)vi(x, t)dx, Mi0 :=

Z

⌦
i

qi(x, 0)dx,

⌘ic(t) :=
1

Mi0

Z

⌦
i

qi(x, 0)⌘i(x, t)dx,

vc(t) :=
1

2

⇣

v1c + v2c

⌘

, ⌘c(t) :=
1

2

⇣

⌘1c + ⌘2c

⌘

.

(8.2.1)

Before we define concepts of mono and bi-cluster flockings, we introduce

several functionals measuring the local and global fluctuations around the

local and global averages defined in (8.2.1): for i = 1, 2,

Xi(t) := k⌘i(t)� ⌘ic(t)kL1 , Vi(t) := kvi(t)� vic(t)kL1 ,

X (t) := max
n

k⌘1(·, t)� ⌘c(t)kL1 , k⌘2(·, t)� ⌘c(t)kL1

o

,

V(t) := max
n

kv1(·, t)� vc(t)kL1 , kv2(·, t)� vc(t)kL1

o

,

Xd(t) := min
x2⌦1,y2⌦2

|x1(x, t)� x2(y, t)|,

Vd(t) := min
x2⌦1,y2⌦2

|v1(x, t)� v2(y, t)|.

(8.2.2)

where the norms of ⌘i and vi are taken on the domain ⌦i.

Note that (Vi,X ) and (X ,V) measure the velocity and spatial fluctua-

tions around the local averages and global averages, respectively. Of course,

for a single ensemble, these functionals coincide.

We next recall the definitions of the mono-cluster and bi-cluster flockings

in terms of the functionals defined in (8.2.2).
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Definition 8.2.1. Let Z = {(⌘i, qi, vi)}2i=1 be a classical global solution to

the Lagrangian system (8.1.3).

1. The Lagrangian configuration Z exhibits an asymptotic “mono-cluster

flocking” if the functionals X and V satisfy

sup
0t<1

X (t) <1, lim
t!1

V(t) = 0.

2. The Lagrangian configuration Z exhibits an asymptotic “bi-cluster flock-

ing” if the functionals Xi, Vi, and Vd satisfy

sup
0t<1

Xi(t) <1, lim
t!1

Vi(t) = 0, 1  i  2, inf
0t<1

Vd(t) > 0.

In the following two subsection, we discuss two frameworks for the emer-

gence of mono-clusters and bi-clusters.

8.2.1 Description of mono-cluster flocking

In this subsection, we list the framework (C8) in terms of the initial data,

coupling strengths, and communication weight.

• (C81): Initial supports of ⇢i0 are compact, disjoint and with smooth

boundary:

Ld(spt(⇢i0)) <1, ⇢i0(x) > 0, x 2 Int(⌦i), i = 1, 2, X (0) > 0,

where Ld is a d-dimensional Lebesgue measure in Rd.

• (C82): Initial data are su�ciently regular:

(qi0, vi0) 2 Hs(⌦i)⇥Hs+1(⌦i), i = 1, 2, s > 1 +
d

2
.

• (C83): The intercoupling strengths are symmetric and bounded below:

12 = 21, min
1i,j2

ijk⇢j0kL1 >
V0

R1
X0
 (2x)dx

.
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• (C84): The communication weight  takes the form given in [26]:

 (r) =
1

(1 + r2)
�

2

.

Note that the non-vacuum condition in (C81) is required to exclude the

blow-up of the smooth solutions in a finite-time (see [40] for the single C-

S ensemble), and the conditions (C81) and (C82) guarantees that the initial

data are C1, so we can expect a C1 solution globally in time. Finally, the third

condition (C83) is needed to enforce the ensembles to make one ensemble.

For the global existence of smooth solutions to (8.1.3), we next introduce

the solution space Qk(T ): For T 2 (0,1], we set

Qk(T ) :=
�

(qi, vi) : qi 2 C0
�

[0, T );Hk
�

\

C1
�

[0, T );Hk�1
�

,

vi 2 C0
�

[0, T );Hk+1
�

\

C1
�

[0, T );Hk
� 

.

We next present our first main result under the framework (C8),

Theorem 8.2.1. Suppose that the framework (C8) holds. Then, there ex-

ists a positive constant "0 depending only on ⇢i0 such that if kvi0kHs+1(⌦
i

) <

"0, i = 1, 2, then the Cauchy problem (8.0.1) has a unique classical solution

(⇢i, ui), i = 1, 2, satisfying regularity and flocking estimates:

(i) (q, v) 2 Qs(1), ⌘ 2 C0
�

[0,1);Hs+1
�

.

(ii) sup
0t<1

X (t) < x1, V(t)  V0e
�C1 (2x1)t, t � 0,

where C1 := min
1i2

k⇢i0kL1(⌦
i

) ⇥ min
1i,j2

ij.

8.2.2 Description of bi-cluster flocking

In this subsection, we study a su�cient framework (C9) leading to bi-cluster

flocking in terms of the initial data, coupling strengths, and communication

weight. Unlike the framework (C8), our initial configurations should be well

prepared in the sense that they is close to a bi-cluster configuration initially

and that intercoupling strengths are su�ciently small, whereas intracoupling

strengths should be su�ciently large to keep each sub-ensemble coherent.

These heuristic arguments are formalized in the following framework.
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• (C91): Initial supports of ⇢i0 are compact, disjoint and with smooth

boundary: for i = 1, 2,

Ld(spt(⇢i0)) <1, ⇢i0(x) > 0, x 2 Int(⌦i), k⇢i0kL1(⌦
i

) > 0,

X (0) > 0, �0 :=
1

2
|v2c(0)� v1c(0)| > 0, Vi0 := Vi(0) <

�0
2
,

r0 := min



(⌘2(x, 0)� ⌘1(y, 0)) ·
(v2c(0)� v1c(0))

|v2c(0)� v1c(0)|

�

> 0,

where Ld is a d-dimensional Lebesgue measure in Rd.

• (C92): Initial data are su�ciently regular:

(qi0, vi0) 2 Hs(⌦i)⇥Hs+1(⌦i), i = 1, 2, s > 1 +
d

2
.

• (C93): The intercoupling strengths are symmetric and bounded above,

whereas intracoupling strength is su�ciently large:

ii >
Vi0 +

2C12
p

2M2(0)

�0

R1
r0
 (s)ds

R +1
X

i0
 (2s)ds

, i = 1, 2,

0 < 21 = 12 <
�0

12C
p

2M2(0)
R1
r0
 (s)ds

,

where C := ⇧2
i=1k⇢i0kL1 + max

1i2
{k⇢i0kL2k⇢i0k1/2L1 } is a positive constant

depending only on ⇢i0.

• (C94): The communication weight  takes the form given in [26]:

 (r) =
1

(1 + r2)
�

2

, � > 1.

Before we state our second main result, we comment on the framework

(C9). As can be seen form the first condition (C91), the initial data need

to be well-prepared, and initial separation r0 between two sub-ensembles is

assumed to be positive in the sense that initial configurations are in the trend
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of bi-cluster flocking. The regularity (C92) of initial configuration is needed

to guarantee the existence of smooth C1-solutions. The condition (C93) is

required to guaranteed to keep two sub-ensembles in the evolution process.

For later use, we set

R0 := max{���0 , (1 + r20)
��/2}, (8.2.3)

Then, our second main result is on the emergence of bi-cluster flockiong.

Theorem 8.2.2. Suppose that the framework (C9) holds. Then, there exists

a positive constant "0 depending only on ⇢i0 such that if

max
1i2

krxvi0kHs + 12R0 < "0,

then the Cauchy problem (8.0.1) has a unique classical solution (⇢i, ui), i =

1, 2 given by the following:

(i) (q, v) 2 Qs(1), ⌘ 2 C0
�

[0,1);Hs+1
�

.

(ii) Vd(t) > �0, Vi(t)  C̃ii max
n

e�


ii

 (2x̄1)t
2 , 

⇣�0t

4

⌘o

,

Xi(t) <1, t � 0, i = 1, 2,

where x̄1 is a constant determined by initial conditions and coupling strength.

Remark 8.2.1. By the standard Sobolev embedding theorem, the solutions

(qi, vi) 2 Qs(1), s > 1+ d
2 in Theorem 8.2.1 and Theorem 8.2.2 are C1, that

is, (qi, vi) 2 C1(⌦i⇥ [0,1)). In addition, we need 12R0 to control the global

existence. It is reasonable since both 12 = 0 and R0 = 0 imply steady state.

