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We aim to act on a controlled environment in order to achieve a
prescribed goal
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Definition: Reinforcement Learning is the study of how to use past data to
enhance the future manipulation of a dynamical system.

Origins of RL:  Samuel, Klopf, Werbds, in the 1960’s and 70’s
Barto, Sutton, Bertsekas from the 1990’s-. . .
and many others

state reward action
S, R, A,

R
S.. | Environment

Drawing from Sutton and Barto, Reinforcement Learning: An Introduction, 1998.
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Definition: Reinforcement Learning is the study of how to use past data to
enhance the future manipulation of a dynamical system.

Origins of RL:  Samuel, Klopf, Werbds, in the 1960’s and 70’s
Barto, Sutton, Bertsekas from the 1990’s-. . .
and many others

state reward action
S, R, A,

R
S.. | Environment

Drawing from Sutton and Barto, Reinforcement Learning: An Introduction, 1998.

Control Theory Reinforcement Learning
Continuous or discrete setting Discrete setting (Markov Decision
Processes)
model
+ — action data — action
opt. criteria
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Plan of the lecture:
@ General concepts and mathematical setting.
© The value function and the Dynamic Programming Principle.
@ Value iteration method.

© Linear Quadratic Regulator.
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Control Theory

Dynamical system (discrete time)
Let X CRLUCRPand F: X xU — X

Xer1 = f(Xt, Ur)

@ Xp, X1, X2, ... are the states of the system. We have x; € X, for t > 1.

@ up, U1, Us, ... are the actions taken at each time (the policy). We have
urely CcU,fort>1.
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Control Theory

Stochastic dynamical system (discrete time)
Let XCROL,UCRPand F: X xU x W — X

Xer1 = (X, Ut, Wr)

@ Xp, X1, X2, ... are the states of the system. We have x; € X, for t > 1.

@ up, U1, Us, ... are the actions taken at each time (the policy). We have
urely CcU,fort>1.

@ wy, Ws, Ws, ... are inputs that | cannot control (error measurement, noise
effects ...). We will assume w; is a stochastic process.
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Control Theory

Stochastic dynamical system (discrete time)
Let XCROL,UCRPand F: X xU x W — X

Xer1 = (X, Ut, Wr)

@ Xp, X1, X2, ... are the states of the system. We have x; € X, for t > 1.

@ up, U1, Us, ... are the actions taken at each time (the policy). We have
urely CcU,fort>1.

@ wy, Wr, Ws, ... are inputs that | cannot control (error measurement, noise
effects ...). We will assume w; is a stochastic process.

The next state depends on the current state and the action taken by the user
(plus some random effects).

Carlos Esteve Yagiie Control theory and Reinforcement Learning - Lecture 1



Control Theory

Stochastic dynamical system (discrete time)
Let XCROL,UCRPand F: X xU x W — X

Xer1 = (X, Ut, Wr)

@ Xp, X1, X2, ... are the states of the system. We have x; € X, for t > 1.

@ up, U1, Us, ... are the actions taken at each time (the policy). We have
urely CcU,fort>1.

@ wy, Wr, Ws, ... are inputs that | cannot control (error measurement, noise
effects ...). We will assume w; is a stochastic process.

The next state depends on the current state and the action taken by the user
(plus some random effects).

We define a policy 7 as a function which associates an action to any given
history of the process

U[:7T1'(X(),...7X[7U0,...7Ut_1)
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Control Theory

Stochastic dynamical system (discrete time)
Let XCROL,UCRPand F: X xU x W — X

Xer1 = (X, Ut, Wr)

@ Xp, X1, X2, ... are the states of the system. We have x; € X, for t > 1.

@ up, U1, Us, ... are the actions taken at each time (the policy). We have
urely CcU,fort>1.

@ wy, Wr, Ws, ... are inputs that | cannot control (error measurement, noise
effects ...). We will assume w; is a stochastic process.

The next state depends on the current state and the action taken by the user
(plus some random effects).

