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Abstract

We study the Cucker-Smale model which describes the flocking phenomena.
In detail, we focus on the sufficient conditions to achieve the local flocking
phenomena in various scenarios and models. The Lyapunov functional ap-
proach and bootstrapping argument play key roles to prove the asymptotic
stability on emergence of flocking along time evolution. In the Cucker-Smale
model, the dynamics of the particles are presented by the couplings propor-
tional to the relative velocities between each pair of particles. The sufficient
condition to the global flocking was suggested by Cucker and Smale, while
necessary condition or local flocking was not analytically studied.

Our interests covers not only the Cucker-Smale particle model, but also the
unit-speed model and the hydrodynamic model. The unit-speed model breaks
the symmetry of equations and the hydrodynamic model needs the existence
of solutions. The hydrodynamic equations are the macroscopic description
through the mean-field limit process of the particle model. We avoid free
boundary problems by describing Lagrangian variables.

Key words: Cucker-Smale model, critical coupling strength, hydrodynamic
model, flocking, multi-cluster flocking, dynamical system
Student Number: 2014-21195
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Chapter 1

Introduction

Emergence of coherent motions have been studied in various area to repre-
sent collective behaviors, such as the flocking of birds, aggregation of bacteria,
and swarming of fish. These ‘flocking” phenomena are often observed in com-
plex biological systems, where self-propelled agents only use limited informa-
tion and their independent decisions. Its individualistic coherent behaviors
have been studied rigorously using various type of couplings and dynamics
(11, 31, 28, 29, 30, 57, 73, 74, 75]. From the pioneering work of Winfree and
Kuramoto [79, 54], it has been extensively studied in possible applications
to mobile and sensor networks, in the control of robots and unmanned aerial
vehicles [57, 66, 68]. Since the flocking phenomena occur in various context
and properties, many agent-based models have been proposed and studied
extensively both analytically and numerically. Among these types of equa-
tions, our interest lies on the Cucker-Smale flocking model.

Our main focus is on the flocking model introduced by Cucker and Smale
[26], which describes couplings as nonlocally interacting N-body system. Let
z; = (;,v;) € R?* be the phase-space coordinate of the i-th Cucker-Smale
(C-S) flocking agent. Then, the dynamics of C-S flocking particles is governed
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by the following system of ODEs:

.’jCZ':'U,L', t>0, izl,"',N,
K N
v; = WZ@/)(H%‘ —zi|)(v; — vy), (1.0.1)
j=1

(24, v;)(0) = (x40, Vio),

where K is the positive coupling strength, and the communication weight
¥ : Ry — R is the communication weight satisfying the positivity, analytic
continuity, monotonicity. Here, we assume one more condition, integrability,
and call it short-range communication weight. For simplicity, we sometimes
assume it to take the algebraic decay form

1
= — 1 1.0.2
or to be an analytic function from R to R,
1
P(s) = —, [>1 (1.0.3)
(1+ s2)%

Since the velocities have symmetric structures with relative velocities, the
mean velocity is constant for time t. Hence we may assume that the mean
position and velocity are initially zero.

In [26], Cucker and Smale introduced this second-order Newtonian system
supplemented by the weighted relaxation internal forces governing the spa-
tial and velocity dynamics of particles. They also provided several sufficient
conditions for admissible initial configurations leading to the global flocking.
They found that the flocking condition mainly depends on the communica-
tion weight. The Cucker-Smale model and its variants have been extensively
studied in previous literature [1, 2, 5, 11, 13, 14, 15, 18, 19, 22, 25, 26, 33, 35,
37, 46, 48, 49, 63, 72] from the viewpoint of mono-cluster flocking in terms
of initial configurations and communication weights.

It is worth to mention that if 8 < 1 in (1.0.2), ¢ is not integrable and
called a long-range communication weight, and mono-cluster(global) flock-
ing occurs for any initial data [26, 47, 49]. Thus, the emergence of multi-
cluster(non-global) flocking is possible only for the case f > 1. When the

2
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communication weight is short-ranged, for example, it decays as the Coulomb
potential, Cucker and Smale showed that global flocking (or mono-cluster
flocking) is possible for some well-prepared initial configurations; further-
more, they suggested that local flocking (or multi-cluster flocking) configura-
tions might emerge for properly chosen initial configurations. In this thesis,
we focus on the sufficient conditions and properties to the local flocking phe-
nomena. Our main interest lies on the fact that even only a part of particles
can flock while others does not flock. It will be another story to show that
not all the particles flock.

We also treat variant models of C-S flocking model. One is the C-S model
with unit speed constraint, which has different properties on the law of con-
servations. We use similar approach as in the C-S model to get the flocking
result. In numerical simulations, we can see local flocking phenomena occur
easier than original model. However, it is hard to show that they do flock
since this model is more difficult to get general flocking estimates. The other
is the hydrodynamic description of C-S model for a large number of parti-
cles through the kinetic equations. Using the mean-field limit process, the
equation (1.0.1) can be approximately described as partial differential equa-
tions with mass density and bulk velocity. To avoid hydrodynamic difficulties
including the free boundary problem, we assumed sufficient regularity and
density while using the energy method. We focused on the use of arguments
from the particle-level system to show the existence of locally flocking smooth
solutions.

The rest of this thesis consists of eight chapters. In Chapter 2, we briefly
explain C-S model and the mathematical definition of flocking in this model.
We also give some elementary estimates for the C-S model and review the
global flocking result. In addition, we introduce other flocking models treated
in this thesis. In Chapter 3, as a starting point, we prove the existence of
bi-cluster flocking by suggesting a sufficient condition leads to the bi-cluster
flocking phenomena. The approaches of Chapter 3 are adopted as main meth-
ods in other chapters with technical modifications. In Chapter 4, we analyze
the multi-cluster flocking configurations in terms of the coupling strength K.
We also suggest some properties of multi-cluster flocking to see the difference
and difficulties compared to the global flocking results. In Chapter 5 and 6,
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we do the similar arguments on the Cucker-Smale model with unit speed
constraint. The existence of bi-cluster flocking is proved in Chapter 5, and
then we do further analysis on the coupling strength and other properties
in Chapter 6. After that, in Chapter 7, we consider two ensemble system
of original Cucker-Smale model with different network coupling strength.
Using two different ensembles, we focused on various scenarios of local flock-
ing phenomena. In Chapter 8, we generalize flocking results of particles to
the hydrodynamic system of Cucker-Smale ensembles. Using the Lagrangian
variables, we present a method to adopt the proofs of particle models in hy-
drodynamic models. Finally, Section 9 is devoted to a brief summary of the
thesis and further open topics.

Notation: Throughout the thesis, we use superscripts to denote the com-
ponents of a vector; for example & := (z!,---  29) € RY. Superscripts also
stand for powers when it can be easily distinguished. Subscripts are used to
represent the ordering of particles. In particular, for vectors &, v € R, its

lo-norm and the inner product are defined as follows:

] == (Z(ici)2> ()= va

i=1

where 2¢ and v* are the i-th components of & and v, respectively.



Chapter 2

Preliminaries

In this chapter, we introduce basic properties of C-S model and review pre-
vious results on the flocking phenomena. We also mention modified models
treated in this thesis.

2.1 Flocking phenomena

First, we introduce definitions for the type of flockings in the C-S model
which will be used throughout the thesis.

Definition 2.1.1. [26, 47] Let G := {(@;(t), vi(t))}., be an ensemble of a
C-S flocking group.

1. The configuration G tends to a mono-cluster (global) flocking configu-
ration asymptotically if and only if the following two conditions hold:

sup ||z (t) — x;(t)]| < oo, lm ||v;(t) —v;(t)|| =0, for all i,j.
>0 t—o0
2. A sub-configuration I := {(x;(t), vi(t)) }ier for I € {1,2,---, N} tends

to a flocking configuration asymptotically if and only if the following two
conditions hold:

sup ||zi(t) — x;(t)|| < oo, lim ||vi(t) —v;(t)|| =0, foralli,j e 1.
t>0 t—o00
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3. The configuration G tends to a multi-cluster(local) flocking configura-
tion asymptotically if and only if there exist subclasses
G, = {(mm(t),'vai(t)) ZNzo‘l, a=1,2---n, such that

() 1Gal 2 1, |Gal = Naw D _1Gal =N, G =G,
a=1

SUP (|20 (t) — Zoj ()| < 00, lim [Jva;(t) — va;(t)] = 0,
tZO — 00

forany a€{1,2,--- ,n}, and 1 <i+#j<N,.
(6) sup (t) — 3,1 = oo, for any a £, i

In the Cucker-Smale equations with a positive communication weight, we
usually consider the emergent behaviors as ¢t — oo. With this concept, we
can classify the final relative positions into the two cases, bounded or not.
Hence the relative velocities play key roles to see the flocking phenomena.
Note that if the configuration G does not tend to the mono-cluster flocking,
then it goes to a multi-cluster flocking configuration asymptotically except
for measure zero critical cases. We can also see that the boundedness of rel-
ative positions is closely related to the velocity cohesion by comparison with
the heat equation as follows.

The most important feature of the C-S model is the interaction given by
relative velocities. For a function u of one space variable x with time variable
t, the heat equation can be described as follows:

_ a2
Jyu = adju.

Let us consider the one dimensional space discretization x; = ih for some
h > 0. Then the equation becomes semi-discretized form,

dui(t) o (U1 —w; Ui — .
= — f 11 7.
i 3 ( 3 + A , Tor all ¢

Note that the right hand side consists of relative value of u. Hence the nonlo-
cal version of one dimensional semi-discretized heat equation with bounded
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domain can be described in a similar form of velocity dynamics in the C-S
model,

d
UZ ZK¢j> —u;), foralli=1,--- N,

where we used K 1nstead of thermal diffusivity «, and the communication
weight 1(4,7) is nonnegative and bounded /' norm. Therefore, we can con-
clude that velocities in the C-S model follows basic rules of heat dissipation,
which tend to stabilize to the same mean value.

This dissipative velocity gives us important properties to treat regular-
ity problems. We study the time-evolution of the first and second velocity
momenta along the dynamics of (1.0.1):

Zvu My(t Z i (2.1.1)

Lemma 2.1.1. Let (x;,v;) be a solution to (1.0.1)-(1.0.2). Then
Proof. (i) The conservation of the total momentum follows from the anti-

symmetry of ¢(||z; — «;||)(v; — v;) in the change of i and j.

(ii) Taking the inner product to the second equation in (1.0.1) with 2w,
and summing the resulting relation over all 7 yields

2K
dtZH Zwm z:||) (i, v; — ;)

i,7=1
N
K
=-N > dllmy —a)llv; —vil* <o0.
ij=1
Thus Ms(t) < M(0) for t > 0. O
Note that the decreasing second momentum forces to control maximal

speed of particles. From now on, we will use \/M(0) only for the upper
bound of particle speed ||v;]|.
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Before we start to look over global flocking, it is worth to note that the
definition of bi-cluster flocking is not an equilibrium point.

Remark 2.1.1. Note that mono-cluster flocking is a solution to the C-S
model, whereas a bi-cluster flocking configuration can not be a solution to
the C-S model, even if the communication weight is given by (1.0.2). For
example, suppose that the bi-cluster flocking configuration

Vi, v, UV =U1, Vki1, " ,UN = Uz, Up # Ug,

satisfies the C-S system with (1.0.2) at tg € (0,00). Then, it follows from the
C-S model that for i < k,

0= ’dv;it())‘ B ‘% ;w(ﬂwj(to) — zi(to)[])(v;(to) — vi(to))
Kllug —ug
R j;lwuwj(to) — zi(to)][) > 0.

Thus, we have a contradiction unless ¥(||x;(to) — xi(to)]|) = 0. However, a
bi-cluster flocking configuration can emerge asymptotically if

N

lim 3 w(lla(0) = @i(0)]) = 0.

2.2 Two particle results

In this section, we discuss a two-particle system that has a different asymp-
totic flocking state depending on the initial conditions.
Consider a two-particle system on the real line R:
T =111, X9=1w9, >0, z;,v; €R,

i1 = 5 v(las = a2 =), (2.22)

Uy = 3¢(|ﬂ?1 — x2])(v1 — va),
(2i,v:)(0) = (240, Vio)-

8
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To reduce the number of equations in (2.2.2), we consider the spatial and
velocity differences:

Ti=T1— Ty, V=1V — V.
Without loss of generality, we assume that
x9 >0, vy >0. (2.2.3)
Then the differences of x and v satisfy
p=v, ©=—Ky(lz)),

or equivalently,

dv = —Ky(|z|)dx

Integrating the above relation yields

z(t)
vwzw—K/ (ly))dy. (2.2.4)

Proposition 2.2.1. (Nonexistence of global flocking) Let (x,v) be the solu-
tion to system (2.2.2)-(2.2.3) with initial data satisfying

sz/QWW@. (2.2.5)

Then there is no global flocking.

Proof. Suppose

%ZK/ B(lyl)dy

Then, it follows from (2.2.4) that

z(t)
v(t)=v—K [ W(y)dy

Zo

zx/fwww K

T

(t)
WM@—K/ (ly)d

o

___;rx_-l! E CI.'II

1_'_] |

el
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Thus, we have

o0

v(t) = K o b(lyl)dy. (2.2.6)

If global flocking occurs, then

sup |z(t)| < oo, lim v(t) = 0. (2.2.7)
t>0 t—o0

Note that the above two conditions (2.2.6) and (2.2.7) on x and v are not
compatible, i.e., if [z(t)] < 25 < 00, then

MOEK/:MWWyZK/wMWM%

which contradicts the fact that tlim v(t) =0.
—00
Therefore, there is no global flocking. O]

In the following two corollaries, we further analyze the long-time dynamics
of the two-particle system under condition (2.2.5).

Corollary 2.2.1. (Slow divergence in position) Let (x,v) be the solution
to the system (2.2.2)-(2.2.3) with initial data (xg,vo). Then the following
assertions hold:

1. If (zg,v0) satisfies
=K [ oy (223

then the positions of the two particles diverge with the same asymptotic
velocities.

2. If (xg,v9) satisfies
w>K [ wllydy (229)

then the positions of the two particles diverge with different asymptotic
velocities.

10
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Proof. (i) In this proof of corollary, we adopt an explicit communication
weight (1.0.2) for simplicity’s sake. If not, it can be calculated using qualita-
tive analysis on the integration of 1. Suppose (xg, vy) satisfies

m:K/zmw@

Using (2.2.4) and (2.2.8), we obtain

z(t)
v@z%—K/ b(lyl)dy

=K [ (ly)dy
z(t)
K 1

B=101+az@)"

Thus, we obtain a first-order equation:

dx K 1

il vy (2.2.10)
Directly integrating (2.2.10) yields
BKt 5 K [ BKt Ch
z(t) = (ﬁ + (1 + xo)ﬂ> —1, ()= 51 (ﬁ +(1+ xo)ﬁ)
The above explicit formula implies
lim z(t) = oo, lim v(t) = 0.

t—00 t—o00

Note that the velocity difference of v goes to zero at the rate of = (1=5),

(i) Suppose (zg,vg) satisfies (2.2.9). It follows from (2.2.4) that

z(t)
u(t) = v — K U(lyl)dy
(2.2.11)

=0 K [ o+ 1 [ oy

11
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Note that (2.2.11) implies

v(t) > vg — K/ U(ly|)dy >0, t>0.

Thus, the asymptotic velocities are not equal. On the other hand, if we set
v =0~ K [ wllyd,
zo

then (2.2.11) implies

dz K 1-8
— = U+ —(1 t .
=V +5_1(+x())
Clearly, z(t) increases faster than vt by the comparison theorem. O]

2.3 Review on the global flocking

In this section, we briefly review the sufficient conditions for the emergence
of global flocking (mono-cluster flocking) for the C-S model in (1.0.1)-(1.0.2).
Global flocking formation was first studied by Cucker and Smale [26]. They
provided a sufficient condition that particles tends to flock globally for an
algebraically decaying communication weight (1.0.3) with § > 0. For the
long-ranged communication weight, they showed that mono-cluster flocking
always occurs. Moreover, for the short-ranged communication weight, they
showed that it occurs for initial configurations close to the flocking state.
Later, Cucker and Smale’s results were further generalized to general non-
increasing communication weights using the energy method and Lyapunov
functional approach, which was based on the f>norm [47, 49]. In this case,
the aforementioned results are dependent on the number of particles; thus,
they can not be used in the mean-field limit, i.e., they do not provide corre-
sponding results for the mean-field kinetic model. Later, a slightly modified
approach based on /> was employed for the flocking analysis of C-S commu-
nication weights [14] and general nonincreasing communication weights [1].
The following theorem is most relevant result on the mono-cluster flocking
configuration.

12
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Theorem 2.3.1. [47]. Suppose that the communication weight ¥ is nonneg-
ative, Lipschitz continuous, and nonincreasing, i.e.,

P(r) >0, r>0, ()€ Lip(Ry) and
((re) —(r1))(ra —r1) <0, 11,72 > 0.

Let (x,v) be a solution to (1.0.1)-(1.0.2) with initial data (xo,vo) satisfying
the following condition:

K o0
lzoll >0, |lwoll < — W(2r)dr. (2.3.12)
2 Sy,

Then there exists a positive number xy; such that

sup[|2(H)]| < 2 o(B)]] < lvolle ™20, ¢ > 0.

Note that Theorem 2.1 yields a sufficient condition for mono-cluster flock-
ing. The condition is quite similar to that of Proposition 2.2.1. The natural
question is what phenomenon will appear if conditions in (2.3.12) are vio-
lated. In Chapter 3, we will study the case 2 of Corollary 2.2.1 for N-body
system when the sufficient condition (2.3.12) for a global flocking conditions
does not hold. The non-flocking property of two particle system is also similar
to that of the N-body system.

2.4 Cucker-Smale model with unit speed con-
straint

Until the previous section, we discussed on the C-S flocking model. In the
remaining part of this Chapter, we suggest two variant models of C-S model.
Here, the C-S model with unit speed constraint will be our concern. It will
be analyzed in the same level as the original C-S model in Chapter 5 and
6. We can get the similar result on flocking behavior with technical detours
and more restricted conditions.

The Cucker-Smale model with unit speed constraint is one of the variant
model inspired by Viscek’s work. The modeling of flocking phenomena was

13
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first introduced by Vicsek’s group [75] in the physics community and the
unit speed constraint was employed in relation with the phase models for
synchronization. In [20], they discussed the mono-cluster flocking for the
Cucker-Smale model with unit speed constraint,

@ =v;, t>0 i=1-- N,

:_Z¢ (lz; — i) < - iZﬁ;”) (2.4.13)
(«’Biavi)(o) = (Ti0, vio), |lvioll = 1,

where K and 1 are same parameters in (1.0.1).
The conservation of speed also is described in [20].

Lemma 2.4.1. [20] We set

A(v) := min(v;, v;).

i#j
Let (x;(t),vi(t)) be a global solution to system (2.4.13) with initial data with
unit speed constraint:
lvoll =1, 1<i<N, A(vg) > 0.
Then, we have

(@) lvi(®)|| =1, forall t>0, i=1,---,N,
(i1) A(v(t)) > A(vg), t>0.

Since the agent-based model (2.4.13) can be derived from the C-S model,
we begin our discussion with the C-S model. In Section 2.3, we mentioned that
the emergence of mono-cluster flocking in [26] depends on the far-field behav-
ior of the communication rate 1 (-) and the initial configuration. Moreover,
once mono-cluster flocking is guaranteed to occur, the asymptotic velocity of
the agent can be determined a priori by the conservation of momentum:

N N | X
;vi(t):;’vio; t >0, tliglovz _NZ::

14
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Due to the tradeoff, it does not preserve the speed of particles. On the other
hand, the lack of symmetry in (2.4.13) makes the conservation of speed on
each particle instead of that of momentum. This causes the major difficulty
on the analysis of flocking parameters. In the following two subsections, we
discuss our two agent-based models with unit speed constraints.

2.4.1 A generalized J-K model

In [39], Ha, Jeong, and Kang derived a generalized J-K model from the C-S
model in (1.0.1):
@; = (cosO;,sinb;), i=1,2,--- N,

: al 2.4.14
0; = %Zzﬁ(“mk—a:i||)sin(«9k—0i). ( )
k=1

In the control theory community, the planar J-K model is often used as
a flocking model for self-propelled agents moving with unit speed. Because
of the unit speed ansatz and planar nature of the model, the velocity can be
rewritten by using the velocity phase 6;:

v; = (cosb;,sin6;) = eV~ (2.4.15)

Substituting (2.4.15) into the C-S model with the all-to-all communication
weight ¢ = 1, the imaginary part of the velocity equation can be utilized to
formally derive the agent-based model:
@; = (cosO;,sinb;), i=1,2,--- N,
K& (2.4.16)

éi = N sin(Qk — QZ)
k=1

Note that the subsystem for velocity phase 6; in (2.4.16) is equivalent to the
Kuramoto model for identical oscillators.
Emergence of mono-cluster flocking

In [39], they also showed that mono-flocking occurs if heading-angles of agents
are confined to a half circle and satisfy some additional conditions. For com-
parison to our main results in Chapter 5 and 6, we briefly summarize the

15



CHAPTER 2. PRELIMINARIES

main result of [39]. First, we introduce velocity phase and spatial position
diameters. For a given velocity phase © and position x, set

D(O(t) = max |6:;()—0;(t), D(z(t)) = max |lz:(t)—a;(t)], t>0.

1<i,j<N 1<i,j<N
Theorem 2.4.1. [39] Suppose that the initial data (O, ) satisfy
C(K,© >
0 < D(Bp) < min {7r, M/ w(s)ds}.
2 D(Zo)

Then there exists a positive constant D> < oo such that

sup D(x(t)) < D®,  D(O(t)) < D(8y) exp [— O(K, eo)zp(m)t}, t>0,

>0
where C(K,BOy) is a positive constant defined by

K sin D(@O)

C(K, @0) = D(@O)

Emergence of bi-cluster flocking

Consider the generalized J-K system in (2.4.14) for two agents. Let (@1, v)
and (x5, v2) be the states of the two agents governed by the following system:

@1 = (cosbh,sinby), x5 = (cosbs,sinby),
K

0 = S U(llez — a1 ]) sin(0, — 1), (2.4.17)

K .
Oy = g?ﬁ(HfBl — xy|) sin(6) — ),

with well-prepared initial data:

21(0) = (cos by, sinby), 61(0) = b,

(2.4.18)
332(0) = (COS 00, —sin 00), 92(0) = —00.

Below, we will show that system (2.4.17) with well-prepared initial data
(2.4.18) exhibits asymptotic bi-cluster flocking. Note that it follows from the
velocity equations in (2.4.17) that

01(1) + Oa(t) = 0,(0) + 05(0) = 0, ie., 0y(t) = —0s(t), t>0. (2.4.19)

16
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Then relation (2.4.19) and the equations for x; and x, imply
pi(t) = 2y(t),  @i(t) = —23(t), t>0.
This yields
|@1(t) — @2 (t)] = [27(t) — 23(0)] = 2|2i(t)], ¢ >0. (2.4.20)
From (2.4.19) and (2.4.20), we set = and 6 as follows:
x(t) :=22(t) and O(t) :=0,(t), t>0.

Lemma 2.4.2. Let (z;,0;) be a solution to system (2.4.17) and (2.4.18)
satisfying -
z(0) =29 >0 and 6(0) =6, € [0, 5)

Then x(t) and 0(t) satisfy

~ - 2a(t)
T N
Proof. Note that x and 0 satisfy
i =sinf, 6= —Ki(2x)sinfcosh, t>0. (2.4.21)
This yields
nge = —K¢(2z)sin0dt = —Kv¢(2z)dx. (2.4.22)
Integrating (2.4.22) yields the desired estimate. O

Next, we show that bi-cluster flocking can occur for some class of initial
configurations.

Proposition 2.4.1. (Nonexistence of global flocking) Let (x,0) be the solu-
tion to system (2.4.21) with initial data satisfying

1
xo > 0, 906[0,5) and In——— - sin o K/ P(€

—sinfy —

Then there is no global flocking. In particular,

limsup |z(t)| = oo
t—ro0

17
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Proof. Suppose that initial data satisfy

n 1—1—311160 K/ (e

1 —sin 90

Then it follows from Lemma 2.4.2 that

nl—l—s?n@(t) _ n1+s%n80 —K(
1 —sinf6(t) 1 — sin 6y

e~ [ viea),

2xo

This yields

1+ sinf(t
1 > K
BT Zsin0(1) sin O(t / Wy
Now, suppose global flocking occurs, i.e.,
sup [z(t)| < oo and lim 6(t) = 0. (2.4.23)
t>0 t—0o0

Then it follows from the first condition that there exists x., such that
|z(t)] < 20 <00 forall £ > 0.

Thus, we have

1 +sin6(t) >
In—=>K >0, t>0
nl_mww__lémwaf ot
which contradicts the second relation lim 6(t) = 0 in (2.4.23). O

t—o00

Remark 2.4.1. Note that for the multi-dimensional C-S model, if the ini-
tial data satisfies a symmetry condition, it can also be reduced to the above
situation. For example,

V1 = —V9, To = —x1, 1 = kvy, for some k > 0.

2.4.2 A multi-dimensional C-S type model

In this subsection, we briefly discuss our multi-dimensional C-S model with
unit speed. In [24], Choi and Ha studied how to couple C-S flocking dynamics

18
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and the unit speed constraint assumption using the idea of quantum synchro-
nization introduced by Lohe [60].

Consider the one-dimensional line ¢ spanned by the unit vector —5:-. Then

IIU ||
the orthogonal projection of vy onto the line ¢ is given by

‘ ol /il — 7

Thus, v, can be decomposed as the sum of the tangential and orthogonal
components with respect to £ as follows:

— ol bt I < Yi > Vi L, g
ST T R ol T e
The force Fj of the i-agent acts on the k-th agent as follows:
F _ <Uk7 vi>
o = U(lee —ill) (v — R0, (2.4.24)

Note that (2.4.24) yields
<’Ui, sz> =0.

Finally, we combine (1.0.1) and (2.4.24) to obtain the desired C-S model in
(2.4.13) with the unit speed constraint:

:.Di = U 1 1727'”7N7

N
. K v;, v
b; = NE: (|l — 2:]]) (’vk—< ’%i). (2.4.25)

(vi, vi)

It is easy to verify that total momentum is not conserved in system (2.4.13),
but the speed of each particle is conserved, i.e.,

N N
3 3 d|jv; ,
’1)2(75)7'é V0, ||C;;||:0, 1§ZSN,7§ZO
i=1 i=1

Lemma 2.4.3. Let (x;,v;) be a solution to system (2.4.25). Then the speed
of the agents is constant along the flow of (2.4.25), i.e

loi (Ol = llvall, > 0.

19



CHAPTER 2. PRELIMINARIES

Proof. 1t follows from the equation of (2.4.25) that

Ldljod* _ K §- (v, 1)
3 = 2 vl ) () — v ) =0

This implies
[vs(O)] = [lvs(0)[|, ¢ >0.

]

We fix several functionals D(x), D(v) for a configuration (z, v) € R¢xR¢,

Dw)i= max o~ @y, D)= max fo - v

Now, we briefly recall a result for the formation of mono-cluster flocking in
[24]. Here A(v) is as in Lemma 2.4.1.

Theorem 2.4.2. [24] Suppose that the communication weight v and initial
configuration (xg,vo) satisfy the following conditions:

(1) vl =1, 1<i<N,  Avg) >0, .
00 D(Xy
(i1) 0 < D(wy) < KCqmin { / o(s)ds, /0 u(s)ds .

D(xo)
Then there exists a unique solution (x(t),v(t)) to system (2.4.13) satisfying
asymptotic mono-cluster flocking:
sup D(z(t)) < D®, D(w(t)) < D(vo) exp ( - Koozp(DOO)t), t>0,
>0
where D™ s a positive constant implicitly defined by the following relation:

DOO

D(vg) == KC’O/ P(s)ds.

D(Zo)

2.5 Hydrodynamic descriptions of Cucker-Smale

model

When the number of particles is sufficiently large and the whole ensemble is
close to a flocking state, the dynamics of the ensemble of C-S flocking particles
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can be approximated by a hydrodynamic model for mass density and bulk
velocity. More precisely, let p = p(z,t) and u = u(x,t) be the mass density
and bulk velocity of the C-S ensemble at position z € R? and time t € R,.
Here p and u play as the mono-kinetic ansatz. In this situation, the temporal-
spatial evolution of (p,u) is governed by the following hydrodynamic C-S
model:

Op+V-(pu)=0, zecR? t>0,
PO+ pu - Vu = —rp / Yy~ al) ()~ u)plody, (2520
(pv u)(x, O) = (pO; uO)a

where £ is a nonnegative coupling strength and ¢ = ¢ (|z — y|) is a bounded
Lipschitz continuous communication weight satisfying the conditions

20, ¢l +[¥ll1ip <00, (W(r1) —(r2))(r1 —r2) <0, 11,72 >0,
(2.5.27)
which is already mentioned in Theorem 2.3.1.
Throughout the hydrodynamic part, we denote a spatial element x instead
of  and the communication weight x instead of K for a simple notation. Also,
we suppress the ¢ dependence in p and u, as long as there is no confusion;

p(x) == p(x,t), u(z) = u(x,t).

The system comprising (2.5.26) and (2.5.27) arises as a hydrodynamic model
for the macroscopic description [38, 49] of the ensemble of C-S particles, when
the continuum flocking group is close to a flocking configuration (see Section
2.1). Note that, in the formal zero coupling limit x — 0, this system reduces
to pressureless gas dynamics, which has been extensively studied in the hyper-
bolic conservation law community [6, 7, 8,9, 10, 16, 32, 64, 70, 76, 77, 78, 80].
For a mesoscopic description, we refer to the Vlasov-McKean type equation
3, 4, 33, 35, 49, 47, 52, 53].

In order to compare with the particle model, It is worth to see the limit
process. From the particle to the ensemble, The kinetic description of Cucker-
Smale model serves as an intermediate equation. The kinetic equation can be
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derived through mean-field limit from the particle model [48]. For a space-
velocity density function f(z,v,t),

Of +v-Vof +Vo(fL[f]) =0, z,0€RY t>0,

Lif] = / by — ) (w — v) f (g, w, t)dyduw, (2.5.28)
R2d

f(ZE,U,O) - fo((lf,’U).

We can get the hydrodynamic description (2.5.26) if the system is already
locally flocked, in other words, the density function follows the mono-kinetic
ansatz f(x,v,t) = p(x, )0y (2, t). In [48], they rigorously proved the global
limit process from the particle model to the kinetic equation.

In Chapter 8, we consider the situation in which two homogeneous ensem-
bles of C-S particles are interacting and then look for sufficient conditions
leading to two scenarios: “mono-cluster flocking” and “bi-cluster flocking”
asymptotically (see Definition 8.2.1 for their formal definitions). To describe
such a situation, we adopt a coupled system of hydrodynamic models (2.5.26)
for (pi,w;), i=1,2:

Opr+ V- (prur) =0, Opo+ V- (poup) =0, (x,t) € R x R,
p10iur + prus - Vg

. / (@) P () (ly — o) (ur () — wa(2))dy
Q1 (¢)

T iz / o (@) Py — o) (ualy) — s (2))dy.
Qa(t)

(2.5.29)
p20iug + patiy - Vg
=3 Py = o)) — )y
o (t
. / PPy — )~ )y
1(t
subject to initial data
(pi; 'LLZ)(.T, 0) = (piO; Uio), T € Rd, 1= 1, 2. (2530)
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Here the fluid regions Q;(¢) and Q5(t) are the connected compact supports
of the densities p; and py at time ¢, respectively, and x; and k;; are intra-
and intercoupling strengths, which are assumed to be nonnegative.

Note that, when the intercoupling strengths r;; are turned off, system
(2.5.29) becomes a juxtaposition of the identical C-S system (2.5.26). In our
setting, one of the natural questions in relation to the asymptotic dynamics
of the coupled system (2.5.29) is to identify the possible dynamic features de-
pending on the relative strengths of the inter- and intracoupling strengths x;;,
communication weight 1, and initial configuration. There might be several
plausible asymptotic scenarios, but, among others, we are mainly interested
in two possible asymptotic pictures: merging of two local clusters or splitting
of one cluster into several clusters. In Chapter 8, we will use the Lagrangian
formulation in order to track the individual behaviors among the bulk den-
sity.
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Chapter 3

Existence of bi-cluster flocking

In this chapter, we present a possible scenario on bi-cluster flocking by sug-
gesting a set of initial data and coupling parameters, which tends to bi-cluster
flocking configurations asymptotically. The possibility of multi-cluster flock-
ing was already mentioned in [26], the first paper of Cucker and Smale on
the flocking model. It is a natural consequence that the multi-cluster flock-
ing configurations can emerge from non-flocking conditions. However, the
existence and stability were not proved analytically. One of major difficulty
is that the flocking configurations are naturally a property at infinite time,
therefore, it seems too hard to distinguish local flocking groups from initial
data. First, we suggest well-prepared initial configurations, and then we will
prove that it tends to bi-cluster flocking configurations analytically and also
see it numerically. Moreover, we prove that the convergence rate of speed is
determined by the decay rate of communication weight, where we assumed
algebraic decreasing. This chapter is based on the joint work in [18].