Controlling this factor, we can make the system close to a bi-cluster flocking

situation.

In the following section, we study the emergent property of system (8.1.3).

8.3 Dynamics of the coupled C-S system

In this section, we present a priori estimates for mono-cluster and bi-cluster

flockings under the frameworks (C8) and (C9). For the flocking estimate, we
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will employ the Lyapunov functional approach in [47]. For this, we first derive

a system of dissipative di↵erential inequalities for the functionals introduced

in (8.2.2), and then we construct explicit Lyapunov-type functionals leading

to the uniform bounds and zero convergence for (Xi,Vi) and (X ,V), respec-
tively.

8.3.1 Dynamics of mono-cluster flocking

In this subsection, we present a mono-cluster flocking estimate under the

framework of (C8) by deriving the system of dissipative di↵erential inequali-

ties for X and V introduced in (8.2.2).

Lemma 8.3.1. Let T⇤ 2 (0,1] be a positive number, and let (⌘i, qi, vi) be a

classical solution to system (8.1.3) in [0, T⇤) and (X ,V) be functionals defined
in (8.2.2). Then, we have the following estimates:

(i)
dX (t)

dt
 V(t), a.e. t 2 (0, T⇤),

(ii)
dV(t)
dt
 �

⇣

min
i,j

ijk⇢j0kL1

⌘

 (2X (t))V(t).

Proof. (i) (Temporal variation of X ): Since the functional X is Lipschitz

continuous, it is di↵erentiable at almost all t 2 [0, T⇤). Then, without loss of
generality, we can pick t 2 [0, T⇤) such that X (t) are di↵erentiable at t, and

we can choose x⇤ with the following property:

X (t) = |⌘i(x⇤
i , t)� ⌘c(t)|, for some i 2 {1, 2}.

Now we need to compare dX 2

dt
and d

dt
|⌘i(x⇤)� ⌘c|2. For small value h,

1

h

�

X 2(t)� X 2(t� h)
�

=
1

h

✓

|⌘i(x⇤
i , t)� ⌘c(t)|2 �max

x2⌦1

|⌘i(xi, t� h)� ⌘c(t� h)|2
◆

 1

h

�

|⌘i(x⇤
i , t)� ⌘c(t)|2 � |⌘i(x⇤

i , t� h)� ⌘c(t� h)|2
�

.

By passing to the limit h! 0 in the above relation, we obtain

dX 2(t)

dt
 d

dt
|⌘i(x⇤)� ⌘c|2, a.e. t 2 (0, T⇤).
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Then we have

1

2

dX 2

dt

�

�

�

�

1

2

d

dt
|⌘i(x⇤)� ⌘c|2

�

�

�

�

= |h⌘i(x⇤)� ⌘c, vi(x⇤)� vci|

 |⌘i(x⇤)� ⌘c| · V(t)  X (t)V(t).

This implies the result.

(ii) (Temporal variation of V): For a proper t 2 [0, T⇤), we assume that

V is di↵erentiable at t and, without loss of generality, assume that V satisfies

V(t) = |v1(x⇤
1, t)� vc(t)|, for some x⇤

1 2 ⌦1. (8.3.1)

In particular, this implies

|v1(x⇤
1, t)� vc(t)| = max

x2⌦1

|v1(x, t)� vc(t)|,

|v1(x⇤
1, t)� vc(t)| � max

x2⌦2

|v2(x, t)� vc(t)|.
(8.3.2)

From this condition, we have

hv1(x⇤
1)� vc, v1(y)� v1(x

⇤
1)i

= hv1(x⇤
1)� vc, v1(y)� vci � |v1(x⇤

1)� vc|2  0,

hv1(x⇤
1)� vc, v2(y)� v1(x

⇤
1)i  0, similarly.

(8.3.3)

Now we use (8.1.3) with (8.3.1),

1

2

dV2

dt
 1

2

d

dt
|v1(x⇤

1)� vc|2

= 11

Z

⌦1

q1(y, 0) (|⌘1(y)� ⌘1(x⇤
1)|)hv1(x⇤

1)� vc, v1(y)� v1(x
⇤
1)idy

+ 12

Z

⌦2

q2(y, 0) (|⌘2(y)� ⌘1(x⇤
1)|)hv1(x⇤

1)� vc, v2(y)� v1(x
⇤
1)idy.

(8.3.4)
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Then, we continue the estimate in (8.3.4) using (8.3.3) to obtain

1

2

dV2

dt
 �11 11

m (t)
�

�v1(x
⇤
1)� vc

�

�

2k⇢10kL1

+ 11 
11
m (t)

Z

⌦1

q1(y, 0)hv1(x⇤
1)� vc, v1(y)� vcidy

� 12 12
m (t)

�

�v1(x
⇤
1)� vc

�

�

2k⇢20kL1

+ 12 
12
m (t)

Z

⌦2

q2(y, 0)hv1(x⇤
1)� vc, v2(y)� vcidy

=: I41 + I42 + I43 + I44,

(8.3.5)

where we suppressed the t dependence in vi and ⌘i for notational simplicity,

and  ij
m are defined as follows:

 11
m (t) := min

x,y2⌦1

 (|⌘1(y)�⌘1(x)|) and  12
m (t) := min

x2⌦1,y2⌦2

 (|⌘2(y)�⌘1(x)|).

Note that the terms I41 and I43 are nonpositive, so we only need to

estimate the remaining terms I42 and I44. From the definition of vc,

I42 = 11k⇢10kL1(⌦1) 
11
m (t)hv1(x⇤

1)� vc, v1c � vci,
I44 = 12k⇢20kL1(⌦2) 

12
m (t)hv1(x⇤

1)� vc, v2c � vci
= �12k⇢20kL1(⌦1) 

12
m (t)hv1(x⇤

1)� vc, v1c � vci,

hence I42 and I44 have opposite signs. We have two cases;

either I42  0, I44 � 0 or I42 � 0, I44  0.

• Subcase A.1 (I42  0 and I44 � 0): In this case, we have

I41 + I42  �11 11
m (t)

�

�v1(x
⇤
1)� vc

�

�

2
Z

⌦1

q1(y, 0)dy (8.3.6)

and

I43 + I44 = 12 
12
m (t)k⇢20kL1

⇣

hv1(x⇤
1)� vc, v2c � vci �

�

�v1(x
⇤
1)� vc

�

�

2
⌘

 12 
12
m (t)k⇢20kL1 |v1(x⇤

1)� vc| ·
⇣

max
x2⌦1

|v2 � vc|�
�

�v1(x
⇤
1)� vc

�

�

⌘

 0,

(8.3.7)
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where we used the maximality of x⇤
1 in (8.3.1).

In (8.3.4), we now combine all estimates (8.3.6) and (8.3.7) to obtain

1

2

d

dt
|v1(x⇤

1, t)� vc(t)|2  �11k⇢10kL1 11
m (t)

�

�v1(x
⇤
1)� vc

�

�

2
. (8.3.8)

• Subcase A.2 (I42 � 0 and I44  0): Similar to Subcase A.1, we use the

relation

I41 + I42  0

to obtain

1

2

d

dt
|v1(x⇤

1, t)� vc(t)|2  �12k⇢20kL1 12
m (t)

�

�v1(x
⇤
1)� vc

�

�

2
. (8.3.9)

Note that both  11
m (t) and  12

m (t) satisfy

 11
m (t) �  (2X (t)),  12

m (t) �  (2X (t)). (8.3.10)

Finally, in (8.3.5) we combine relations (8.3.8), (8.3.9), and (8.3.10) to con-

clude that

dV
dt
 �min{11k⇢10kL1 , 12k⇢20kL1} (2X (t))V(t). (8.3.11)

• Case B: For a proper t 2 [0, T⇤), suppose that the maximum is obtained in

⌦2; i.e., there exists x⇤
2 2 ⌦2 such that

|v2(x⇤
2, t)� vc(t)| :=

�

max
x2⌦1

|v1(x, t)� vc(t)|, max
x2⌦2

|v2(x, t)� vc(t)|
 

.