We define a policy 7 as a function which associates an action to any given
history of the process

ur = 7T1(X0,...,X{,UQ,...,Ut_1)
We will be interested on policies that only depend on the current state, i.e.
utr = 7T(X1)
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Reinforcement Learning

Markov Decision Process (MDP)
Let X and U/ be finite sets:

Xes1 ~ P(- | Xt, Ut)
where for all x, x’ € Xand v’ € U,

p(x| X' U) :=Pr{Xp1 = x| X = X', Uy = u'}.
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Reinforcement Learning

Markov Decision Process (MDP)
Let X and U/ be finite sets:

Xee1 ~ p(- | X, Ur)
where forall x,x’ € Xand v’ € U,
p(x| X' U) :=Pr{Xp1 = x| X = X', Uy = u'}.
For each x’, U’ € X x U, the function

p(-|x,u)y: X — [0,1]
x +— Pr{Xug=x|X=x,U=U}

defines a probability distribution over the finite set X that determines the
dynamics of the MDP.
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Reinforcement Learning

Markov Decision Process (MDP)
Let X and U/ be finite sets:

Xee1 ~ p(- | X, Ur)
where forall x,x’ € Xand v’ € U,
p(x| X' U) :=Pr{Xp1 = x| X = X', Uy = u'}.
For each x’, U’ € X x U, the function

p(-|x,u)y: X — [0,1]
x +— Pr{Xug=x|X=x,U=U}

defines a probability distribution over the finite set X that determines the
dynamics of the MDP.

The probability of the next state is a function of the current state and the
action.

Main feature: The set of states X and of actions ¢/ are finite, so everything
can be done using tables, rather than continuous functions as in the
continuous setting.
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The Optimal Control Problem

The time-horizon
)

T € (0, c0) is given (finite horizon), possibly with a terminal cost g(x(T)).
T is a random stopping time, probably depending on x;.
T is infinite with v < 1 (discounted cost).

T is infinite with v — 1~ (average cost).
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The Optimal Control Problem

The time-horizon

@ T € (0,00) is given (finite horizon), possibly with a terminal cost Cs(-).
@ T is a random stopping time, probably depending on x;.
@ T is infinite with v < 1 (discounted cost).
@ T is infinite with v — 1~ (average cost).
(sometimes we can considery = 1)
T—1 o
mirlri(r_r;ize Ew Z C(xt, ut) + Cr(x7) mir;i(rgize Ew [tzg‘ y'C(xt, ut)}
t=0 =
s.t. Xep1 = f(Xt, Us, Wr) s.t. Xep1 = f(Xt, U, W)
Xo =X Xo =X
ur = m(mt) ur = m(t)

Here x is the given initial state and 7+ = (xo, ..., X, Uo, . .., Ut—1) is the history
of the process until time ¢.
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Dynamic Programming

The value function

T—1 oo
V*(X, T) = rII(Ir)‘I Ey Z C(X{7 U() + Cf(XT) , V*(X) = m(i'r)1 Ew |:Z ’\/[C(Xf, Uz):| .

t=0
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Dynamic Programming

The value function

T—1 oo
Vix,T):= rp(i}r)] Ew [tzoj C(xt, ur) + Cf(xr)] , Vi(x) = rp(i}r)] Ew [tz; y'C(xt, u,)] .

Bellman’s Dynamic Programming (Bellman equation)

V*(x, T) = min EWO{C(X, u) + VE(F(x, u, wo), T — 1)}
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Dynamic Programming

The value function

T—1 0o
V*(X, T) = T(Ir)‘l Ey [; C(Xt7 U() + Cf(XT):| , V*(X) = T(Ir)] Ew [g ’YIC(Xf, Ut):| .

Bellman’s Dynamic Programming (Bellman equation)

V*(x, T) = min EWO{C(X, u) + VE(F(x, u, wo), T — 1)}

V*(x) = min Eu, { C(x, u) + v V*(f(x, u, wo))}
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Dynamic Programming

The value function

T—1 0o
V*(x,T):= m(ir)]IEW |:Z C(x, ut) + Cf(XT):| . Vi(x) = m(ir)] Ew |:Z ’YIC(Xt, U():| .
™ t=0 ™ t=0

Bellman’s Dynamic Programming (Bellman equation)

V*(x, T) = min EWO{C(X, u) + VE(F(x, u, wo), T — 1)}

V*(x) = min Eu, { C(x, u) + v V*(f(x, u, wo))}

Why is it good to have the value function?
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Dynamic Programming

The value function

T—1 oo
Vix,T):= rp(i}r)] Ew [tzoj C(xt, ur) + Cf(xr)] , Vi(x) = rp(i}r)] Ew [tz; y'C(xt, u,)] .