3.1 A framework for bi-cluster flocking

In this section, we present a formulation for the asymptotic formation of
bi-cluster flocking configurations for a many-body system with N number of
particles. At the end of the section, we present a non-trivial initial configu-
rations of which solutions satisfy the desired bi-cluster flocking estimates.

Suppose that the initial configuration is close to the linear combination of
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CHAPTER 3. EXISTENCE OF BI-CLUSTER FLOCKING

two diverging Dirac measures d(z, v,) + d(@,,v.):
<331 — X9, Vg — ’Ul> < 0.

Furthermore, suppose that the coupling strength between two flocking groups
is sufficiently weak. In this situation, it is reasonable to expect the emergence
of bi-cluster flocking configurations. Under this scenario, we will prove that
each agent’s velocity converges to a constant velocity, and we analyze it
properties such as the rate of the convergence.

3.1.1 Reformulation of the C-S model

In order to get simple notations, we reformulate the C-S model in (1.0.1) for
the study of bi-flocking configurations. We need to derive a coupled system
of ordinary differential equations in terms of micro fluctuations and macro
local averages in position and velocity.

Consider a C-S flocking system composed of two local flocking groups G;
and G, with |G| = Ny and |Gs| = N,. To register a membership and order
in each group, we use a double subscript, (24, Vai), to denote the spatial-
velocity position of the i-th member in the G,-group (o = 1,2). In this
setting, the interaction terms can be split into intra and inter interactions,
and the original C-S model (1.0.1) can be rewritten as

Ty = Vi, Loy =V, t=1,--- Ny, g=1,--- Ny,
N1 N2

) K K

vy = N ;w("wlk —xyl|)(vik —vu) + N ;w(ﬂw% — zy|) (var — v12),
No N1

) K K

V2 = D Ulllza — o] (var — vy) + N Dtz — ol (vik — vy).
k=1 k=1

(3.1.1)

Next, we introduce local velocity averages and local fluctuations to decom-
pose (3.1.1) into a coupled macro-micro system:

N1 N2
1 1
Lie = E AT Loe ‘= 7 E T2;
N 4 ’ Ny 4 77
i=1 j=1
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Ny No
1 1
N 4 ’ Ny 4 77
=1 j=1
Lai = Lai — Lac, Vai = Vai — Vac, o = ]-7 2.

We also study the relations between local fluctuations.

Lemma 3.1.1. Let (x,v) be the solution to the system (3.1.1) and (1.0.2).

Then, we have

(Z) Nl’l)lc(t) + NQ’UQC(t) = Ml(O), t Z 0.
(1) [[9al® + Nalvac@®)|* = [[val®, a=1,2,

where the following simplified notation is used:

Na No
1Bal® =Y 10ai@®), vall® = Y llva®)]*.
i=1 1=1

Proof. (i) Note that

N1 N2
Nivie + Navye = Zvli + szi = M(t) = M(0).

i=1 =1

The first momentum M (t) was defined in (2.1.1).
(ii) By definition of local fluctuations, it follows that for o = 1,2,

Nq Nq
Z [0aill = Z [Vai = Vaell”
i=1 i=1
Na
=3 (loaill® + [vaell® = 2(vai, o)
=1
Ne Na
= Z ||voci||2 + Na||vac||2 - 2< Zvaiy vac>
i=1 i=1

Na
= Z ”’UOaiH2 - Na||va0||27
=1

No

which follows from the fact that Z Vi = NoyUge. O

i=1
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Remark 3.1.1. [t follows from Lemma 4.1 (ii) that

N N.
forll + ol <~ (3 foul+ 3 foail?).
min{/Ny, No} \ < —

Lemma 3.1.2. Let (x,v) be the solution to the system (3.1.1) and (1.0.2).
Then, the local averages and fluctuations satisfy

Ti. = Vi, Lo = V3, >0,
N1 N

K
Niv = —— w(HwZ'_mliH)(Uli_U?)a
v & 2Vl D g
K N1 Na
Nadoe = — D> Ullzey — @) (05 — v),
i=1 j=1
and
(5311‘ = i’liu ﬁ:Q‘] = {)Qja
. KM
Vi, = —Vic + N Zw(lek — xy;||) (V1 — V1)
k=1
No N2
K K
+ N ;7#(”93219 - mlz”)(’b?k - f’lz‘) + N ;@ZJ(HCU% - $1i||)(’02c - ’U1c)7

. K X2
Voj = —Vz. + N Zw(szk — @95 |) (D21, — D2y)

k=1
N1 N1
K R R K
+ D (@1 — o) (D11 — Do) + N D (@1 — @) (V10 — V).
\ k=1 k=1

(3.1.3)
Proof. (i) (Derivation of (3.1.2)): Summing (3.1.1) for i = 1,--- , Ny yields

Nl K N1 Nl
> b =5 > 2 vllwy — @ul) vy — o)
1=1 i=1 j=1
K N1 N
5 20 U@y — @il (v - wn).
i=1 j=1
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The first term on the right-hand side becomes zero by the skew-symmetry
property. Interchanging ¢ and j and using the fact that

Ny
Zvli = Nyvye,
i=1
we conclude
‘ AL
Nibie = - D> tllzey — ) (01 — vay).
i=1 j=1

Similarly, we have its counterpart of va..
(ii) (Derivation of (3.1.3)): It follows from the equations (3.1.1).
O

3.1.2 Derivation of a dissipative differential inequali-
ties

In this subsection, we introduce two fy-type functionals to describe the local
flocking process:

X = (@] + [[22fl, V= (o] + [[o2f]

The functionals X and V measure the spatial and velocity fluctuations around
the local averages, respectively. We denote A, as the average velocity differ-
ence between the two local groups,

Av = Vie — Vo

Since this is not a scalar, we usually use its inner product with some fixed
unit vector e,
A, - e:= (v, — V) - €.

Next, we derive differential inequalities for the above quantities.

Lemma 3.1.3. Let (Toe, Vae), (Zai, Vai) @ = 1,2 be the solution to system
(3.1.2)-(3.1.3) with V(0) > 0. Then the functionals (X,V,A,) satisfy the
following coupled system of dissipative differential inequalities (SDDI):

(i) 1X] <V,
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(i) V < —Kmm%\[l’ Nz}zp(ﬁ/r)v + V2K /My (0)thas,

A 2M5(0)
A,-e> K| —=20
(ZZZ) v €= min{Nl, NQ}

@DM,
where e is a fired unit vector and the mazximal communication weights 1y,
represent the maximal value of communication between different groups, which

1s defined as follows:

Y (t) = Hzl.?X@/)(Hfsz — y]).

Proof. (i) The estimates for X follows directly from Cauchy-Schwarz’s in-
equality.

(ii) For the time-evolution of ||o4]|, we multiply (3.1.3) by 2v;; and sum
over ¢ =1,---, Ny to obtain

d Nl 2K Nl Nl
7 > llowl? = DD il — @ail) (i, 1 — B12)
i=1 i=1 j=1
N1 Ny
2K -
+t DO Wl — @uil) (i, Doy — B15)
i=1 j=1
N1 No

2K .
+ N Z Z V(|25 — ®13]]) (D15, V2 — V1)

=1 j—1
=: Loy + Log + Los.

(3.1.4)

Next, we estimate the terms Zy1, Zyo, and Zys, separately.

e (Estimate of Zy): We use the standard interchanging trick (i «» j) and
|21, — x1]] < V2X to obtain

N1 N
K R R 2K N(V2X) .
Iy = N E E (|l — @) oy — oul® < - N [[o1].
i=1 j=1
(3.1.5)
29
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o (Estimate of Zyy): We use

Dl2; = 21all) < s,

N1 N2 No
S loulllogl = (ZH%H) (ZH@QJ'H) < VNN |1 [|02]],
=1 j=1 7=1
to obtain

2K/ NiN,

Zopo < Tﬂw“%””%“ (3.1.6)

Ny
e (Estimate of Zy3): We use Z |v1i]] < v/ Ni||1]] to estimate

i=1
2K .
Tos < W¢MN2V Nif|ollvie — vaell- (3.1.7)

In (3.1.4), estimates (3.1.5), (3.1.6), and (3.1.7) are combined to obtain

- 2X K\/ 11V
Uonll o NV AN (ol /Nl — v
(3.1.8)

Similarly,

d||® KNyp(vV2X), . KyV/NiN. ;
Hdtzl\ s—%llvalH—vN”W (o1 + VN o1 = vae] )

(3.1.9)

Combining (3.1.8) and (3.1.9) yields

V< _Kmmg\][Vth} \/_X V4 = ‘/N1N21/1M771, (3.1.10)

where P; indicates

L= (ol + ool + (VAT + V)01 = v
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Furthermore, this term P; can be treated as follows:
(o[l + [[02]l + (/N + / No)[[v1e — vac])?
< A([[on]]” + [[0a]]* + (N1 + Na)[[v1e — va2c?)
< A([[0u]1* + 1Da]® + 2N [Jvsel|* + 2N [|vze 1)

o i T\ (3.1.11)
< 4 24V 9 iV 2 < —M t
< (Nl ||’l)1|| + N2 ||'UZ|| ) = miH{NlaNQ} 2( )
SN2
M5(0).

<
- min{Nl, NQ} maX{Nl, NQ}
Finally, (3.1.10) and (3.1.11) are combined to derive

b _Kmin%%, Nob (VB + 23K T (0) o

Here we used the elementary identity:

min{Nl,NQ} maX{Nl,Ng} :NlNQ. (3112)
(iii) We use the formulas for N;9;, and No®y,. in Lemma 3.2 to see

d _ N1 Na

E(vlc—v%) — xy])(vi; — vy;) -e. (3.1.13)

=1 j=1
In (3.1.13), we use the fact that ¢ (||ze; — x1;||) < ¢ to find

d 1 2
aAU e> Q/JMZZ lvii - e| + vy - e]). (3.1.14)
=1 j=1

Then, we use (3.1.12) and

N1 Na

YD (vii-el +[vs; - el) <Z (V/Ne|lva]| + Noflvsil])

=1 j=1

(3.1.15)
< N/ Nao|jva|| + Noy/Ny||vi]|
< \/2N1N2 max{ Ny, Ny} M5(0)
to obtain
d 2M5(0)
TNy e> Ky |22
dt €= min{ Ny, N2}¢M
O
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CHAPTER 3. EXISTENCE OF BI-CLUSTER FLOCKING

3.1.3 Well-prepared initial configurations

In this subsection, we present a class of well-prepared initial configurations
leading to bi-cluster flocking configurations. We now introduce parameters
and delineate a class S of well-prepared initial data:

S = {(xg, vo) € R*™ . (Cy0), (Co1) and (Cy2) hold}.

e (Co0)(Parameters): For some fixed unit vector e, the following param-
eters are chosen to be positive and satisfy:

N >3, 2a(e):=A,0)-e, Vy:=V(0),
X() = X(O), 7“0(6) = Hllén {(3311(0) - .’,132](0)) : 6} .

e (Col)(Small perturbations): The local velocity fluctuations are suffi-
ciently small to satisfy

Kmin{Nl,NQ} ee
2N X

Vo < V(v 2z)dz.

e (Cy2)(Close to bi-cluster): The initial configuration is close to the sum
of two big clusters, which are expected to have asymptotic bi-cluster
flocking; in particular,

o0 Oéo(e)V()

ap(e) > 4v2V,, e Y(z)dr < QﬂK\/W(O)’

where e is the same vector in (Cy0).

Note that e is just a fixed parameter for convenience. Condition (Cy0) says
that two groups are distinguished by a plane and moving against that plane.
Condition (Cypl) implies that the initial velocity perturbations are sufficiently
small, whereas condition (Cy2) is introduced to guarantee that initially two
local groups are close to the diverging two-particle system, which is the sit-
uation we mentioned at the beginning of this chapter. Moreover, note that
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(Col) only depends on Xy and V. If we choose 7y suitably large, (Cy2) al-
ways holds. This implies that the initial data set is non-empty. Of course,
the conditions (Co0) — (Co2) are sufficient condition as in the global flocking
analysis. In the sequel, for notational simplicity, we suppress h-dependence
on ap(e) and ro(e), i.e.,

ap = ap(e), ro = ro(€).

3.2 Analysis of the bi-cluster flocking phe-

nomenorn

In this section, we prove the non-trivial initial configurations stated in the
last section satisfy the desired bi-cluster flocking estimates.

For the proof, we use the continuity argument to show that the global
solutions satisfy the desired bi-cluster flocking estimates. More precisely, our
strategy combines the estimates in Lemma 3.1.3 with the continuity argu-
ment, which can be summarized in the following three steps:

e Step A: Introduce an admissible set of initial configurations S leading
to bi-cluster flocking configurations.

e Step B: Use the system of SDDI in Lemma 3.1.3 to show that the
desired bi-cluster flocking estimates hold for some finite time interval

0,7).

e Step C: By the continuity argument, T' can be extended to infinity.
Finally, conclude that the global solutions with initial data in S satisfy
the desired bi-cluster flocking estimates.

Each step will be discussed in the following three subsections.
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CHAPTER 3. EXISTENCE OF BI-CLUSTER FLOCKING

3.2.1 Some elementary estimates in finite-time

In this subsection, we provide estimates for the f-type functionals V and A¥
using the estimates given in Lemma 3.1.3.
First, note that for any ¢ and j,

min [[15(0) — 22;(0)]] = min {(21:(0) — 22(0)) - e} >0 > 0.
By the continuity of solutions, there exists T > 0 such that
Hlln Ha:h(t) — ng(t)H > apt + 19, for ¢t € [O, T) (321)
1/7.7

We now define 7* to be the supremum among all 7" satisfying (3.2.1). We
will show that T* = oo by the continuity argument.
Suppose not, i.e.,7* < oo. Then there exists 7o and jy such that

min [[24i(T7) — @;(T7)[| = [[215,(T7) — @25 (T7)[| = @0T" + 0. (3.22)
By the non-increasing property of ¢, we have
Dau(t) = max (|wa(t) — ws (1)) < vlaot + 7o), for any t € [0,7°),

In the following two lemmas, we will give uniform upper and lower bounds
for the functionals V and A, - e in the time interval [0, T*], respectively.

Lemma 3.2.1. Suppose that conditions (Co0) and (Co2) hold. Then we have
V(t) <2V, forte[0,T7].
Proof. From Lemma 3.1.3 (i7), we have

dV + Kmin{Nl, NQ}
dt N

V(V2X)V < 2V2K /Mo (0)¢ (et +10)  for ¢ € (0,77,

Integrating the above inequality using Lemma 3.1.3 (i), we obtain

v+ & mm%\“’ N} (\/éx)dx( .
%o 3.2.3

< V(0) + 2v2K\/My(0) / " lat + ro)dt
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CHAPTER 3. EXISTENCE OF BI-CLUSTER FLOCKING

for t € [0,7*]. By condition (Cy2)(i7), we know

V2K /M. /waot+r0t 2\/_KV /w (t)dt < Vy.

Thus we have V(t) < 2V, for t € [0,T%]. O

Lemma 3.2.2. Suppose that conditions (Cy0) and (Co2) hold. Then
('Uh’(t) - ’l)gj(lf)) - e > Qp, fOT’ V’L,j andt € [07T*)

Proof. Tt follows from Lemma 3.1.3 (zii) that

- 2M5(0)
A, e> Ky ———~2 t for ¢ T*.
vi€Z min (R, ) Vot Fro) for £ € 0.7
This yields
Av(t) e > 20— K mln{Nl,NQ} w oot + To)dt for t € [0 T*]

We now use the condition (Cy2) to obtain

2M5(0

2M,(0) o
mln{Nl,Ng} / Ylaot +ro)dt < Qg I / vloydr <5

min{ Ny, No} /., 2
Then, this and the condition (Cy0) yield
N N 3
(1) = v;(1)) - € = Au(t) - € + (913 — Do) - € > S — V2V(1) > ag

for t € [0, T*], where we used Lemma 3.2.1. Thus we complete the proof. [

Therefore, on the time interval [0, 7], V(¢) has an upper bound and A, -e
has a lower bound. Finally, we show that 7" = co and obtain the bi-cluster
flocking estimates.
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CHAPTER 3. EXISTENCE OF BI-CLUSTER FLOCKING

3.2.2 Bi-cluster flocking estimates

In this subsection, we study the emergence of bi-cluster flocking groups in
the C-S model.

Theorem 3.2.1. Suppose that conditions (Cy0), (Col), and (Co2) hold. Then,
we have
T* =00 and bi-cluster flocking estimates.

More precisely, the following estimates hold:

(4) n;lijn |21i(t) — 22;(t)|| > aot + 10, t € [0,00),
(i33) V(t) < O(1)(1+t)" as t— oo.

Proof. (i) If T* < oo, by the definition of supremum there exist ig, jo such
that (3.2.2) holds. On the other hand, it follows from lemma 3.2.2 that

(v1:(t) — v2(t)) - e > g fort € [0,77]. (3.2.4)
Then, (3.2.4) and the condition (#0) yield
122 (T7) = @55 (T7) || > |(21:(T7) — 22;(T7)) - €]

— |(@(0) — @2,(0)) - e + / " lwnlt) — vay(t)) - it

> agT™ + 1o,
for all ¢ and j. This contracts (3.2.2). Thus T* = oo and

n;%n |21 (t) — @2;(t)|| > ot + 19 for t € [0, 00).
(ii) From the above proof, we know
Y (t) < (apt +1r9) for t € [0,00).

Using the same method as in Lemma 3.2.1, we get

: X(t)
vi) + T [T
20 (3.2.5)

< Vo 4 2v2K+/M,(0) /Oo Y(aot + o)dt
0
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for t € [0,00). Since condition (Cypl) means that there exist X, > 0 such

that
_ Kmin{Ny, No} [*™

N X

2V, (v 2z)dz.

Using (3.2.5) and condition (Cy2), we obtain the following for any time ¢ > 0,

K min{Ny;, Ny} X(t)w(\/ﬁx)dx < K min{Ny, Ny} [*u

~ . N . »(V2r)d.

Thus X (t) < Xy for ¢t € [0,00). It is worth to mention that this Lyapunov
technique will play key roles to prove the boundedness in other chapters, too.

Kmin{Nl, NQ}
N

V < =BV + 2V2K /My (0)eh(agt + 7o)

(iii) Define fy := »(V2X ). Using Lemma 3.1.3(ii), we get

for t € [0, 00). We use Lemma A.0.1 in appendix to conclude that

V() < Voo 4 2\/§K\/];4OQ(O)¢(TO)6_@t N 2\/§KB\0/M2(0> 1/1(% F o)
<OMA+t)7" as t— oo
(3.2.6)
[

Remark 3.2.1. From the result of Theorem 3.2.1, the relative position be-
tween two clusters goes to oo, and each cluster is bounded and the velocity
differences in each group tend to zero asymptotically. This means that the
bi-flocking phenomena occurs under conditions (Co0), (Col), and (Co2). Fur-
thermore, we can show each agent’s velocity tends to a constant depending
on the full history of solution.

Next, we study the convergence rate of vy; and wvy;.

Theorem 3.2.2. Suppose that conditions (Cy0), (Col), and (Co2) hold. Then
there exist v{°, V59 and positive constants Cy and Cy such that for any 1, ],

Cl(l—i‘t)_(ﬁ_l) S H'l)li(t)—'vi)zn+||’02j(t>—’U§2H S Cg(l—i‘t)_(ﬂ_l) as t — oo.
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CHAPTER 3. EXISTENCE OF BI-CLUSTER FLOCKING

Proof. Note that vy satisfies

N1 N2

d’Ulc K
o = m;jzlib(ﬂwzj — 1]]) (vy; — vui).- (3.2.7)
Integrating (3.2.7) from 0 to ¢ yields
K N1 Na t
v1e(t) = v1c(0) + NN > Z/ U([[@;(s) — @1i(5) ) (v25(s) — vuils))ds.
i=1 j=10
(3.2.8)
By letting t — oo in (3.2.8), the asymptotic limit {2 is given by
K Nl N2 o0
v im0+ 5y 2> [ wllen(n)  @u(m) D es(r) - vu(n)dr
i=1 j=170
(3.2.9)

o Case A (upper bound estimate): Subtracting (3.2.9) from (3.2.8) and taking
the /2-norm yields

N1 Nz

[oret) — 032 < WK}VZZ / T ey (r) — (1) Doy (7) — vaa(r) .

i=1 j=1

Again, we use
U(|[e2; — m14l|) < (aot +710), v — vul| < /2M>(0)

to obtain

lv1e(t) — vl <

K Nor/2M5(0) [ 1 ]
N / ( T

1+ agr + 1ro)?
. KN2 2M2(O) <1 Qp t)(ﬁl)
N a()(/@ — 1)(1 + 7"0)’871]\[ 1 + To '

Thus, we have
[vic(t) — v32|| < O(1)(1+¢)~ . (3.2.10)

Then, (3.2.6) and (3.2.10) yield the desired estimate:
[01:() = Vel < [lost) = v + [[vie(t) — vl
< V() + [[vie(t) — 7l (3.2.11)
<O +1t)"F Y ast — .
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Similarly,
Jvg;(t) — v < O()(1+1)"P Y ast — oo, (3.2.12)

Hence, by combining (3.2.11) and (3.2.12), we obtain the desired upper esti-
mate.

o Case B (lower bound estimate): Define Ry := max ||x;(0) — x2;(0)]]. It is
easy to see

[1i(2) — @5 ()| < ||am(0>—wzj(O>||+/0 [01i(7) = vo;(7) | d7
< V/2M5(0)t + Ro.

We use (3.2.13) and Lemma 3.2.2 to obtain

KNQOCO ee
Vic(t) — vl > 2M5(0)T + Ro)dt
[v16(t) — o7 N ) VL0 + ) (3.2.14)

> 10)|(1+8)"% Y ast — oo

(3.2.13)

Again (3.2.14) yields

[o15(t) = v3Ell 2 [v1e(t) = vl = [[vn(t) — vie(t)]]
> Jlvie(t) — o5 — V(1) (3.2.15)

> 10|14tV ast — 0.
Similarly, we have
[wa;(t) — v3el] = [OM)|(1+1)"PD ast — occ. (3.2.16)

Finally, combining (3.2.15) and (3.2.16) yields desired lower bound estimate.
[

3.3 Numerical simulations

In this section, we provide several numerical simulations for the emergence
of bi-cluster flocking and compare them to the analytical results in the pre-
vious section. For the numerical implementation, we employ the fourth order
Runge-Kutta method. The parameter values in (3.1.1) are as follows:

At=0.01, Ny=Ny=5, p=2, d=2,
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and we set
Xo=0.2, Vy,=0.0125,
e=(1,0), 7o=313.9107, ap=10, M,y(0)=2.5031.

Under these conditions, (Col) and (Cy2) are satisfied. All initial positions

and velocities in Figure 3.1 are generated randomly from the information r,
Xy, ag, and V.
In Figure 3.2, we simulate the dynamics of X and V measuring the local
fluctuations around the local averages depending on different choices of the
coupling strength. We plot four simulations in X —¢ and logV —logt scale to
show the algebraic decay toward zero. Clearly, the exponential decay rate is
proportional to the coupling strength. In Figure 3.3, we simulate the dynam-
ics of A, and A, measuring the differences between local averages depending
on four different values. As noted in the analytical results in Theorem 3.2.1,
A, grows at least linearly, whereas A, stays away from zero. The local ve-
locity averages converge algebraically to constant values, as we can see Al
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(a) Initial spatial distribution x (b) Initial velocity distribution v

Figure 3.1: Initial position-velocity distribution
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(a) Dynamics of X
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Figure 3.2: Dynamics of local fluctuations for K=0.5, 1, 1.5, 2.
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Chapter 4

Multi-cluster flocking in terms
of coupling strength

In this chaper, we are interested in the existence of a positive critical coupling
strength that can be formally defined as follows.

Definition 4.0.1. For a given initial configuration zy := (g, o), a non-
negative constant K. = K.(zo) is the critical coupling strength for mono-
cluster flocking if and only if the following two criteria hold.

1. If K > K., then the initial configuration zy tends to a mono-cluster
flocking configuration asymptotically.

2. If K < K., then the initial configuration zy does not tend to a mono-
cluster flocking configuration asymptotically.

To see the role of the critical coupling strength, we first consider a two-particle
system on the real line R:

j:l = 1, j:2:v27 t>07 L, U ER?

U = 31/1(|1’2 — x1])(v2 — 1),

(4.0.1)

Uy = 5¢(|$1 — Za|)(v1 — v2),

(24,v:)(0) = (20, vio)-
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Then, Proposition 2.2.1 and Corollary 2.2.1 implies that if we define

_ |vo

Kc . oo g
T oy

then K > K, implies flocking two particles, and K < K, implies separating.
Therefore, we know the complete information on two particle system on the
real line.

Note that Theorem 2.3.1 yields a sufficient condition for mono-cluster flock-
ing. Through similar analysis, we present two coupling strength conditions
for more general case; One is the condition for totally separating particles,
and the other is the condition for multi-cluster flocking. These values mean
lower bounds of the critical coupling strength, and will be displayed for exam-
ple cases by numerical simulations. It looks quite difficult to cover the whole
cases since the mono-cluster flocking states are already equilibrium state,
so that they flocks even for K = 0. However, it has been shown that local
flocking, especially bi-cluster flocking, can emerge from some well-prepared
configurations close to bi-cluster configurations in the previous chapter. The
use of infinite-norms is the main difference while the methods are similar as
in Chapter 3, which allow us more general configuration on position using
the time stamp Tp. This chapter is based on the joint work in [42].

4.1 Necessary condition for mono-cluster flock-
ing

In this section, we provide a framework for the non-existence of mono-cluster
flocking and state a necessary condition for the emergence of mono-cluster
flocking. In order to achieve non-flocking configurations, we follow a scenario
that every particle with different initial velocity does not flock each other.
This is more restricted situation than non-flocking situation.
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4.1.1 Framework and main result

First, we will introduce a framework for the non-existence of mono-cluster
flocking. In the same way as in Chapter 3, let G := {(@i0, vi0) }; be an
initial non-flocking configuration of an ensemble of C-S particles. To avoid
technical difficulties, we group particles as its initial velocities. In detail, we

set sub-ensembles Gy, - - - , G,, of the total ensemble G according to the initial
data: fora =1, --- ,n,
(maia vai)? (waja vaj) € ga — Vaio = Vajo, |Qa| = Na. (411)

We will use the simplified notation vy := mm+N" for the number of particles.
Since we need the initial configuration which is not in a mono-cluster

flocking state, we assume n > 2. Then, the original system (1.0.1) can be
rewritten as

(4.1.2)

Z

P2 Ol (t) = 2as(®)]) (ar() — vai(®)),

(24i(0),v4i(0)) = (Taio, Vaio)-

We also introduce local averages and local fluctuations as in Chapter 3:

1 1
Loc = E Lai, Vace = E Vo
Ny £ No £ (4.1.3)
i=1 i=1
Loi = Lai — Lac, Vai = Vai — Vac-

Note that the relations (4.1.1) and (4.1.3) imply that
[6a(O)lln =0, a=1,n. (4.14)

Next, we describe the geometry of the initial separation between the sub-
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ensembles. For a given initial configuration (xq,vy), we set

1
Ao(xg, vg) ;= —min [|v3.(0) — vac(0)||, D(xg) := Tgro — Taioll,
0o, vo) == 5 1min [|v5.(0) = vac(0)[l, Do) := max s — Lo
(ﬂlﬁko - waio) : (’Uﬁc(o) - ’vac(O))
Ty (20, vo) = {0,— }
ol@o, o) = max, A

(4.1.5)

For notational simplicity, we suppress the (xg,vo) dependence of Ay, Ty, Ko
as follows:
)\0 = )\0(([30, ’UQ), TO = T()(ZB(), ’Uo).

Next, we introduce a coupling strength Ky := Ky(xo, vo) depending on the
geometry of the initial configuration (xg, vy).

e If the initial configuration satisfies

ﬁ%i‘l,k (wﬁk<0) - wai(o)) ’ (vﬂc(o) - vocc<0)) < 07 (416>

then, we set
)\2

12(1 — 7y) \/WWJHD(M
6(1 — ) \/7@0
(1 = n)/2M(0)1(0 ( (o) +\/WT0)}'

K()(mo, ’Uo) = min {

(4.1.7)
e If the initial configuration satisfies
min (@3(0) — 2i(0)) - (03:(0) ~ vae0) 20, (418)
then, we set
Ko(xo,vo) == Al : (4.1.9)
6(1 — )/ 2M2(0)[|9]] 1m0
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Before we state our first main result, we comment on the conditions on (4.1.6)
and (4.1.8) as follows. In the absence of flocking coupling, i.e., K = 0, the
free flow (4.1.2) with K = 0 yields

(80i(8), 05:(1)) = (V0e(0), 05(0))  and
(ai(t), 2pi(t)) = (Taio + t0ac(0), Tgio + tvp(0)), t>0.
Thus, we have
(@ar(t) — Tai(t)) - (Vae(t) — Vaclt))
= (fB,BiO - maio) ’ (UBC(O) - 'UocC(O)) + t|'UBC(0) - va0<0)|2~

Note that since v.(0) — vac(0) # 0, for sufficiently large ¢ > 1, we have

(@31 (1) = ®ai(t)) - (Vge(t) = Vac(t)) > 0,

and we can reasonably estimate that a similar result will be obtained in
a small-coupling-strength regime. This plausible scenario will be verified in
Section 4.1.3.

We are now ready to state our main result as follows.

Theorem 4.1.1. Let (x(t),v(t)) be a global solution of (1.0.1) with initial
data satisfying the following condition:

max || vy — vjol| > 0.
i#]
Let Ky be a parameter defined in (4.1.7) and (4.1.9). If K < Ky, we have

min sup ||@q;(t) — xgr(t)|| = oo, min liminf ||v,;(t) — vgr(t)]| > 0.
in sup (1) — o (1) min lminf [o,(6) — v (1)
In other words, mono-cluster flocking does not occur asymptotically. More-
over, all sub-ensembles are well separated.

Remark 4.1.1. We now compare the results of Theorem 4.1.1 with the re-
sults on bi-cluster flocking formation presented in Chapter 3 as follows. Here,
we will only concentrate on the condition related to the upper bound of K in

Chapter 3:
Aol|Daol|

NS L) [ )i
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where 1y 1s the initial spatial separation of two groups. First, because of the
term || Va0l in K, Chapter 3 cannot include the ||Vao|| = 0 case, which seems
to be the most reasonable case.

Second, in Theorem 4.1.1, Ky does not appear with ry, since we do not
want to restrict the initial condition to the case of “initially separating”:

nggk (25:(0) — 24:(0)) - (v5e(0) — v4c(0)) > 0.

For this problem, we assign sufficient time Ty to obtain well-organized sep-
arating data. Moreover, we can get a better value of Ky in Theorem 4.1.1
when each group is separated initially.

4.1.2 Dynamics of local averages and fluctuations

In this subsection, we provide estimates of the local averages and fluctuations
defined in (4.1.3).