We can get

dV(t)
dt
 �min{22k⇢20kL1 ,21k⇢10kL1} (2X (t))V(t). (8.3.12)

Thus, we use (8.3.11), (8.3.12), and assumption (C83) in Section 3 to conclude

that
dV(t)
dt
 �

⇣

min
i,j

ijk⇢j0kL1

⌘

 (2X (t))V(t), t 2 (0, T⇤).
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Proposition 8.3.1. Let T⇤ 2 (0,1] be a positive number, and suppose

that the framework (C8) holds. Let (⌘i, qi, vi) be a classical solution to sys-

tem (8.1.3) in [0, T⇤) and let (X ,V) be functionals defined in (8.2.2). Then,

there exists a positive constant x1 2 (0,1) such that

sup
0t<T⇤

X (t)  x1, V(t)  V0 exp
h

�min
i,j

ijk⇢j0kL1 (2x1)t
i

, t 2 (0, T⇤);

i.e., mono-cluster flocking in the sense of Definition 8.2.1 occurs asymptoti-

cally.

Proof. Define a Lyapunov functional

L(t) = V(t) +
⇣

min
i,j

ijk⇢j0kL1

⌘

Z X (t)

0

 (2x)dx.

Then, we use Lemma 8.3.1 to obtain the nonincreasing property of L(t).
The assumption (C83) leads to the existence of x1 through the Lyapunov

arguments in Theorem 3.2.1 of Chapter 3. For the second inequality, we use

the upper bound of X and the nonincreasing property of  (t) to get

dV
dt
 �

⇣

min
i,j

ijk⇢j0kL1

⌘

 (2x1)V(t). (8.3.13)

Then we integrate (8.3.13) with respect to t over R+ to obtain

V(t)  V0 exp
h

�min
i,j

ijk⇢j0kL1 (2x1)t
i

, t 2 [0, T⇤).

8.3.2 Bi-cluster flocking

In this subsection, we present the emergence of bi-cluster flocking for some

well-prepared configurations (C9). In the previous subsection, we studied the

emergence of mono-cluster flocking in the large-coupling-strength regime:

12 = 21, min
i,j

ijk⇢j0kL1 >
V0

R1
X0
 (2x)dx

.
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However, when the above condition is violated, then there are many scenar-

ios possible; mono-cluster, bi-cluster, and multi-cluster flockings are possible

depending on the geometry of initial configurations as noted for the single

ensemble of C-S particles [18, 19, 45]. In this subsection, we focus on the

formation of bi-cluster flocking within the framework (C9). Our strategy for

this can be summarized as follows:

• Step A: We derive temporal variations of the functionals Xi and Vi.

• Step B: We show that the functional Vd measuring the velocity di↵er-

ences between two subensembles is bounded below by some positive

constant.

• Step C: We show that the bi-flocking estimate holds in a local-in-time

interval, and then we further show that these local-in-time estimates

can be prolonged to the whole time interval by a continuation argument.

We next present a priori estimates for the emergence of bi-cluster flocking

for system (8.1.3).

Lemma 8.3.2. Let T⇤ be a positive number and let (⌘i, qi, vi) be a classical

solution to system (8.1.3) in [0, T⇤) and let (Xi,Vi) be functionals defined in

(8.2.2). Suppose that the intercoupling strengths satisfy

12 = 21.

Then, we have the following estimates: for i = 1, 2,

dXi

dt
 Vi,

dVi

dt
 �ii (2Xi)Vi + 2C212

p

2M2(0) M , t 2 (0, T⇤),

where C2 and  M is a positive constant depending only on ⇢i0 and a nonnegative-

valued function:

C2 := k⇢10kL1k⇢20kL1 +max{k⇢i0kL2k⇢i0k1/2L1 },
 M(t) := max

x2⌦1,y2⌦2

 (⌘2(y)� ⌘1(x)).
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Proof. We basically follow arguments similar to those in Lemma 8.3.1 to

derive the di↵erential inequalities for Xi and Vi. Since the estimates for Xi

are the same as in Lemma 8.3.1, we only focus on the estimates for Vi.

Without loss of generality, we can take proper t 2 [0, T⇤) such that x⇤⇤
1 (t) 2 ⌦1

satisfying the relation

|v1(x⇤⇤
1 , t)� v1c(t)| := max

x2⌦1

|v1(x, t)� v1c(t)|.

We use (8.2.2), Lemma 8.1.2, Remark 8.1.2, and the Cauchy-Schwarz in-

equality to obtain

k⇢10kL1

�

�

�

dv1c(t)

dt

�

�

�

= 12

�

�

�

ZZ

⌦1⇥⌦2

q1(x, 0)q2(y, 0) (|⌘2(y)� ⌘1(x)|)(v2(y)� v1(x))dydx
�

�

�

 12 M(t)

ZZ

⌦1⇥⌦2

h

(
p

q1(x, 0)q2(y, 0))(
p

q1(x, 0)
p

q2(y, 0)|v2(y)|)

+ (
p

q1(x, 0)q2(y, 0))(
p

q1(x, 0)|v1(x)|)
p

q2(y, 0)
i

dydx

 12 M(t)
p

M2(0)
⇣

k⇢10kL1k⇢20k
1
2

L1 + k⇢10k
1
2

L1k⇢20kL1

⌘

.

(8.3.14)

This yields
�

�

�

�

dv1c(t)

dt

�

�

�

�

 12
p

M2(0)
⇣

k⇢20k
1
2

L1 + k⇢10k
� 1

2

L1 k⇢20kL1

⌘

 M(t).

Now we use system (8.1.3) to find

1

2

d

dt
|v1(x⇤⇤

1 (t), t)� v1c(t)|2

= 11

Z

⌦1

q1(y, 0) (|⌘1(y)� ⌘1(x⇤⇤
1 )|)hv1(x⇤⇤

1 )� v1c, v1(y)� v1(x
⇤⇤
1 )idy

� 12
Z

⌦2

q2(y, 0) (|⌘2(y)� ⌘1(x⇤⇤
1 ))hv1(x⇤⇤

1 )� v1c, v2(y)� v1(x
⇤⇤
1 )idy

� hv1(x⇤⇤
1 )� v1c, v̇1ci

=: I51 + I52 + I53.
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We next estimate I51, I52, and I53 one by one.

• Case A (Estimate of I51): By the choice of x⇤⇤
1 (t), we know that

I51  �11 (2X1)V2
1 .

• Case B (Estimate of I52): We use Corollary 8.1.1 to obtain

I52  12 M(t)|v1(x⇤⇤
1 )� v1c|

Z

⌦2

q2(y, 0)|v2(y)� v1(x
⇤⇤
1 )|dy

 12 M(t)|v1(x⇤⇤
1 )� v1c|

⇣

Z

⌦2

q22(y, 0)dy
⌘

1
2
⇣

Z

⌦2

q2(y, 0)|v2(y)� v1(x
⇤⇤
1 )|2

⌘

1
2

 C12
p

2M2(0) M(t)|v1(x⇤⇤
1 )� v1c|,

where C = k⇢20kL2k⇢20k1/2L1 is a positive constant depending only on ⇢i0.

• Case C (Estimate of I53): We use the estimate (8.3.14) to obtain

I53  C12
p

2M2(0) M(t)|v1(x⇤⇤
10)� v1c|,

where C is a positive constant depending only on ⇢i0. Hence we use the

estimates of I51, I52, and I53 to conclude that

dV1

dt
 1

2

d

dt
|v1(x⇤⇤

1 (t), t)� v1c(t)|2

 �11 (2X1)V1 + 2C12
p

2M2(0) M ,

where C := k⇢10kL1k⇢20kL1 + k⇢20kL2k⇢20k1/2L1 depending only on ⇢i0.

Similarly, we have

dV2

dt
 �22 (2X2)V2 + 2C12

p

2M2(0) M .

Lemma 8.3.3. Let T⇤ be a positive number, and suppose that the framework

(C9) holds, and let (⌘i, qi, vi) be a classical solution to system (8.1.3) in [0, T⇤)
and Vd(t) be the functional defined in (8.2.2). Then, we have

 M(t)   (r0 + �0t) and Vd(t) > �0, t 2 [0, T⇤),

where �0 is given in framework (C91) in Section 3.2.

171



CHAPTER 8. BI-CLUSTER FLOCKING ON HYDRODYNAMIC
CUCKER-SMALE MODEL

Proof. (i) We first set

e :=
v2c(0)� v1c(0)

|v2c(0)� v1c(0)|
,

and we define

T1 := sup
n

T 2 (0, T⇤]
�

�

�

min
x2⌦1,y2⌦2

{
�

v2(y, t)� v1(x, t)
�

· e} > �0 holds for t 2 [0, T )
o

.

We next show that T1 = T⇤ by showing T1 > 0 and T1 = T⇤.

• (T1 > 0): We use the assumption (C91) to obtain

�

v2(y, 0)� v1(x, 0)
�

· e � |v2c(0)� v1c(0)|� V10 � V20 �
3�0
2

> �0.