Bellman’s Dynamic Programming (Bellman equation)

V*(x, T) = min EWO{C(X, u) + VE(F(x, u, wo), T — 1)}

V*(x) = min Eu, { C(x, u) + v V*(f(x, u, wo))}

Why is it good to have the value function?
Optimal feedback policy:
() = argminueuEwo{C(x,, u) +yV (F(xe, u, o), T — t)}
m(1t) = argminueuIEwo{C(xt, u) +yV*(f(xt, u, Wo))}
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Value iteration

Let us consider the finite-horizon problem with terminal cost. We recall the
definition of the value function with t € [0, T] time-steps to go.

T—1

V*(x,t) == m(ir)] > C(xs,us) + Cr(xr)
(- _—

S —t
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Value iteration

Let us consider the finite-horizon problem with terminal cost. We recall the
definition of the value function with t € [0, T] time-steps to go.

T—1
V*(x,t) == m(ir)\ > C(xs,us) + Cr(xr)
(- _—

S —t

Recursive formula for the value function:

V*(x,0) = C¢(x),
andforall0<t<T -1

V' (x, 1) = min [C(x, u) + V" (f(x, u), t = 1)]
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Value iteration

Let us consider the finite-horizon problem with terminal cost. We recall the
definition of the value function with t € [0, T] time-steps to go.

T—1
V*(x,t) == m(ir)\ > C(xs,us) + Cr(xr)
(- _—

S —t

Recursive formula for the value function:

V*(x,0) = C¢(x),
andforall0<t< T —1

V' (x, 1) = min [C(x, u) + V" (f(x, u), t = 1)]

Vi(x,1) = umelﬂ [C(x, u) + Ci(f(x, u))]

V" (x,2) = min[C(x, u) + V" (£(x, u), 1)]

Vi(x,T)= umelﬂ [C(x,u) + V*(f(x,u), T —1)]
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Example in a finite setting (MDP)

Set of states: S = {1,2,3,4} Set of possible actions: ¢/ = {0,1, -1}
Dynamics: X1 = Xt + u;

Running and terminal cost:

5 0 x=1
u=—1 10 x=2
Cluy:==< 0 u=0 Ct(x) = 0 x—3

Tou=t 10 x=4
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Example in a finite setting (MDP)

Set of states: S = {1,2,3,4} Set of possible actions: ¢/ = {0,1, -1}
Dynamics: X1 = Xt + u;

Running and terminal cost:

0 x=1
10 XxX=2

2 u
Cluy:==< 0 u=0 Ct(x) = 0 x—3
Tou=1 10 x=4

Ci(1) = V(- 0)

2

V(1)
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Example in a finite setting (MDP)

Set of states: S = {1,2,3,4} Set of possible actions: ¢/ = {0,1, -1}
Dynamics: X1 = Xt + u;

Running and terminal cost:

5 0 x=1
u=— 10 x=2
Cluy:=4¢ 0 u=0 Cr(x) =1 o Y —3

Tou=t 10 x=4

o Q Ci() = V(-,0)

o\ 0% -
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Example in a finite setting (MDP)

Set of states: S = {1,2,3,4} Set of possible actions: ¢/ = {0,1, -1}
Dynamics: X1 = Xt + u;

Running and terminal cost:

2 u=-—1 0  x=1

- 10 x=2

Cluy:==< 0 u=0 Ct(x) = 0 x—3
Tou=t ~10 x=4
Ci(-) = V(- 0)

L e \
A

Carlos Esteve Yagiie Control theory and Reinforcement Learning - Lecture 1



Example in a finite setting (MDP)

Set of states: S = {1,2,3,4} Set of possible actions: ¢/ = {0,1, -1}
Dynamics: X1 = Xt + u;

Running and terminal cost:

2 u=-—1 0  x=1

- 10 x=2

Cluy:=4¢ 0 u=0 Cr(x) =1 o Y —3
Tou=t ~10 x=4
Ci(-) = V(- 0)

\/ \
\/
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Example in a finite setting (MDP)

Set of states: S = {1,2,3,4} Set of possible actions: ¢/ = {0,1, -1}
Dynamics: X1 = Xt + u;

Running and terminal cost:

5 0 x=1
u=—1 10 x=2
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Value lteration for infinite-horizon problems

Let us consider the infinite-horizon problem with discounted factor v € (0, 1).
Let X and U be the state space and the control space respectively (they can
be continuous or discrete).