Lemma 4.1.1. Let (€4;(t), vai(t)) be a solution of the system (1.0.1). Then,
the local averages and fluctuations satisfy

Toc(t) = Vaclt), t>0, a=1,2--n,
K Ns N

baclt) = 33 D0 20 D bll@aelt) = @i (031(t) — vai )

@ B#a k=1 i=1

(4.1.10)
and
(&0,(1) = Doi(t), >0, a=1,---,n, i=1,2--- N,
ba(t) = ~Bclt) + 1+ S b(leslt) — 2 (1)) (Bus(t) — 8i(1)
k=1
o 2 bllan(t) — 2D (038(0) — as(0).
\ p#a k=1

(4.1.11)

The proof of Lemma 4.1.1 is basically same as in Lemma 3.1.2.
In the following proposition, we derive the estimates of the time deriva-
tives of ||vae|| and || 04|
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Proposition 4.1.1. Let (mm(t),vm(t)),oz = 1,---,n be a solution of the
system (4.1.2). Then, for any o, we have

Hdvac H<K1—’yN \ 2 0 (t), a.e., t €0,00),
© ) ||va( M2,00 < 2K (1 —vn5)/2M2(0) s ()

where oy (t) = max (|l@s(t) — 2ai(t)])-

Proof. (i) We use the equation (4.1.10) in Lemma 4.1.1 and the relation

g1 () — vai (1) < V/2M2(0). (4.1.12)

(77) For any t > 0 and a € {1,--- ,n}, by the analyticity of @,;(t) and v,;(t),
the solution is analytic, so that ||0,(t)]|2,. is piecewise differentiable. There
exists a set of times {t;} satisfying

O=to<ti <, <tp, <---,
|0a(t)]]2,00 is differentiable in (ty_q1,t;), k=1,---,

where we can choose i € {1,--- , N} to satisfy

[0a(B)ll2.00 = [[0ai(1)]] (4.1.13)

in the time interval (tx_1,tx). We directly multiply the second equation of
(4.1.11) in Lemma 4.1.1 by 29,,(t) to obtain

d[[Da ()30

% = 2 {0(1), Baclt))

4 2 S Ukl — Tarl1)]) (1), k) — (1)

+ 2SS sl — oDl D). v (1) — w00

B#a k=1
=Ty + 1o + 1.
(4.1.14)
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The remaining parts are similar to Lemma 3.1.3 as follows.
e (Estimate of Z;;): We use the estimate (i) of ©,.(t) to get

1 Z11 (8)] < 2/[0ai ()] Dac(t )H

(4.1.15)
< 2K (1 — )V 2M2(0)¢nr ()| 00 () [|2,00-
e (Estimate of Z;5): We use (4.1.13) to get
(Dai(t), Dar(t) = Dai(t)) = (Dailt), Dar(t)) — [0ai(t)]”
< [Bai@)(loar (O] = [[0a:(E)1])
< 0.
This yields
T1»(t) < 0. (4.1.16)
e (Estimate of Z;3): We have
Tus(6)] < 20 (N = Na) v/ ENE 0] (1) [ )
AT Ua ,00
13 N m(f 2 (4.1.17)
< 2K (1 — ) v/ 2M2(0)¢har () |90 ()| 2,00-
Substituting (4.1.15), (4.1.16), and (4.1.17) in (4.1.14), we get
)90 (t)]3 0 (0
d 2 <4K 1 —’}/N wM Hva HQOO
We now divide it by 2|94 (t)||2,00 to obtain the desired estimate. O

4.1.3 Non-existence of mono-cluster flocking

In this subsection, we will provide the proof of Theorem 4.1.1. First, we
briefly outline our strategy as follows. The proof of our main results can be
split into three stages. For a given initial configuration (g, vo),

e Initial stage (from mixed configuration to segregated configuration):
there exists Ty > 0 such that

(mﬁk(TO) - wai(T(])) : ('Uﬁc(TO> — 'Uac(T())) > 0.
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e Intermediate stage (from segregated configuration to close to non-mono-
cluster flocking): there exists T* > T such that

. Ao .
min, {(vﬁk(t) — va(t) - %} > S forall t € [Ty, "),

Je(6) ~ @il 2 (¢ = Ty),

where eg, is the unit vector in the direction of vg.(Tp) — Vac(Th)-

e Final stage (emergence of non-mono-cluster configuration): finally, we
show that
T =00

and obtain the non-existence of mono-cluster flocking.

Emergence of segregated configurations

In this subsection, we will show that the configuration at time Tj is well
segregated:
Api,ai(To) 2 0, (4.1.18)

where Aﬁk@i(t) = (azﬁk(t) — wm‘(t)) . (’U@c(t) — ’Uac(t)).

Recall that A )
L . Bk,ai
T e - g0

In what follows, without loss of generality, we assume that
Apkai(0) <0 sothat Ty > 0.
Otherwise, Tp = 0 and the desired estimate (4.1.18) holds trivially.

Lemma 4.1.2. Let (x(t),v(t)) be a global solution of (1.0.1) with non-
flocking initial data (g, vo). If the coupling strength K satisfies
K< il :
16(1 — ) v/2M2(0)1(0)Ty
then, the following estimates hold: for t € [0, Ty],

15X
8 )

X

[vge(t) — vac(t)]| = 2

B#a, and [va(t)]l200 <

50
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Proof. (i) It follows from Proposition 4.1.1 and the non-increasing property
of 1 that for any a € {1,--- ,n},

dac
Hv H<K1—7N\/ 0)¢m (1) < K(1 —vn)v/2Ms(0)9(0

Thus, for all g # «, we have

d(Vge(t) — Vac(l
|00 2l < 51— ) 2T O
We integrate the above inequality directly from ¢t = 0 to t = Tj to obtain

|(IvﬁC(t) - 'vOéC<t)) - (U,BC Uozc )‘ < 2K - ’YN \/ ¢ T07

for t € [0, Tp).
By the assumption of K, we can obtain

H'Uﬂc(t) - vac(t)”
> [[95e(0) = vac(0)]| — || (vpe(t) = vac(t)) — (v5e(0) — vac(0)) ]|

> ||v5e(0) = vac(0)|| — 2K (1 — yv)v/2M2(0)1(0) T

) A
> En;ig H'UEC(O) - Ua0(0)| -2

8
S 15)\07

t €10, To],

where we have used the relation (4.1.5).

(i1) By Proposition 4.1.1, for any o € {1,--- ,n},

%H'f)a(t)ﬂg,oo < 2K (1 —yn) v/ 2Mo(0)ar(t)
< 2K(1 — yn)v/2M(0)1(0)

We integrate the above relation over [0, 7] and use the assumption of K to
get

1Va(t)]l200 < [|Pa0l]2,00 + 2K ( 1—'yN \/2 0)1(0)Ty, for all t € [0, Tp)

)\
= 2K(1 — yx)/2M5(0)1(0 T0<—

where we have used the relation (4.1.4). O
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Lemma 4.1.3. Let (x,:(t), vai(t)) be a global solution of (1.0.1) with non-
flocking initial data (Tai0, Vaio)- If the coupling strength K satisfies

K< min{ Ao
o 6(1 — ’)/N)\/ 2M2(O)’¢(0)TO

S

(1 = 1) VEILO)0(0) (Dleo) + v 2ME0)T) }

then, we have

min Agyp qi (1 0.
smin A, (To) =

Proof. For the desired estimate, we claim that

d
—Agroi(Ty) > N2 4.1.1
Jmin o shai(T0) = Ay (4.1.19)

Proof of claim (4.1.19): For ¥ t € [0,T¢], o # 3, and 1, k,

o546 = o8] = (30 = Z) + | (w10(5) = vea(s)) s

< ||k — ®aio|| + /2M2(0)T,
< D(zg) + /2M5(0)Th,

where we have used (4.1.12). By Lemma 4.1.2 and the assumption of K, we
obtain

d

thBk w( )

=(vgr(t) — Vai(t)) - (Vge(t) = Vac(t)) + (2ar(t) — 2ai(t)) - (Vpe(t) — Vac(t))
—((war() = v3elt) + (V3elt) = V() + (V5(E) = vailt))) - (V3elt) = vacl?))
+ (@an(t) = @ailt)) - (95elt) — Dact))
>[[03e(t) = acOl (1956() = Vaelt) | = [1036(t) = ve(D] = [Vai(t) = vac(D)])
— ek () = @i (1) [ 03e(t) = Dacl?)]
15,15 )
> 2(3 - 8)/\ —2K< \/7T0>1_’YN )v/2M5(0)3(0)
> Al
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We now integrate the relation (4.1.19) to obtain
Aprai(t) > Aprai(0) + Mt, ¢ € [0, ).
Then, the defining relation of Ty in (4.1.5) implies that
Aprai(To) > Aprai(0) + AoTp > 0.

We now take the minimum over «, 3,4, and k to obtain the desired result. [J

Proof of Theorem 4.1.1

In this subsection, we provide the proof of Theorem 4.1.1. For simplicity, we
set a normal vector in the direction of vg.(Th) — Vac(T0):

o Vge(To) — vac(To)
P vpe(To) — vae Do)

By Lemma 4.1.2, eg, is well defined. Define

A
15 = sup { T € [72,00) min, ((0(0) = 0a(0) - €30} > 5
o B ik 2 (4.1.20)

for all t € [TO,T)}.

Lemma 4.1.4. Let (x(t),v(t)) be a global solution of (1.0.1) with non-
flocking initial data (g, vo). If the coupling strength K satisfies

Ao
16(1 — v ) /2M>(0)2p(0) Ty
A5

(1 = )/ 23E(0)(0) ( D(wo) + /20 (0)T0)

Kgmin{

then, we have

Ty > Ty and du() <o(20-T) for te DTy,
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Proof. (i) It follows from Lemma 4.1.2 that

(Uﬁk(TO) - ”ai(To)) " €8q
2 [[vse(To) = vac(To)|| = [[0a1(To) | = [[0ai(T0)]]

15 1 1 Ao
> (== =
= (8 8 8) o>
Thus, there exists oy > 0 such that
Ao
<’Uﬁk(t) — ’Uoci(t)> * €Ba > ? for all t € [To,To + 50]

Hence, we have
,_2—8< > T.

(ii)) We use Lemma 4.1.2 to obtain

261 (1) — Zai(t)]| > (2s1(t) — Tai(t)) - €ga
= (x1(T) — ai(Th)) - €pa

t
+/ (vaK(s) — Vai(s)) - €gads
To
Ao .
> ?(t—To), t e [T(),TO).
Thus, by the non-increasing property of ¥(t), we have

Yar(t) < w(%(t —Tp)), for all t € [Ty, Ty).

Hence the conclusion holds.

]

Lemma 4.1.5. Let (x(t),v(t)) be a global solution of (1.0.1) with non-

flocking initial data (xo,vo). If the coupling strength K satisfies

. Ao
A< min { 16(1 — v )/2M5(0)0(0) T,
)\2

0

(1 = 7a)v/2M5(0)3(0) <D(:c0) + \/WTO> }>
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then, the following estimates hold: fort € [Ty, Ty),
. 2K
(D) Nvac(t) = vaclTo)l| < =1 = ) V2ALO) ¥l s,
i . . 4K
() [[a(®)ll200 < [[0a(To) 200 + =1 = )V 2M(0) [0 2R -
Proof. (i) By Proposition 4.1.1 and Lemma 4.1.4,

| 22O < s~ ) VaRBO (20 - 7).

We use the above relation to obtain

2K
[vac(t) = vace(To)ll < 5= (1 = 1)V 2Ma(O)[¥ll 2 g, for all # € [To, Tg).

(17) By Proposition 4.1.1 and Lemma 4.1.4,

WoelOlace < pc(r — ) 2B (24 - T)):

We use the above relation to obtain

N . 4K .
00 ()20 < [|Da(T0)][2,00 + )\—0(1 — )V 2Ma(0) [¥|| 1wy, VE € [To, T7).

]

We are now ready to provide the proof of Theorem 4.1.1 as follows.

Proof. (Proof of Theorem 4.1.1) Let (x(t), v(t)) be a global solution of (1.0.1)
with non-flocking initial data (@q, vo). If the coupling strength K satisfies

K < Ky,
then, we claim that
Ao
i v t—'vm-t>-ea>—,
anin (vse(t) = vailt)) - €0 > 5

\ (4.1.21)
[k (t) — 2ai(t)]] = 7°(t —Ty), te(Tp00).
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For the proof of the above claim, we consider two cases:

either To(wo,’vo) >0, or To(iﬂo, ’UQ) =0.

e Case A: Suppose that
To(wo,’l](]) > 0.

Then, it follows from the arguments in Lemma 4.1.4 that
15 > To.
Suppose that
Ty < oo.
Then, by definition in (4.1.20), there exist 8 # a, i, k such that

(vr(T5) — vai(Ty)) - €pa = % (4.1.22)

On the other hand, it follows from Lemma 4.1.5 that

(v51(T5) — vai(T5)) - €pa
= [(’UBC(TO) - ’Uac(To)) + (’Uﬁk(TJ) - v,@c(TO*)) + (Uﬁc(T(;k) - Uﬂc(To))
— (0ai(T5) = vaelT7)) = (Vae(T5) — vac(Th))] - €pa
> [[vge(T0) = Vac(To) || = [[vpe(T5) = ve(To)l| = [Vac(T5) — Vac(To)]]
— 198 (T5) 1| = 190:(15) |
2 [[vge(To) = vae(To)ll — 105 (1) || — 196i(15)

12K
- )\—0(1 —IN)V2M(0)|Y | Lt ey
13\ 12K
> 220 2 (1 )V 2Me(0) |9 e

8 Ao
13X Ao
>0
> ] 0 9 )

where we have used the assumption of K. This contradicts the inequality
(4.1.22). Thus, we have Tjf = oo and the desired estimate (4.1.21).

e Case B: Suppose that
T()(iB(), 'U()) = O

o6
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In this case, recall that
_ Al |
6(1 — )/ 2Ma(0)[[¥ ]| 11 =y

Then, for K < Ky, we use arguments similar to those in Case A to obtain

Ko

vk (t) — vai(t)]] > X, forall ¢ >0,
sk (t) — @ai(t)|| > Aot, for all ¢>0.

Finally, it follows from Case A and Case B that the proof of Theorem 4.1.1
is complete. O

4.2 Emergence of multi-cluster flocking

In this section, we present the emergence of multi-cluster flocking for the C-S
model (1.0.1). In the previous section, we divided the particles into n sub-
ensembles, Gy, -+ ,G,, according to their initial velocities, and we showed
that for a small coupling strength K < K, any two different particles in
different groups do not flock. Thus, it is natural to ask whether two different
particles from the same group will flock in a small-coupling-strength regime.
In what follows, we will focus on this question by allowing the initial veloci-
ties of different particles in the same group to be slightly different.

Consider a C-S flocking system with n sub-ensembles G, a =1,2,---  n:

Cbai(t):’vai(t>7 t20> a:1727”'7na izl?"'aNaa

Bui(t) = 37 22 Ulanlt) = i) (oor(8) = vai() (12.1)

N % SN wllzan(t) — zai ) (var() — vai(t)).

B#a k=1
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4.2.1 Framework and main result

As in Section 4.1, we define parameters \g and 7 related to the separation

of each sub-ensemble:

1
Ao 1= 5 min [[05e(0) — vac(0)],  and

/ P(s)ds = 8 VNAO mln »(2x)dx.

TN)V/ 2 [ (0)]l2,00

Next, we state our framework (C;) for multi-cluster flocking as follows.
Note that we allow [|0,(0)]|200 #0 for a=1,---,n

e (Cy1) (restriction on initial configurations): The initial configuration is
well separated in the sense that

& min (@ — Ly . 'vgc(()) ~ Vae(0)
4’ ,B;éa,i,k< sk (0) M(O)) |v5(0) = vac(0)|| —

max [[96(0) 2. <

e (C12) (restriction on coupling strengths): The coupling strength takes
an intermediate value in the sense that

K < K < K,

where

2]|94(0)l2.00 }
TN wa 0)ll2,00 P(2z)dr )’
K, = min{ — 2% }

B i o) o ¥ (20)

Theorem 4.2.1. Suppose that the framework (Cy) holds, and let (€4 (t), Vai(t))

be a solution of the system (4.2.1) with initial configuration (a0, Vaio)-
Then, we have the following estimates:

K :max{

«

(0) gmin ) ~ 2] > 1o+ ol
(17) there exists x2° such that ||Za(t)]c < 227,

(2230t Aot
111) [|[04(t)]]2.00 < C, max e’m22 , rg—i-—o ,  ast— 4oo.
’ 2

In other words, multi-cluster flocking emerges.

o8
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Remark 4.2.1. 1. In Section 4.1, from the classification, we know that
|04(0)]|200 = O for any a € {1,--- ,n}. Thus, the initial assumption of
velocities in the above theorem is satisfied naturally.

2. Note that our assumption of the initial space difference o is crucial. We
cannot predict the phenomenon of multi-cluster flocking without the assump-
tion of distance since the communication weight 1 highly depend on the dis-
tance. This phenomena is well described in [42] with an explicit example.

3. As in Remark 4.1.1, we compare the results of Theorem 4.2.1 with the
results on bi-cluster flocking formation presented in Chapter 3 as follows.
In Theorem 4.2.1, we discuss multi-cluster flocking, which can include the
bi-cluster flocking result presented in Chapter 3 with similar requirements
of Ao, |0a(0)]], and K. Moreover, we can get a better condition for K, as
explained in Remark 4.1.1. Because of the term ||0,(0)||, Chapter 3 cannot
include the ||0,(0)| = 0 case, which seems to be the most reasonable case.

4.2.2 Dynamics of local averages and fluctuations

In this subsection, we study the time evolution of the local averages and
fluctuations.

Proposition 4.2.1. Let (mai(t),'uai(t)),a =1,---,n be the solution of the
system (4.2.1). Then, we have
d||Za(t)|]2,0

@) | 22D < 01— ) VaRBOw ). DEDle <y 1)), .
(i) Welloce < g 2 (0. 90Dl
+2K(1—7n) v/ 2Ma(0)n (t),

where v (t) == max, ¥(l@a(t) = ai(t)]):

Proof. (i) We can get the estimates from arguments similar to those in Propo-
sition 4.1.1. The first estimate is obvious. By the analytic property of @,;(t)
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and v,,(t), we may assume and choose ¢ € {1,---, N,} with
€0 (t)]]2,00 = [|1&ai (£)]];

when we consider differential equations. By Lemma 4.1.1 and the Cauchy
inequality, we have

d||Zai (1)

7t = 2(Zai(t), Vai(l)) < 2||Zai(t)]]||vas(t) ]|

< 2”5%&@'(75)”2,00”’&&(75)”2,00-

Thus, we have the second estimate.

(#7) In the same way, we can assume and choose i € {1,--- , N,} with

[0a(t)ll2.00 = |Dai(t)]]-
We use Lemma 4.1.1 and multiply (4.2.1), by 20..(t) to get

d||Dai(t)]]*
dt

- % Za w(Hmak(t) - wal(t)H)<,boﬂ(t)a lbak(t) - ’lAJm(t»

4 2SS bl (t) — 2o o 8). v (1) — w0 (0)

Ba k=1
= 2(0ai(t), Vac(t))

< 2K w9 (2] @0 (t)ll2.00) 106 (B)]15 50
+ AK(1 = n) v 2M2(0)n (8[| 0a(1) 200

Thus, we have the desired result. O]

4.2.3 Proof on multi-cluster flocking

In this subsection, we prove Theorem 4.2.1, the emergence of multi-cluster
flocking configurations for C-S dynamics.
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Definition 4.2.1. Define

Ty == sup {T > 0’ B;nink (vp(t) — Vai(t)) - €pa > Ao, t€[0,T)}, (4.2.2)

where €a, is the unit vector in the direction of v5.(0) — v4(0):

oo 00) = v(0)
[98e(0) = Vac(0)]]
Lemma 4.2.1. Let (x0i(t), vai(t)),a =1, -+, n be the solution of the system
(4.2.1) with initial data satisfying (C11). Then, we have

Y >0 and Yu(t) <P(ro+ Aot), te[0,17).
Proof. (i) By the assumption of (C;1) for the initial data, we have
_ . . 3
(v64(0) = vai(0)) -€ga > [[054(0) = vas(O)[| = 95k ()| = 1Di ()] = SAo > Ao.
Thus, we can conclude that 77 > 0.
(i7) By the initial assumptions, for any § # a, 1 <i < N, and 1 < k < Nj,
1255 (t) — i (D) = (31 () — ai(t)) - €pa
t
— (@(0) = 2ui(0)) 0 + | (3n(5) — vus(5)) - Epads
0
> 19 + Aot, tE[O,Tl*).

Thus, by the non-increasing property of ¢ (t), we have the conclusion. O]

Lemma 4.2.2. Let (ar;m(t), vm-(t)) ,a=1,---,n be the solution of the system
(4.2.1) with initial data satisfying (C11). Then, we have

(0) oclt) = 0acl0)] < 51 =) VEED) [~ o(e)s, 1€ [0.T)),
(i) 190l < [8a(0)lace + -1 =) VEVET) | s

The proof of Lemma 4.2.2 is similar to Lemma 4.1.4. We are now ready
to prove Theorem 4.2.1.
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Proof. (Proof of Theorem 4.2.1) Suppose that the framework (C;) holds, and
let (4i(t), vai(t)) be a solution of the system (4.2.1) with initial configuration

(T aio; Vaio). Then, we claim that 77 = 400 and

() min @k(t) = @as()l] > 7o + Aot

BFa,
(74) there exists 5 such that ||Z,(t)]e < 207,
Ku@ae Aot
(171)  ||Da(t)|lo < Cq max {e = ,zﬂ( ro + 70> }, for some C,, > 0.

If all of these are true, then Theorem 4.2.1 holds.

e (Estimate of (i)): It follows from Lemma 4.2.1 that
17 > 0.
We now fix o € {1,--- ,n} and suppose that

Ty < 4o00.

Then, by definition in (4.2.2), there exists 8y # ag € {1,--- ,n}, 1 < iy < N,

and 1 < kg < Npg, such that

(vﬁoko (Tl*) — Vayig (T1*)> : Eaﬁ = /\D- (423)

On the other hand, for any 8 # a, 1 <7 < N, and 1 < k < Ng, we have

(vsr(t) = vai(t)) - €as
2 [[v5e(0) = Vac(0)[| = [[0ai(®) | = [0k (0] = [[vpe(t) — vpe(0)]
— [[Vac(t) — vac(0) ||
> [[v5(0) = Vac(0)[| = [[0ai (0)[| = [[051(0) ]

_Kﬁ/ "

Ao
3\ 6K
>3 SRy e / "e
2 )\0
3\ 3K &0
=5 ) e
1o (0) oo

> N\, t€[0,T7],
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where we have used Lemma 4.2.2 and the upper bound of K. In particular, we
have (Vgyko (17) — Vagio (17)) - €ap = Ao; this contradicts the relation (4.2.3).
Thus, we have 17 = 4o00. Then, we apply the same arguments as those in
Lemma 4.1.4 to derive the estimate

lxsr(t) — xai(t)|| > 1o+ Aot, t>0.

(71) It follows from Proposition 4.2.1 that

d|Ea®lloce ..
el o 1))
|| D0 ()]|2.00 ) A
% < =Ky (2] 2a(t)l|2,00) 10a(t)[[2,00 (4.2.4)

42K (1 — )/ 2Ma(0)¢ (m + )\Ot>.

We now define a Lyapunov functional £, ():

[Za(t)l2,00
Lalt) = [6a(t) 200 + Ky / $(20)de. (4.2.5)
0

Then, we use (4.2.4) and (4.2.5) to obtain

dLa(t) _ dfva(t)]l2.c0 .
= Kt (2] @a (1) ]l2.00)

< 2K(1 — ’)/N)\/ 2M2(0)¢<7’0 + )\ot)

We integrate the above relation to obtain

df| & (t)]l2.00
dt

1% o (8)]12,00

190 (t) 200 + K7y / b2

1Za(0)]l2,00

400
<[00 (0) |20 + %(1 RO [ w(s)ds.

In particular, we have

”ia(t)”loo ) 2K +00
Koy / Y(2z)dxr < ||04(0)]|2,00 + )\—(1 — )V 2Ms(0) W(s)ds.
I 0 ro

Lo (0)]2,00
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Then, by the assumption of K and choice of ry, we have

[|[94(0 )”200‘1‘% (1 —=7n)V/2M;5(0) w( Jds < Ky /OO Y (2z)dz.

e (0)]]2,00

Thus, there exists z2° such that

oo

N 2K a3
[0+ 2 (=) VIV [ wles = Ko [, . v
(0 2,00

or equivalently,

e}

1€ o (#)l2,00 3
/ P(2z)dx < / Y(2z)dz, te€[0,+00).
I

Lo (0)][2,00 1T (0)]12,00

Therefore, for all ¢ € [0,400), we have

|20 (t) 200 < 75 - (4.2.6)

(73) By the inequality (4.2.6), we know that, for ¢ € [0, 4+00),

WO < perp (222 0Bl + 21 1)V ZIR0) (o + ).

We integrate the above inequality directly to yield

. . _ 2M5(0 B
[0(t)l2me < [Faollznce 50f+2f<<1—w>—62< ) y(ro)e= 2
0
2105(0) o

Ky (2z32)t

SCamax{e_ 2 ,1[)(7‘0%—%)}, for some C, > 0,

where [y := Kyyy(222). O

4.3 Numerical simulations

In this section, we present the results of several numerical examples and
compare them with those of the main theorems presented in Sections 4.1 and
4.2. For numerical implementation, we used the fourth-order Runge-Kutta
method with the time step depend on K,
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4.3.1 Non-flocking configurations

First, we see that mono-cluster flocking does not emerge under the condition
of K < Kj,. Figure 4.1 shows the randomly chosen initial configurations.
Throughout this subsection, we will use this configuration for all simulations
with any K in order to exclude the effects of the initial data. We checked not
only maximal velocity difference, but also the variance of velocities:
VD)= (Y [wailt) —we]P) .

1<a<n

1<i<Nqa
This functions in Figure 4.2 show that the critical coupling strength is in
the range of 1 to 102, where these values are calculated after a long time, at
t = 100K. We can see that there is a large difference in the variance, between
1 to 10%. Furthermore, this value is clearly between the following values:

Ky = 0.0020, K° = 4855.

4.3.2 Emergence of multi-cluster flocking

Here, we present simulation results for the conditions of Theorem 4.2.1. Local

multi-cluster flocking should occur when K; < K < K,. Figure 4.3 shows

the precisely chosen initial configurations. Note that the initial data satisfy

the condition of Theorem 4.2.1. Now, we let the velocities be different even

in the same group in order to observe more than three clusters. To measure

the local flocking, we will also use the variance of velocities. For each «, let
Valt) = (32 Tva®) = vae®IP) "

1<a<R
1<i<Ngy

In this case, the function ||9,(t)||2,.0 shows similar behavior since our initial
configuration is close to multi-cluster flocking. Figure 4.4 shows that these
factors are calculated after a long time, at ¢ = 100K . We can see that mono-
cluster flocking vanishes near 10 to 10?, and multi-cluster flocking vanishes
near 1. This large difference in variance occurs outside the range of the fol-

lowing values:
Ky =29152, K, =5.0670,

which confirms Theorem 4.2.1.
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2 15 1 05 0 05 1 15 2 25 5 " ) o > n S s

(a) Initial positions of particles (b) Initial velocities of particles

Figure 4.1: Initial configurations for the non-flocking phenomenon (markers
for different groups)

)

4l

Variance of velocities
Maximum velocity difference
o
@

o
o
T

o

ol . . L P ol . . . . .
109K, 102 1 10? 10*  K° 108 109K, 102 1 10? 10t K° 108

(a) the variance of velocities (b) the maximal difference of velocities

Figure 4.2: Flocking and non-flocking phenomena for different K at time
t=100K
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< I e
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041 041
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5 -1 -05 0 05 1 2 45 ] 05 ) 05 1

(a) Initial positions of particles (b) Initial velocities of particles

Figure 4.3: Initial configurations for the multi-cluster flocking phenomenon
(markers for different groups)

Variance of velocities

(a) the variance of velocities (b) the maximal difference of velocities

Figure 4.4: Local flocking and non-flocking phenomena for different K at time
= 100K (markers for different groups, non-marked for the global variance)
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Chapter 5

Existence of bi-cluster flocking
with unit speed constraint

In this chapter, we study a unit-speed constrainted flocking model intro-
duced in Section 2.4. The contents of this chapter correspond with the ones
of Chapter 3. First, we suggest a set of configurations tend to bi-cluster
flocking mimicking the situation of separating two particles. Second, we use
differential inequalities and Lyapunov functionals to prove it. This chapter
is based on the joint work in [19].

5.1 A generalized two-dimensional J-K model

In this section, we consider a generalized two-dimensional J-K model with
a metric-dependent communication weight v, compared to the original J-
K model where the interaction between agents is all-to-all. We show that
the bi-cluster flocking phenomena occurs for an admissible class of initial
configurations. To this end, we first reformulate the J-K system in (2.4.13)
into an expanded system that is suitable for bi-cluster flocking analysis. Note
that the bi-cluster configuration cannot be an equilibrium for the J-K model,
but it can be achieved asymptotically. To measure the formation of bi-cluster
flocking, we introduce new functionals that simplify the analysis. Imagine
that the whole ensemble can be split into two flocking clusters so that each
cluster moves with the same velocity in two different directions; thus, the
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metric distance between the two clusters approaches infinity as time goes
to infinity. In contrast, the velocity diameter of each cluster tends to zero.
After introducing several functionals, we derive a SDDI, and then, under an
admissible class of initial configurations, we show that bi-cluster flocking can
occur using the continuity argument.

5.1.1 A reformulation of the J-K model

Assume that the system is composed of two groups G; and G, with |G| = Ny
and |Gs| = N,. We relabel the position and heading of each agent with
(x14,61:), i =1,2,--- Ny and (x2;,64;), j = 1,2,--- , Ny. Then, the system
can be reformulated as an augmented system:

dx; . dxo; )

2;1 = (cos b4, sin by;), dw;J = (cosbyj,sinby;), t >0,

by K i .

= %7 ¢(‘w1k - CL‘MD Sln(elk - 911’)
it~ N &
K &
+ N ; Y(|ak — x1i]) sin(far, — 6014), (5.1.1)

dby; K i ,
—= = ) ([T — x25]) sin(bax — Oo5)

dt N pe

K &
+ ;lelk — ;) sin 01y, — Oa;),
where 1 =1,2,--- Ny, j=1,2,--- Ny, and 1 < N; < Ns.

Next, we define new quantities to measure the local averages and local
fluctuations of the state variables (x,;,0.;) in each group:

No

1 1

L1 = szlk, Lo 3=FZ$21€,
L =1 2 k=1
1 & 1 &

0. = — 01, b9 = — O,
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~

Loi = Lai — Lac, eai = ‘gai - Qaca o = ]-7 2.

One can expect that if the initial condition is close to the central position
and central velocity of each group and the groups are sufficiently separated,
then bi-cluster flocking occurs.

We introduce several functionals to manage crowding in each flocking
group. For each flocking group, the spatial and angular fluctuations of group
members are summed:

Na N
ST lEarl Va(©) = |3 2, a=1.2
k=1 k=1

V(a:) = Vl(.’B) + VQ(ZD), V(@) = Vl(@> + Vg(@),
D,(©) = max 100i — 0uj], D(O):= D1(0)+ Dy(0O).

Then, it is easy to verify that

1
ﬁv(@) < D(©) < V2V(0). (5.1.2)

5.1.2 A class of admissible initial data

Suppose there exists ro > 0 such that

En(a:iz(O) — 23;(0)) =: 79 > 0. (5.1.3)

(2

By the continuity of the solution, there exists 7' > 0 such that
(@ 1:(t) — @ ()] >t + T—QO fort €[0,7) and Vi,je{l,---,N}. (5.1.4)
Fix the following set 7 and its supremum 77*:
T :={T € (0,00] : (5.1.4) holds for t € [0,T)}, T*:=supT.
Since v is nonincreasing, it follows that
Ulni(t) = @ (1) < vl + ) in (0,77
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We are now ready to present a class of well-prepared initial data satisfying
C,, which will lead to a bi-cluster flocking configuration.

(C20) = 7o = min(z1;(0) — 3;(0)) > 0,

7/’.]

(Co1) : (i) 01(0) € (—%%) 0, (0) € (%”%")

for all i:1,2,' Nl, j:1727"'7N27

(i) V(©p) < mln{;l f\ﬂfo}

(C52) K/ U(s)ds < 5, V(Oy) > 2K QNlNQw(%O),

Bo
\/NlNQ/ U(s ds<—

where 3y and A are positive constants defined by

KN1

o= S B (VIV(@0)), VIV (o) + A)) = SV (). (5.15)

The first condition (C31) implies that the perturbations of the two groups
are sufficiently small, each group is close to the flocking state, and they are
initially separated from each other. The second condition (C52) implies that
the distance between the two groups is sufficiently large, which will decrease
the interaction between them. It is easy to verify that the set of the initial
data is not empty.

5.1.3 Time-evolution of functionals

In this subsection, we derive differential inequalities for the functionals V(x)

and V(0©):

< \/EV(@), jt]/(@) < —@V( O)+K N1N2

‘ V() L

dt

2
(5.1.6)

In the following two lemmas, we derive the inequalities in (5.1.6).
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Lemma 5.1.1. Suppose that (x1;(t), 61:(t)) and (x2;(t),625(t)) are solutions
to system (5.1.1). Then

dVQ (a:)
dt

dV(x)
dt

' dVi(z)

I V2V, (©),

<V21,(0), <V2V(0), t>0.