Then, we use the continuity of min
x2⌦1,y2⌦2

{
�

v2(y, t)� v1(x, t)
�

· e} to show that

T1 > 0.

• (T1 = T⇤): Now we assume T1 < T⇤. By definition of T1, we have for some

x and y

�

v2(y, T1)� v1(x, T1)
�

· e = �0. (8.3.15)

By the assumption (C91), we know that for t 2 [0, T1)

|⌘2(y, t)� ⌘1(x, t)| � (⌘2(y, t)� ⌘1(x, t)) · e

= (⌘2(y, 0)� ⌘1(x, 0)) · e+
Z t

0

(v2(y, s)� v1(x, s)) · eds

� r0 + �0t.

Thus, by the nonincreasing property of  (t), we have

 M(t)   (r0 + �0t), t 2 [0, T⇤).

However, it follows from Lemma 8.3.2 that we have

dVi(t)

dt
 �ii (2Xi)Vi + 2C12

p

2M2(0) M(t)

 2C12
p

2M2(0) (r0 + �0t), i = 1, 2,
(8.3.16)

172



CHAPTER 8. BI-CLUSTER FLOCKING ON HYDRODYNAMIC
CUCKER-SMALE MODEL

where C is a positive constant given by

C := k⇢10kL1k⇢20kL1 + max
1i2

{k⇢i0kL2k⇢i0k1/2L1 }.

We integrate the above relation (8.3.16) directly over [0, T1) to get

Vi(T1)  Vi0 +
2C12

p

2M2(0)

�0

Z 1

r0

 (s)ds, i = 1, 2. (8.3.17)

Moreover, we integrate relation (8.3.14) over [0, T1) to get

|v1c(T1)� v1c(0)| 
C12

p

2M2(0)

�0

Z 1

r0

 (s)ds. (8.3.18)

Similarly, we can also have

|v2c(T1)� v2c(0)| 
C12

p

2M2(0)

�0

Z 1

r0

 (s)ds. (8.3.19)

Now we combine relations (8.3.17), (8.3.18), and (8.3.19) and the assumption

(C91) and (C93) to obtain

�

v2(x, t)� v1(x, t)
�

· e

� |v2c(0)� v1c(0)|� V10 � V20 �
6C12

p

2M2(0)

�0

Z 1

r0

 (s)ds

� 3�0
2
� 6C12

p

2M2(0)

�0

Z 1

r0

 (s)ds

> �0.

This contradict relation (8.3.15). Thus we have T1 = T⇤.

We are now ready to present a priori bi-cluster flocking estimate in the

following proposition.

Proposition 8.3.2. Let T⇤ 2 (0,1] be a positive number, and suppose

that the framework (C9) holds. Let (⌘i, qi, vi) be a classical solution to sys-

tem (8.1.3) in [0, T⇤) and (Xi,Vi) be functionals defined in (8.2.2). Then, the

following assertions hold.
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1. There exist positive constants x̄1 2 (0,1) and C̄1 = C̄1(⇢i0,Vi0,ij,M2(0), x̄1)

such that

sup
0t<T

Xi(t)  x̄1, Vi(t)  C̄1

h

e�
1
2ii (2x̄1)t+ 

⇣

r0+
�0t

2

⌘i

, t 2 (0, T⇤);

i.e., bi-cluster flocking in the sense of Definition 8.2.1 occurs asymp-

totically.

2. If we assume 12R0 ⌧ 1, then we have

Vi(t) 
⇣

V1(0) +
12
ii

R0

⌘ O(1)

(1 + t)�
.

Proof. (i) We define

Li(t) := Vi(t) + ii

Z X
i

(t)

0

 (2s)ds.

Then, it follows from Lemma 8.3.2 and Lemma 8.3.3 that we have

dLi

dt
 2C12

p

2M2(0) (r0 + �0t). (8.3.20)

Integrating relation (8.3.20) directly yields

Vi(t) + ii

Z X
i

(t)

X
i0

 (2s)ds  Vi0 +
2C12

p

2M2(0)

�0

Z 1

r0

 (s)ds.

We use the assumption of ii in (C93) and similar reasoning as in [47] to

obtain that there exist x̄1 such that

max
i=1,2

sup
0t<1

Xi(t)  x̄1.

(ii) We use the upper bound of Xi in (i) and the nonincreasing property of

 (t) to get

 (t) �  (2x̄1), i = 1, 2,

and we use Lemma 8.3.2 to obtain

dVi(t)

dt
 �ii (2x̄1)Vi(t) + 2C12

p

2M2(0) (r0 + �0t). (8.3.21)
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Using a Gronwall-type inequality, we integrate relation (8.3.21) with respect

to t, getting

Vi(t) 
"

Vi(0) +
2C12

p

2M2(0) (r0)

ii (2x̄1)

#

e�


ii

 (2x̄1)t
2

+
2C12

p

2M2(0) (r0 + �0t/2)

ii (2x̄1)
.

Moreover, assume (C93) and 12R0 ⌧ 1, where R0 is a positive constant

defined in (8.2.3). Then the second coe�cient term of the exponential decay

is bounded by 12R0:

2C12
p

2M2(0) (r0)

ii (2x̄1)
 O(1)

12
ii

R0,  (r0 + �0t/2) 
O(1)R0

(1 + t)�
,

where O(1) only depends on ⇢0, M2(0), and  .

Remark 8.3.1. Note that our coe�cients in the above estimates are indepen-

dent of the largest existence time T⇤. Thus once we prove the global existence

of a classical solution, we can immediately obtain the emergence of flocking

as stated in the main theorems 8.2.1 and 8.2.2. The factor (12R0) plays a

key role in bi-flocking estimates.

8.4 Global existence of classical solutions

In this section, we study the global existence of classical solutions to the

coupled system (8.0.1). In the previous section, we have shown that mono-

cluster and bi-cluster flockings occur in the time interval where su�ciently

smooth solutions are guaranteed. As a result of Remark 8.3.1, we need to

show the global existence of a classical solution. Note that, for the mono-

cluster case, the decay of velocity variations is always exponential; in contrast,

the emergence of bi-cluster flocking can be algebraically slow for the Cucker-

Smale communication weights (see Chapter 3, 4 for details). In the following,

we only focus on the global existence of the bi-cluster flocking framework since

the analysis for mono-cluster flocking is pretty much similar to the bi-cluster

case. In the following two subsections, we will study the local existence and
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a priori estimates, but, because the former case is rather standard, we briefly

sketch it and focus mostly on the a priori estimates.

8.4.1 Local existence of smooth solutions

In this subsection, we briefly sketch the local existence of classical solutions

to system (8.1.3) by using the classical method in [61].

Proposition 8.4.1. Suppose the framework (C9) holds. For any positive con-

stants "1 and s > 1 +
d

2
, let "0 be an arbitrary positive constant less than "1.

Then there exist positive constants T⇤ such that if the initial data ui0 satisfy

kui0kHs+1 < "0,

then the system (8.1.3) has a unique local solution vi given by

vi(x, t) 2 C([0, T⇤);Hs+1) \ C1([0, T⇤);Hs), sup
0t<T⇤

kvi(x, t)kHs+1 < "1.

Proof. The basic idea is to consider a sequence of functions vn1 (x, t) and vn2 (x)

generated by the following iteration scheme: For n = 0, we set

v0i (x, t) = vi0(x), x 2 Rd, i = 1, 2,

and for n � 1, (vn+1
1 , vn+1

2 ) is defined to be the solution of the following

system:

@tv
n+1
1 = 11

Z

⌦1

q1(y, 0)(v
n
1 (y)� vn1 (x)) (⌘

n+1
1 (y)� ⌘n+1

1 (x))dy

+ 12

Z

⌦2

q2(y, 0)(v
n
2 (y)� vn1 (x)) (⌘

n+1
2 (y)� ⌘n+1

1 (x))dy,

@tv
n+1
2 = 22

Z

⌦2

q2(y, 0)(v
n
2 (y)� vn2 (x)) (⌘

n+1
2 (y)� ⌘n+1

2 (x))dy

+ 21

Z

⌦1

q1(y, 0)(v
n
1 (y)� vn2 (x)) (⌘

n+1
1 (y)� ⌘n+1

2 (x))dy,

subject to fixed initial data

vni (x, 0) = vi(x, 0).
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Here the Lagrangian path ⌘n+1 is denoted by the relation

⌘n+1
i (x, t) = x+

Z t

0

vni (x, ⌧)d⌧.