We recall the definition of the value function

V*(x) := T(i}r)] [i y'C(xt, ut):|
t=0
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Value lteration for infinite-horizon problems

Let us consider the infinite-horizon problem with discounted factor v € (0, 1).
Let X and U be the state space and the control space respectively (they can
be continuous or discrete).

We recall the definition of the value function
V*(x) := mi 'C(x:, u
(x) := min [;7 (xt r)}

We look for a solution V(-) of the Bellman equation

V(x) = TEIZQ {C(x,u) +~vyV(f(x,u))}
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Value lteration for infinite-horizon problems

Let us consider the infinite-horizon problem with discounted factor v € (0, 1).
Let X and U be the state space and the control space respectively (they can
be continuous or discrete).

We recall the definition of the value function
V*(x) := mi 'C(x:, u
(x) := min [;7 (xt r)}

We look for a solution V(-) of the Bellman equation

V(x) = TEIZQ {C(x,u) +~vyV(f(x,u))}

Definition
We define the Bellman operator 7 : L>°(X) — L>°(X) as

TV(x):= umelﬂ {C(x,u) +~yV(f(x,u))}, forall x € X.
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Value lteration for infinite-horizon problems

Let V, W : X — R be two function in L>(X).

TV(x)-TW(x) = TeiD{C(x, u)y +~yV(f(x,u))} — VTEiE{C(x, w) + yW(f(x,w))}
C(x,w™) +yV(f(x,w")) — C(x,w") + yW(f(x, w"))

7 max{V(x) - W(x)}

YVE) = Wl

Interchanging the roles of V and W we obtain that 7 satisfies the contraction
property

IN

IN

ITV(E) = TW(E)llso < AIVE) = W()lloos
where v € (0, 1) is the discount factor.
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Value lteration for infinite-horizon problems

Let V, W : X — R be two function in L>(X).
TV(x)-TW(x) = TeiD{C(x, u)y +~yV(f(x,u))} — VTEiE{C(x, w) + yW(f(x,w))}

<O W) +AV(Fx, w)) — C(x, ") + Y W(F(x, w"))
= ymax{V(x) - W(x)}
< AVE) = WE)lee

Interchanging the roles of V and W we obtain that 7 satisfies the contraction

property
ITV(E) = TW(Elleo <AIV(E) = W() oo,

where v € (0, 1) is the discount factor.
As a consequence of Banach'’s fix-point Theorem we have

V() :=To -+ oTV()— V*(), ask— ocoinL®(X),

k times

where V* is the unique fix point of the Bellman operator, i.e.

Vi(x)=TV*(x) = ume'ﬂ {C(x,u) +yV*(f(x,u))}, forall x € X.
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Example in finite setting

Value iteration to approximate V*

We initialize Vo(x) arbitrarily (for instance Vo(x) = 0).

For each x, we update the value function as follows:

Vier (x) = min {C(x, u) +~ Vi(f(x, u))} -
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Example in finite setting

Value iteration to approximate V*

We initialize Vo(x) arbitrarily (for instance Vo(x) = 0).

For each x, we update the value function as follows:

Vier (x) = min {C(x, u) +~ Vi(f(x, u))} -

@ The discount factor ensures the convergence of the method with rate +*.
@ Remark:

k—1
Vi(x) = UT.iﬂk {tzo:’y[C(Xx7 ut) + ’yk V()(Xk)} .
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Example in finite setting

Value iteration to approximate V*
We initialize Vo(x) arbitrarily (for instance Vo(x) = 0).

For each x, we update the value function as follows:

Vier (x) = min {C(x, u) +~ Vi(f(x, u))} -

@ The discount factor ensures the convergence of the method with rate +*.
@ Remark:

k—1
Vi(x) = UT.iﬂk {tzo:’y[C(Xx7 ut) + ’yk V()(Xk)} .

The function Vj is the value function of a finite-horizon problem with
terminal cost v* Vo (x).
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Example in finite setting

Value iteration to approximate V*

We initialize Vo(x) arbitrarily (for instance Vo(x) = 0).

For each x, we update the value function as follows:

Vier (x) = min {C(x, u) +~ Vi(f(x, u))} -

@ The discount factor ensures the convergence of the method with rate +*.
@ Remark:

k—1
Vi(x) = UT.iﬂk {tzo:’y[C(Xx7 ut) + ’yk V()(Xk)} .