Proof. 1t needs direct but long calculation from the equations for any ¢,

dicy; 1 1
2&317; . Wh = 2:2,'11 . (COS 011‘ — E ;COS Hlk,Sil’l 011‘ — E kz:;SiIl 91k>

]

Lemma 5.1.2. Suppose that conditions (Co1)(ii) and (C22) in Section 5.1.2
hold. Then

. d 6(] 2N1N2 To *
0 GO < -PIO K TR ) eor,
(i1) sup V(O(t)) <2V(0g), sup V(z(t)) < V(xo) + A,

te[0,T) te[0,7*)

where T*, 1o, and A are positive constants defined in (5.1.3), (5.1.4), and
(5.1.5), respectively.

Proof. First, recall from (5.1.4) that
T* = sup {T € (0,00] : min |zy(t) — x5 (1) >t + % for t € [o,T)} > 0.
2y
(5.1.8)

In the sequel, desired estimates in (5.1.7) hold in the time-interval [0,7™);
specifically, consider the set S:

S:={T € (0,T"] : estimates (i) and (ii) in (5.1.7) hold for ¢t € [0,T)}.

In the following two steps, we will show that S is nonempty, and its supre-
mum is equal to T™.

e Step A (S is not empty): Since [y := %w(\/ﬁ]}(wo)), these are initially
ture. by the continuity of V(©) and V(x), S is not empty.
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e Step B (supS = T*): By Step A, we know that the set S has a supremum.
S*:=supS € (0,77].
First, we must rule out the possibility of
S* < T* (5.1.9)
Assume that (5.1.9) holds. In this case,

lim V(z(t)) = V(xg) + A or lim V(O(t)) = 2V(0y).

t—S*— t—S*—

o (Case 1) Suppose
lim V(z(t)) = V(xo) + A. (5.1.10)

t—S*—

Note that relations (5.1.2) and (C21)(i7) yield

|61, — 61;] < D(B(t)) < V2V(0) < 2v/2V(6) < = in [0,7).

™
6
This implies

SiIlA(éh‘ _Aélj) > SlIl(Q\/iV(@o)) > 1 in [077_)‘
91@' - 6)lj 2\/§V(@0) 2

On the other hand, by using (5.1.1) and 6; = 0 + 0., we obtain

do; K i P,
= @/J(|$1k - $11|> Sln(elk - le‘)
dt N —

N2
K . db,.
+ N ,;1 U(|@or — @1;]) sin(Ogy, — 61;) — d; )

This yields

N1 Nl Nl

- df i 2K o o
2 ; Hud—tl N ; ; V(e — @1;]) sin(O1x — 01;)04;
oK <L X )
+ W Z Z ¢(|m2k - 9311|) Sin(QQk - 911)911
i=1 k=1
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By definition of V;(0), it follows that for ¢ € (0, 7),

2V1(@)dV;§5@) = Z Zw \3311« - CBlzD Sln(elk - 911)(9% - 911)
i ]\1[1]{) ;2
Z Z Y(|@2r — 1)) sin(Oar, — ‘911)911
i=1 k=1
< KN””(f"(w”vf@ 2NN T ),

where the following inequality is applied;

sm(@lk — 911)(91].3 — 911) > 5(9“; — Hli)Q mn (O, 7').

This implies a differential inequality for V;(©):

K Nov/ Ny
N

To

5) in (0, 7).
(5.1.11)
Similarly, we can get the same equation for Vs, hence for N; < N,

VO _ _ KNl P(VIV(@)V(O) + K 2N1N2¢( ) i (0,7).

i) _ KN1

L2 < (VY ()i (0) +

Yt +

dt
(5.1.12)
Again, we use the assumption of fy to (5.1.12),
dv(0) Bo 2N1 N, )
<= . 1.
— JV(O) + ¢( 2) in (0, 7) (5.1.13)

We integrate (5.1.13) using Gronwall’s lemma to find

V(O(t) < V(Og)e + K4/ 2N1N2 / TO e 0ds in (0,7).

(5.1.14)
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It follows from Lemma 5.1.1 and (5.1.14) that
V(@(t)) = V(zo)|
t t
§/ —V.’I:s))‘dsg\/ﬁ/)/@s ds
o lds 0

t t s
< \/EV(@O)/ e F3ds + V2K 2N1N2 / / ¢<§ + 2 =9 d3ds
0 Jo
< 2\/_V @O \/ NlNQ/ W(s)ds, in (0,7).
Bo

Thus, (5.1.15) implies

V(x(t)) < Vo) + MVO@O e / b(s)ds te0,7).

Then, it follows from (Cy1)(ii) and (62 )(ii) that the sum of the last two
terms is strictly less than A, i.e.,

V(x(t)) < V(xg)+ A—¢, forte|0,7),e<1. (5.1.16)
Finally, combining (5.1.13) and (5.1.16) yields
lim V(z(t)) < V(o) + A,

t—S*—

which contradicts (5.1.10).

(5.1.15)

o (Case 2): Now, suppose
lim V(O(t)) = 2V(0y). (5.1.17)

t—S*—

We use the estimate

I(t):/otw<s+%> GBTO(S*t)dsgw(%) /Oteio(st)dsS %w(’_zo)’

assumption (C2), and (5.1.14) to obtain

V(O(1)) < V(Oy)e Pt + 2;0( QNlNQw( )

< V(Bp)e~ '+ V(0y), in [0,5%).

(5.1.18)

I0)
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Letting t — S* in (5.1.18), we have

lim V(O(t)) < V(Qy) (e~ 35" + 1) < 2V(0y),

t—S*—

which contradicts (5.1.17).
Therefore, combining two cases, S* = T™ and we get the desired result. [J

5.1.4 Emergence of bi-cluster flocking

In this subsection, we present our first main result on the bi-cluster flocking
estimate of system (2.4.13) for well-prepared initial data satisfying assump-
tions (Cy) in Section 5.1.2. Note that once we show that

sup V(z(t)) < V(zo) + A, tli>rcr>10 V(O(t)) =0,

0<t<oo

minfmin (1) — 2,(1)| = .

we achieve the desired bi-cluster flocking in the sense of Definition 2.1.1.

Theorem 5.1.1. (Emergent of bi-cluster flocking) Suppose that conditions
(Co1) and (Cy2) hold. Then T* = oo, and the following bi-flocking estimates
hold: fort € [0, 00),
, T
(i) V(x(t)) < V(mo) + A, |@(t) — oy(t)] > t + 5"

(i) V(O(t)) < O[e—%“t + w(t J;m)]

Proof. e Step A: We will show that Lemma 5.1.2 holds with 7" = oc.

In (5.1.8), assume that 7% < co. Then there exist iy and jy such that

.
2230 (T) = 2jo (T)| = T + 5 (5.1.19)
Since .
Do K> -
= 1/)(|5E2k - $1z|) Sln(‘92k - 91¢),
dt 1N i=1 k=1
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it follows that
t o0
|01.(t) — 01.(0)] < K/ U(s+ %)ds < K/ W(s)ds, in[0,T). (5.1.20)
0 ]

Now, for each 6y;, we use (5.1.20) to obtain
|01:(t)] < [01i(F) — Ore(t)] + [01c(t) — 1c(0)] + [61c(0)]

<V(O) + [01(0)] + K /: (s)ds

(5.1.21)
< 2V(O0) + 01.(0)| +K/ W(s)ds, t€0.T%).
Hence, (Co1) and (C92)(i) imply
T T o T
— - K —. 1.
V(@o) < o1 |910(0)| < 6’ n ’lﬂ(S)dS < 19 (5 1 22)
Combining (5.1.21) and (5.1.22) yields
%Aﬂé(—gw%) in [0,7%). (5.1.23)
Similarly, we have
21 4
0;(t) € (g, §7T> in [0,7%). (5.1.24)

dzl,
Since 2;“ = 08 0, it follows from (5.1.23) and (5.1.24) that

1 1
by =cosbh(t) > 5, dn; = cosby(t) < =5, t€[0,T7).

This yields
|23 (1) — @(1)| > |y, (1) — 5;(1)]
¢
= |z3;(0) — :céj(()) + / (cos bi(s) — cosbz;(s))ds
0

> ¢+ |21,(0) — 24, (0)] > t + %0 te o0, T7).

7

&

| &1



CHAPTER 5. EXISTENCE OF BI-CLUSTER FLOCKING WITH UNIT
SPEED CONSTRAINT

From continuity and letting t — T —, we obtain

« , 10
i fa(t) — o0 > T+ 7,

which contradicts (5.1.19). Thus, Lemma 5.1.2 holds with T* = oo.

e Step B (Estimate of V(0)): Note that V(©) satisfies

Bo

d 2NN
ZV(0) < =2V(0) + -

U(t + ) t € (0,00).
We now apply Lemma A.0.1 with

Bo K 2N1N2

=7 and f(t) =

P(t + )

to derive the desired estimate:

Bot

2K 2N1N2
- 50

t+ To 2N1N2

v(O()) <

w<>

V(=) +V(Op)e™ > + K
[l

Proposition 5.1.1. (Relaxation of local averaged velocities) Suppose con-
ditions (Col) and (C92) hold. Then there exist asymptotic velocities 075 and
055 such that

01c(t) — 5] + [02c(t) — 0] < c/ v(s+5)ds ast— oo,
t
where C' 1s a positive constant.
Proof. Note that the local phase average 6. satisfies

01.(t) = 61.(0 Z Z/ V(o — @1;]) sin(fay, — 01;)ds.  (5.1.25)

zlkl

We set the asymptotic state 67 as follows:

05 = 0,.(0 ZZ/ (| — @15|) sin(fox — 015)ds.  (5.1.26)

i=1 k=1
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It follows from (5.1.25) and (5.1.26) that
101.(t) — 07| < K/ ds (5.1.27)
Note that the right-hand side goes to zero due to 1ntegrability of . We

conclude the result since this is also true for 65¢. ]

Remark 5.1.1. By combining results of Theorem 5.1.1 and Proposition
5.1.1,

|01i () — 07° + [0 (¢) — 657
< (161:(t) — 01c(t)] Jgo\@zj(t) — Ooc(t)]) + 101c(t) — 07°] + |02e(t) — 057
<V(O®) + 2K/ o(s+ %)ds

SC[ ﬁot_'_w(t—l—ro +2K/m¢<s+%>ds.
t

In particular, for the C-S communication weight (s) = (1+—/3 with > 1,
we can find the explicit decay rate

101 (t) — 052 + |05 (t) — 05| < C(1+)"B"V  ast — 0.

5.2 The multi-dimensional C-S model with
the unit speed constraint

In this section, we present a formation of bi-cluster flocking for the C-S model
with the unit speed constraint, which was introduced in [24]:

diL‘Z‘

a 0"
N

dv; K (v, vg)

oS o 2000

As noted in Theorem 2.4.2, when the initial configuration is close to a mono-

1<i<N, t>0,
(5.2.1)

cluster flocking configuration, the emergence of mono-cluster flocking can
be guaranteed. Thus, if the sufficient conditions stated in Theorem 2.4.2
are violated, the number of clusters that emerge asymptotically cannot be
determined. In the future, we will focus on the formation of bi-cluster flocking
using an idea similar to those in the previous section.
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5.2.1 A reformulation of the C-S model

We assume the system is composed of two subgroups G; and G, with |G| = Ny
and |Gs| = N,. We relabel the position and velocity of each agent with
(15, v15), © = 1,2,--- | Ny and (@g;,v2;), j = 1,2,---, Ny, respectively. In
this setting, system (5.2.1) can be rewritten as

Ty = vy, L5 = Vaj,

K& (v14, V1K)
. 13, V1k
V1, = N kzlw(llscuc - iL’lz|| (Ulkz > Uli)

’Ulza 'Ulz
K & {v15, v2x)
+ = U(||eon — @1 (U2k V1 ),
N Z_: (I il (v14, v13) (5.2.2)

N
V2j = Kiw ([l2r — @25) (U%— UQJ’UQIJ”?‘)
j = Nk; 1 j (035, va;) j

(v25,v25)

K & (v9;, V1)
25, V1k
tY ;w(llwm - iI?2j||)(’v1k - {71’112]')7

where ¢ = 1,2,--- Ny and j = 1,2,--- , No. Without loss of generality, we
assume
|lv;(t)| =1 and 1< N; < Ns. (5.2.3)

Next, we define the local averages and local fluctuations with respect to space
and velocity to analyze (5.2.2):

1 1
Lic = E E L1k, L2 ﬁz g L2k,
k=1 k=1
1 1 (5.2.4)
Vie = E E Vik, Vo= E E Vo,
k=1 k=1
Toi = Tai — Taey Vai = Vai — Vae, @ =1,2

Lemma 5.2.1. Let (x,v) be a solution to (5.2.1) and (5.2.3). Then the local
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averages and fluctuations in (5.2.4) satisfy the following coupled system:

A

L1; =V14, T2 = Vy

. KM
vy =N ;@b(ﬂwm — x1;|) (V1 — V1)

Ny

K
+ N ;wq'wlk - wli”)(”h’ — Uik, ’UM>UM

K&
+ N kz:;l/i(ﬂflhk — x1;||) (Vo — (V1i, Vag) V1) — Ve (5.2.5)

. K X
Vy; :N ;WHQ’?% - SU21;||)(’02k - ’Uzi)

K &
+ N kz—; w(Hka - mgi”)(v% — Vg, 'UQZ‘>’UQZ‘
K&
+ N ;¢(H€U1k — xoi||) (V1 — (Vai, V1k) V) — V.

Proof. The proof directly follows from the equation. See Lemma 3.1.2. [

Next, we introduce f»>-type functionals that measure the total fluctuations
of each flocking group:

Lemma 5.2.2. Suppose (x1;(t), v1:(t)) and (x2;(t), vo;(t)) fori=1,2,--- | N;
and j =1,2,--- Ny are the solutions to the coupled system in (5.2.5). Then
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the functionals V(x) and V(v) satisfy

0 |22 < v >0
i) DA < R (vt vie)
v Kﬁ?woxwv»z a2y,

where ¥y = n%z;xw(ku — @3]]).

Proof. These are basically from the equation (5.2.5). The proof is based on
the one of Lemma 3.1.3, but we need a little more than that from the lack
of symmetry. This difficulty can be figured out from the following facts:

1
(V1; — Vg, V) = §H'vlk — v1i||27 |le1e — x| < \/§V(CU),

[o1]l = [logg | = 1.

5.2.2 A class of admissible initial data

In this subsection, we present a class of admissible initial data leading to
asymptotic bi-cluster flocking. First, we define

KN1

o= VIV (@), VIV (o) + A)) = JVIV(0)),
(5.2.6)

€q = (0, 0,---,0,1), ro:= Hllin@u(o) — @2;(0), €q).
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Below, we list the conditions for admissible initial data:

(Cs1) :(7) (vy4,€q) € (?, 1], (vq,eq) €1, —\/73), for all i, j,
y . VB3 —=1 App NSy
(17) V(vg) < mm{ S L3N, Ku(0) } ,

€2) ) V(o) > 2K TRy oy

e

128K3N1N2
(1) =z O[5 / o(s)ds]

2K9(0), _V3-1
+N50V()+2KLO¢() Y

2

Condition (C31) implies the perturbations of the two groups are sufficiently
small, each group is close to a flocking state, and they are separate from each
other initially. Condition (C32) implies the distance between the two groups
is sufficiently large, which will decrease the interaction between them. It is
easy to verify that the set of initial data is not empty.

For any 1,7, we have ||x1;(0) — x2;(0)|| > 7. By the continuity of the
solution, there exists a T > 0 such that

s (t) — ()] =t + % for t € [0,7) and all 4, 5.
Let T5 = supT'. Then
U([[@1i(t) — @2;(8)]|) < W(t + %) in [0,73), and for all 4, j.

5.2.3 Time-evolution of functionals

In this subsection, we study the time-evolution estimates of the functionals

V(x) and V(v).
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Lemma 5.2.3. The following estimate holds:

/Otw(er%O)eﬁO(;) ﬁOTb( ) - Boiﬂ(tzr())

Proof. Direct integration similar to (A.0.1) in Appendix. O

Proposition 5.2.1. Suppose that conditions (C31)(i) and (C52)(i)(it) hold.
Then there exists a positive constant Ty € (0, 00] such that for allt € [0,Ty),

dV(v) Bo

(@) V(v) <2V(vo), —— < -5 V(v)+2K INW( )(5.2.7)

(i1) V(x) < V(xo) + A,

where Ty, 1o, and A are positive constants defined in (5.2.6).

Proof. We follow the same bootstrapping argument used to prove Lemma
5.1.2. Note that

Ty := sup {T € (0,00] : min |y (t) — xe;(t)] >t + % fort € [O,T)} > 0.
17.]
Consider the set Ss:
Sy :={T € (0,T5] : estimates (i) and (ii) in (5.2.7) hold for ¢t € [0,T)}.

In the following two steps, we will show that S; is nonempty, and its supre-
mum is equal to 75

o Step A (Ss is not empty): A type of bootstrapping argument is used:

e Step A.1: Rough estimates of V(v) and V().

e Step A.2: Refined estimate of V(v) using the rough estimate of V(v)
and the second Gronwall inequality in Lemma 5.2.2.

e Step A.3: Estimate of V() using the first Gronwall inequality in Lemma
5.2.2.
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e Step A.4: Repeat the above process again to derive an optimal estimate.

e Step A.1 (rough estimates of V(x) and V(v)): From the assumption (C31) (i)

and the relation KN
(VY (o)) = B,

there exists 7 € (0,7y) Such that

L2000V (w(t) < Z20(0)V(w0) < 1y = V(o() < 20(w0),
KNI L(V2V(2(1))) > 37@) — V(z(t)) < V(xo)+ A, t€][0,7).

(5.2.8)

Thus, 7 € Sy, i.e., the set Sy is not empty.

e Step A.2 (Refined estimates of V() and V(v)): Note that it follows from
Lemma 5.2.2(ii) that

2NNy
N

V.
(5.2.9)

V)« BNy v + L0 we)? + 2k

The a priori estimates in (5.2.8) and (5.2.9) are used to obtain

D) oy o [Py (14 70) 0,

Gronwall’s inequality implies a refined estimate for V(v):

V(u(t)) < V(we)e °f+2K,/2N1N2/ PeNds in [0,7).

(5.2.10)

e Step A.3 (Refined estimates of V(x)): Using Lemma 5.2.2, (5.2.10), and
Fubini’s theorem, we obtain

V() < Viao) + 2 MK\/MNQ / (s)ds in[0.7],
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where the same estimate in (5.1.15) in Lemma 5.1.2 is used.

o Step A4 (supSy = Ty): By Step A.1, we know that the set S, has a
supremum, so we set
Sy :=supS, € (0, T5].

Now we must rule out the possibility that
Sy < T3 (5.2.11)
to obtain the desired estimate. Assume that (5.2.11) holds. It follows that

lim V(x(t)) = V(xo) + A or t_ljég_V(v(t)) = 2V(vy).

55—
The conditions (C31)(i7) and (C32)(7) provide us
V(e(t) <V(xg) +A—€, t€[0,7), ekl
On the other hand, if

lim V(v(t)) = 2V(vy), (5.2.12)

t—S5—

the assumption (C32)(i) and (5.2.10) imply

Vlo(t) < Vwge 3 D2 [N 1)

Bo N (5.2.13)
< V(we)e '+ V(vy), in0,S3).
Letting t — S*— in (5.2.13), we have
lim V(v(£) < V(wo)(e™* + 1) < 2V(w),
which contradicts (5.2.12). Therefore, we obtain our desired result. ]

5.2.4 Emergence of bi-cluster flocking

In this subsection, we prove bi-cluster flocking for system (5.2.1) using Lemma
5.2.1 with T35 = oo.
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Theorem 5.2.1. (Emergence of bi-cluster flocking) Suppose conditions (C31)

and (C32) hold. Then Ty = oo, and the following bi-flocking estimates hold:

fort e [0,00),
wmmamwAmeme%
(i) V(o) < O+ o (0]

Proof. We split the estimates into two steps.
e Step A: Lemma 5.2.1 holds with 75 = oo

Suppose to the contrary. Then there exist ig and jy such that

l21i (13) = @250 (1) = T3 + 5 (5.2.14)

On the other hand, note that

N1 Ni

. K
WCWNE;memmrw%
g (5.2.15)
N1 N2
Z Z@/’ ok — @15 ||) (Vo — (V1s, Vok) V1),
i=1 k=1

where the following relation is used:

Z Zw |21k — 2ul]) (Vie — (V1 V1x) V1)

=1 k=1
N1 M

2NN ZZ@Z) ”mlk’ _$12||)||v1k _'UhH V-

=1 k=1
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Next, we integrate (5.2.15) and use the relations

N1 Ni

H}jZ}Mum—xmmwm—mmUu

i=1 k=1

1 l
Y(0) e —vill* =D ) w(0)[[vik — vie + vie — vl

=1 k=1

0) Z [v1c — vl = 2N(0) Vi (v),
=1

Mz
TTMz

s
Il
—

N1 Na
.
H Z Z¢(||m2k — x1i]]) (var — (Var, V1) V1) || < 2N1Notp (t + 5(])
i=1 k=1
(5.2.16)
to obtain
K
fo1e(t) w10 < 240 /v2 (wMK/ Js, tel0.1).
(5.2.17)

We now use (5.2.10) to show that
8K2N,N. t st 2
Vi(w(t) < 2|V (wg)e ! + == / Vs + D)5 ds) ] (5.2.18)
0
It follows from (5.2.18) and Lemma 5.2.3 that for ¢ € [0,T3),

V2(u(t)) < 2V (vg)e Mt + % [W(%O)@‘% + W(t Zm)]-

(5.2.19)

In (5.2.17), (5.2.19) is used to obtain

||’Ulc{t) UIC( )H
SK%)/W ds+2K/

2K(0), o
< V(v0)+2K/O 95 + )

128 K3y (0)NiNa T2 5 70 roy [ 5470
+ A (D) + [ e
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for the time ¢ € [0,7%). On the other hand, condition (C32)(i¢) implies

fouc) — o) < 2= ino,75).

Using (Cs1), we have
(01:(1), €4) = (V1c(0), €4) + (V1c(t) — V1:(0), €a) + (V1i(t) — V1c(t), €a)
V3

> =5 = [v1e(t) = v1(0)]| = 2V(vo) >

Similarly, we obtain
1 . .
(v3s(t),ea) < =5 0 [0.75).
Thus,
t
l@2i(t) — oy (1) = H [ {o1(6) = s (s), eadds + (@1,0) = 25(0). )
0

>t+% in [0, 73],

which contradicts (5.2.14). Therefore,
Ty =

e Step B (Estimate of V(v)): Applying Gronwall’s inequality to (5.2.7) and
Lemma 5.2.3 yields

V) < V(v 2KM2N1N2/ L=t

< Vo #+ 2N1N2(w<3>ei“+w<t§r°>)
< e )]

]

Remark 5.2.1. [t is easy to verify that the estimates given in Theorem 5.2.1
imply asymptotic bi-cluster flocking in the sense of Definition 2.1.1.
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In the following proposition, we also show that there are asymptotic ve-
locities such that bi-clusters evolve to them.

Proposition 5.2.2. Suppose conditions (C31) and (C32) hold. Then there
exist constant asymptotic states v and vSe such that

Bot & 7
Jo1c(t) — wiEl + floac(t) — w32l < Ofe% +/ v(s+2)as] ast oo,
t

where C' is a positive constant.

Proof is basically same as in Theorem 3.2.2, from the equation

N1 N
K 1 1 t
v1e(t) = 01e(0) + 53 > Z/ Ul = @il v — vl Pviids
i=1 k=1"0
K N1 N t
a2 [, el =l on — o vavnds

5.3 Numerical simulations

In this section, we provide numerical simulations on the two dimensional
model, the generalized J-K model. In order to compare it to Theorem 5.1.1,
the initial data were chosen to satisfy the conditions the conditions in Section
5.1.3 (see Figure 5.1). We used the fourth-order Runge-Kutta method. The
common parameters used in the simulations were as follows,

1

. Ny=N,=50, At=0.0L
(1+s2)2

U(s) =
Particles in each group were randomly distributed around designated points.
Their velocities indicated almost the opposite direction with respect to that
of another group. We performed numerical integrations of (2.4.13) with dif-
ferent coupling strengths, K = 0.5,1,2,4,8, to assess their effects.

In Figure 5.2, we consider the time-variations of local fluctuations. Notice
that the local variation of heading angles tends to zero exponentially fast,
and the local variation of spatial configurations also relaxes to some positive
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constant exponentially fast. In both figures, as the coupling strength doubles,
the time it takes to achieve a relaxed state reduces to almost half of that of
the preceding one.

In Figure 5.3, we plot the intergroup distance and phase difference. Observe
that the intergroup distance tends to infinity almost linearly, and regardless
of the coupling strength, the distance grows at the same rate; hence, the
graph appears to be one line. The phase difference converges to some con-
stant exponentially fast, and the convergence time and coupling strength are
inversely proportional. Note that although the time taken to reach a certain
constant varies for different coupling strengths, they all go to the same con-
stant regardless of the coupling strengths.

® o
0.15 & §
o
§ $
0.1 o Yy
0.05 g §
0 8
- o ® 8 Sy
8 :
-0.05 ° o
8 §
-0.1 e
8
0.15 g %
8
02 : : : - : % ]
-150 -100 -50 0 50 100 150 X X X . R X X
X -"1 -0.8 -0.6 -04 -0.2 0 0.2 0.4 06 0.8 1
cos(6.)
(a) Initial position (b) Initial velocity

Figure 5.1: Initial configuration: The generalized J-K model
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Figure 5.2: The evidence of local flocking
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Figure 5.3: The evidence of separation
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Chapter 6

Multi-cluster flocking with unit
speed constraint

In this chapter, we analyze the unit speed constrained model with the argu-
ments of Chapter 4. In Chapter 5, we considered a set of initial configurations
that is close to the separating two-particle model. We continue to analyze the
same model with other situations, totally separating conditions and multi-
cluster separating conditions, which appeared in Chapter 4. In the same way,
we can study on the critical coupling strength of C-S model with unit speed
constraint. This chapter is based on the joint work in [43].

6.1 A necessary condition for mono-cluster
flocking

In this section, we provide a framework for the non-existence of mono-cluster
flocking and state a necessary condition for the emergence of a mono-cluster
flocking. As in the arguments of Chapter 4, we study the condition that every
particle with different velocities does not flock each other.

Before we start the analysis, we recall the flocking estimates on the mono-
cluster formation for (2.4.13). We set

D(v) i= max [lo; — v

’
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Theorem 6.1.1. [20] Suppose that the coupling strength and initial configu-
ration (xg, vg) satisfy

K o0
K0, ol =1, guin (of,o) >0, 0< D(wo) < Z42 [ s
Vi 2 D(Zo)
Then, for any solution (x(t),v(t)) to system (2.4.13), there exists a positive
constant d° such that

sup D(z(t)) <dF, t>0, D(v(t)) < D(vg)e KOV,

0<t<oo

Remark 6.1.1. Note that Theorem 6.1.1 yields a sufficient condition for a
mono-cluster flocking. For a small coupling strength K < 1, bi-cluster and
multi-cluster flockings can emerge from some initial configurations. It has
been shown that local flocking, in particular bi-cluster flocking, can emerge

from some well-prepared configurations close to bi-cluster configurations in
Chapter 4 and 5.

6.1.1 A framework and main result

In this subsection, we will introduce a framework for the non-existence of
mono-cluster flocking. Let G := {($i0,’vio>}i]\;1 be an initial non-flocking
configuration of the ensemble of C-S particles. Then, we set subensembles
G1,- -+ ,G, of the total ensemble G according to initial velocity: for a =
1,--.,n,

(Taiy Vai)s (Tajs Vaj) € Ga <= Vaio = vgj, for all 4,5 < |Ga| =: Na.

Since we assume the initial configuration is not in the mono-cluster flocking
state, we have n > 2, and the original system (2.4.13) can be rewritten as:

dgai:’vaiu t>07 Z':1727”'7Na7

N,
. K = Vak; Vi
=y D Vs = ) (e ()

<Uai7vai>
K Ng — (6.1.1)
ks Vai
3 Z L el - aal) (ol - 222l ).

(0i(0),04i(0)) = (Zai0, Vaio), ||Vaiol = 1.
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Here we assume the short-range communication weight such that

1
P(s)=——, B=1L
(1+5%)%
For conveniences, we introduce local averages:

N, N,

1 1 <
ac T N iy ac = ai- 6.1.2
T N T v N v ( )

Now, we describe the geometry of initial separation between sub-ensembles.
For a given initial configuration (xq, vg), we set

0o(xo, vo) := min arccos(vs.(0) - v4.(0)), D(xo) :== max || Taio — Tsroll,
B#a BF#aik

L (waiO - wﬁko) “Vac(0) } L 0o 360
To(xo, vg) := ﬁrfffk {0, " . A := COs L oS T
(6.1.3)

For notational simplicity, we suppress (xo,v¢) dependence in Tp, Ky in the
following;:
o = 90(330, Uo)a Ty := To(aio, ’Uo)-

Remark 6.1.2. We can easily see that 6 € (0, 7).

We next introduce a coupling strength Ky(x, vo) depending on the ge-
ometry of the initial configuration (g, vo).

e If initial configuration satisfies

ﬁ;fglzlk (@aio — Taro) - Vac(0) <0,

then, we set

) )

I —cos® cos@—cos Ag(cos P —cosP)

fo
2T0 ’ D(CU(]) + 2T0 ’ (1 — ’}/N) fOOOTp(S)dS }7

) )

Ko(wo, ’Uo) ‘= min {

min N

YN = N .
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e If initial configuration satisfies

ﬁ%?k (®aio — Tako) - Vac(0) > 0,

then, we set

Ao(1 — cos %) - o 70y
Mg = COS — — COS —.

(L= ) Jo $(s)ds’ S

Now we are ready to state our main result as follows.

Ko(wo, ’Uo) =

Theorem 6.1.2. Let (x,v) be a global solution to (2.4.13) with initial data
satisfying

max H’U,L'() — ij” > 0.

i#]

If K < Ko(xo,v0), then we have

Jin, s [|zai(t) = @Bl =00, min, T inf [lvai(t) — va ()] > 0.

i.e., mono-cluster flocking does not occur asymptotically. Moreover, each
groups are separating.

6.1.2 Dynamics of local averages and fluctuations

In this subsection, we provide estimates on the local averages and fluctuations
defined in (6.1.2). Now, we introduce a useful function which is crucial for
the study of the Cucker-Smale model with unit speed:

Vo (t) == min ve(t)-e, ¢>0, (6.1.4)

1<i<Ng

where e represents a unit constant vector, which will be replaced later by a
fixed vector e, (7y) depending on initial data. Then, we have the following
proposition with respect to function v7'(t) defined in (6.1.4) as follows.

Proposition 6.1.1. Let (:I:M-,'vai), a = 1,---,n be a solution to system
(6.1.1). Then, for any o and e, we have

0o (t) 2 =KL —yw)vu(t), t € [0.T), ¥ur(t) := max ¥([|lzsu(t) — Tai(®)]),
where T is the time satisfying (v (t),e) >0 for allt € [0,T).
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Proof. Each v,;(t) (resp each v,;(t)-e) is a real analytic function with values
in R? (resp in R) on ¢ € [0,+00). Thus, v™(t) is piecewise analytic, hence
there exists time steps 0 = to0 < ta1 < taz < --- such that for each k£ €
{0,1,2,---}, there exists i, € {1,---, N,} satisfying v*(t) = vqs,(t) - € for
all t € [tok, ta(k+1)]. For shorthand, we assume that

Vai(t) e =00 (t), € [tak taps))-

Note that as v, — (Vai, Vgr)Vai is the component of vy that is orthogonal
to v,;, then

Hvﬁk - <vaiavﬁk>vai|| S 1;
and
<vak7 €> - <,Uak7lvai><vo¢i7 €> 2 <vak7 €> - <vaia €> 2 0.

Thus, we have

’bai(t) - e
K &
= D llabl) = aslO]) (0an(t) — (Waslt), vk (D)) -
3 S0 llan(t) — i) ) (0310) — (@arlt), v (D) var(t) - e
Ba k=1
> N = N0 o = (vai, vl
> BN No) 1) > —K (= w)in(t), £ € [0.7).

- N

6.1.3 Non-existence of mono-cluster flocking

In this subsection, we will provide the proof of Theorem 6.1.2. We first briefly
outline our strategy as follows. The idea of our main results can be split into
three stages. For a given initial configuration (o, vg),
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e Initial stage (from mixed configuration to segregated configuration):
there exists a Ty > 0 such that, for any i, k, and 5 # «,

(20i(To) — (D)) - Vac(Tp) = 0.

e Intermediate stage (maintaining segregated configuration): there exists
T > Ty which has the desired properties for all ¢ € [Ty, T¢),

i { (0 =va(0) -€aT) } > Mo, [lwsn(t) = @aiD]] > Aot =T0)

where e, (Tp) is the unit vector in the direction of v,.(Tp).

e Final stage (emergence of non-mono cluster configuration): finally we
show that
15 =00

and obtain the non-existence of mono-cluster flocking.