Then with a classical process we can construct a limit function vi from the

sequence and this limit function is the solution with the desired property.

The details can be found in [61]

8.4.2 A priori estimates

In this subsection, we will construct an a priori estimate of the local classical

solution by the continuity criterion. In the following two lemmatas, we present

a priori Hk estimates for v1. In the following, r denotes the spatial gradient

rx.

Lemma 8.4.1. (Lower order estimates) Suppose the framework (C9) holds.

For any positive constant T 2 (0,1], let �1 be positive constants satisfying

the relation

� > 1 + �1,

and let (⌘i, qi, vi) be a classical solution to system (8.1.3) in [0, T ). Then,

there exists a positive number "0 such that if

krxvi0kH1 + 12R0  "0,

and moreover if |rx⌘i(x, t)| is bounded, then there exists a positive constant

C1 such that

kvi(t)kL2  kv10kL2 +
C1

(1 + t)��1
, krxvi(t)kH1  C1

(1 + t)(���1)
, t 2 [0, T ),

where r0 and �0 are positive constant defined in (C91).
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Proof. • (Zeroth-order estimate): It follows from Lemma 8.1.2 that we have

1

2

d

dt

Z

⌦1

|v1(x)|2dx

= 11

ZZ

⌦1⇥⌦1

q1(y, 0) (⌘1(y)� ⌘1(x))(v1(y)� v1(x)) · v1(x)dydx

+ 12

ZZ

⌦2⇥⌦1

q2(y, 0) (⌘2(y)� ⌘1(x))(v2(y)� v1(x)) · v1(x)dydx

 211

ZZ

⌦1⇥⌦1

q1(y, 0)V1(t)|v1(x)|dydx

+ 12

ZZ

⌦2⇥⌦1

q2(y, 0)|v2(y)| (min(|⌘2(y)� ⌘1(x)|))|v1(x)|dydx

 O(1)(11V1(0) + 12R0)

(1 + t)�

Z

⌦1

q1(y, 0)dy

Z

⌦1

|v1(x)|dx

+
O(1)12

(1 + (�0t+ r0)2)�/2

ZZ

⌦2⇥⌦1

q2(y, 0)|v2(y)kv1(x)|dydx

 O(1)

(1 + t)�
· (11V1(0) + 12R0)kv1kL2 ,

where we use flocking estimate in Proposition 8.3.2 to control V1(t). Here

O(1) is a positive constant only depending on  (2x̄1). Then we have

kv1(t)kL2  kv10kL2 +O(1)
11V1(0) + 12R0

(1 + t)��1
.

According to Remark 8.3.1, we can conclude that, when "0 ⌧ 1,  (2x̄1) has

a uniform lower bound and so does the constant O(1). Thus we have for "0
su�ciently small

kv1(t)kL2  kv10kL2 +
O(1)

(1 + t)��1
.
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• (First-order estimates): By direct calculation, we have

d

dt

|rxv1|2
2

= 11

Z

⌦1

q1(y, 0)(v1(y)� v1(x))rx( (⌘1(y)� ⌘1(x))) ·rxv1dy

� 11
Z

⌦1

q1(y, 0)rxv1( (⌘1(y)� ⌘1(x))) ·rxv1dy

+ 12

Z

⌦2

q2(y, 0)(v2(y)� v1(x))rx( (⌘2(y)� ⌘1(x))) ·rxv1dy

� 12
Z

⌦2

q2(y, 0)rxv1( (⌘2(y)� ⌘1(x))) ·rxv1dy

 �11
Z

⌦1

q1(y, 0) (X1)dy|rxv1|2

+ 11

Z

⌦1

q1(y, 0)V1(t)| 0(⌘1(y)� ⌘1(x))k@x⌘1(x)|dy|rxv1|

+ 12

Z

⌦2

q2(y, 0)|v2(y)� v1(x)k 0(⌘2(y)� ⌘1(x))k@x⌘1(x)|dy|rxv1|

=: I51 + I52 + I53.

(8.4.1)

Below, we estimate the terms I5i one by one.

⇧ (Estimate on I51): We use the uniform lower bound of  (⌘1(y)� ⌘1(x)) to
obtain

I51  �11 (2max(X1))k⇢10kL1 |rxv1|2.

⇧ (Estimate on I52): We consider the term |rx⌘|. From the assumption that

it is bounded, we can treat that the value is smaller than proper C1.

By the way, If we have an ansatz for higher order norms, we can use the

Sobolev inequality as follows. This argument will be used in the higher order

estimates.

By direct calculation, we have

rx⌘i(x, t) = I +

Z t

0

rxvi(x, ⌧)d⌧.

According to the assumption of T ⇤
1 , we can apply the Sobolev inequality to
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obtain

krxvikL1  O(1)krxvikHs  O(1)
C1

(1 + t)(��
P

k

i=1 �i)
,

when we have a natural ansatz for higher order,

krxvikHs  C1

(1 + t)(��
P

k

i=1 �i)
,

for small �i. Thus, we have

|rx⌘i(x, t)|  O(1)
⇣

1 +

Z +1

0

|rxvi(⌧)|d⌧
⌘

 O(1)C1.

From this, the estimate of I52 is

I52  O(1)C111k⇢10kL1V1(t)|rxv1|.

⇧ (Estimate on I52): For I53, we have

| 0(⌘2(y)� ⌘1(x))|  O(1)| (⌘2(y)� ⌘1(x))| and

|vic| =
�

�

�

R

⌦
i

qividx
R

⌦
i

qidx

�

�

�

 O(1)M2(0).

Then we have

I53  12

Z

⌦2

q2(y, 0)|v2(y)� v1(x)k 0(⌘2(y)� ⌘1(x))krx⌘1(x)|dy|rxv1|

 12

Z

⌦2

q2(y, 0)
⇣

|v2(y)� v2c|+ |v1c � v1(x)|+ |v1c � v2c|
⌘

⇥ | 0(⌘2(y)� ⌘1(x))krx⌘1(x)|dy|rxv1|

 12

Z

⌦2

q2(y, 0)dy
⇣

V1(t) + V2(t) +O(1)M2(0)
⌘

⇥ O(1)

(1 + (�0t+ r0)2)�/2
|rxv1|C1

 O(1)k⇢20kL1
12R0

(1 + t)�

⇣

V1(t) + V2(t) +O(1)M2(0)
⌘

|rxv1|C1.

(8.4.2)
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We combine all estimates (8.4.1) and (8.4.2) to obtain

d

dt
|rxv1|  �11 (2max(X1))k⇢10kL1(⌦1)|rxv1|

+O(1)C111k⇢10kL1V1(t)|rxv1|

+O(1)C1k⇢20kL1
12R0

(1 + t)�
(V1(t) + V2(t) +O(1)M2(0))|rxv1|.

Thus, applying Proposition 8.3.2, we have that |rxv1| would have the fol-

lowing algebraic decay rate:

|rxv1| 
h

|rxv1(x, 0)|+ (11V1(0) + 12R0)k⇢10kL1(⌦1)C1

+ 12R0

✓

V2(0) + V1(0) + (
12
11

+
12
22

)R0 +M2(0)

◆

k⇢20kL1C1

i O(1)

(1 + t)�
,

where we use the algebraic decay part |rxv1(x, 0)| O(1)
(1+t)� to absorb the expo-

nential decay part. Since ⇢i0 have uniformly compact supports ⌦i, we have

krxv1kL2  O(1)krxv1kL1 .

According to Remark 8.3.1, we can conclude that, when ✏0 ⌧ 1,  iL has

a uniform lower bound, so does the constant O(1). Thus we have, for ✏0
su�ciently small,

krxvjkL2  C1

(1 + t)(���1)
, krxvjkL1  C1

(1 + t)(���1)
, t 2 [0, T ⇤

1 ).

As we mentioned in the proof, we don’t need to assume the boundedness

of |rx⌘i(x, t)| in the next lemma since we can use the highest order ansatz.

Lemma 8.4.2. (Higher order estimates) Under the same assumptions as in

Lemma 8.4.1, there exists a positive number "0 such that if

krxv10kHs + 12R0 < "0,

then we have, for t 2 [0, T ),

kv1(t)kL2  kv10kL2 +
C1

(1 + t)��1
, krxv1(t)kHs 

s+1
X

k=1

C1

(1 + t)(��
P

k

i=1 �i)
.
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Proof. For higher order estimates, we first notice that if we choose "0 <

(s + 1) C1
1+C1

, then in the initial layer, we can apply the continuity of the

classical solution to obtain

krxv1(t)kHs+1 <

s+1
X

k=1

C1

(1 + t)(��
P

k

i=1 �i)
, t 2 [0, T1],

where 0 < T1 ⌧ T . Then we can set

T ⇤
1 := sup

n

t 2 (0, T ] | krxv1(t)kHs+1 <
s+1
X

k=1

C1

(1 + t)(��
P

k

i=1 �i)

o

.