The function Vj is the value function of a finite-horizon problem with
terminal cost v* Vo (x).

@ Question: Can we consider the non-discounted infinite-horizon
problem? Under which conditions?
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
0 0 0 O
0 0 0O
0 0 0 O
0 0 0O
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
1.0 1.0 O 0
1.0 1.0 O 0
0 0 30 30
0 0 30 -50
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
1.9 1.9 0 0
1.9 1.9 0 0
0 0 40 -0.5
0 0 -05 -95
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

27 20 0 0
20 20 0 0
0 0 35 45
0 0 —-45 -14.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

34 20 0 0

20 20 0 —3.1
0 0 —-0.095 -82
0 31 -82 —-17.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

3.8 2.0 0 -1.8
2.0 20 -18 64

0 -18 -34 -—-11.0
-18 —-64 —-11.0 -20.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

3.8 20 -061 —47
2.0 039 —-47 -93
-061 —-47 -63 -14.0
-47 -93 -140 -23.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

3.8 1.5 -33 74
15 -23 -74 -120
-33 74 —-90 -17.0
-74 —-120 -17.0 -26.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

33 -094 -57 -98
—-094 —-47 -98 —-14.0
-57 -98 -11.0 -19.0
-98 -140 -19.0 -28.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

1.2 —3.1 —-7.8 —12.0
—3.1 -68 —-120 -17.0
-78 —-12.0 —-140 -220
—-120 -170 -220 -31.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

-0.78 -50 -97 —-140
-50 -87 —-14.0 -18.0
—9.7 —-140 -150 -24.0
—14.0 -18.0 —-24.0 -33.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

-25 -68 -11.0 -16.0
-68 —-10.0 —-16.0 —-20.0
-11.0 -16.0 —-170 -25.0
—-16.0 —-20.0 —-25.0 -34.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

—4.1 -83 —-13.0 -17.0
-83 -—-120 -17.0 -22.0
-13.0 -17.0 —-19.0 -27.0
—-170 -220 -27.0 -36.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

-55 -98 -140 -19.0
-98 —-13.0 —-19.0 -23.0
—140 -19.0 —-20.0 -28.0
—-19.0 -23.0 -28.0 -37.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

-6.8 -11.0 —-16.0 —-20.0
—-11.0 —-15.0 —-20.0 -24.0
-16.0 —-20.0 —-21.0 -30.0
—20.0 —-240 -30.0 -39.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

-79 -120 -170 -21.0
—-120 -16.0 —-21.0 -26.0
—-170 -21.0 -23.0 -31.0
—-21.0 -26.0 -31.0 —-40.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

-89 -13.0 -18.0 -220
—-13.0 -170 -22.0 -27.0
—18.0 —-22.0 —-240 -320
—220 -270 -320 -41.0
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Example in finite setting

Set of states: X = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = ¢(x) + |ul, where ¢(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.9.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

-99 -140 -19.0 -23.0
—14.0 -18.0 -23.0 -28.0
—-19.0 —-23.0 -250 -33.0
—23.0 -28.0 -33.0 -—-420

This is the approximation of the value function with a tolerance error of 1.
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
0 0 0 O
0 0 0O
0 0 0 O
0 0 0O
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
1.0 1.0 O 0
1.0 1.0 O 0
0 0 30 30
0 0 30 -50
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
16 16 O 0
16 16 O 0
0 0 40 1.0
0 0 10 -8.0
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
1.96 1.96 0 0
1.96 1.96 0 0
0 0 40 -08
0 0 -0.8 -938
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0
0 0 30 -50
Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman
operator.

2.18 2.0 0 0
20 20 0 0
0 0 3.52 —-1.88
0 0 -188 -109
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
2.31 2.0 0 0
2.0 2.0 0 —0.128
0 0 2.87 —2.53

0 -0.128 -253 —-11.5
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
2.38 2.0 0 0
2.0 2.0 0 —0.517
0 0 2.48 —-2.92

0 -0517 —-292 —-11.9
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
243 2.0 0 0
2.0 2.0 0 —0.75
0 0 225 -3.15

0 -075 -315 122
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
2.46 2.0 0 0
2.0 2.0 0 —0.89
0 0 211 -3.29

0 -089 -329 -123
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Example in finite setting

Set of states: S = {1,2,3,4}2
Set of possible action: ¢/ = {(0,0),+(1,0),+(0,1)}
Running cost: C(x, u) = c(x) + |ul, where c(x) is defined by the following

table:
10 1.0 O 0

10 10 O 0

0 0 30 -50

Discount factor: v = 0.5.