Emergence of segregated configurations

In this subsection, we will show that the configuration at time Ty is well
segregated:

Aai,ﬁk(To) = (iBm(Tg) — mﬁk(To)) : vac(TO) 2 0. (615)

Recall that

Aai k(o)
Ty e { = 2000) )
07 g Ao

In the sequel, we assume without loss of generality that
Auipr(0) <0 sothat Ty > 0.

Otherwise, Ty = 0 and the desired estimate (6.1.5) holds trivially, and all
the lemmas from Lemma 6.1.1 to Lemma 6.1.4 can be proved with better
estimates. We stated this argument in the proof of Theorem 6.1.2, at the end
of this section. As in the definition of e, (7p), we set

Vae(t)

€)= o @
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Lemma 6.1.1. Let (x4, vai) be a global solution to (6.1.1) with non-flocking
initial data (T, Vaio). If the coupling strength K satisfies

1 —cos

0<K<——8
215, ’

then the following estimates hold: for t € [0, Ty] and B # «,

(1) Vai(t) - Vac(t) > cos %, Vi (t) - Vac(t) < cos 7—00,

8
790 590

(1) Vi (t) - var(t) < cos R e.(t) - eg(t) < cos R

Proof. (i) Note that

[Vak (t) = (Vai(t), Var (1)) vai (1) < 1.

Now, we use system (6.1.1), the assumption of ¢ in (1.0.2), and the above
relation to get for any o € {1, -+ ,n},

. KN, K(N-N,)
o) € 7+ —F—— =K. (6.1.6)

Similarly, by direct calculation, we have

[Dac(t)]| < K. (6.1.7)

Thus, we combine estimates (6.1.6) and (6.1.7) to obtain

d('vm-(t) . vac(t))
dt

< 2K. (6.1.8)

Then, we use estimate (6.1.8) and the assumption of K to get
0
Vai(t) - Vae(t) > 00i(0) - Vae(0) — 2KTy = 1 — 2K Ty > cos §° t e [0, Ty

For the second estimate, we use the estimate of v,.(t) in (¢) for all a €
{1,--- ,n} to obtain that for any 5 # «

d(vgk(t) - Vac(t))
dt

< 01 (1) - Vae()] + [vpr(1) - Dac(t)] < 2K.
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Thus, we obtain the following from the assumption of K.

Vak(t) - Vac(t) < vpr(0) - v4.(0) + 2K Ty

0
< cosby+2KTy, <cosby+1 —cosgO

76
< cos ?0, t €10, Tp).

Here the last inequality is from properties of cosine functions. For 6y € (0, 7],

00 700 00 390 0 90
— — = — — ) > — —) =14+ .
cos 2 + cos 3 2005(2)005( 3 ) _2cos(2)cos(2) 1 + cos by

(77) By using a similar analysis as in the second estimate of (i), we can derive
the first estimate in (¢7). For the last inequality, we use (7) and the definition
of e, (t) to see that for any a € {1,--- ,n},

Vai(t) - €a(t) > vait) - Vae(t) > cos %, t €0, Tp] (6.1.9)

Now we combine relation (6.1.9) and the previous estimates to get

arccos (eq(t) - es(t))
> arccos (Va;(t) - vai(t)) — arccos (va,(t) - €q(t)) — arccos (vgk(t) - es(t))
7_00 0o 6y 5y

s s s s TN

Hence, we obtain
56
e.(t) - es(t) < cos ?0, t €0, Tp].

]

Lemma 6.1.2. Let (x4, va;) be a global solution to (6.1.1) with non-flocking
initial data (Tai0, Vaio)- If the coupling strength K satisfies

0< K < ,{1—008%0 cos%o—cos%o}
T 2T0 ’ D($0) + 2To ’

then, we have

in Ay se(Ti )
B%Ek azﬂk( 0) >0
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Proof. For the desired estimate, we claim:

d
L Aian(D) > o, tE0,Th. 1.1
ng?k o au(t) > Xo, te][0,Tp] (6.1.10)

Proof of claim (6.1.10): For all t € [0, Tp], a # (B and i, k,

J2ai(®) = 2O = | @i = m10) + | (wisle) = vr) s

< ||@sro — ®aio|| + 270
S D(CL'()) + 2T0,

By Lemma 6.1.1 and the assumption of K, we obtain

d

dt Oﬂ Bk(t)

= (vm(t) vﬁk( )) ’ vaC(t) + (mai(t) - :ng(t)) : ’i)ac(t)

= Vai(t) - Vac(t) = Vpr(t) - Vac(t) + (Taslt) — Tpx(t)) - Dac(t)

0 o

> €OS go — cos % — (D(mo) + 2Tp) K
0 0

>coszo—cos% > X, te€[0,Tp].

Now the claim (6.1.10) is proved. We integrate relation (6.1.10) to obtain
Avipe(t) > Aaipe(0) + Aot, ¢ € (0,Tp).
Then, the defining relation of Tj in (6.1.3) implies
Qi pr(To) > Aaipr(0) + XoTp > 0.

We now take an minimum over «, 3,7 and k£ to obtain the desired result. [J

Proof of Theorem 6.1.2

In this subsection, we provide the proof of Theorem 6.1.2. Recall that we
defined a normal vector in the direction of v,.(7p):

Vae(Th)
[Vac(To)||
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Note that it is a well-defined since v,.(Tp) cannnot be zero from previous

lemmas. We define

15 :=sup {T € [Ty, )

Lemma 6.1.3. Let (x,v) be a global solution to (6.1.1) with non-flocking

initial data (xo,vo). If the coupling strength K satisfies

0<K<1_COS%O
2T,

Then we have, fort € [Ty, Ty),

4 36
(7) max (v () - €a(Tp)) < cos ?O,

() a;ngak{(vai(t) — wa(t)) -ea(To)} > Ao,

where Xy := cos %0 — Cos %.

Proof. (i) We use Lemma 6.1.1 to get that for ¢ € [Tp, 1y)

arccos (’Uﬁk<t> " €q (TO))

> arccos (eq(Tp) - €s(Ty)) — arccos (vgi(t) - es(Tp)) > < 1= 8

Hence, we obtain

30
var(t) - eq(Th) < COS?O, te [Ty, TY).

(1) By the definition of T and estimate (7), assertion (iz) holds trivially. [

Lemma 6.1.4. Let (x,v) be a global solution to (2.4.13) with non-flocking

initial data (xo,vo). If the coupling strength K satisfies

0< K < mi {1—008%0 cos%o—cos%o}
i 2T0 ’ D($0)+2TO ’

Then, we have

TE>Ty and du(t) < w<)\0(t - T0)> fort € (Tp, T7).
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Proof. (i) It follows from Lemma 6.1.1 that we have

0
Vai(Th) - €a(Tp) > cos ZO

Hence, we have T > Tj.

(ii) We use Lemma 6.1.2 and Lemma 6.1.3 to obtain
() — o (t)| > (®ait) — 2a(t)) - €a(Th)

> / (vas(s) — va(5)) - €a(To)ds

To
> Nt —Tp), te (To,1}).
Thus, by the non-increasing property of ¥ (t), we get the conclusion. O

We are now ready to provide the proof of Theorem 6.1.2 as follows.

The proof of Theorem 6.1.2. Let (x,v) be a global solution to (2.4.13) with
non-flocking initial data (xg, vg). If the coupling strength K satisfies

K < K,.

Then, we claim: for ¢t € (Tp, 00),

min (vailt) = van(t)) - €alT0) > do,  @ailt) = @ac(0)] > Mot~ T0)

For the proof of the above claim, we consider two cases:

Either Ty(xo,vo) >0, or To(xy, vg) = 0.

e Case A: Suppose that we have Ty(xg,vg) > 0. Then, it follows from the
arguments in Lemma 6.1.4 that Ti > Tj.
Suppose that

Ty < oo.

Then, by definition in (6.1.11), there exist «, i such that

0
Vai(Ty) - ea(Th) = cos ZO (6.1.12)
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On the other hand, we use Proposition 6.1.1, Lemma 6.1.1, Lemma 6.1.4 and
the assumption of K to obtain

K(N —N,) [*
veall) - €a(Ty) = v (1) 2 (1) — O [ as
To
> COS@ — M/ P(s)ds > cos@, t € [Ty, T3]
8 )\0 0 4

In particular, we have
* 60
Vai(Th) - €a(Th) > cos 1

This contradicts inequality (6.1.12). Thus, we have Tjf = oco. Therefore, the
conclusion (ii) of Lemma 6.1.3 implies the conclusion of Theorem 6.1.2.

e Case B: Suppose that we have

To(wo, 'U()) =0.
In this case, recall that
1—cosh . 0 70
Ky = Cooig , /\Ozcos—o—cos—o.
(=) I~ ls)ds T

Then, for K < Ky, we use the similar arguments in Case A. The conclusion
of Lemma 6.1.2 is just (6.1.5) and same for Lemma 6.1.4. Lemma 6.1.1 can
be proved without smallness of K and we can improve the result into e,/(t) -
es(t) < cos %. From the same reason, the conclusion of Lemma 6.1.3 became

;nﬁink {('vm-(t) —vg(t)) - ea(To)} > )\g. Hence we obtain

|Vai(t) — var(®)] > Ao, |Zai(t) — 2p(t)| > Not, forall t> 0.

Finally, it follows from Case A and Case B that we complete the proof of
Theorem 6.1.2. O
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6.2 Emergence of multi-cluster flocking

In this section, we present an emergence of multi-cluster flocking to the
Cucker-Smale model (2.4.13). In Section 6.1, we divided the particles into
n sub-ensembles Gy, - - - , G, according to their initial velocities, and showed
that for a small coupling strength K < Kj, any two different particles in
different groups do not flock. Thus, it is natural to ask whether two different
particles in the same group will flock or not in a small coupling regime. In
the sequel, we will concentrate this question by allowing the initial velocities
of different particles in the same group to be slightly different.

Consider the Cucker-Smale flocking system with n sub-ensembles G,, a =
1,2,

"tai:vaia tZO, 0421,2,"',71, izla"'aNaa
N,
. K &< <vai7vak>
Vai = &7 V(|Tar — Taill) (’Uak - —’l)az)
N ; (Vais Vai) (6.2.13)
Ng
K <Uai7vﬂk>
+ 5 > e(l@pr — maill) <U/3k T s v 0 )
B#a k=1

6.2.1 A framework and main result

As in Section 6.1, we define some parameters 6y, oy and ry related to the
separations of each sub-ensembles:

0o(2o, vo) := min arccos (v4.(0) - v4(0)),

BFa

do(xo, Vg) := max arccos (vm-o . vac(O))
) V4e(0)

7’0(3307 ’Uo) = N \Laio — LBKO) " 77 710

i ) Touc0)]
o (5 8) ()

0 COS 3 + 3 CoS 3 3
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Now, we introduce the local fluctuations and l5- type functionals that measure
the total fluctuations of each group:

Nq 1 Na 1
e N . E:AQ 2 . E:AQ 2
Lai = Lai—Lac Vi = Vai—Vagc, Xa o ( wai) 9 Va D ( Um) .
i=1 =1

We next state our framework (Cs) for a multi-cluster flocking as follows.

e (C31) (Initial configuration): Initial configuration is well-separated and
initial fluctuations are sufficiently small in the sense that

ro>0, 8¢ [0, %90), P(V2X0).

1
4

e (C52) (Coupling strength): The coupling strength takes an intermediate
value and the initial distance is large such that

(i) Y (VIX + 4)) 2 JU(VIXD),
Ao ( cos dy — cos(% + 6—0))
(1 — N fo (
Aow(\/_)fo) }
4V N(1 — ) I 7

where A and [, are positive constants defined by the following relations

(i) K < Ky := min{

)

400 N 4KVN( —y) [T

A=
ﬂa NﬁaAO r0

W(s)ds, Ba = KNap(V2XD).
(6.2.14)

Remark 6.2.1. (i) By the assumption (Csl), we know that Ag > 0,
(ii) For fized X2, 0y, 00, if V2 < 1 and ro > 1, we can always choose such K

satisfying (Cs52).
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Theorem 6.2.1. Suppose that the framework (C3) holds, and let (Xai, Vai)
be a solution to system (6.2.13) with initial configuration (T a0, Vaio). Then,
we have the following estimates:

(0 jmin [|lzg:(t) — Zai(t)]| > 1o + Aok, 1€ (0, 00),

(44) X:(t) < X2+ A,
(17i) Va(t) < C,max {6_

A
WYl re+ —Ot>}, for some Cy, > 0,

Ky(vVZx)t
o

i.€., the multi-cluster flocking emerges.

Remark 6.2.2. In Section 6.1, it follows from the classification that we
ASSUME Vyio = Voe(0) for any a € {1,--- ,n}. Thus the initial assumption of
0o in the above theorem is satisfied naturally.

6.2.2 Dynamics of local averages and fluctuations

In this subsection, we study the time-evolution of local averages and fluctu-
ations. We use the same definition as in (6.1.2).

Lemma 6.2.1. Let (mai,vm) be a solution to system (6.2.13). Then, local
averages and fluctuations satisfy

( .

Lac = Vag, t207 a:1727"'ana
K Nao Na
'i)ozc = ¢ Lak — Lai ’i)ai - ’i)a Zvozi
30N 2 2 s — sl -
K Ng  No
+V N D3 vlllsk — Tail) (vsk — (Vai Vak)Vai).-
L Y Bt k=1 i=1
and
(ﬁgaz(t):@az(t)a t207 a217"'7n7 i:1a27"'aNoc7
. K Qo
'boci(t) = _'i’ac + N Z¢(|lwak - wai”)('vak - vai)
k=1
N,
K & 6.2.16
+N ;w(Hmak — wai”)<vaiu Vai — vak>vai ( )
Ko
+ty D> wl®er — ail) (var — (Vais Vo) Vai) -
\ B#a k=1
107



CHAPTER 6. MULTI-CLUSTER FLOCKING WITH UNIT SPEED
CONSTRAINT

The proof is basically same as Lemma 3.1.2. For the lack of symmetry,
note that

<vai7 Vai — vak) = <vak7 vak> - <'Uak; vai>7
hence we have
1 9 1, . . 9
aiy Vai — Vak) = F||Vai — Vak = S1Yai — Vakl|| - -4
(Ui, v Vak) 2H'v Vakl| 2Hv Vakl| (6.2.17)

In the following proposition, we derive estimates on the time-derivatives
of X, and V,.

Proposition 6.2.1. Let (moﬂ-,vai),a = 1,---,n be a solution to system
(6.1.1). Then we have, for any «,

dX,
(7) dta <V,, a.e. te]0,00),

(i) Do < BT ((V3,) ~ Vi) Va + KVE( — s,

where Yy = ggljfk¢(||mﬁk — Tuil))-

Proof. The outline of the proof is same as that of Lemma 3.1.3. For the
part (7i), we multiply the second equation of (6.2.16) by 20,,(t) and sum the
resulting relation over ¢ = 1,--- , N,. Then

dV2 = _22 Uaz;vac

ZZ¢ ”mak wal”)(vazavak >

k=1 i=1

a OL
ZZ@D ”wak maz“)(”azavm vak><vazavaz>
k=1 i=1
NB N

ZZZwuwﬁk Lo |) (Bt V3t — (Vai, Vi) Vars)

B#ak 1 i=1
=:To1 + Too + Log + Loy.

(6.2.18)
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e (Estimate on Zy1): It is easy to see that
I21 == 0
e (Estimate on Zyy): We exchange i «+— k to get

No N,
o Mo N o 2NK
T == > > 0l — @il [90i — Dal* <

k=1 =1

V(V2X,) V2

e (Estimate on Zy3): We use relation (va, Vai — Vak) = %Hf)m — Dop]|? derived
in (6.2.17) to get that

« Na

K N . N
Toy= 5 20 D 0k — Fail)[ui — Dl (B, v

k=1 i=1

Thus, we use the upper bound of ¢ and v,; to obtain

Oz Ol
Tos| < — ZZH”M Dok ||*[| Dot

k 1 i=1
K No Na
=N DD Uaill® + 0k [ 9aill
k=1 =1
K 2N K
< N(Nalﬁ + /N V3 < V3,

where in the second equality we have used that

—Qii ’Uoc'mvak |vazl| = =2 <Z’Uo‘k’zvm |’Um||>

k=1 i=1

e (Estimate on Zy4): Note that

Hvﬁk - <'Uaialvﬁk>lvaiH <1

Hence

Ng  No

2K Ny(N — Ny K
T < 2SS S oo v v < 2R

B#a k=1 i=1 N
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In (6.2.18), we combine all estimates of Zy;, i = 1,--- ,4 to obtain
dV? 2N K sy 2NaK s 2VNG(N — N)K
@< —
& = SVRXVL = Va N one
2KN
< 2B (B(VEAL) = Vo) V2 + 2KVN(L = )as Vi

We now divide the above relation by 2, to obtain the desired estimate. [

6.2.3 Proof on multi-cluster flocking

In this subsection, we prove Theorem 6.2.1, the emergence of multi-cluster
flocking configurations for the Cucker-Smale dynamics.

Definition 6.2.1. Define

0o O
T} :=sup {T >0 ‘ min (vai(t) - €4 (0)) > cos(g0 + go), te [O,T]} :

(6.2.19)

where e,(0) is the unit vector in the direction of v4.(0) as before.

vac(())
[vac(O)]]

Lemma 6.2.2. Let (a;(t), vai(t)), o =1,--- ,n be the solution to system
(6.2.13) with initial data satisfying (Cs1). Then, we have fort € [0,T7),
200 50

(1) I%%CX (’Ug’k(t) . ea(To)) < cos(? — 3),

(17) B;nalrllk (Vai(t) — vai(t)) - €a(0) > Ay,

e,(0) == ————

where Ng is a constant depending on 6y and dy:

00 (50 260 (50
3 + g) —cos(? — 3)

Proof. (i) For any § # o and 1 < k < Npg, we can get that

Ag := cos(—

arccos (vgi(t) - €a(0)) > arccos (e4(0) - e5(0)) — arccos (vgi(t) - e5(0))

1 1
>90——<90+50):—

3 3(290 - 50)7 te [07 Tl*)
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Thus, we have

20
max (vsi(t) - ea(Tp)) < COS(TO - %), t€[0,17).

(77) By the definition of 7} and estimate (i), assertion (i7) holds trivially. [

Lemma 6.2.3. Let (wai(t),’vm-(t)), a=1,---,n be the solution to system
(6.2.13) with initial data satisfying (C31). Then, we have

Tl* >0 and ’ng(t) < ¢(T0 + Agt) fOT t e (O,Tl*)

Proof. (i) By the assumptions (C31) on initial data, we have
1
arccos (vq;(0) - €a(0)) < 6y < 5(60 + do).

Thus, by the continuity, we can conclude 77 > 0.

(77) By the initial assumptions and Lemma 6.2.2, for any 8 # «, 1 < i < N,
and 1 <k < Ng,

lai(t) — @ ()] = (2ai(t) — zai(t)) - €a(0)

Thus, by the non-increasing property of ¥ (t), we have the result. O

We are now ready to prove Theorem 6.2.1.

The proof of Theorem 6.2.1. Suppose that the framework (Cs) holds, and let
(Tai(t), vai(t)) be a solution to system (6.2.13) with initial configuration
(T aio, Vaio)- Then, we claim T} = 400 and

(’L) min ||mo¢z(t) — mlg](t)H > Aot + To,

BF#ayik
4y 4K/ N(1 — +oo
04 ( ) Y(s)ds,
5a NBaAO 0

(i1) X,(t) < X2+ A, where A =
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with ﬁcx = KNal/J(ﬂXaO)u

VaxQ)t Aot
(17i) Va(t) < Cymax {e’m( 7 7 (ro - _0) }, for some C,, > 0.

2

e (Estimate of estimate (i)): It follows from Lemma 6.2.3 that we have T} > 0.
Now suppose that 7T} < +o00.

Then by definition in (6.2.19), there exists o € {1,--- ,n} and 1 <ig < N,
such that

Oy 6
Vaio (T7) - €4(0) = cos(go + g‘)). (6.2.20)
On the other hand, we use Proposition 6.1.1 and Lemma 6.2.3 to have that
for any o € {1,--- ,n}
b (t) =2 =K (1 = yn)¢(ro + Aot), t €1[0,T7]. (6.2.21)

Thus, we use relation (6.2.21) and the assumption of K to obtain

T*

W(TE) 2 0 (0) = K(L =) [ o+ Agt)dt

0
> cos 0y — M/ P(s)ds > COS(@ + @)
A0 0 3 3

Then, we have

)
Vai(T7) - €a(0) > v (1Y) > cos(g0 + go)

This contradicts to relation (6.2.20). Thus we have T} = 4o0.
Now we apply the arguments of Lemma 6.2.3 to derive the estimate:

sk (t) — xai(t)]| > 10 + Aot, t > 0.
e (Estimate of estimate (ii)): We claim that

Val(t) < V0 + KVNQ =
o « Ao

>/w¢(s)ds, X, (1) <X+ A, (6.2.22)

where A and f, are defined in (6.2.14).
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To prove the claim (6.2.22), we set
T* :=sup{T > 0 | Claim (6.2.22) holds, for all ¢ € [0,T]}.

We only need to prove that T* = +oo. Clearly T+ > 0.

Suppose that T* < +0. By definition of T*, we have

VQ(T*) =V 4+ K\/Nj(\l — ) / W(s)ds or Xa(’f*) =X+ A
0 ro

(6.2.23)

On the other hand, if we use assumption (Cs1) and (C52), then for ¢ € [0,T%],

w(\/ixa) - Voz
> w3+ ) v+ S 7,

> SU(VIRY) — TO(VEXD) (VIR = (VXD

Thus, by Proposition 6.2.1 and Lemma 6.2.3, we have

dv;t(t) < _K]i]Va ($(V2Xe) = Vo) Valt) + KVN(1 =y )to( Aot + 7o)
< _%Va(t) + K\/N(l — yn)(Agt +10), te]0, T*L

(6.2.24)

where (3, = KN,(v/2X°). We Integrate (6.2.24) directly and apply Gron-

wall’s inequality to obtain

t

Va(t) < Vge*%at + KVN(1 - ’VN)/ P(Aos + ro)e’%a(tfs)ds, te (0,T7).
0

(6.2.25)

In particular, we obtain

Vo(T%) <V + K\/N/(\l — ) /OO W(s)ds. (6.2.26)

0
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It follows from the inequality (6.2.25) that we have

t t
Aa(t) — A2 < / L (s))ds < / Va(s)ds
0 ds 0

t t s
<V, / e Tdr + KVN(1 =) / / (AT + ro)e_%(S_T)des
0 0 Jo

_ A N AKVN( —yy) [T
o /804 /BC%AO 70

Thus, we get

W(s)ds, te (0,T7.

4V, N AKVN(1 —qy) [T
/804 N/BOLAO T0

The inequalities (6.2.26) and (6.2.27) contradict the assertion (6.2.23). Thus
we obtain 7™ = +o0.

X (T*) < X0 + Y(s)ds.  (6.2.27)

(77i) For all t € (0,4+00), we use assertions (6.2.25) to get that

oy  AKVN(1— Aot o A
Vall) < V3™ 51 + &l VBNW( LAsl) ((ro)e T + ¢(70t +70)).
Thus we have V,(t) — 0 as t — +o0. O

6.3 Numerical simulations

In this section, we present several numerical examples and compare them with
analytical results in the previous sections, in particular Theorem 6.1.2 and
Theorem 6.2.1. For numerical integrations, we use the fourth-order Runge-
Kutta method and well prepared initial configurations and parameter values
in the model (2.4.13) as follows:

1

At =10.01, d=2, w(s)zm,

for ¢t € [0,2000]

in order to get clear visualizations and computations.
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6.3.1 Non-existence of mono-cluster flocking

Recall that Theorem 6.1.2 deals with initial conditions leading to the com-
plete separation of each ensemble of particles. We start with some ensembles
of particles whose initial velocities are same in each ensemble. We choose the
following parameters of initial data:

N=10, N, =3, Ny=4, Ny=3.

Figure 6.1(a) represents initial spatial configuration. The initial positions
are chosen randomly based on the fixed central positions of groups, whereas
initial velocities are chosen to collide with other groups. In this situation, the
relative parameters employed in the simulation are

0o = 1.5708, Ty =122.18, K,=0.0147, K =0.9 x K

and they satisfy the sufficient condition in Theorem 6.1.2. On the other hand,
Figure 6.1(b) illustrates the conclusion of Lemma 6.1.4. It shows that each
group is separating at least after the time Tj.

Figure 6.2 and 6.3 denote the temporal evolutions of D(x(t)) and 8(x(t),v(t)),
which measure the diameters of positions and velocities of the whole ensem-
ble, respectively. Note that their velocities do not change much initially since
K is quite small. This is the basic idea of proofs on Lemma 6.1.1, Lemma
6.1.2, Lemma 6.1.3, and Lemma 6.1.4.

6.3.2 Total separation of particles

The initial positions and velocities are chosen uniformly in [—1,1]* and S*,
respectively. This randomness makes T and K get extremely big and small
values, respectively.

Ky =1.1658 x 1078, T, = 18884.

Figure 6.4(a) shows a realization of initial data. Figure 6.4(b) shows that total
separation condition is satisfied near ¢ = 30 for K = 0.9 x Kj. The notable
point is, however, that Theorem 6.1.2 is generally satisfied with respect to
initial data if we give small enough K. On the other hand, the result of
Theorem 6.2.1 cannot be applied to general initial data, since the existence
of local flocking itself is not guaranteed for general initial configuration.
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6.3.3 Emergence of multi-cluster flockings

Now we focus on Theorem 6.2.1. The results are similar to the subsection
6.3.3, but the difference comes from the fluctuation of initial velocities. Since
Theorem 6.2.1 has restriction on X° and V°, the L?-norm of fluctuation, its
result depend on the number of particles N. Hence we set small number of
particles as follows, for the convenience of visualization.

N =10, Ny =3, Ny=4, N3=3.

Initial configuration is also chosen in a similar way as in subsection 6.3.1. The
reference positions and velocities of each group are fixed and we give small
random fluctuation for each particle. In contrast to the previous setting, we
set separating initial conditions to see the behavior after separation.

Figure 6.5(a) shows the initial spatial distribution which is separating.
Relative positions are scaled larger to guarantee the conditions of Theorem
6.2.1. This configuration has the following parameters,

e
% = T5000°
X% =0.1579, V' =1.6203 x 107%, A = 0.2548,

0, = 1.5708,

where the coupling strengths are chosen as follows.
Ky =0.0251, K=09x K| < Kj.

Hence all the restrictions for Theorem 6.2.1 are satisfied. Here dy is chosen
to be quite small value in order to satisfy the condition (C52).

In Figure 6.5(b), we can observe the minimal difference of velocity angle is
nearly constant, which implies K is so small that the interaction between each
groups are little. On the other hand, K is large enough to make local flocking
of each group, as we can see Figure 6.6. Smaller values break Theorem 6.2.1,
for example, we tested K = 0.09K; makes X > X° + A and K = 0.009K;
makes more clusters than three.
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!
(a) Initial spatial configuration @ (b) Spatial distribution at time Tj
Figure 6.1: Position-velocity configurations
(a) D(z(t)) for time t € (0, 20) (b) D(x(t)) for time ¢ € (0,2000)

Figure 6.2: Diameter of positions D(x) along time axis
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Figure 6.4: Randomly chosen Position-velocity distribution
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(a) Initial spatial distribution (xg,vo)  (b) O(x(t),v(t)) for time ¢ € (0,2000)

Figure 6.5: Initial configuration and its evidence of non-flocking
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Figure 6.6: Emergence of local flocking
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Chapter 7

Local flocking scenarios with
two ensemble coupling network

In this chapter, we are addressing the following situation. Suppose that two
homogeneous ensembles of C-S particles are interacting in the whole space.
Then, what will happen asymptotically after they begin to interact? Do they
form a single ensemble moving together? Or do they diverge as a separate
flocking ensemble after the initial mixing? We can think of several possi-
ble scenarios from this situation. Here, the main interest is to suggest three
frameworks, which sufficiently lead to possible scenarios. Each one repre-
sents global flocking, bi-cluster flocking, and partial flocking, respectively.
This work is a continuation of the contents in Chapter 3 and 4, and the
arguments will be applied to Chapter 8. This chapter is based on the joint
work in [45].

To fix the idea, the notation G, = { (@1, v1;)} Y and Gy = {(295, vo;) j-vil
will be used as two homogeneous C-S ensembles. In contrast with Chapter
3, the interaction between two subsystems G; and G, might have different
coupling network. Here the adjective “homogeneous” means that each C-S
particle in the same subsystem has the same mass, so that each particle is
indistinguishable. Let (24(t),va;(t)) € R?* be the phase-space coordinate
of the 7th Cucker-Smale flocking agent in group G,. Consider the interacting
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Cucker-Smale flocking system:

Ty = vy, Ly =vy, >0, ¢=1,2,--- Ny, j=1,2,--- Ny,

Ky &
vy = Fl Z%(Hmm — i) (vik — v)
L k=1
Na
K,
+ Fd de(”wzk — @) (var — v1i),
2 k=1
No
: K,
b2 =N, ;%(szk — @a]]) (var — v2;)

Ky
+ Fd de(lek - 51323'H)(Ulk - U2j)>
L=t
(7.0.1)

where K, K5, and K, are nonnegative intra-system and inter-system cou-
pling strengths, and the communication weight v, : R, — R is Lipschitz
continuous and satisfies the following conditions:

0 < Pa(8) < 9a(0) =1 < 400, ¥a(s) € L'(R,), a=1,2,d,
(Va(s2) = Yals1))(s2 — s1) <0, 1,82 € Ry
Note that if we turn off inter-system coupling strength K; = 0, then sys-
tem (7.0.1) becomes the collection of two C-S models. The well-posedness of

system (7.0.1) - (7.0.2) is obvious owing to the standard Cauchy-Lipschitz
theory of ordinary differential equations.

(7.0.2)

The main story of this chapter is threefold. First, we present a suffi-
cient framework for a mono-cluster flocking to the combined system (7.0.1)-
(7.0.2). It turns out that the key factor for the emergence of mono-cluster
flocking is basically dependent on the inter-system coupling strength Kj.
For a large inter-system coupling strength K, the combined system leads
to mono-cluster flocking for any nonnegative intra-system coupling strengths
K, and K5 (Theorem 7.1.1) for some admissible class of initial configurations.
Second, we deal with a sufficient framework for the bi-cluster flocking of sub-
systems G; and G. In this case, the inter-system coupling strength should be
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small, but the intra-system coupling strength should be large. We quantify
this plausible guess by providing explicit lower and upper bounds for K,
and Ky in terms of initial configuration only. Third, we present a sufficient
framework for a partial flocking. More precisely, we present the conditions
for local flocking of subsystem G, where Gy does not flock (Theorem 7.2.2).

7.1 Emergence of mono-cluster flocking

In this section, we study a sufficient condition for the mono-cluster flocking
in the interaction of two homogeneous C-S ensembles. We will see that the
inter-ensemble coupling strength K, will play a key role in the mono-cluster
flocking estimates as long as the intra-ensemble coupling strengths K and
K, are nonnegative.

7.1.1 Estimates on moments and functionals

Before we start the analysis, we need longer and more complex calculations
than before. In this subsection, we focus on the temporal evolution of the
normalized first and second velocity moments. For this, we set

1 1
Vie = E V1, Ve ' = E V;
N, — ’ Ny — ’
i=1 =1
1 1
ma1 = - E ||’UMH27 Moo = — E H’U2z‘||27
Ny — Ny i—
i=1 i=1
Ml = Vi —|—’U20, M2 =May +m272.

As we did before, we need to construct differential inequalities for these
moments. To start with, the first and second velocity moments satiesfy the
following equations.

Lemma 7.1.1. Let (z,v) be a global solution of the coupled system (7.0.1).
Then, we have

dv K, X
. lc _ d B ‘ B A
) N N, ;;W(H-’B% x1]]) (Vo — 1)
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Ny

N2
(1) d”Qc = Z > Yalll@si — @arl)) (var — v1s).

k 1 =1
d 1 1
(112) Tgfl = N? ZZ% |21 — x1i]) H’Ulk—’UuH
k=1 i=1
2K 2 l
: ZZ% 2o — @uil]) (V1, Vos, — 1),
k 1 =1
dm22 Nz Na
(iv) p7a ZZ% |2 — T2])) H'U2k_'021H
2 1=
2de 12 ;fl

NN, Z Z¢d(||m1i — @op||) {2k, V2 — V1)

k=1 i=1

We omit the proof since it is similar to Lemma 3.1.2.