We will show that T ⇤
1 = T . If we suppose not, then we have

krxv1(T
⇤
1 )kHs+1 =

s+1
X

k=1

C1

(1 + T ⇤
1 )

(��P
k

i=1 �i)
. (8.4.3)

Now we consider the estimates in the time interval [0, T ⇤
1 ]. Since we only

have a Sobolev norm of order up to (s + 1), we cannot expect a classical

derivative of v to exist for any higher order, thus we need to use an L2 esti-

mate:

1

2

d

dt
krk

xv1k2L2

= �11
ZZ

⌦1⇥⌦1

q1(y, 0) (⌘1(y)� ⌘1(x))|rk
xv1(x)|2dxdy

+ 11

ZZ

⌦1⇥⌦1

q1(y, 0)rk
x( (⌘1(y)� ⌘1(x)))(v1(y)� v1(x))rk

xv1(x)dxdy

� 11
X

1lk�1

✓

k � 1

l

◆

⇥
ZZ

⌦1⇥⌦1

q1(y, 0)rl
x( (⌘1(y)� ⌘1(x)))(rk�l

x v1(x))rk
xv1(x)dxdy
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� 12
ZZ

⌦2⇥⌦1

q2(y, 0) (⌘2(y)� ⌘1(x))|rk
xv1(x)|2dxdy

+ 12

ZZ

⌦2⇥⌦1

q2(y, 0)rk
x( (⌘2(y)� ⌘1(x)))(v2(y)� v1(x))rk

xv1(x)dxdy

� 12
X

1lk�1

✓

k � 1

l

◆

⇥
ZZ

⌦2⇥⌦1

q2(y, 0)rl
x( (⌘2(y)� ⌘1(x)))(rk�l

x v1(x))rk
xv1(x)dxdy

=: I61 + I62 + I63 + I64 + I65 + I66.

(8.4.4)

In the following, we estimate the terms I6i one by one.

• (Estimate of I61): For I61, we directly have

I61  �11 (max(X1))k⇢10kL1krk
xv1(x)k2L2 .

• (Estimate of I62): For I62, as in the first-order estimate, we first note that

rx⌘i(x, t) = I +

Z t

0

rxvi(x, ⌧)d⌧,

rl
x⌘i(x, t) =

Z t

0

rl
xvi(x, ⌧)d⌧, l � 2.

Since we consider the time interval [0, T ⇤
1 ], we get

krl
x⌘i(t)kL2  O(1)

Z t

0

krl
xvi(⌧)kL2d⌧  O(1)C1, 1  l  s+ 1.

Thus, we have

krx⌘ikHs  O(1)C1, i = 1, 2.

We apply the Holder inequality and obtain

I62  11V1

Z

⌦1

q1(y, 0)
⇣

Z

⌦1

|rk
x( (⌘1(y)� ⌘1(x)))|2dx

⌘

1
2
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⇥
⇣

Z

⌦1

|rk
xv1(x)|2dx

⌘

1
2
dy

 11V1k⇢10kL1krx⌘1kaHs

krk
xv1kL2

 O(1)11V1k⇢10kL1Ca
1krk

xv1kL2 ,

where a is a constant dependent on k.

• (Estimate of I63): For I63, according to the commutator estimate, we have

I63  11

✓

k � 1

l

◆

kq1kL1

⇥
⇣

ZZ

⌦1⇥⌦1

(rl
x( (⌘1(y)� ⌘1(x)))rk�l

x v1(x))
2dxdy

⌘

1
2krk

xv1(x)kL2

 O(1)11kq1kL1

h

krk�1
x ( (⌘1(y)� ⌘1(x)))kL2krxv1kL1

+ krx( (⌘1(y)� ⌘1(x)))kL1krk�1
x vkL2

i

krk
xv1kL2

 O(1)11kq1kL1

⇥
⇣

krx⌘1kaHs

krxv1kL1 + krx⌘1kL1krk�1
x vkL2

⌘

krk
xv1kL2 ,

where, as in the estimate of I62, a is a constant dependent on k. Now using

the same formula, we get

I63  O(1)11k⇢10kL1(⌦1)(krxv1kL1 + krk�1
x v1kL2)Ca

1krk
xv1(x)kL2 .

• (Estimate of I64): It is obvious to see that

I64  0.

• (Estimate of I65): For I65, we apply Proposition 8.3.2 and Lemma 8.3.3 to

obtain

I65  12

ZZ

⌦2⇥⌦1

q2(y, 0)
⇣

|v2(y)� v2c|+ |v1c � v1(x)|+ |v1c � v2c|
⌘

⇥ |rk
x (⌘2(y)� ⌘1(x))krk

xv1(x)|dydx
 12(V2 + V1 + |v1c � v2c|)

Z

⌦2

q2(y, 0)
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⇥
⇣

Z

⌦1

|rk
x (⌘2(y)� ⌘1(x))|2dx

⌘

1
2
⇣

Z

⌦1

|rk
xv1(x)|2dx

⌘

1
2
dy

 O(1)12
⇣

V1(t) + V2(t) +M2(0)
⌘

⇥  (min |⌘1(x)� ⌘2(y)|)k⇢20kL1(⌦2)krx⌘kaHs

krk
xv1(x)kL2

 O(1)
Ca

112R0

(1 + t)�

⇣

V1(t) + V2(t) +M2(0)
⌘

k⇢20kL1krk
xv1kL2 .

• (Estimate of I66): We apply Lemma 8.3.3 to obtain

I66  O(1)12kq2kL1 (min |⌘1(x)� ⌘2(y)|)
⇥ (krxv1kL1 + krk�1

x v1kL2)krk
xv1kL2

 O(1)12R0
k⇢20kL1

(1 + t)�

⇣

krxv1kL1 + krk�1
x v1kL2

⌘

krk
xv1kL2 .

In (8.4.4), combining the estimates of each part, we obtain

d

dt
krk

xv1kL2  �11 (max(X1))k⇢10kL1(⌦1)krk
xv1kL2

+ O(1)11V1k⇢10kL1Ca
1

+ O(1)11k⇢10kL1(krxv1kL1 + krk�1
x v1kL2)Ca

1

+ O(1)
12R0

(1 + t)�
(V2(t) + V1(t) +M2(0))k⇢20kL1Ca

1

+ O(1)
12R0

(1 + t)�
(krxv1kL1 + krk�1

x v1kL2)k⇢20kL1 .

We already have the estimate for rxv1 as follows:

krxvjkL2  C1

(1 + t)(���1)
, krxvjkL1  C1

(1 + t)(���1)
.

From now on, we will use induction on k. Suppose that the following inequal-

ity holds for 1  m < k:

krm
x vjkL2  C1

(1 + t)(��
P

m�1
i=1 �1)

, t 2 [0, T ⇤
1 ).

Then, rk
xv1 satisfies

d

dt
krk

xv1kL2  �11 (max(X1))k⇢10kL1(⌦1)krk
xv1(x)kL2
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+ O(1)
11(V1(0) + 12R0)

(1 + t)�
k⇢10kL1Ca

1

+ O(1)
11

(1 + t)(��
P

k�1
i=1 �i)

k⇢10kL1(⌦1)C
(a+1)
1

+ O(1)
12R0

(1 + t)�
(V2(t) + V1(t) +M2(0))k⇢20kL1(⌦2)C

a
1

+ O(1)
12R0

(1 + t)�
k⇢20kL1C1.

Applying Proposition 8.3.2 gives us

krk
xv1kL2 

⇣

k
X

i=0

kri
xv1(0)kL2 +O(1)(11V1(0) + 12R0)

⌘

⇥ max{Cb
1|1  b  a+ 1}

(1 + t)��
P

k�1
i=1 �i

.

Now the decay rate of krk
xv1kL2 is of higher order of t than that provided in

the time interval [0, T ⇤
1 ]. However, we can find a proper ✏0 of

krxv1(0)kHs + 12R0 < ✏0 ⌧ 1

such that the coe�cient of the inequality is small enough. Note that

V1(0)  O(1)|rxv1(x, 0)|  O(1)krxv1(0)kHs ,

where the constant O(1) is independent of the choice of ✏0, if it is small

enough. Therefore, we can choose su�ciently small ✏0, satisfying

krk
xv1kL2  C1

2(1 + t)(��
P

k

i=1 �i)
.