Remark 7.1.1. If we define the total momentum P and energy F,

N Ny
P = E vy + E vy; = N1V + Novy,
i=1 i=1

B = (Z|!qu2+ZHvzzH) 5 (W4 mv).

then they satisfy the following estimates:

P = N1y + Navy,

— Kd<— — —) ZQZIW (lear — $1z“)(v2k - Ul%)

and
g Iy L
= 5 1m21+§ 212 2
1 1
— ZZ% |1 — @ul]) H”lk_”“”
k=1 i=1
2 2
e Y valllwn — wul)lfoa - v
k 1 =1
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No Ny

K
3 0D dulllmar — @l (o1, var — v)
2 k=1 i=1
K No N7
= 20D alllwns — @) (war, v — v12).
Lzt i=1

As a direct corollary of Lemma 7.1.1, we have the estimates for M; and
M as follows.

Corollary 7.1.1. Let (zcl, vl) and (zcg, ’02) be a global solution of the coupled
system (7.0.1). Then, we have

Mi(t) = My(0),  My(t) < M(0), > 0.

From the analysis of moments, the first momentum is conserved and
the propagation velocities cannot go to infinity. Next, we introduce nonlin-
ear functionals measuring the formation of mono-cluster flocking for system
(7.0.1), and derive a system of dissipative differential inequalities (SDDI).
In order to study the global flocking, we introduce the global averages and
fluctuations around them:

1,1 & 1 & 1,1 & 1 &
Toi=—|— > Tu+-—) x), Voi=—(—) vi+-—)) vy,

2(]\71; 1+N2; 23) 2(]\71; 1+N2; 2])
ﬁjai = Lo — Lo, f’ai = Vqyi — Vg, (]1:]_,2.

Then (x.,v.) and (&,, v, ) satisfy

A

To=v.,, V=0, &=y, 5323' = vy;, t>0,
Ny
. K . . X .
Vi = Fl Z%(lek - 131¢||)(U1k - ’Uli)
Le=1
N2
Ky . . X X
+— ) Yall|®ar — x1;i]|) (V2r — V1
. Z (I ill)( ), _
N2
- K . . X .
Uy = Fz D ||k — @ayl|) (D2 — Da)
k=1
N1
K, . . X X
+ Fd > a1 — o)) (D15 — B2).
U k=1
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Note that the dynamics of (., v.) and (Z,,V,) are coupled except for Ny =
N,. We now define Lyapunov functionals X and V as the weighted [?>-norms:

1

Z l22:1* + < Z I2251%) 7

1

Z 1oull* + Z 12511%) >

Note that X and )V measure the deviations from the global averages, and it

(7.1.2)

is easy to see that the functional X and V are Lipschitz continuous in t, so it
is differentiable for almost all ¢ € (0, 00). Before we proceed to the flocking
estimate, we recall the definition of mono-cluster flocking as follows.

Definition 7.1.1. Let (x,v) be a global solution to (7.0.1). We call the
subsystems G1 and Gy exhibit a time-asymptotic mono-cluster flocking if X
and V satisfy

sup X(t) < oo, lim V(t) =
0<t<co t—o0
Note that, in the following sections, we let « := (@1, x3), v := (v, v2),

and N1+N2 = N.
Proposition 7.1.1. Let (x,v) be a global solution to (7.0.1) with
K,>0, a=12 K;>0.

Then, the Lyapunov functionals defined in (7.1.2) satisfy

‘dt < %< —Kqq(V2NX)V, a.e. t € (0,00).

Proof. The first inequality is from the direct calculaltion. For the second
inequality, we multiply (7.1.1), by 29y; and (7.1.1); by 2v,;, and sum the
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results together. Using similar calculations to the proof of Lemma 7.1.1 (i),

V2N, 2 A, -

& N (D1, V1) + E Z<’U2j, V)
i=1

2K, o
= " NN, Do dallldor — @uill)[[ 92 — ol
o N (7.1.3)

2K M 2K 2
< ——dwd \/2NX)Z||@1i||2——d¢d (VaNX)D o
=1 k=1

+ 4Kd1pd(\/_2()( Z’Uu) : (L ’f72k)7

where we used
K,>0, a=12 |&x—2yul* <2NX?

On the other hand, note that
Ny L M TRRE
th ;’ng:(E;’UU—FEE’UWJ—Q’UC:O.

N2 Nl
1 1
Then, we substitute the relation — Vo, = —— v1; into (7.1.3),

N1 N2
dy? 2K . 2K N
——ddf (VaNX)D " foul* - —dwd (VaNX) > " |ow”
i=1 k=1

o S
= —2Kgtha(V2NX) V2.
This yields the desired differential inequality for V. O

7.1.2 Proof on the mono-cluster flocking pheonomena

In this subsection, we provide the proof of the emergence of mono-cluster
flocking using the SDDI in Proposition 7.1.1. We now present our first main
result.

126



CHAPTER 7. LOCAL FLOCKING SCENARIOS WITH TWO
ENSEMBLE COUPLING NETWORK

Theorem 7.1.1. Suppose that initial data (xo,vo) are given and the intra-
and inter-ensemble coupling strengths K, and Ky satisfy the following con-
ditions:

Vo
" T vV )

Then, for global solution (x,v) to (7.0.1), there exists a positive constant

K,>0, a=12 (7.1.4)

Tim such that

sup X(t) < x1p, V(t) < Voe Kava (mx“”)t, as t — oo.

0<t<o0
Proof. e Step A (Existence of xq,,): It follows from Proposition 7.1.1 that

we have

‘dt <V, %< —Kapg(V2NX)V, ae. t € (0,00). (7.1.5)

We now define a Lyapunov functional £ following [47]:

Lo(t) :=V(t) + Ky /X(t) Va(V2Nz)dz, te (0,00). (7.1.6)

Then, we use (7.1.5) and (7.1.6) to obtain

dly dV dX
o =T Kdl/Jd(\/_X)— < —Katha(X )(V - E) <0

This yields
,C()(t) < £0(0), t e (0, OO),

or equivalently

X(t)
V(t) + Kd ”Lpd(\/ 2N£)d£ S Vo, te (O, OO)
Xo
In particular, this yields
X(t)
Kd wd(\/ 2N£)df < Vo, t € (0, OO) (717)

Xo
We set ,
F(B) == Kq y a(V2NE)dE, B> 0.
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Then, F () is a continuous and increasing function of /3, and by assumption
(7.1.4), we have
0=F(X) <W < ,ma F(B).
—00

Hence, by the intermediate value theorem, we can choose the largest value

of x5 such that
T1M

Ky Ya(V2NE)dE = V.

Xo
Then, we claim
sup X(t) <z (7.1.8)

0<t<oo

Proof of claim (7.1.8): Suppose not, i.e., there exists t,. € (0,00) such that
X(t*) > Tipm-

Then, for such X(t.), we have

TiMm

X(t))

Ko [ walVaNede > Ko [ v VENEdE = Vh,
XO XO

which is contradictory to (7.1.7).

e Step B (Exponential decay of V): We use (7.1.8) and the non-increasing
property of ¥, to obtain

dV(t
% < —Kghg(V2NX)V < —Kqhq(V2Nz1a) V(E),  ace. t € (0,00).
This yields the desired result. O

Remark 7.1.2. 1. Note that in (7.0.2), we assume that the communication
weights 1, 1s assumed to be Lipschitz continuous to guarantee the global well-
posedness of the coupled system (7.0.1). However, in the proofs of Theorem
7.1.1, Theorem 7.2.1 and Theorem 7.2.2, we only need 1, to be integrable;
while in Corollary 7.2.1 and Corollary 7.2.2, we need the boundedness of 1,
to guarantee the existence of the finite time Ty. Thus, in principle our flocking
estimates can be done for the coupled particle system (7.0.1) and its kinetic
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counterpart with singular communication weights [12, 47, 69] in a priori set-
tings. However, we leave this issue for future work.

2. The condition (7.1.4) on the lower bound for K, implies that, as Vy
increases or Xy increases, the lower bound for Ky increases. This is what we
can expect to happen.

3. Consider the system with a bi-partite interaction, i.e., there is no
intra-ensemble interaction, i.e., K1 = Ky = 0: fori =1,2,--- Ny, j =
17 27 e 7N27

Ty, = Vi, Ty =vy, >0,

Ky
vy = Fdz¢d(||x2k_wli||)(v2k_'Uli)7
2 k=1

Ky
. d
by = E;wdwmm—wzjm(vm—vzj)-

Then, the result of Theorem 7.1.1 yields that, as long as the inter-ensemble
coupling strength K, is sufficiently large, we still have mono-cluster flocking
for the initial configuration. This is a rather counterintuitive result.

In the following two sections, we study the formation of bi-cluster and

multi-cluster flocking.

7.2 Emergence of the local flocking phenom-

€lla

In this section, we study the dynamics of system (7.0.1) in a small inter-
coupling regime K; < 1. In this regime, we present sufficient conditions
where each sub-ensemble G; and G, flock by themselves, but there is no
mono-cluster flocking. Note that, for a large inter-ensemble coupling regime

v
Kd > %) 0 )

on Ya(V2Nzx)dz
ensembles flock together independent of the detailed geometry of the initial

we have a mono-cluster flocking wherein two sub-

configurations.
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7.2.1 Description of bi-cluster flocking

In this subsection, we briefly discuss our main results on the formation of
bi-cluster flocking. Since we have bi-cluster flocking asymptotics in mind, we
introduce local ensemble averages and local fluctuations around them: for

a=1,2, we set

1 Nq 1 Na
Loe - — Fa Z Laiy Vace = F& Vi iozi = Lai — Lac,
=1 =1
N, N,
N 1 <. 1 1 <= 1
Vai ‘= Vai — Vae, Xy = (MZH"B&AP)Z; Vo i= (EZH”M”Q)Q’
=1 =1
[Tallso == sup [|Zaill,  [[Dallc == sup [|Oasl]-
1<i<Ng 1<i<Ng

Here we use the same notation for the local fluctuations as for the global
fluctuations in Section 7.1 for notational simplicity. Then, it is easy to see
that
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And then (Tae, Vo) and (&4, V,) satisfy

A

Lic = Vie, L = Ve, L1 = V14, L5 = Vyy,
N2 N

Vi = N, N2 Zzi/)d |@or — @1i) (Vo — v15),

k=1 =1

N1 N3

_ Kd Zzwd 211, — @25]) (vik — V),

kl]l

D1y = —V1e + — Z%Ul |21 — fDuH)(’Ulk - ’Uu)

K, Qe
+ 22N (|l — 20]]) (vak — 1),
Ny k=1

Vyj = —bae + — Z% ([#21 — ®25]) (Var — D2;)

K,
Ff de(lek - fl?sz) ('Ulk - Uzj)-
k=1

(7.2.1)

Definition 7.2.1. Let (x,v) be a global solution to the coupled system (7.0.1).

1. The subsystem G; exhibits a time-asymptotic flocking if and only if

sup X;(t) < oo, tllglo Vi(t) =0

0<t<oo

2. The whole system (G1,Gs) exhibits a time-asymptotic bi-cluster flock-
ing if and only if both subsystems G and Gy exhibit a time-asymptotic
flocking, but the whole system does not exhibit a time-asymptotic mono-

cluster flocking.

3. The whole system (Gy,Ga) exhibits a time-asymptotic partial flocking if
and only if only one of Gy and Gy exhibits a time-asymptotic flocking,

but the other does not.

Our main results on the emergence of bi-cluster flocking can be summa-

rized as follows.
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Theorem 7.2.1. Suppose that the following framework (C4) holds for the
initial data (xg,vo) to system (7.0.1).

o (C41): (Restriction on initial configurations)

1

Ao = 5 [[026(0) = w1 (0)[| > 0,
12336 ||'Ulz( ) - ’Ulc(O)H < Z)\O’ ln;ax ||v2k(0) _ vQc(O)H < Z)\o,
1£IzliI]1V { L2k O) - «’1311(0)) ’ (v2c(0) - ’Ulc } > 0.

1K< N

o (C42): (Restriction on coupling strengths): for a = 1,2,

V. (0) + Kay/2NM3(0) /2NM2 fo

fx \/Wx)d ’
)\2

= 12 2NML0) [ dala

Then, the whole system (G, Gs) exhibits a time-asymptotic bi-cluster flocking.
More precisely, for the solution (x,v) to system (7.0.1) with initial data
(o, vg), there exist positive constants x5° and Cy, o = 1,2 that depend only
on the initial data and v such that

aPa \/Tx“’ t
sup A, (t) <zo0, Vul(t) < C, max{e FatalyRasa) @Dd(—t)}
0<t<o0o

O<tl<nf H’ng( ) — 'vlz(t)H Z /\0, ngl}gn ngk(t) — wlz(t)H Z /\()t, t e [0700)

Remark 7.2.1. 1. The last geometric condition

Join {(@24(0) = 214(0)) - (v2:(0) ~ 1(0))} > 0

1<k< Ny
means that the particles in different groups depart each other initially. Actu-
ally, this geometric condition is not that crucial for the validity of Theorem
7.2.1 as can be seen in Corollary 7.2.1. This condition will be attained in a

finite time for proper coupling strengths, even if we begin with initial data
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that do not satisfy this condition.

2. The smallness condition on K, is needed to prevent mono-cluster flocking,
whereas the largeness condition on K, is needed to enable flocking of each
subsystem.

As we did in Chapter 4 and 6, we can get rid of the condition

é?”?v {(221,(0) — 21;(0)) - (v2:(0) — v1.(0)) } > 0.
1<I<;<N2

In order to guarantee the separation, we use the following time stamp.

Tyi= 55 max [(@a(0) ~21(0) - (wr(0) ~ v1c(0)]

1<k<No

Corollary 7.2.1. Suppose that the following framework (Cs) holds for the
initial data (xo,vo) to system (7.0.1).

o (C51): (Restriction on initial configurations)

1
A0 1= 5[|v2(0) = v1(0)[} > 0,

1 1
max [0 (0) — w1 ()] < Jho. max [[os(0) — v2(0)]] < Jho.

e (C52): (Restriction on couplmg strengths): for ao = 1,2,
)\2
16\/2NM2 )Ty 24\/2N 0) [ thalx

2(D( JM/QNM2 (0)To) /2N M5(0 )}
Pa( ) \/2NM2 fo

fR \/2N )dm ’
where we have used some quantities that only depend on the initial data:
D(1(0), 22(0)) := max [z (0) — 2w (0)]];

Ao
16’

OSKd<min{

K, > a=1,2.

P,(0) :=V,(0) +
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Then, the whole system (G, Gs) exhibits a time-asymptotic bi-cluster flocking.
More precisely, for the solution (x,v) to system (7.0.1) with initial data
(o, vg), there exist x2° and C,, o = 1,2, that only depend on the initial
data and 1 such that

_ Kag(VZNaz®)(t—Tp) ()\O(t — TO)> }
2 [ E———
y ¥d )

sup X, (t) <z, V,(t) < Cymax {e 1

o )
To<t<oo

. A . A
i7k7éf§1tf<00 lvar(t) — v1(t)]| > 707 min |k (t) — @14(t)]| > Eotm t € [Ty, 00).

Remark 7.2.2. The technique using the separated time Ty is described in
Theorem 4.1.1 in Chapter 4 and Theorem 6.1.2 in Chapter 6. There is a
detailed explanation in [45], hence we omit in this Chapter.

7.2.2 Emergence of bi-cluster flocking

In this subsection, we present a proof of Theorem 7.2.1 on the formation of
bi-cluster flockings resulting from the interaction of two C-S ensembles in the
low inter-coupling regime Ky < 1.

Proposition 7.2.1. Suppose that the coupling strengths satisfy
Kazoa 0421,2, KdZOa

and let (x,v) be a global solution to (7.0.1). Then, for a = 1,2, we have

dv o

(4) H || < Ka/2NML0)banr, ae. t € (0,00),

L dX, dv,
(“) dt S VCM dt S _Kawa( QNQXQ)VQ + Kd V 2NM2(0>2/}dM7

where Yanr 1 the time-dependent maximal communication weight between

distinct ensembles:

Yam (t) == max V(|2 (t) — zu(t)]]) > 0.

1<i<N,
1<E<N,

Proof. Since the estimates for subsystem G, are the same as for subsystem
Gy, we only treat estimates for v = 1.
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(i) We use (7.2.1) and the following inequality

|var(t) — v (8)|| < V2N My(t) < /2N Ms(0)

to conclude the result,

No
- 7a Zde 2ok — @il ooy — vl

Hd'vlc

(ii) Since the first inequality can be proved similarly with Proposition 7.1.1,
here we only prove the second one. We multiply (7.2.1), by 29;; and sum the
results with respect to ¢ to obtain

v 2SN
T E A (D15, V1q)
9 N1 Ni M
= _F< ’blzavlc> Zwl &1k — Z1)) H’Ulk - Ule
L= k 1i=1
Ny N
2K
: N, 2o 2 Yalllwa = @l (o var = vui)
k 1 =1
@Dl V2N &) Z Z | o1 — Ule + 2K 4/ 2N M3(0)tparr V1 -
k=1 i=1
(7.2.3)
On the other hand, note that
Ni N
SN low — vl =2 Z ||| = 2N2V2, (7.2.4)
i=1 k=1
Putting (7.2.4) into (7.2.3) leads to the desired inequality,
ay
d_tl < =K1 (V2N1 X))V + Ko/ 2N Ma(0)ans -
The inequality for Vs, can be proved in the same way. O]
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Proposition 7.2.2. Suppose that the coupling strengths satisfy
K,>0, a=1,2 Kq>0,

and let (x,v) be a global solution to (7.0.1). Then, for a = 1,2, we have

1D (t2)lloc = [[0a(t1)llec < 2Kav/2NM;(0) /t 2 Yan (t)di

for any time step 0 < t; <ty < 00.

Proof. We only prove a = 1 since the case o = 2 can be treated in the same
way. We set

F(t) = 2K 4v/2N M5(0)thans (t)

We claim that for any t; € [0,00), there exists At > 0 such that

to
|91 (t2) oo — [|[01(t1) |loo < / F(t)dt, Yty € (t1,t1 + At]. (7.2.5)
t1
Proof of claim (7.2.5). Now we take an arbitrary t; € [0,00). Set

Ly = {1 <j < N | [[oy ()] = [o1(t1)]]oc }-

For any j € I;,, we have

dl|oy;(t)|°
dt

1=t {QKI 21/11 21 () [1)(015(t), V1x(t) — D15(1))

1 28 Z?/Jd [ 2k (£) — @15 (£)[]) (015 (t), v2x(E) — v1;(2)

— 2y, @1C>} .
t=t1
We use (01;(t1), 01x(t1) — 01;(t1)) < 0 and the estimate of |0, in Proposi-
tion 7.2.1 to find
dljoy, (0]l

o < F(ty).

t=t1
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From the continuity, there exists At > 0 such that for any ¢ € [t1,t; + At],
any j € I, and any ¢ € {1,---, N}\I;,, it holds that

d||vq;(t 3 U
WuOL - 7ty and o] < 2(0) .

Thus, for any ¢, € [t1,t1 + At], there exists j € [;, such that ||0q;(t2)| =
|91(t2)||oo. Hence, we have

[01(t2)llo0 = 101 (81)lloe = l01;(E2) ] — [[01;(t1)]]
d
/ H’vlj H / JT" t, for all t2 € (tl,tl -+ At]

t1 t1

Thus, the claim (7.2.5) holds. Now we set
T% = sup{t € (t1,00) ‘ [91(8)]lo0 = [[91(t1) ][0 < / F(r)dr, Vs € [t 1]}
t1
Now we claim
T* = .

Otherwise, we assume 7% < co. Then

Th

[o1(T%)lloe = 101 (t1)lloc = | F(t)dt.
t1
We use claim (7.2.5) to know there exists At > 0 such that
191(5)||oo — [|01(T%)||oe < | F(t)dt, forall s € (T" T% 4 At].
Th

Thus, we can have the following for s € [t;, T% + At].

fou(9)l — loatt)l < ([ + [ 7= [ Foyi

This contradicts the definition of 7% Therefore, the conclusion follows. [

In the following two subsections, we proceed to prove Theorem 7.2.1.
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e Step A (Local-in-time estimate): We will show that each sub-ensemble
G, satisfies the flocking estimates for some finite time 7" and ¢ € [0, T):

sup X, (t) <228, Vo(t) < C,max {e_w ¢d<>‘ot>}

o
0<t<T

: (]S : N
ocith M) — vl 2 Ao, min 22 (t) — 2u(t)l] 2 Aot

e Step B (Continuation to the whole time interval): We will show that
time 7" in Step A can be chosen to be infinity.

Step A : Local-in-time flocking estimates

To find the time interval where all desired flocking estimates hold, we set

o0 v2e(0) —vie(0)

P owl®) ~ 0O

Tii= {T € [0.+00) | min{(van(t) —vi(1) - 2} > ho. ¥ £ € [0.7) |
(7.2.6)

17 = sup T,

We first show that 77 exists and is positive.

Lemma 7.2.1. Let (x,v) be a global solution to (7.0.1) with initial data
(o, vo) satisfying (C41) in Theorem 7.2.1. Then, we have

Ty >0 and o (t) < g (Not), forall te€[0,T7).
Proof. (i) We first show that 7% > 0.

(v2£(0) — v1,(0)) - 61 2

@) wi0) (o
fou®) oo (20 ~2l0) =210 +0u.0)
> [02:(0) = w10}l ~ [91(0) | ~ 200
3o
= T

We now take a minimum over ¢ and k to obtain

I%}cn{(’v%(o) —v1;(0)) - €75} > Xo.
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Then, by the continuity, there exists o > 0 such that

r%n{(vgk(t) —vy;(t)) - 6(1],2} >N, t€1]0,0), ie, d€T.
Hence Ty > 6 > 0.
(ii) For ¢ € [0,T7), we have

[ @2 (t) — @15(1)]| > (22k(t) — 21i(t)) - €] 5
= (®2(0) — 21:(0)) - €] 5

+ /Ot (var(s) — v1i(s)) - e?,zds > Aot.
Thus, by the non-increasing property of 14, we have
Yanr(t) < g (Aot), for all t € [0,T7).
O

Lemma 7.2.2. (Flocking estimate in [0,77)) Suppose that the initial data
(o, vo) satisfy (C4l) and the coupling strengths satisfy

0 y(z)de
f)?j(o) Yo (V2Nyx)dz ’

a=1,2K;>0.
Then, for the solution (x,v) to system (7.0.1) with initial data (xo, vo), there
exist positive constants x2° and C.,, independent of time t such that

sup X, (t) < a2

o)
0<t<T}

ava(VZNad)t Aot
Valt) < Camax{eK P (7())} t e [0,77).

Proof. (i) (Existence of an upper bound x2°): We fix a € {1,2} and define a
Lyapunov functional £,:

Xa(t)
Lia(t) :=Vu(t) + Ka/o Ya(v/2Nyx)de.
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It follows from Proposition 7.2.1 and Lemma 7.2.1 that

dli(t)  d
o = dtVa<)+Koﬂ/Ja( 2N, X, (1))

d
— X, (T

(N K1) (V) — - alt)) + K/ IN VR0
< Ka/2NMy(0)ha(Not), ¢ € [0,T7).

We integrate the aforementioned relation to obtain

Xa(t)
Va(t) + K, Ua(V2Naz)dz < Vi iV 2NM2 / e

Xa (0)

IN

In particular, this yields

Xalt) /2N 1 (0)
K, Ya(vV/2Noz)dz < Val 2NM2 / ba(z)dz, t € [0,T7).

Xa(0)
(7.2.7)
On the other hand, the assumption on K, implies

Va(0) V2NM2 /¢d )z < K, h Vo(\/2Noz)dz.  (7.2.8)

Xa (0)

We use (7.2.7) and (7.2.8) to see the existence of a solution to the following
equation with variable x2°:

K, [ Wl VNG = Va(0) + Y Qi: Ms(0) / " pala)da
0

Xa(0

We set x2° to be its largest possible positive value. Then, by the same argu-
ment employed in Theorem 7.1.1, we have

X (t) <aP°, forall tel0,T7).

o )

(ii) (Decay estimate of ||0,(t)]|): By the estimate (ii) in Proposition 7.2.1,
we have

Do _ — Kb (v/2Naz)Va + Kan/2N M3 (0)t0a(Aot).

dt
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We now apply Lemma A.0.1 in Appendix with

a .= Kawa( \% QNQxZO), f = Kd V 2NM2(0)wd<>‘0t>7

to find the desired flocking estimate:

Va (t) S Va(o)e—Ka@Z)a(\/QNazgo)t
Ky QNMQ(O) _ Kavq(V2Naz)t Aot

el ()]
Kot(v2Nz) L Va5

]

As a final step, we are now ready to complete the proof of Theorem 7.2.1
by showing that 77 = oo.
Step B: Continuation to the whole time interval

Suppose that initial data (xg,vo) and coupling strengths satisfy the frame-
work (F4). We claim
T = oc. (7.2.9)

Proof of claim (7.2.9): Suppose not, i.e., 0 < T} < oco. Then, it follows from
the definition of 7* in (7.2.6) that

(V2 (T7) — v0(TY)) - €7 5 = Xo. (7.2.10)

On the other hand, we use Proposition 7.2.1 and Proposition 7.2.2 to obtain:
for a =1,2,

[oeeT7) = vac(0)] < S22 M (0) / " pala)d,

(7.2.11)

[£a(TP)le < o0 + TR0 ™ 0y
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We use assumptions on the initial data K,; and (7.2.11) to derive the following
relation:

(var(T7) — vuil(T7)) - €15
> [0(0) — 010 = [02T7) = 02:0)] - [02e(T}) — w0}
~ 01Tl = 92075
> 20— [0 — a0 ~ S [T ga

> )\0.

This contradicts relation (7.2.10). Thus 77 = oo.

7.2.3 Description of partial flocking

In this subsection, we briefly discuss the main results for the emergence of
partial flocking (see Definition 7.2.1) for some class of initial configurations
under the following situation:

Ki>1 K<<l1, K;i<l1.

In this case, subsystem G; flocks, but the other subsystem, G,, does not. More
precisely, our result is as follows.

Theorem 7.2.2. Suppose that the following framework (Cg) holds for the
initial data (xo,vo) to system (7.0.1).

e (Cgl): (Restriction on initial configurations)

1 )
max [v1:(0) — v1(0)]| < 1.2 [v21(0) — v1(0) ],

v2;(0) # v2:(0), for i # k,
(fin {(@2(0) = 21:(0)) - (v21(0) — v1e(0))} 2 0 and

1§g2;i€2N2{<$2’“(0) — 22;(0)) - (v21(0) — v2(0))} > 0.
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o (C42): (Restriction on coupling strengths):
Ay mm{uo, }

0< Ky <
4\/2NM2 fo @/}d

Ho IIlll’l{,U,(), 2 }

0= Ka< 41/2N My (0 fo ol
Vi (0) + w/2NM2 fo

Ky > )
' le(O) 7701 \/ )dm

where positive constants Ng and po are given by the following relations:

1 ) 1 .
Np = 3, i |v21(0) — v1(0)[], o := 2 |v21(0) — v2(0)].

Then, the subsystem Gi and Gy exhibit a time-asymptotic partial flocking.
More precisely, for the solution (x,v) to system (7.0.1) with initial data
(@0, vy), there exist T3° and Cy that only depend on the initial data and ¢,
such that for any t > 0,
K11 (/ZN129°)t Aot
sup A (t) < 7%, Vi(t) < Gy max{e‘ B )¢d<70>}7

0<t<o0o

i —vy(t)]| > i — 2o ()| > pot.
Jn [oselt) = va®) = o, min Jlwn(®) = ()] > ot
1<i£k<N,

As a corollary of Theorem 7.2.2, we get rid of the assumptions

) glglvl{(wzk(@) = 21,(0)) - (v2(0) = v1(0))} > 0, and

min  {(@2x(0) — @2;(0)) - (va21(0) — v2(0))} > 0.

1<i£k<N,

For this, we define

Ty = %  max. [(2%(0) — x1,(0)) - (v21(0) — v1.(0))],
1<k<Ns
1
T = 2 | max [(2£(0) — 22:(0)) - (v2r(0) — v2(0))],

T() = max{Tl, TQ} Z 0.
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Corollary 7.2.2. Suppose that the following framework (C;) holds for the
initial data (xg,vo) to system (7.0.1).

e (C;1): (Restriction on initial configurations)

1
Jmax for;(0) —vie(0)]| < 7 min flva(0) — v1c(0)])

ok (0) # 02:(0), for i # k.

o (C;2): (Restriction on coupling strengths):

min{ A, 1o} Ao minf{pug, 82}
161/2NM(0)Ty 8v/2NM;(0) [3° vba(x)da
min{AF, 15}
4(D(x1(0), 22(0)) + /2N My(0)Ty) /2N My(0) }}’
min{Ay, po} fho Tin{ 1o, %
161/2NMs(0)Ty 8y/2NMy(0) [ 4bs(x)dx
min{/\é, 3
4(D(a:1(0) )+ \/ZNM2(0)T0) V2N M(0) }
Py(0) + ZV2XIE0) fo w

fR \/_1x)dx ’

where Py(0) and Ry(0) are defined in (7.2.2).

Ong<min{

0§K2<min{

K| >

Then, the subsystems G; and Go exhibit a time-asymptotic partial flocking.
More precisely, for the solution (x,v) to system (7.0.1) with initial data
(o, vg), the following estimates hold: there exist T3° > 0 and Ty such that

K11 ( 21\’;175’0)(’5—7"0) ’ 77Z)d<A0(?f — T0)> }’

sup Ai(t) < z7°, Vi(t) < Cymax {e_ 1

0<t<oo

it foa(t) - va()] = 5
1<iZk<N

o [@ar(t) — 2 (t)]| > ?(t —To), t € [Tp, 00).

As we mentioned in Remark 7.2.2, we only present the proof of Theorem
7.2.2 in the following section.

144



CHAPTER 7. LOCAL FLOCKING SCENARIOS WITH TWO
ENSEMBLE COUPLING NETWORK

7.2.4 Emergence of partial flocking
We first remind the system of differential inequalities on our functionals.
Proposition 7.2.3. Suppose that the coupling strengths satisfy

K,>0 a=12  K;>0,

and let (x,v) be a global solution to (7.0.1). Then, for a = 1,2, we have
dvae

(4) H ~2|| < Ka/2NIL(0)bans, ace. t € (0,00),

(i) | 2220 < Koy AN DO (1) + K/ IN N0 (1)
(i) T < Vi, TS K (VAN + Kay 2N G0,
(30 Jon(t) . ot < 2K/ ENIE0) [ (O

for any 0 <t; <ty < o0.

where Yy and Pop are given by the following relations:

Yam = X Va(lleor — 1),  Yons = | max Uo(||ar — xas]|). (7.2.12)
1<k<No

Proof. 1t is an analogue of the proof of Proposition 7.2.1 and Proposition
7.2.2. O

In the following two subsections, we prove Theorem 7.2.2 as follows.

e Step A (Local-in-time estimate): We will show that, for some finite time
T, subsystem G satisfies the flocking estimate, but subsystem Gy does
not:

1%1 (/2N Z0)¢ Apt
sup Xi(t) <zF°, Wi(t) <4 max{e’%, d<_0>},
0<t<T 2

rr;l]]cn |ak (t) — @24(t)|| > Ct, for some C' > 0, for all t € [0,T).

e Step B (Continuation to the whole time interval): We will show that
the time T in Step A can be chosen to be infinity.
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Step A : Local-in-time flocking estimates

In this part, we show that the flocking estimates hold at least locally in time.

For this, we set

o . v(0) —v1.(0) 0 v2;(0) — v2(0)
(0) — v (0)]|”

e = e .
L Jwgg(0) — wie(0)] W2 (v,

T = sup {T € [0,00) | min{(vax(t) — vii(t)) - €} > Aoy Ve € [o,T)},

T = sup {7 € [0.75) | min{(v2x(t) — vai(t)) - €y} > o, ¥ € [0.7) .

(7.2.13)

Lemma 7.2.3. Suppose that initial data (xg,vo) satisfy the following rela-

tions:

1
Jmax [v1;(0) —vie(0)]] < 7 min [l (0) — v1(O)])

0se(0) # v2(0), fori# k.

Then, we have
T3>0 and Ty >0.

Proof. We use assumptions to see

(v21(0) — v14(0)) - €5 = (War(0) — v1(0) — D1,(0)) - €5,
> [|v2x(0) — v1c(0)[| = |01(0)[0c > 37/\0
(02k(0) — v24(0)) - €9, o; = [[w2r(0) — w2 (0)[| > 20 > pio.

Then, by the continuity argument, we have Ti; > 0 and Ta‘ > 0.

A07

O

Lemma 7.2.4. Suppose that the initial data (xo,vo) satisfy (Cel). Let 1ops

and gy be the functions defined in (7.2.12). Then, they satisfy
Vonr(t) < ¥a(pot), Yan () < Pa(Aot), t € [0,Ty).
Proof. For t € [0,T%] and i # k, we have

[@on () — @i (1) || > (®2k(t) — @24(t)) - €5y 0

— (20(0) — 2:(0)) - €0 + / (026(5) — v2(s)) - €Y el

> Hol.
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Similarly, we have
[@ar(t) — @1i(t)[| = Aot

Thus, by the non-increasing property of 1, and ., we have the desired
estimates. 0

Lemma 7.2.5. Suppose that the initial data (g, vo) satisfy (Cel), then the
following estimate holds.

Joult)-va(0)oe < “YZERO [y VIO [T 0)a,

fort €[0,T3), where [[va(t) — v2(0)]loe := max [vgi(t) — v2:(0)]].
1<i<N,

Proof. 1t follows from Proposition 7.2.3 that, for i € {1, -+, Ny},

[02i(t) — v2:(0)]| < Koy/2NDL(0) / Yol pio)da

+ K4\/2N M5(0) /t Ya(Noz)dx
- /2N (0) /°° (@)
Ho 0

+ R QIJX\;MQ(O) /000 y(z)dz.

]

Lemma 7.2.6. Suppose that the initial data (xy,vo) satisfy (Cel) and the
coupling strengths Ko and K, satisfy

A
0< Ky < 0H0 and

B 4\/2NM>(0) [;° wba(z)dz’

0< K,

Ho
=hes 4y/2NM5(0) [7° tho(z)dz

Then, we have T = T
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Proof. Tt follows from Lemma 7.2.3 that we have 7 > 0. We now assume
that
Ty <1y
Then, the definition of Tg‘ implies
(v21(T5) = v2(T5)) - €4, = o (7.2.14)

On the other hand, by the initial assumption and Lemma 7.2.5, for ¢ € [0, Té‘]
and 1 # k

(Vok(t) — v2i(t)) - €3 o
> [|v95(0) — v2:(0) || — [lvar(t) — v2x(0)[| — [lv2i(t) — v2:(0)]]

> 2u0 — <2N_[§2 /000 Yo(x)dx + QA—[? /000 ¢d(x)dx) vV 2N M5(0)

> 240 — Ho = flo-

The last inequality is from the assumptions of Ky and K,;. This gives a
contradiction to (7.2.14). Hence we obtain T = T§. O

Lemma 7.2.7. Keep the assumption of Lemma 7.2.6, we have

(@) Iowet) = oa0)] < Z 2RO / " eyt € 0,T7).
+ 2Kay i]ZMz(O) /OOO Yala)dx,t € [0,T7).

(id) [|91()[oc < [01(0)]|

Proof. The estimates follow directly from the Proposition 7.2.3. O

Lemma 7.2.8. (Local-in-time flocking estimate) Suppose that the initial
data (xg,vo) satisfy (Cel) and the coupling strengths satisfy

oo
0 S Kd < o )
4/2NM5(0) [, pa(x)dx
2
0< Ky

Ho
= 4y/2NM5(0) [7° po(z)dz’
Vl(O) + KdQA—JZMQ(O) fooo @Z)d(:ﬂ)dx

f;f(O) 201(\/ 2N1$)d$
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Then, for the solution (x,v) to system (7.0.1) with initial data (xo, vy), there

exist positive constants x3° and Cy independent of time t such that

K191 (/2N127°)t
sup Xi(t) <z, Wi(t) < Cymax {e‘ 2
0<t<oo
O§i?<foo [var(t) — vai(t) || = o,
1<i£k<N,

min ||z (t) — @2 (t)|| = pot,

1<i£k<N

€ [0, Ty].

a(

Proof. (i) (Existence of z5°): Define a Lyapunov functional Ls:

Lo(t) :=WVi(t) + K,y /OXI(t) 1 (\/ 2Ny 2)dx.

It follows from Proposition 7.2.3 and Lemma 7.2.4 that we have

dEalt) - Ay o) o K (VEN (1)

dt

) \/2NM
Vl(t)—FKl/ ¢ (\/2N1x)dx<V1 2 / 1/Jd
X1(0)
In particular, this yields
X1 (t) /QNM
Kl/ 1 (v/2N1x)dx < V(0 2 / Wy € [0,77).
X1(0)

(7.2.15)

dt

— K1y (V2N A (1) (

IA

ixl )

Aot
2

)}

—%Xl (1)) + Ka/2N M (0)ans
< Kd\/2NM2(0)¢d(AOt>, telo,Ty).

We integrate the aforementioned relation to obtain

On the other hand, the condition on K; implies

Vi(

V2NM2 /w dx<K1/

X1(0)

1(v/ 2N x)dx.

We set 2{° to be a positive number satisfying the following relation:

K

pdo o}
Ty

wl(\/ 2N1x)da} = Vl

X1(0)
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\/W/ Ya(w

dx.

(7.2.16)
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Then, by using (7.2.15) and (7.2.16), we have

sup Aj(t) <z, te€l0,Ty].
0<t<Ty

(17) (Decay estimate of V;): It follows from Proposition 7.2.3 and the result
of (i) that we have

dy
— < K (V2N + K/ 2N Mo (0) ¢y

This yields the desired decay estimate of V.
The two remaining estimates are direct results of Lemma 7.2.4 and Lemma
7.2.6.

O

Step B: Continuation to the whole time interval

In this part, we complete the proof of Theorem 7.2.2. Suppose that the initial
data and coupling strength satisfy the framework (Cg) in Theorem 7.2.2.
Then, it follows from Lemma 7.2.3 that we have

15 > 0.
Suppose that T < co. Then, by the definition of 7 in (7.2.13), we have
(vak(T5) — v1i(T5)) - €311 = Ao. (7.2.17)

It follows from Lemma 7.2.4-Lemma 7.2.7 that we have
(v (1) — v1i(Ty)) - €y

> [[v9x(0) — v1.(0) |
—[[ou(T5)[| — [lvar(Ty) — vax(0)[| — [Jv1(T5) — v1c(0)]]

> [[v9x(0) — v1c(0)[| = [[91(0) oo

Ko+/2N M5(0 © 4K +/2N M5 (0 &
_ 2 2(0) / o(x)dx — d n 2(0) / Yq(x)dx
0 0 0

Ho

> Ao,

where we have used the initial assumption and the assumptions of Ky, K  to
get the last inequality. This gives a contradiction to (7.2.17). Thus 7§ = oo.
Now we apply Lemma 7.2.8 with Tjj = oo to get the desired estimates and
complete the proof of Theorem 7.2.2.
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Chapter 8

Bi-cluster flocking on
hydrodynamic Cucker-Smale
model

The purpose of this chapter is to provide two frameworks leading to mono-
cluster and bi-cluster flockings in terms of communication weight, coupling
strengths, and regularity and size of initial configurations. We did those
things on particle-based N-body dynamics in the previous chapters. Now
we treat hydrodynamic model (2.5.29) mentioned in Section 2.5. This chap-
ter is based on the joint work in [44].

Before proceeding, a few comments on notation are in order. Here we use
the same notation for vectors and scalars, which excludes bold, double, or
arrow notations. For any nonnegative integer k, H* := H*() denotes the
kth-order Sobolev space on €2, and for simplicity, we omit {2-dependence in
norm whenever there is no confusion, i.e., ||u[/g+ := |[u| gr). On the other
hand, C*(I; E) is the space of k times continuously differentiable functions
from an interval / C R into a Banach space E. The derivative character V*
denotes any spatial partial derivative 0% with a multi-index « with |a| = k.

In this chapter, we are interested in a coupled system of hydrodynamic
models (2.5.26) for (p;,w;), i = 1,2, on each domain €2;(¢) and €(¢), which
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is separated. The equations of motion are stated in Section 2.5;

Opr +V - (prur) =0, Oipy+ V- (pauz) =0, (1,t) € R* x Ry,
p10yuy + pruy - Vuy

= / Py = 1)) ~ )y

t k1o / o1(2) () (ly — o) (ualy) — ws(2))dy,
Qa(t)

(8.0.1)
P20sUs + paus - Vg
=3 Py = ) (02) — a0l
+rar [ PPl = (o) vty
subject to initial data
(pi, us)(z,0) = (pio, uig), = €RY i=1,2. (8.0.2)

Here, we consider the fluid regions €2 (¢) and 25(¢) are the connected compact
supports of the densities p; and p, at time ¢, respectively, and ; and k;;
are intra- and inter-coupling strengths, which are assumed to be nonnegative.

We assume p; and ps are strictly positive on each regions € (¢) and Q(t),
respectively, so that there are jumps in the mass densities near the boundary
of domain. This allow us to avoid difficulties of vacuum. Moreover, initial
data are sufficiently regular to satisfy

d
(o, o) € HH(0) x H(S), 5> 145,

so that we have a classical solution
(pirui) € H(Q;) x HH(Q),

which is C! by the Sobolev embedding theorem.

This chapter consists of two main result. First, we present a framework
leading to mono-cluster flocking on (2.5.29). The framework is formulated
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in terms of the initial configuration, coupling strengths, and communication
weight. The intercoupling strengths k1o and ko1 are assumed to be the same,
whereas intracoupling strengths are sufficiently large so that two ensembles
of macroscopic C-S fluids are combined into one single cluster.

Our second result addresses the case in which bi-cluster flocking is guaran-
teed. To guarantee bi-cluster flocking, the intracoupling strengths should be
sufficiently large, but the intercoupling strengths should be sufficiently small
so that two ensemble configurations are sustained for all time. As noticed
in Chapter 3 and 4, for a technical reason, we require that the initial con-
figurations be well prepared in the sense that they are close to a bi-cluster
flocking configuration; otherwise, in general, we may have multi-cluster flock-
ings. These restrictions are encoded in our second framework for bi-cluster
flocking in Section 3.2.

8.1 Lagrangian formulation and variables

In order to construct differential inequalities on Lyapunov functionals, we
discuss a Lagrangian formulation for the coupled system (8.0.1) and give
several basic a priori estimates for the propagation of velocity moments cor-
responding to mass, momentum, and energy. In this way, we can avoid free
boundary problems while we need positive minimum density of particles.

8.1.1 Lagrangian formulation

As noticed in [41] for the hydrodynamic C-S model (2.5.26) in the vacuum
regime, it is convenient to reformulate the system (8.0.1) in terms of La-
grangian variables so that system (8.0.1) becomes an integro-differential sys-
tem in Lagrangian coordinates, where the computational domain is fixed as
the initial domain. Now, we briefly discuss the Lagrangian formulation of
(8.0.1), loosely following the presentation in [21, 41]. First, we introduce the
triplet (n;, ¢;, v;) for Lagrangian variables associated with macroscopic observ-
ables (p;, u;), consisting of the forward particle path n; = n;(z,t), Lagrangian
mass ¢; = ¢;(z,t), and velocity densities v; = v;(x,t). We set Q; := Q;(0)
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and €y := Q5(0) for notational convenience. Then, for a fixed = € Q;,

dt
ni(x,0) ==z

=u;(ni(x,t),t), t>0, i=1,2,

and
qi(x7t> = pi(ni(x7t)7t)7 Ui(x7t) = ui(ni(x7t)7t)'

(77i> 4, Ui)‘

(8.1.1)

(8.1.2)

In the following lemma, we study the evolution of the Lagrangian triplet

Lemma 8.1.1. Let (p;, u;) be a sufficiently smooth solution to system (8.0.1)
and (8.0.2). Then, the Lagrangian variables (n;, q;,v;) defined by (8.1.1) and

(8.1.2) satisfy the following relations:

t
ni(x,t) = —|—/ v;(z, 7)dr,
0
gi(z,t) = pio(z)det(Vni(z, 1)), 2€Q; i=1,2,

Don = kay / 01 (9, 0 (mi () — 1 (2)]) (1 () — 01 () )y
T kg / 02 (4, 0 (Ima) — 1 (2)]) (va(y) — o1 (),
Dy = iz / 024, 0 (1may) — 1a(2)]) (v2(y) — va() )y

T b / 015,00 (171 () — 7)) (01 (1) — o)) dy,

UZ‘(I, O) = U;0-

(8.1.3)

Proof. In the following, we only sketch the derivation of the relations for ¢

and vp; the estimates for g2 and vy can be done similarly (see [41] for corre-

sponding estimates for (2.5.26)).

e (Estimate for ¢;): We evaluate the continuity equation for p; on the La-

grangian path (n;(z,t),t) € R? x R,:

0=0p + V- (p1wy)

(1 (2t),t)

= (Oyp1 +u1 - V1) + V- .

(771 ('Ivt)vt) (771 ($,t),t)
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It follows from the defining relations (8.1.2) that

(Opp1 +uy - Vpy) = Oiq1(z,t) and

(mi(zt),t)

d d (8.1.5)
Vi (m@y) Z 001300, (117) = Z(vm);ilaxjvli'
UEE) ij=1 ij=1

Then, we combine (8.1.4) and (8.1.5) to obtain

d
g+ a1 > (Vn)ji0sv =0, z€Q, t>0. (8.1.6)
ij=1
We also note that
Odet(Vn (1)) = det(Vn (2, 1) Y (Vm);} O, 01s. (8.1.7)

ij=1

We now combine (8.1.6) and (8.1.7) to obtain the relation for ¢;:
O (ql(x,t)det(Vm(:)s,t)> =0,

and integrate the above relation in ¢ and use Vr(x,0) = I to find

i (%, 1)det(Vn (z, 1)) = pro(x)det(Vip (2, 0) = pro(),

) o (8.1.8)
Le, q(z,t) = pro(x)det(Vm(z, 1))

e (Estimate for v;): Note that the left hand side of the momentum equation
in (8.0.1) along the Lagrangian path can be rewritten as

at(p1u1)+v-(p1u1®u1)

(7]1 (Ivt)vt) (771 (xvt)vt)

Hence, the momentum equation becomes

Q10,1 = HllQl/Q q1(y, 1)det(Vnu (y, ) (Im (z, 1), m(y, ) ) (01 (y) — o1 (x))dy

+ mql/Q G2(y, )det(Vna(y, £))(Im (x, 1), m2(y, 1)]) (v2(y) — 01(2))dy.

(8.1.9)
Then, we now substitute the relation (8.1.8) into (8.1.9) to get the desired
estimate. [
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Remark 8.1.1. When p; is strictly positive on Int(S);) (the interior of €;),

inf (pio(x)) >0, i=12,
zeInt(Q)

the following two statements are equivalent:
(1) There are smooth solutions (u;, p;) of system (8.0.1) with (8.0.2) in ;(t).
(2) There are smooth solutions (v, q;,1;) of system (8.1.3) in €; x R,.

8.1.2 Macroscopic quantities

In this subsection, we study the dynamics of macroscopic quantities corre-
sponding to total mass, momentum, and energy. For ¢ > 0, we set

mass:  M;o(t) ::/ ¢i(z,0)dz, i=1,2,
1951

momentum: M, (¢) ::/

1951

ql(q:,O)vl(x,t)d:c—i—/ q2(x, 0)vy(z, t)dz,

Qo

ql(q:,O)lvl(q:,t)Fdx—i-/ @2 (2, 0)|va(z, 1) ?d.

Qo

energy: Ms(t) ::/

Q1

It follows from Remark 8.1.1 that we can easily check that the definitions of
the macroscopic quantities are equivalent to the settings above in Lagrangian
coordinates. In particular, it is easy to see that the total mass is conserved
along the flow (8.0.1):

My (t) + Mao(t) = Mio(0) + Moo(0), t > 0.

In the following lemma, for the simplicity of presentation, we suppress t-
dependence in 7; and v;:

ni(z) == ni(z,t), vi(z) == vz, t), i=1,2,
and we study the temporal evolution of M; and Ms.

Lemma 8.1.2. Let (¢;,v;), i = 1,2, be the classical solution to system (8.1.3)
decaying at |x| = oo sufficiently fast. Then, we have the following a priori
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estimates fort > 0:

(i) % /Q o1 (2, 0Yon ()

_—— / / 0 (.0)aa (5. 00 ma(y) = () ay) — ()
(41) %/Q Go(, 0)va(x)dz
. / / i (0:0)aa (. 00 (5) — (o)) (01 (1) — vala))dyd

o 1d
(i) 5o /Q (e O)) s

R11

=5[] 0 0)n00m) - m@Dl) - @) Py

tn [ w000 (m() ~ m@)) ). (o) sy
i) 35 |l O

= ] e 0000 mlo)  m)Dlea(s) ~ o) Py

too [ 0,000 0 m ) — m))ale), 0(3) ~ ol
Proof. (i) and (ii): We multiply (8.1.3), by ¢1(x, 0) and integrate the resulting

relation with respect to x in 2; and then use the symmetric trick x +— y
to obtain

d

7 o ¢ (z,0)vq (z)dz

iz [ 0@ 0006(m0) - n@D(e2() - onl)dyds
Ql XQQ
Similarly, we have the same statement for go(x,0)vy(x).

(ili) and (iv): We multiply (8.1.3), by ¢1(z, 0)v;(2) and integrate the resulting
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relation with respect to x in €2; to obtain

1d
2dt Jo,

_—— / / a0 (. 0) (1) = m (@)1 (). 04 (0) — ()

qi(2,0)|v1 (2) *dw

T ks / / a0l 00(m() ~ (@)D (2) vo) — () g

R11

B ‘7//9 1@ 01y, 0¥ (Im(y) = m(@) i) — (@) dyda

T k1n / / @00y, () ~ m @ @), o) — (@)

]

As a direct corollary of Lemma 8.1.2, we have conservation of total mo-
mentum and dissipation of total energy.

Corollary 8.1.1. Suppose that the intercoupling strengths are symmetric:
K12 = Ka1, (8.1.10)

and let (q;,v;) be a smooth solution to system (8.1.3). Then, we have the
following: fort >0,
\ dMy

i) G == [ e 000000 ). )l 0) = (o) Py

=0.

. / / 0 0)ea(0. 00 () ) a () — () Py
2k / / a0y, Oy, m (D) — v (o) Pl

Proof. The estimates follow from the symmetric trick x <— y and the sym-
metry relation (8.1.10). O

Remark 8.1.2. Note that My is nonincreasing along the flow (8.1.3):

My(t) < M(0), > 0.
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8.2 Description of frameworks and main re-
sults

In this section, we present two frameworks employed in the emergence of
mono-cluster and bi-cluster flocking in later sections, and we discuss main
results under the proposed frameworks. Before we present the frameworks,
we introduce local and global averages for velocity and density as follows.
For:=1,2,

1
Vie(t) == M'O/Q ¢i(x, 0)v;(x, t)dx, My ::/Q ¢i(x,0)dx,
1

niC(t) =

S~

.qi(x,())m(:v,t)dx, (8.2.1)

=

0

1

<Ulc + U26> y 770<t) =z (7710 + 7720) .

ve(t) = 5

DN | —

Before we define concepts of mono and bi-cluster flockings, we introduce
several functionals measuring the local and global fluctuations around the
local and global averages defined in (8.2.1): for i = 1,2,

(1) = () = me@llpoes Vi(t) = [lvilt) = vie(t) | o,

20(t) = max {nn (-, 8) = ne(®)ll e, 12, 8) = D)= }.

V() = max { o (1) = ve®)laes o, t) = ve®le - (3.22)
Xalt) = _minfos(a1) = aa(y, )]

Vi(t) = min  |ui(z,t) — va(y, t).

€Q1,y€Q2

where the norms of 7; and v; are taken on the domain (2;.

Note that (V;, X) and (X,V) measure the velocity and spatial fluctua-
tions around the local averages and global averages, respectively. Of course,
for a single ensemble, these functionals coincide.

We next recall the definitions of the mono-cluster and bi-cluster flockings
in terms of the functionals defined in (8.2.2).
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Definition 8.2.1. Let Z = {(n;,q;,vi)}?_, be a classical global solution to
the Lagrangian system (8.1.3).

1. The Lagrangian configuration Z exhibits an asymptotic “mono-cluster
flocking” if the functionals X and V satisfy

sup X(t) <oo, lim V(t)=0.

0<t<oco t—o0

2. The Lagrangian configuration Z exhibits an asymptotic “bi-cluster flock-
ing” if the functionals X;, V;, and V4 satisfy

sup X;(t) < oo, tliglo Vi(t) =0, 1<i<2, inf Vy(t) > 0.

0<t<o0 0<t<o0o
In the following two subsection, we discuss two frameworks for the emer-

gence of mono-clusters and bi-clusters.

8.2.1 Description of mono-cluster flocking

In this subsection, we list the framework (Cs) in terms of the initial data,
coupling strengths, and communication weight.

e (Csl): Initial supports of p;y are compact, disjoint and with smooth
boundary:

[;d(Spt(plo)) < 00, pzo(fb) >0, x¢€ Int(QZ), 1=1,2, X(O) > 0,

where £? is a d-dimensional Lebesgue measure in R%.

e (Cg2): Initial data are sufficiently regular:

d
(Qi07vi0) < HS(QZ) X HS+1(QZ‘), 7= 172, s>1+4 5

e (Cs3): The intercoupling strengths are symmetric and bounded below:

. VO
Fio = ka1, min Kijllpjollr > = 9(2a)ds
0
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e (Cg4): The communication weight ¢ takes the form given in [26]:

1
vir) (1472)s
Note that the non-vacuum condition in (Csl) is required to exclude the
blow-up of the smooth solutions in a finite-time (see [40] for the single C-
S ensemble), and the conditions (Cgl) and (Cs2) guarantees that the initial
data are C!, so we can expect a C! solution globally in time. Finally, the third
condition (Cg3) is needed to enforce the ensembles to make one ensemble.

For the global existence of smooth solutions to (8.1.3), we next introduce
the solution space Qi (T'): For T € (0, o], we set

Qu(T) = {(giv):q€ CO([O,T);Hk) ﬂCl([O,T);Hk_l),
v; € CO([0,T); H*) ﬂCl([O,T); H*)}.

We next present our first main result under the framework (Cs),

Theorem 8.2.1. Suppose that the framework (Cg) holds. Then, there ex-
ists a positive constant £9 depending only on py such that if ||viol gs+1(q,) <

€0, @ = 1,2, then the Cauchy problem (8.0.1) has a unique classical solution
(pisw;), 1 = 1,2, satisfying regularity and flocking estimates:

(i) (g,v) € Q(00), 1€ CO([0,00); H™).
(i1) sup X(t) < oo, V(t) < Vye Orvealt ¢ >

0<t<o0o

where Cy := min ||p;nll 710 X min k.
1 1§i§2HpZO||L (%) 1<i,5<2 %)

8.2.2 Description of bi-cluster flocking

In this subsection, we study a sufficient framework (Cy) leading to bi-cluster
flocking in terms of the initial data, coupling strengths, and communication
weight. Unlike the framework (Cg), our initial configurations should be well
prepared in the sense that they is close to a bi-cluster configuration initially
and that intercoupling strengths are sufficiently small, whereas intracoupling
strengths should be sufficiently large to keep each sub-ensemble coherent.
These heuristic arguments are formalized in the following framework.
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e (Cyl): Initial supports of p;y are compact, disjoint and with smooth
boundary: for ¢ = 1, 2,

£d<Spt(pzo)) < 00, pl()(I') >0, x¢€ Il’lt(QZ), ||sz||L1(QZ) > 0,

1 A
X(0)>0, X:= 5|vzc(0) —01.(0)] >0, Vip:=V;(0) < 30

(026(0) = v1.(0))
[02:(0) = v1.(0)|

7o :=min |(n2(z,0) — 7 (y,0)) >0,

where £? is a d-dimensional Lebesgue measure in R%.

e (C92): Initial data are sufficiently regular:

d
(qio, vio) € H¥(Q) x H1 (), i=1,2, s>1+ 3

e (C93): The intercoupling strengths are symmetric and bounded above,
whereas intracoupling strength is sufficiently large:

2Ck12+/2M2(0 9]
g+ Ko BT
Kii > Foo ’ 1= 17 27
»(2s)ds

Xio

Ao

= 12C/2M5(0) [ 1b(s)ds’

where C := TI2_, || pio| 12 + 1r£1a<X2{HpioHLszi0H1L/12} is a positive constant
RS

0 < K91 = K19

depending only on p;.

e (Cy4): The communication weight ¢ takes the form given in [26]:

1
. 1.
Y(r) R B>

Before we state our second main result, we comment on the framework
(Co). As can be seen form the first condition (Cyl), the initial data need
to be well-prepared, and initial separation ry between two sub-ensembles is
assumed to be positive in the sense that initial configurations are in the trend
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of bi-cluster flocking. The regularity (C92) of initial configuration is needed
to guarantee the existence of smooth C'-solutions. The condition (Cy3) is
required to guaranteed to keep two sub-ensembles in the evolution process.
For later use, we set

Ro = max{\;”, (1 +r2)#/2}, (8.2.3)
Then, our second main result is on the emergence of bi-cluster flockiong.

Theorem 8.2.2. Suppose that the framework (Co) holds. Then, there exists
a positive constant €y depending only on pyy such that if

max ||Vviollms + k12Ro < €o,

1<4<2

then the Cauchy problem (8.0.1) has a unique classical solution (p;,u;), i =
1,2 given by the following:

(i) (q,v) € Qs(c0), n € C’([0,00); H*M).
.. ~ R ¥(2To0)t )\ot
. < .. 2 _
(i5) Va(t) > Ao, Vi(t) < Cai max{e ,¢< : )}
X(t) <oo, t>0, i=12,

where T, is a constant determined by initial conditions and coupling strength.

Remark 8.2.1. By the standard Sobolev embedding theorem, the solutions
(¢5,vi) € Qs(00), s > 142 in Theorem 8.2.1 and Theorem 8.2.2 are C', that
is, (qi,v;) € C1( x [0,00)). In addition, we need k15Rq to control the global
existence. It is reasonable since both k15 = 0 and Ro = 0 tmply steady state.
Controlling this factor, we can make the system close to a bi-cluster flocking
situation.

In the following section, we study the emergent property of system (8.1.3).

8.3 Dynamics of the coupled C-S system

In this section, we present a priori estimates for mono-cluster and bi-cluster
flockings under the frameworks (Cs) and (Cy). For the flocking estimate, we
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will employ the Lyapunov functional approach in [47]. For this, we first derive
a system of dissipative differential inequalities for the functionals introduced
n (8.2.2), and then we construct explicit Lyapunov-type functionals leading
to the uniform bounds and zero convergence for (&X;,V;) and (X, V), respec-
tively.

8.3.1 Dynamics of mono-cluster flocking

In this subsection, we present a mono-cluster flocking estimate under the
framework of (Cg) by deriving the system of dissipative differential inequali-
ties for X and V introduced in (8.2.2).

Lemma 8.3.1. Let T, € (0,00] be a positive number, and let (n;, ¢;,v;) be a
classical solution to system (8.1.3) in [0,T) and (X, V) be functionals defined
n (8.2.2). Then, we have the following estimates:

(i) dflt“ <V(t), ae te (0T,
(44) d];—i) < _(I?,ijnKijHijHLl)qu)(QX(t))V(t)‘

Proof. (i) (Temporal variation of X): Since the functional X is Lipschitz
continuous, it is differentiable at almost all ¢ € [0, T}). Then, without loss of
generality, we can pick ¢ € [0,7}) such that X'(¢) are differentiable at ¢, and
we can choose x* with the following property:

X(t) = |ni(zf,t) — n.(t)], for some i€ {1,2}.

Now we need to compare d;; and £ |n;(z")

— ne|%. For small value h,

1 2 2
E(X (t) — X*(t — h))

() = ) = = ) = e = )

?Ir—k EIH

(Imi(} (O = Imi(a,t = h) —ne(t = h)%).
By passing to the limit A~ — 0 in the above relation, we obtain

dXz( ) d ‘2

.e. T,).
dt — dt’nl( ) a.e t € (07 )
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Then we have

1d2(2<1d|.(*>_ 2| =
2 dt — |2a\" el =

(mi(z) = me, vi(z") — vc)|
< |mi(x) = el - V(E) < X()V(2).
This implies the result.

(ii) (Temporal variation of V): For a proper ¢ € [0,7}), we assume that
V is differentiable at ¢t and, without loss of generality, assume that V satisfies

V(t) = |vi(2],t) — ve(t)], for some z] € . (8.3.1)
In particular, this implies

[o1(21, 1) = ve(t)| = max|vi (z, 1) — v (t)],
' (8.3.2)
lv1 (27, 1) — v(t)| > max |va(x,t) — v.(t)].

€N
From this condition, we have
(v1(27) = ve, vi(y) — vi(27))

= (v1(x]) = ve, v1(y) — ve) — |v1(x]) — vef* <0, (8.3.3)
(v1(x]) — ve, v2(y) — vi(x])) < 0, similarly.

Now we use (8.1.3) with (8.3.1),
1dv? _1d

2 dt — 2dt
. / 01 (9, 0 (I (9) — m (D)) (02 () — vey 01 (y) — w1 (a}))dy

[o1(27) — vel?

+ K12 /Q 2(y, 0)¥(In2(y) — m(@D)]){vi(2]) — ve, v2(y) — vi(a]))dy.
(8.3.4)
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Then, we continue the estimate in (8.3.4) using (8.3.3) to obtain

1dv? .
5 <~ (O]onah) = vl ol
Rl (1) / 015,000 (&) — v 01 (9) — ve)dy
Q1

* 2 . .
- “12wrlrz2<t>‘vl($1) - Uc‘ | P20l 21 (8.3.5)

T rs2(t) / 02(5,0){01(23) — v v2(y) — ve)dy

=1Ly + Lo + Lyz + Lya,

where we suppressed the ¢ dependence in v; and n; for notational simplicity,
and 9% are defined as follows:

U (8) = min (Im(y)=m(@)]) and /(1) = min (|na(y)=m(@)]).

€N ,yEN2

Note that the terms Z;; and Z,3 are nonpositive, so we only need to
estimate the remaining terms Zy5 and Zy4. From the definition of v,

Ty = f€11HPloHLl(Ql)?/Jinl(t)@l(ﬂff) — Ve, Vie — Ve),
Zis = k12| p2ol| 21 () U (£) (01 (2F) — Ve, Ve — e
= —H12H/)20||L1(Ql)¢$12(75)<v1($i) — V¢, V1e — Uc)a

hence Zy5 and Zy4 have opposite signs. We have two cases;

either I42 S 0, 1_44 Z 0 or Z42 Z 0, I44 S 0.

e Subcase A.1 (Z;5 < 0 and Zy4 > 0): In this case, we have

To +To < sl 00D —of’ [ a0 (836
and
Tis + Tus = k122 (O)losolls ((01(25) = vy v2e = ) = [on (o) = ve|”)
< 20 oll s o (23) — vl - (max oy — vl = [on (o) - we])

S 07
(8.3.7)
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where we used the maximality of ] in (8.3.1).
In (8.3.4), we now combine all estimates (8.3.6) and (8.3.7) to obtain

* * 2
521011, 1) = v < —rullprollim (8)|vr (@) — ve| (8.3.8)

e Subcase A.2 (Zys > 0 and Zy4 < 0): Similar to Subcase A.1, we use the
relation

I +1Zy <0
to obtain
1d * 2 12 * 2
§£|U1($1ﬂf) —ve()]* < —kaallpaoll by (8) [or (2]) — ve | (8.3.9)
Note that both 1! (¢) and 12(t) satisfy
) > BRA(D), B2 > $EX(D). (8.3.10)

Finally, in (8.3.5) we combine relations (8.3.8), (8.3.9), and (8.3.10) to con-
clude that

ay

o S —min{ru|[prollzr, Kizllpaoll }1(2X(8)) V(). (8.3.11)

e Case B: For a proper ¢ € [0, T.), suppose that the maximum is obtained in
(2y; i.e., there exists x5 € {2y such that

lua (@5, 1) — ve(t)] = { max |vy (2, 1) — ve(t)], max |va(x,t) — ve(t)] }.