Therefore, we can close the induction on k. We now combine the estimates

of each order to obtain

krxv1(t)kHs <
s
X

k=1

C1

(1 + t)(��
P

k

i=1 �i)
+

C1

2(1 + t)(��
P

s+1
i=1 �i)

, t 2 [0, T ⇤
1 ).

According to the continuity of the classical solution, we have

krxv1(T
⇤
1 )kHs <

s+1
X

k=1

C1

(1 + T ⇤
1 )

(��P
k

i=1 �i)
,
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which is a contradiction to (8.4.3). Thus, we can conclude that

krxv1(t)kHs 
s+1
X

k=1

C1

(1 + t)(��
P

k

i=1 �i)
, t 2 [0, T ].

8.4.3 Proof on the global-time flocking phenomena

Now we are ready to prove Theorem 8.2.1 and Theorem 8.2.2.

Proof. • (Existence): Note that C1 is independent of T , so we set

"1 > kv10kL2 + (s+ 2)C1.

Then for initial data ui0 2 Hs+1(⌦1) satisfying ku0kHs+1  "0 < "1, where "0
is given by Lemma 8.4.2, we define

T ⇤
e := sup{T � 0 : sup

0tT
kv(t)kHs+1 < "1}.

Note that Proposition 8.3.1 guarantees the local existence with initial condi-

tion ku0kHs+1 < "1. Therefore, we know that T ⇤
e > 0. Next we claim

T ⇤
e =1.

If we suppose not, i.e., T ⇤
e <1, then, by definition, we have

sup
0tT ⇤

e

kv(t)kHs+1 = "1. (8.4.5)

However, from Lemma 8.4.2, we obtain

sup
0tT ⇤

e

kv(t)kHs+1 < "1.

This contradicts (8.4.5). Thus T ⇤
e = 1. This complete the proof of global-

in-time existence of smooth solutions.

• (Asymptotic behavior): We already have the global existence of classical

solutions. Then Proposition 8.3.1 is completely justified if (C8) holds, and

similarly Proposition 8.3.2 is completely justified if (C9) hold. This completes

the proof.
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Chapter 9

Conclusion and future works

The Cucker-Smale model is a second-order particle-level system which de-

scribes flocking phenomena using attractive interactions on velocities. Since

this model concerns the states at infinite time, it is important to suggest

emergent motions analytically from initial data. From Chapter 3 to Chapter

7, we studied local flocking phenomena in Cucker-Smale model and its unit-

speed model, based on the two particle system. In each chapter, we suggested

a set of initial data which tend to flocking configurations asymptotically by

considering di↵erential inequalities of Lyapunov functionals. In order to prove

flocking estimates, bootstrap argument was used on time to force particles

follow specially chosen scenarios. This process is powerful enough to ana-

lyze the behavior of non-local system through the whole time line though

it has a limitation that the initial data should be close to the multi-cluster

formation. We used the same idea for the hydrodynamic model in Chapter

8. Using Lagrangian formulation, we avoid complex problems arise from the

hydrodynamic settings including boundary problem and vacuum speed. By

tracking the particle behavior from the bulk motion, we proved the existence

of smooth solutions as well as the flocking phenomena.

It is worth to mention the properties of local flocking, which described in

Section 3.2.2 and also in the end of other chapters. The di�culties of local

flocking starts with the fact that local flocking configuration is not an equilib-

ritum state. It is an !-limit set on unbounded spacial area. Hence it signifies

the algebraic convergence proved in Section 3.2.2 and disturb easy theories

188



CHAPTER 9. CONCLUSION AND FUTURE WORKS

for stability. Note that the conditions for flocking configurations need to set

clusters before we analyze flocking groups. Compare to the synchronization

models [79, 54, 59], flocking models [61, 72, 73, 74] do not have good variables

representing the level of arrangement, called, order parameter. This is one

more di�culty to distinguish infinite-time behaviors in flocking model.

Therefore, we can summarize some related problems as the followings.

1. The collision evading model. Flocking models are studied in various

area, and Cucker-Smale model can be directly used for public opinion

system or SNS spreading problem. However, for the physical robot con-

trol problem, it is important to evade collisions, which is impossible in

Cucker-Smale model since it only has attracting force. The repulsion

term makes hard to analyze flocking estimates.

2. The communication network e↵ect on flocking. If the communication

weight  contains negative value, then even the global flocking problem

is not known. The modification of  is important for network related

problems and also for collision evading problems. For example, if  is

unbounded so that it is not locally integrable near 0, then two particles

cannot collide each other. If  has bounded support, then local flocking

occurs easily while global flocking seems to be hard. As we can see

in two particle model, the change of communication weight distorts

di↵erential equations for Lyapunov functionals.

3. The number of cluster problem. From the initial data, it is practically

important to know how many flocking clusters occur. This problem

for generic initial data need the necessary and su�cient condition for

multi-cluster flocking. This problem is di�cult since the system has

nonlocal integral interaction.
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Appendix A

Gronwall type inequalities

Lemma A.0.1. (i) Let y : R+ [ {0}! R+ [ {0} be a di↵erentiable function

satisfying

y0  �↵y + f, t > 0, y(0) = y0,

where ↵ is a positive constant and f : R+[{0}! R is a continuous function

decaying to zero as its argument goes to infinity. Then y satisfies

y(t)  1

↵
max

s2[t/2,t]
|f(s)|+ y0e

�↵t +
kfkL1

↵
e�

↵t

2 , t � 0.

(ii) Let y : R! R+ [ {0} be a di↵erentiable function satisfying

y0  �py + q,

where p and q are nonnegative integrable functions. Then y satisfies

y(t)  y0e
� R

t

0 p(⌧)d⌧ + e
� R

t

t

2
p(⌧)d⌧

Z

t

2

0

q(⌧)d⌧ + q
⇣ t

2

⌘

Z t

t

2

e�
R
t

s

p(⌧)d⌧ds, t � 0.

Proof. (i) Note that y satisfies

y0 + ↵y  f.

We multiply the above di↵erential inequality by e↵t and integrate the result-

ing relation from s = 0 to s = t to find

e↵ty � y0 
Z t

0

f(⌧)e↵⌧d⌧
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=

Z

t

2

0

f(⌧)e↵⌧d⌧ +

Z t

t

2

f(⌧)e↵⌧d⌧

 kfkL1

Z

t

2

0

e↵⌧d⌧ + max
⌧2[ t2 ,t]

|f(⌧)|
Z t

t

2

e↵⌧d⌧

 kfkL1

↵

⇣

e
↵t

2 � 1
⌘

+
1

↵
max
⌧2[ t2 ,t]

|f(⌧)|
⇣

e↵t � e
↵t

2

⌘

. (A.0.1)

Hence,

y(t)  1

↵
max
⌧2[ t2 ,t]

|f(⌧)|+
⇣

y0 �
kfkL1

↵

⌘

e�↵t +
⇣kfkL1

↵
� 1

↵
max
⌧2[ t2 ,t]

|f(⌧)|
⌘

e�
↵t

2 .

Therefore, for t � 0,

y(t)  1

↵
max
⌧2[ t2 ,t]

|f(⌧)|+ y0e
�↵t +

kfkL1

↵
e�

↵t

2 .

(ii) Similar to (i), we have

y(t)  y0 exp
⇣

�
Z t

0

p(⌧)d⌧
⌘

+

Z t

0

exp
⇣

�
Z t

s

p(⌧)d⌧
⌘

q(s)ds.

By splitting the second term on the right-hand side into two integrals over

[0, t
2 ] and [ t2 , t], we derive the desired result.
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[17] Chat¡ä e, H., Ginelli, F., Gr¡ä egoire, G., Peruani, F., and Raynaud,

F.: Modeling collective motion: variations on the Vicsek model. The

European Physical Journal B, 64(3), 451-456 (2008).

193



BIBLIOGRAPHY

[18] Cho, J., Ha, S.-Y., Huang, F., Jin, C., and Ko., D.: Emergence of bi-

cluster flocking for the Cucker-Smale model. Math. Models Methods

Appl. Sci. 26, 1191 (2016).

[19] Cho, J., Ha, S.-Y., Huang, F., Jin, C., and Ko., D.: Emergence of

bi-cluster flocking for agent-based models with unit speed constraint.