€M €82
We can get
av(t .
D < —minfrallpnllo el pEXOVEO. 6312

Thus, we use (8.3.11), (8.3.12), and assumption (Cg3) in Section 3 to conclude
that
av(t)

= < —(minwgllpollo )vEEEOVEO), teO.T).
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Proposition 8.3.1. Let T, € (0,00] be a positive number, and suppose
that the framework (Cs) holds. Let (n;,q;,v;) be a classical solution to sys-
tem (8.1.3) in [0,T) and let (X,V) be functionals defined in (8.2.2). Then,
there exists a positive constant T € (0,00) such that

sup X(t) < oo, V(t) < Voexp | — min kil pjoll1¢(2zo0)t|,  t € (0,T);
0<t<T: i

i.e., mono-cluster flocking in the sense of Definition 8.2.1 occurs asymptoti-
cally.
Proof. Define a Lyapunov functional

X(t)

L) = V() + (minsglonln) [ wnde

Then, we use Lemma 8.3.1 to obtain the nonincreasing property of L(t).
The assumption (Cg3) leads to the existence of z., through the Lyapunov
arguments in Theorem 3.2.1 of Chapter 3. For the second inequality, we use
the upper bound of X and the nonincreasing property of ¥ (t) to get

dy .
= < —(minngllog 2 ) ¥ 22V (1), (8.3.13)
,L’]

Then we integrate (8.3.13) with respect to ¢ over R to obtain

V(t) < Vyexp [— Hgn /iij||pj0||L1w(2xoo)t], t€[0,T%).

8.3.2 Bi-cluster flocking

In this subsection, we present the emergence of bi-cluster flocking for some

well-prepared configurations (Co). In the previous subsection, we studied the

emergence of mono-cluster flocking in the large-coupling-strength regime:
Vo

K12 = Ko1, qu]n ’iinijHLl > -

f;j Y(2x)dx
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However, when the above condition is violated, then there are many scenar-
ios possible; mono-cluster, bi-cluster, and multi-cluster flockings are possible
depending on the geometry of initial configurations as noted for the single
ensemble of C-S particles [18, 19, 45]. In this subsection, we focus on the
formation of bi-cluster flocking within the framework (Co). Our strategy for
this can be summarized as follows:

e Step A: We derive temporal variations of the functionals X; and V.

e Step B: We show that the functional V; measuring the velocity differ-
ences between two subensembles is bounded below by some positive
constant.

e Step C: We show that the bi-flocking estimate holds in a local-in-time
interval, and then we further show that these local-in-time estimates
can be prolonged to the whole time interval by a continuation argument.

We next present a priori estimates for the emergence of bi-cluster flocking
for system (8.1.3).

Lemma 8.3.2. Let T, be a positive number and let (n;,q;,v;) be a classical
solution to system (8.1.3) in [0,T,) and let (X;,V;) be functionals defined in
(8.2.2). Suppose that the intercoupling strengths satisfy

Ri12 = Ro1.

Then, we have the following estimates: for 1= 1,2,

dX; <V av;

P i S —KZZ¢(2XZ)VZ + 202%12\/ 2M2(0)¢M7 le (07 T*))

where Cy and 1y is a positive constant depending only on p;o and a nonnegative-
valued function:

2
Cy = ||Plo||L1||P2o||L1+max{||Pio||L2||Pio||2/1 1
Yu(t) = mesgrllgg%w(nz(y)—m(w))-
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Proof. We basically follow arguments similar to those in Lemma 8.3.1 to
derive the differential inequalities for &; and V;. Since the estimates for X;
are the same as in Lemma 8.3.1, we only focus on the estimates for V;.
Without loss of generality, we can take proper ¢ € [0, T}) such that x}*(¢) €
satisfying the relation
lu1 (27", ) — v1.(t)] := max lvi(x,t) — vie(t)|.
zefly

We use (8.2.2), Lemma 8.1.2, Remark 8.1.2, and the Cauchy-Schwarz in-
equality to obtain

dvy.(t
ool | 222

dt
2

:’K"’l

| e 0)an(y0)(lma(s) = m @)D loaty) = w1 (o)

<0 [ (Va0 0w 0Vl O]

+ (Vau (@, 0)ax 5, 0)(Var (@, 0)oa (@)]) /a2, )y
< w12 (0v/A00) (Il psolles ool + ool ool ).

(8.3.14)
This yields

dU1c(t)
dt

1 _1
’ < K2/ M2(0)<||P20H21 + |l proll ;.2 ||P20||L1>¢M(t)-

Now we use system (8.1.3) to find
5 (@ (1), 1) — vie(t)[?
= Hn/ﬂ q1(y, 0)¢(Im (y) — m(x1")) (v (27") — vie, v1(y) — va(277))dy

o / 02, 000 (I (y) — (@) (00 () = w10, valy) — v (27°)) dy

— (v1(27") — V1e, V1c)
=:T51 + L5 + Is3.
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We next estimate Zs;, Zso, and Zs3 one by one.

e Case A (Estimate of Z5;): By the choice of 27*(t), we know that
Isy < —kn(2X) V5.
e Case B (Estimate of Z55): We use Corollary 8.1.1 to obtain

sy < K1a¥ar(t)|v1(27") — v1el ¢2(y, 0)|va(y) — vi(277)|dy
Qo

< Ko (t)|v1(277) — Ulc‘</

Qz
< CRiay/2 0)ar (1) |1 (277) — v1el,

where C' = || p2ol| 2] pQOH /1 is a positive constant depending only on pjo.

d0.0) | 0t - e

2

e Case C (Estimate of Z53): We use the estimate (8.3.14) to obtain

Ts3 < Crian/2Mo(0)ar(t) |v1(275) — vael,

where C is a positive constant depending only on p;. Hence we use the
estimates of Zs1, Zs9, and Zs3 to conclude that

dVy 1d )
- < _
- < 2dtm( “(t),t) — vie(t)]

< =R (2X0) V1 4 2CK12v/ 2M5(0)9r,
where C' = [|p1o]l 11 | p20ll 21 + |20l 2| p2oI}s” depending only on pyp.

Similarly, we have
dVs

% < —/{22@/)(2.%2 VQ + 2CK12v/ 2M. 1/1M

]

Lemma 8.3.3. Let T, be a positive number, and suppose that the framework
(Co) holds, and let (n;, q;,v;) be a classical solution to system (8.1.3) in [0, T%)
and Vy(t) be the functional defined in (8.2.2). Then, we have

’QZ)M('[J) < ’QD(’/’Q + /\()t) and Vd(t) > )\0, t e [O,T*),

where Ao is given in framework (Cyl) in Section 3.2.
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Proof. (i) We first set
_ UQC(O) — Ulc(())
|02(0) = v1c(0)]

and we define

T, :=sup {T € (0,7.]

min _ {(va(y,t) — vi(z,t)) - €} > Ao holds for t € [O,T)}.

€01,y

We next show that 77 = T, by showing 7} > 0 and T} = T..

e (71 > 0): We use the assumption (Cy1) to obtain
3o
(v2(y,0) — v1(2,0)) - € > [v2e(0) — v1(0)] = Vip — Voo > -5 > Ao

Then, we use the continuity of min _ {(va(y,t) —vi(z,t)) - €} to show that

z€Q1,yes
T, > 0.

e (11 =T,): Now we assume 77 < T,. By definition of T3, we have for some
x and y
(’Ug(y,Tl) - vl(:r,Tl)) e = \. (8.3.15)
By the assumption (Cyl), we know that for ¢ € [0,77)
m2(y, 1) = m(z, )] = (n2(y, 1) —m(z, 1)) - e
= n0.0) ~ (. 0) e+ [ (ala) = 1(r.9)-eds
> ro + Aot.
Thus, by the nonincreasing property of ¥(t), we have
Uu(t) < h(ro+ Aot), te€[0,T%).
However, it follows from Lemma 8.3.2 that we have

DD < 220V, + 201/ 20 s 1)

dt
S 20%12\/ 2M2(0)'¢(7’0 + )\0t)7 1= 1, 2,
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where C' is a positive constant given by
1/2
C = lprollslloollzs + pmass Clolz2 w1

We integrate the above relation (8.3.16) directly over [0,77) to get

2Ck12+/2M. o0
Vi(Ty) < Vi + C“”A 2(0)/ W(s)ds, i=1,2. (8.3.17)
0 ro

Moreover, we integrate relation (8.3.14) over [0,7}) to get
Crign/2M5(0) [
[o1c(T3) = v1(0)] < =2 0) / W(s)ds. (8.3.18)
0 ro
Similarly, we can also have

|036(T1) — v36(0)] < St VAQM“O) / Oow(s)ds. (8.3.19)

Now we combine relations (8.3.17), (8.3.18), and (8.3.19) and the assumption
(Col) and (Cy3) to obtain

(va(z,t) — v1(z,1)) - €

6Ck 2M5(0 ee
> [02e(0) = 11e(0) = Voo — Vi = LIVZROD [0
0 70
2M. >
> 2o 020 [ sy
0 o

> Ao.
This contradict relation (8.3.15). Thus we have T} = T, O

We are now ready to present a priori bi-cluster flocking estimate in the
following proposition.

Proposition 8.3.2. Let T, € (0,00] be a positive number, and suppose
that the framework (Cy) holds. Let (n;,q;,v;) be a classical solution to sys-
tem (8.1.3) in [0,T) and (X;,V;) be functionals defined in (8.2.2). Then, the

following assertions hold.
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1. There eist positive constants T, € (0,00) and Cy = Cy(pio, Vio, Kij, M2(0), Zoo)

such that

_ _ Aot
sup Xj(t) < Too,  Vi(t) < Oy [e—%”“w‘%w’tw(rw—“)], t € (0,T.);
0<t<T 2

i.e., bi-cluster flocking in the sense of Definition 8.2.1 occurs asymp-
totically.

2. If we assume k19Ry <K 1, then we have

f<;12R0> O(1)

(2

Vi(t) < (Vi(0) +
Proof. (i) We define

X;(t)
Li(t) = Vi(t) + /{,-,-/ »(2s)ds.
0
Then, it follows from Lemma 8.3.2 and Lemma 8.3.3 that we have

dcil S 2Cl€12\/ 2M2(0)'¢(T0 + )\ot) (8320)

Integrating relation (8.3.20) directly yields

X;(1) / 00
Vi(t) + /‘fu'/ Y(2s)ds < Vig + 20k )\2M2<O) / Y(s)ds.
0 ro

X

We use the assumption of k; in (Cy3) and similar reasoning as in [47] to
obtain that there exist Z., such that

max sup Xi(t) < Foo.
i=1,2 p<t<oo

(i7) We use the upper bound of &; in (i) and the nonincreasing property of
¥(t) to get
P(t) > Y(2T), 1=1,2,

and we use Lemma 8.3.2 to obtain

d]gt(t) < =Rt (2200)Vi(t) + 2CR12/2Ma (0)i0(ro + Aot).  (8:3.21)
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Using a Gronwall-type inequality, we integrate relation (8.3.21) with respect
to t, getting

Vi(t) < [Vi(0) + 205125?24;(0))1#(7“0) g Ttk
20/‘112 2M2(O)w(r0 + )‘Ot/2)
+ g .
Kiith (2% o)

Moreover, assume (Cy3) and k12Ry < 1, where Ry is a positive constant
defined in (8.2.3). Then the second coeflicient term of the exponential decay
is bounded by k12Ry:

20/{,12\/ QMQ(O)@D(’I“()) K12 O(l)RO
wbzr) o O Re e MBS

where O(1) only depends on pgy, M5(0), and 1. O

Remark 8.3.1. Note that our coefficients in the above estimates are indepen-
dent of the largest existence time T,. Thus once we prove the global existence
of a classical solution, we can immediately obtain the emergence of flocking
as stated in the main theorems 8.2.1 and 8.2.2. The factor (k12Ro) plays a
key role in bi-flocking estimates.

8.4 Global existence of classical solutions

In this section, we study the global existence of classical solutions to the
coupled system (8.0.1). In the previous section, we have shown that mono-
cluster and bi-cluster flockings occur in the time interval where sufficiently
smooth solutions are guaranteed. As a result of Remark 8.3.1, we need to
show the global existence of a classical solution. Note that, for the mono-
cluster case, the decay of velocity variations is always exponential; in contrast,
the emergence of bi-cluster flocking can be algebraically slow for the Cucker-
Smale communication weights (see Chapter 3, 4 for details). In the following,
we only focus on the global existence of the bi-cluster flocking framework since
the analysis for mono-cluster flocking is pretty much similar to the bi-cluster
case. In the following two subsections, we will study the local existence and
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a priori estimates, but, because the former case is rather standard, we briefly
sketch it and focus mostly on the a priori estimates.

8.4.1 Local existence of smooth solutions

In this subsection, we briefly sketch the local existence of classical solutions
to system (8.1.3) by using the classical method in [61].
Proposition 8.4.1. Suppose the framework (Cg) holds. For any positive con-

d . iy
stants €1 and s > 1+ 5 let g be an arbitrary positive constant less than €.

Then there exist positive constants T, such that if the initial data u; satisfy

||U'i0| Hs+1 < €0,

then the system (8.1.3) has a unique local solution v; given by

vi(z,t) € C([0,T.); H**HYy N CY([0, T.); H?), sup ||vi(x,t)|| gs+1 < e1.

0<t<Tx

Proof. The basic idea is to consider a sequence of functions v} (z, t) and v} (x)
generated by the following iteration scheme: For n = 0, we set

VW(z,t) = vp(z), zeRY i=1,2,

and for n > 1, (07", v3™!) is defined to be the solution of the following

system:
ottt = [ 06 ) ~ o)V )~ )y
oz 0y 0u50) — 0§ ()5 (0) 77 )y,
oyt = [ 0 0)(050) ~ VRO )~ )y
o [ 007 () 5 ) )~ ()l
subject to fixed initial data
Wz, 0) = vi(z, 0).
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Here the Lagrangian path n"*! is denoted by the relation

t
it (z,t) = +/ vl (z, T)dT.
0

Then with a classical process we can construct a limit function v; from the
sequence and this limit function is the solution with the desired property.
The details can be found in [61] O

8.4.2 A priori estimates

In this subsection, we will construct an a priori estimate of the local classical
solution by the continuity criterion. In the following two lemmatas, we present
a priori H* estimates for v1. In the following, V denotes the spatial gradient
V.

Lemma 8.4.1. (Lower order estimates) Suppose the framework (Cgy) holds.
For any positive constant T' € (0, 00], let o1 be positive constants satisfying
the relation

B >1+4 o0y,

and let (n;,q;,v;) be a classical solution to system (8.1.3) in [0,T). Then,
there exists a positive number g such that if

|V 2vio|| 1 + K12Ro < €0,

and moreover if |V n;(x,t)| is bounded, then there ezists a positive constant
C4 such that

C C
: IVeoi(@) | < 1

T ——a—, t€0,T
(14¢t)~V ~ (14 ¢)Bm)’ 0,7),

lvs(@) |22 < |lviollz2 +

where ro and Ny are positive constant defined in (Col).

177



CHAPTER 8. BI-CLUSTER FLOCKING ON HYDRODYNAMIC
CUCKER-SMALE MODEL

Proof. e (Zeroth-order estimate): It follows from Lemma 8.1.2 that we have
Ik
2 pr / |v1(z)|“dx
~ i | / a0 (5) ~ M) (4 () — 01(x) - vy (w)dyda
1 X821
sna [ w0 0)0) — m @) (waly) — 01(e) o)y
QQ XQl

< 2,%11//Q . ¢1(y, 0)Vy (t)|v1 () |dyde
. / / @l Ol R min () — (@)l () dyde

_ O (i (0 )+/~;12R0)/ 1(@.0)dy | for(a)lda

- (1 +1t)8
/4312
i [ w0l oo
O(1
< (1 _ﬁ t))ﬁ ’ (H11V1(0> + H12R0)||U1||L2,

where we use flocking estimate in Proposition 8.3.2 to control V;(¢). Here
O(1) is a positive constant only depending on 1(2Z,). Then we have

I{11V1 (O) + quRo

[or(®)llz2 < flosoll 2z + O(1) 14071

According to Remark 8.3.1, we can conclude that, when ey < 1, ¥(2Z,) has
a uniform lower bound and so does the constant O(1). Thus we have for g
sufficiently small

lor(®)] 22 < [losollz2 + T+ 0
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e (First-order estimates): By direct calculation, we have

%|Vx2v1|2 = K11 /Q1 q1(y,0)(v1(y) — v1(2)) Ve (¥ (i (y) —m(x))) - Vevidy

ok / 01 (4, )1 (Ui () — mi(2))) - Vsordy

32y, 0)(v2(y) — v1(2)) Vo (L (n2(y) — m(x))) - Vevrdy

2

¢y, 0)Vou1 (Y (n2(y) — m(x))) - Vourdy

2

< iy / 01 (3, 0)eb (X)) dy| V oy |
Oy

+ K12

— R12

S— 55—

@1 (y, VL)1 (m(y) — m(@))[|0em () |dy| Vo1

1

+ fm/ﬂ q2(y, 0)[v2(y) — va(2) ¥ (n2(y) — m ()0 () dy|Vars |

=: L5y + Iso + Iss.

+ K11

S

(8.4.1)

Below, we estimate the terms Zs; one by one.

o (Estimate on Zs;): We use the uniform lower bound of ¥ (n;(y) — n1(x)) to
obtain

Is1 < —rup(2max(&1))] puol| 1 [Vavr [,

o (Estimate on Zss): We consider the term |V,7|. From the assumption that
it is bounded, we can treat that the value is smaller than proper C}.

By the way, If we have an ansatz for higher order norms, we can use the
Sobolev inequality as follows. This argument will be used in the higher order
estimates.

By direct calculation, we have

t
Vaeni(z, t) =1 +/ Vvi(x, 7)dr.
0
According to the assumption of 77, we can apply the Sobolev inequality to

179



CHAPTER 8. BI-CLUSTER FLOCKING ON HYDRODYNAMIC
CUCKER-SMALE MODEL

obtain
4

(1+ t)(ﬁfzi-;l oi)’

IVavi| e < O(1)[[ Vil

when we have a natural ansatz for higher order,

Ch
Hs <

Vrvi = 3
| | (1+t)B-Siio0)

for small ¢;. Thus, we have
+oo
Vo, )] < 0(1) (1 +/ [Voui(r)ldr) < O(1)C.
0

From this, the estimate of Zs, is

Tso < O(1)Chikan|| proll Vi (t) | Vavn .

o (Estimate on Zsy): For Zs3, we have

¢ (n2(y) —m ()| < OM)[¢(n2(y) — m(x))|  and

fQi inid$’ < O(1)M(0).

Viel = |=F 7.1 >

Then we have
Is3 < 'flz/Q @y, 0)|v2(y) — vi(2) [ (m2(y) — . (2)) || Van (2)|dy|V 01

< le/g Q2(y,0)<|v2(y) — Voc| + [v1e — vi ()] + |v1e — U2c|)
X 9" (2 (y) — m (@) I Ve (2)|dy| Vo1
< ks /Q (v, 0)dy (Va(t) + V(1) + O(1)M(0))

o
(T+ (ot +10)2)72

< o<1>||,o20||u%(vl<t> £ V(1) + O()M(0)) [V €.

|V;nU1|01

(8.4.2)
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We combine all estimates (8.4.1) and (8.4.2) to obtain

d
alvzvl\ < —rny(2max (X)) piollLr @) [ Va1

+ O(1)Crkar prollp Vi(t) | Ve
K12Ro
(1+t)#

Thus, applying Proposition 8.3.2, we have that |V,v;| would have the fol-

+ O(1)Ch|lp20| 21 (Vi(t) +Va(t) + O(1) M2(0))[ V01|

lowing algebraic decay rate:

(V| < [|va1($, 0)| + (k11 V1(0) + K12R0) | P10l L1 (0 Ci

K12 K12 O(l)
where we use the algebraic decay part |V, v (z, 0)|% to absorb the expo-
nential decay part. Since p;o have uniformly compact supports €2;, we have

Vo]l < OM)[[Vevr] e

According to Remark 8.3.1, we can conclude that, when ¢y < 1, v;; has
a uniform lower bound, so does the constant O(1). Thus we have, for ¢,
sufficiently small,

Cl Cl *
IVavjll2 < (EIC=aE IV20j]| 2 < AxnEm L€ [0, 7).
[

As we mentioned in the proof, we don’t need to assume the boundedness
of |V ni(x,t)| in the next lemma since we can use the highest order ansatz.

Lemma 8.4.2. (Higher order estimates) Under the same assumptions as in
Lemma 8.4.1, there exists a positive number g such that if

|V ev10]

s + IilgRo < &y,

then we have, fort € [0,T),

@l < ool + S, IOl < 3
1 L2 > 10| L (1+t)’871’ z U1 Hs > p <1+t)(5_2i€:10—l)
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Proof. For higher order estimates, we first notice that if we choose ¢4 <

(s + 1)15101, then in the initial layer, we can apply the continuity of the

classical solution to obtain

s+1
4
Vz t s < ) te 07T !
Vel <3 s oy € 0T

where 0 < T} < T. Then we can set

s+1 Cl }

T = sup{ t € 0,T] | |Vavi(t)||gress <
; (14 ¢) (B8-S0

We will show that 77 = T'. If we suppose not, then we have

s+1

3 Cl
VI 7-‘>k s+1 — . 843
IVatn Tl £~ (14 Tp)P-Eiaon (843)

Now we consider the estimates in the time interval [0, 77]. Since we only
have a Sobolev norm of order up to (s + 1), we cannot expect a classical
derivative of v to exist for any higher order, thus we need to use an L? esti-
mate:

1d
Sl
E— / / a0 ) (@) Vi) ey

Vv 122

+Kn / /Q o (- OV (W (m(y) = m(2)))(vi(y) — vi(2)) Vyvr(z)dady

_— (k;l)

1<i<k—-1

x / / @OV m() ()T () Vo (a)dody
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ki / / 0 mly) = (@) Vs () Py

T ki / / e OVE )~ m (@) (ealy) — o) Vi )y

e 3 (kf)

1<I<k—1

x / / .0V ()~ m(@) (Vv () Vo (x)dady

=:Te1 + Lo + Loz + Loa + Los + Les-
(8.4.4)

In the following, we estimate the terms Zg one by one.

e (Estimate of Zg; ): For Zs;, we directly have
Tor < —kntp(max(X1)) || proll o [ Vivr ()17
e (Estimate of Zgy): For Zgs, as in the first-order estimate, we first note that
t
Vmﬁz(%ﬂ =1 +/ vxvi(w77—)d7—>
0
t
Vini(z,t) :/ Vivi(z,T)dr, 1> 2.
0
Since we consider the time interval [0, T}], we get
t
0

Thus, we have
IVl

We apply the Holder inequality and obtain

1
3
Tgo < /‘illvl/

Q

w0 [ 19— m(a))e)
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X ( i |V';v1(x)|2dx)édy

< kuVillproll o2 | Ve || % V’;WHL?
< Ok proll 1 O VEv1 | 22,

where a is a constant dependent on k.

e (Estimate of Zg3): For Zg3, according to the commutator estimate, we have

E—1
Zo < () o

(] T = )V o) ) [T o)

< Ok llgflze [Ilvﬁ_l(@b(m(y) = () |2l Vavi || o

IV (@) = m (@)l V5 0llz2] 5012
< O(M)kullqillr=
X (I 52 1Vl 2w + [0 L V5022 ) (9750,

where, as in the estimate of Zg,, a is a constant dependent on k. Now using
the same formula, we get

Tss < O(W)rnllprollzi@n (Ve[ + V3 or | 2) CF IV 5vr (2) | 2.
e (Estimate of Zg,): It is obvious to see that
Lss < 0.

e (Estimate of Zs5): For Zgs, we apply Proposition 8.3.2 and Lemma 8.3.3 to

obtain
T < v [ aw(y0) (Joa(s) = vl + ore = 1) + one = va
QQXQl
X [VEO(ma(y) — m(2))||VEv (z)|dyda
< RKig(Va+ V1 + |1 — U2c|)/ q2(y,0)

Q
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X

([ 19500m0) = mGanPar) ([ 1980 0)Par)
O(1)k12 (V1 (t) + Va(t) + MQ(O))

<

X ¢(mif(1]|771($7)z— 2Dl P20l 1 (00) [V 21
< 1 1R12/%0

L

e | Vv (@) || 22

(V1) + V2(t) + Mo (0) )l paol [ V5

e (Estimate of Zg): We apply Lemma 8.3.3 to obtain

Tos < O(1)k12]|g2]| Looto(min [m1 (z) — n2(y)]|)
X (IVavi]l e + [|[VE v 22)[[ V501 || 22

HP20HL°°
(1+1¢)8

< O(1)maRy (1201l + V5 0nll22 ) 9501 2.

In (8.4.4), combining the estimates of each part, we obtain

d
%HVfimHm < =k (max(Xy))||piollpr @ | Vivi |l 2
+ Ok Vil pioll CF
+ (9(1)/111H7pz10|!L1(HvxleLm +[|[VE oy 12)CF
K
+ O 5 (Va(®) + Vilt) + Ma(0))llpaoll 2 O
K12 R _
+ (9(1)(11i t;ﬁ(HvxleLw +IVe ozl pzoll o

We already have the estimate for V, v, as follows:

C C
- Vvl L < -

[Vavjlz2 < (14 t)(B—o1) = (14 ¢t)B-o)’

From now on, we will use induction on k. Suppose that the following inequal-
ity holds for 1 <m < k:

t € [0,17).

Ch
V7|2 < :
IVeosllze < (1+ £)B-Zi5" o)

Then, Vv, satisfies
d ok k
EHV:L«?HHL? < —rnyp(max(X)) | piol i@y Vv (2)]] 12
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R1

+ 0(1)

1((0) + mzRo) lp10llr CF

(1+1t)P
R11

+ 0(1)

(1 +
f€12730

1)

+ 00

t)(ﬁ_25;11 o}

K12 R
+ O(1) 22 | paoll = Ch.

(1

1)

Applying Proposition 8.3.2 gives us

a+1
)||P10||L1(91)Cf )

(Va(t) +Vi(t) + M2(0))|[p20l| 1.(02,) CF

IVhorllze < (D2 IV501(0) 22 + O(1) (11 (0) + 12Ro))

=0

" max{

Ctll<b<a+1}

(1 + t)ﬂfzf;l gi

Now the decay rate of |[V¥v;]|z2 is of higher order of ¢ than that provided in

the time interval [0, 7}]. However, we can find a proper €y of

IVo01(0)]

s +l€127—\),0 <Kl

such that the coefficient of the inequality is small enough. Note that

V1(0) < O(1)]

Vi (z,0)] < O1)[[V,01(0)|

Hs,

where the constant O(1) is independent of the choice of €, if it is small

enough. Therefore, we can choose sufficiently small ¢y, satisfying

Ve,

Cy
2(1 4 ¢)(F-Eiron)

|2 <

Therefore, we can close the induction on k. We now combine the estimates

of each order to obtain

Cl Cl

Vo1 ()| gs < + s
I 1Ol ; (1 _i_t)(ﬂ*Zf:lUi) 2(1 —|—t)(5*2$11 i

According to the continuity of the classical solution, we have

IVaor (T7)]

Hs < « <k N
k=1 (1+T1)(6 2i=1 i)
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which is a contradiction to (8.4.3). Thus, we can conclude that

s+1
Cy

V1(t)||ms < ’
H 1( )’ H® = ; (1 +t>(5—2§:1"i)

te[0,7].

8.4.3 Proof on the global-time flocking phenomena
Now we are ready to prove Theorem 8.2.1 and Theorem 8.2.2.
Proof. e (Existence): Note that C is independent of 7', so we set

e1 > ||lviol|zz + (s + 2)Ch.

Then for initial data u;y € H*™ () satisfying |Jug| gs+1 < &9 < &1, where &g
is given by Lemma 8.4.2, we define

Tr :=sup{T > 0: sup ||v(t)||gs+ <e1}.
0<t<T

Note that Proposition 8.3.1 guarantees the local existence with initial condi-
tion ||ug||gs+1 < €1. Therefore, we know that 7" > 0. Next we claim

*_
17 = oo.

If we suppose not, i.e., T < 0o, then, by definition, we have

Hs+1 — €1. (8.4.5)

sup [|v(t)]
0<t<T>*

However, from Lemma 8.4.2, we obtain

sup |[v(t)||gs+r < e1.
0<t<Ty

This contradicts (8.4.5). Thus T = oco. This complete the proof of global-
in-time existence of smooth solutions.

e (Asymptotic behavior): We already have the global existence of classical
solutions. Then Proposition 8.3.1 is completely justified if (Cg) holds, and
similarly Proposition 8.3.2 is completely justified if (Cy) hold. This completes
the proof. n
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Chapter 9

Conclusion and future works

The Cucker-Smale model is a second-order particle-level system which de-
scribes flocking phenomena using attractive interactions on velocities. Since
this model concerns the states at infinite time, it is important to suggest
emergent motions analytically from initial data. From Chapter 3 to Chapter
7, we studied local flocking phenomena in Cucker-Smale model and its unit-
speed model, based on the two particle system. In each chapter, we suggested
a set of initial data which tend to flocking configurations asymptotically by
considering differential inequalities of Lyapunov functionals. In order to prove
flocking estimates, bootstrap argument was used on time to force particles
follow specially chosen scenarios. This process is powerful enough to ana-
lyze the behavior of non-local system through the whole time line though
it has a limitation that the initial data should be close to the multi-cluster
formation. We used the same idea for the hydrodynamic model in Chapter
8. Using Lagrangian formulation, we avoid complex problems arise from the
hydrodynamic settings including boundary problem and vacuum speed. By
tracking the particle behavior from the bulk motion, we proved the existence
of smooth solutions as well as the flocking phenomena.

It is worth to mention the properties of local flocking, which described in
Section 3.2.2 and also in the end of other chapters. The difficulties of local
flocking starts with the fact that local flocking configuration is not an equilib-
ritum state. It is an w-limit set on unbounded spacial area. Hence it signifies
the algebraic convergence proved in Section 3.2.2 and disturb easy theories
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for stability. Note that the conditions for flocking configurations need to set
clusters before we analyze flocking groups. Compare to the synchronization
models [79, 54, 59], flocking models [61, 72, 73, 74] do not have good variables
representing the level of arrangement, called, order parameter. This is one
more difficulty to distinguish infinite-time behaviors in flocking model.
Therefore, we can summarize some related problems as the followings.

1. The collision evading model. Flocking models are studied in various
area, and Cucker-Smale model can be directly used for public opinion
system or SNS spreading problem. However, for the physical robot con-
trol problem, it is important to evade collisions, which is impossible in
Cucker-Smale model since it only has attracting force. The repulsion
term makes hard to analyze flocking estimates.

2. The communication network effect on flocking. If the communication
weight 1) contains negative value, then even the global flocking problem
is not known. The modification of 1 is important for network related
problems and also for collision evading problems. For example, if 1 is
unbounded so that it is not locally integrable near 0, then two particles
cannot collide each other. If 1) has bounded support, then local flocking
occurs easily while global flocking seems to be hard. As we can see
in two particle model, the change of communication weight distorts
differential equations for Lyapunov functionals.

3. The number of cluster problem. From the initial data, it is practically
important to know how many flocking clusters occur. This problem
for generic initial data need the necessary and sufficient condition for
multi-cluster flocking. This problem is difficult since the system has
nonlocal integral interaction.
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Appendix A

Gronwall type inequalities

Lemma A.0.1. (i) Let y : Ry U{0} — R, U{0} be a differentiable function
satisfying
y <—ay+f, t>0,  y0) =y,

where v is a positive constant and f : R, U{0} — R is a continuous function
decaying to zero as its argument goes to infinity. Then y satisfies

1 o0 (0%
y(t) < & max 17(s)] + goe=t + W= -y 5
Qv seft/2.4] o

(ii) Let y : R — R, U {0} be a differentiable function satisfying
y' < —py+a,

where p and q are nonnegative integrable functions. Then y satisfies

t
t — [t p(r)dr 2 t K t
ylt) < e B4 IO [P gy g (3) [ fr0as, 20
0 5

Proof. (i) Note that y satisfies
Y +ay<f

We multiply the above differential inequality by e* and integrate the result-
ing relation from s = 0 to s =t to find

t
ey —yo < /f(T)ede
0
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= /oé f(r)e*™dr + [tf(T)e‘”dT

< Hf||Loo/2e°”dT—|—max 1fn)| | eomdr
0

TE[%,t]

at

e’} 1 at
< m(62 — 1) + — max [f(7) (eat — 67). (A.0.1)
« « TE[%,t]
Hence,
1 o5} [eS] 1 at
y(t) < — max [ £(7)] + (o~ @)e-at + (m — — max | f(7)])e %
@ rel5.1] a a « relf 1]

Therefore, for t > 0,

Q|+

y(t) < £ max [7(7)] + goet + 112 -
TEl5t] a

(i) Similar to (i), we have
t

(1) < moesp (- /O tp(T)dT) + /O texp(— / p(r)dr ) a(s)ds.

By splitting the second term on the right-hand side into two integrals over

[0, %] and [£, ], we derive the desired result. O
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