Anal. Appl. 14, 1–35 (2016).

[20] Choi, S.-H. and Ha, S.-Y.: Emergence of flocking for a multi-agent

system moving with constant speed. Commun. Math. Sci. 14, no. 4,

953–972 (2016).

[21] Coutand, D. and Shkoller, S.: Well-posedness in smooth function

spaces for the moving-boundary three-dimensional compressible Eu-

ler equations in physical vacuum. Arch. Rational Mech. Anal. 206,

515–616 (2012).

[22] Cucker, F. and Dong, J.-G.: Avoiding collisions in flocks. IEEE Trans.

Autom. Control 55, 1238–1243 (2010).

[23] Cucker, F. and Dong, J.-G.: On the critical exponent for flocks under

hierarchical leadership. Math. Models Methods Appl. Sci. 19, 1391–

1404 (2009).

[24] Cucker, F. and Huepe, C.: Flocking with informed agents. Maths in

Action 1, 1–25 (2008).

[25] Cucker, F. and Mordecki E.: Flocking in noisy environments. J. Math.

Pures Appl. 89, 278–296 (2008).

[26] Cucker, F. and Smale, S.: Emergent behavior in flocks. IEEE Trans.

Automat. Control 52, 852–862 (2007).

[27] Degond, P., Liu, J.-G. and Motsch, S., and Panferov, V.: Hydrody-

namic models of self-organized dynamics: Derivation and existence

theory. Meth. Appl. Anal., 20(2), 89–114 (2013).

194



BIBLIOGRAPHY

[28] Degond, P. and Motsch, S.: Macroscopic limit of self-driven particles

with orientation interaction. C.R. Math. Acad. Sci. Paris 345, 555–

560 (2007).

[29] Degond, P. and Motsch, S.: Large-scale dynamics of the Persistent

Turing Walker model of fish behavior. J. Stat. Phys. 131, 989–1022

(2008).

[30] Degond, P. and Motsch, S.: Continuum limit of self-driven particles

with orientation interaction. Math. Mod. Meth. Appl. Sci. 18, 1193–

1215 (2008).

[31] Degond, P. and Yang, T.: Di↵usion in a continuum model of self-

propelled particles with alignment interaction. Math. Mod. Meth.

Appl. Sci., 20, 1459–1490 (2010).

[32] Ding, Y. and Huang, F.: On a nonhomogenous system of pressureless

flow. Quartly Appl. Math. 62, 509–528 (2004).

[33] Duan, R., Fornasier, M., and Toscani, G.: A kinetic flocking model

with di↵usion. Commun. Math. Phys. 300, 95–145 (2010).

[34] Erdmann, U., Ebeling, W., and Mikhailov, A.: Noise-induced transi-

tion from translational to rotational motion of swarms, Phys. Rev. E,

71, 051904 (2005).

[35] Fornasier, M., Haskovec, J., and Toscani, G.: Fluid dynamic descrip-

tion of flocking via Povzner-Boltzmann equation. Phys. D 240, 21–31

(2011).

[36] Frouvelle, A. and Liu J.-G.: Dynamics in a kinetic model of oriented

particles with phase transition. SIAM J. Math. Anal. 44(2), 791–826,

(2012).

[37] Ha, S.-Y., Ha, T., and Kim, J.: Asymptotic flocking dynamics for the

Cucker-Smale model with the Rayleigh friction. J. Phys. A: Math.

Theor. 43, 315201 (2010).

195



BIBLIOGRAPHY

[38] Ha, S.-Y., Huang, F., and Wang, Y.: A global unique solvability of en-

tropic weak solution to the one-dimensional pressureless Euler system

with a flocking dissipation J. Di↵erential Equations. 257, 1333–1371

(2014).

[39] Ha, S.-Y., Jeong, E., and Kang, M.-K.: Emergent behavior of a gener-

alized Viscek-type flocking model. Nonlinearlity 23, 3139–3156 (2010).

[40] Ha, S.-Y., Kang, M.-J. and Kwon, B.: Emergent dynamics for the

hydrodynamic Cucker-Smale system in a moving domain. SIAM J.

Math. Anal. 47(5), 3813–3831 (2015).

[41] Ha, S.-Y., Kang, M.-J. and Kwon, B.: A hydrodynamic model for the

interaction of Cucker-Smale particles and incompressible fluid. Math.

Models Methods Appl. Sci. 24, 2311–2359 (2014).

[42] Ha, S.-Y., Ko, D., and Zhang, Y.: Critical coupling strength of the

Cucker-Smale model for flocking. Math. Models Methods Appl. Sci.

27, 1051 (2017).

[43] Ha, S.-Y., Ko, D., and Zhang, Y.: On the Critical coupling strength

for the Cucker-Smale model with unit speed. Submitted to Discrete

and Continuous Dynamical Systems-A.

[44] Ha, S.-Y., Ko, D., Zhang, X., and Zhang, Y.: Emergent dynamics in

the interactions of Cucker-Smale ensembles. Kinet. Relat. Mod., 10

(2017).

[45] Ha, S.-Y., Ko, D., Zhang, X., and Zhang, Y.: Time-asymptotic inter-

actions of two ensembles of Cucker-Smale flocking particles. Accepted

in Journal of Mathematical Physics.

[46] Ha, S.-Y., Lee, K., and Levy, D.: Emergence of time-asymptotic flock-

ing in a stochastic Cucker-Smale system. Commun. Math. Sci. 7, 453–

469 (2009).

[47] Ha, S.-Y. and Liu, J.-G.: A simple proof of Cucker-Smale flocking dy-

namics and mean field limit. Commun. Math. Sci. 7, 297–325 (2009).

196



BIBLIOGRAPHY

[48] Ha, S.-Y. and Slemrod, M.: Flocking dynamics of a singularly per-

turbed oscillator chain and the Cucker-Smale system. J. Dyn. Di↵.

Equat. 22, 325–330 (2010).

[49] Ha, S.-Y. and Tadmor, D.: From particle to kinetic and hydrodynamic

description of flocking. Kinet. Relat. Mod. 1, 415–435 (2008).

[50] Justh, E. and Krishnaprasad, P. A.: Simple control law for UAV for-

mation flying. Technical Report (2002).

[51] Justh, E. and Krishnaprasad, P. A.: Steering laws and continuum

models for planar formations. Proc. 42nd IEEE Conf. on Decision

and Control, 3609–3614 (2003).

[52] Karper, T., Mellet, A., and Trivisa, K.: Hydrodynamic limit of the

kinetic Cucker-Smale flocking model. Math. Models Methods Appl.

Sci. 25, 131–163 (2015).

[53] Karper, T., Mellet, A. and Trivisa, K.: Existence of Weak Solutions to

Kinetic Flocking Models. SIAM J. Math. Anal. 45(1), 215–243 (2013).

[54] Kuramoto, Y.: International symposium on mathematical problems in

mathematical physics. Lecture Notes Theor. Phys. 30, 420 (1975).

[55] Kuramoto, Y.: Chemical Oscillations. Waves and Turbulence, Berlin,

Springer (1984).

[56] Kuramoto, Y.: Self-entralnment of a population of coupled non-linear

oscillators. Lecture Notes in Theoretical Physics. 30, 420–423 (1975).

[57] Leonard, N. E., Paley, D. A., Lekien, F., Sepulchre, R., Fratantoni, D.

M., and Davis, R. E.: Collective motion, sensor networks and ocean

sampling. Proc. IEEE 95, 48–74 (2007).

[58] Li, Z. and Xue, X.: Cucker-Smale flocking under rooted leadership with

fixed and switching topologies. SIAM J. Appl. Math. 70, 3156–3174

(2010).

197



BIBLIOGRAPHY

[59] Lohe, M. A.: Quantum synchronization over quantum networks, J.

Phys. A: Math. Theor. 43, 465301 (2010).

[60] Lohe, M. A.: Non-abelian Kuramoto model and synchronization. J.

Phys. A: Math. Theor. 42, 395101-395126 (2009).

[61] Majda, A.: Compressible fluid flow and systems of conservation laws

in several space dimensions. Berlin, Heidelberg, New York: Springer

(1984).

[62] Mikhailov, A. S. and Zanette, D. H.: Noise-induced breakdown of

coherent collective motion in swarms, Phys. Rev. E 60, 4571-4575

(1999).

[63] Motsch, S. and Tadmor, E.: A new model for self-organized dynamics

and its flocking behavior, J. Stat. Phys. 144, 923–947 (2011).
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