Value iteration

We initialize the value function V(x) = 0, and then iterate using the Bellman

operator.
2.47 2.0 0 0
2.0 2.0 0 —0.974
0 0 2.03 —-3.37

0 —-0974 -337 -—-124
This is the approximation of the value function with a tolerance error of 0.1.
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Example: Linear Quadratic Regulator

We consider the following finite-time horizon problem with quadratic final
cost
T—1
mini(rr;ize > (%" Qxt + uf Rur) + X7 Poxr
v 1=0
s.t. Xy = Axt + Buy

Xo = X, U :71'(7'1)
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Example: Linear Quadratic Regulator

We consider the following finite-time horizon problem with quadratic final
cost
T—1
minimize > " (X Qxt + u; Rut) + X7 Poxr
v 1=0
s.t. Xy = Axt + Buy

Xo = X, U :71'(7'1)

Value lteration

V(x,0) = x* Pox
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Example: Linear Quadratic Regulator

We consider the following finite-time horizon problem with quadratic final
cost
T—1
minimize > " (X Qxt + u; Rut) + X7 Poxr
v 1=0
s.t. Xy = Axt + Buy

Xo = X, U :71'(7'1)

Value lteration

V(x,0) = x* Pox

V(x,1) = muin X*Qx + u" Ru+ (Ax + Bu)* Py(Ax + Bu)
~—_————

C(x,u) V(f(x,u)
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Example: Linear Quadratic Regulator

We consider the following finite-time horizon problem with quadratic final
cost
T—1
minimize > " (X Qxt + u; Rut) + X7 Poxr
v 1=0
s.t. Xy = Axt + Buy

Xo = X, U :71'(7'1)

Value lteration

V(x,0) = x* Pox

V(x,1) = muin X*Qx + u" Ru+ (Ax + Bu)* Py(Ax + Bu)
~—_————
C(x,u) V(f(x,u)

U= —(B"PiB+ R)'B*PyAx
Vix,1) = x* (Q+ A*PoA— A*PyB(B PoB + R)*‘B*POA) X

Py
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Example: Linear Quadratic Regulator

We consider the following finite-time horizon problem with quadratic final
cost

T—1

minimize > " (X Qxt + u; Rut) + X7 Poxr
v 1=0
s.t. Xy = Axt + Buy
Xo =X
ur = ()

Value lteration

V(x,0) = x* Pox

V(x,t) = x"Px
Pi1=Q+A"PA— A"P.B(B*P:B+ R)"'B*P.A

77 (x) = —(B*P:B+ R) " 'B*Pr_iAx

Ki

Carlos Esteve Yagiie Control theory and Reinforcement Learning - Lecture 1



Example: Linear Quadratic Regulator

Infinite-horizon LQR: Let (A, B) be stabilizable, NO discount factor

o0
mini(n}ize Z(Xf* Qx; + u; Ruy)
K =0
s.t. X1 = Axe + Buy
Xo =X, U= TI'(Tt)

Carlos Esteve Yagiie Control theory and Reinforcement Learning - Lecture 1



Example: Linear Quadratic Regulator

Infinite-horizon LQR: Let (A, B) be stabilizable, NO discount factor

o0
mini(n}ize Z(Xf* Qx; + u; Ruy)
K =0
s.t. X1 = Axe + Buy
Xo =X, U= TI'(Tt)
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Example: Linear Quadratic Regulator

Infinite-horizon LQR: Let (A, B) be stabilizable, NO discount factor
mini(n}ize > (X Qxt + u Ruy)
™ t=0
s.t. X1 = Axe + Buy
Xo =X, U= TI'(Tt)

Value lteration

@ Initialization: V;(x) = 0.
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Example: Linear Quadratic Regulator

Infinite-horizon LQR: Let (A, B) be stabilizable, NO discount factor
mini(n}ize > (X Qxt + u Ruy)
™ t=0
s.t. X1 = Axe + Buy
Xo =X, U= TI'(Tt)

Value lteration
@ Initialization: V;(x) = 0.
©Q lterative procedure:

Vi1(x) = muin [X*Qx + u*Ru + Vi(x)] = x"Pix.
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Example: Linear Quadratic Regulator

Infinite-horizon LQR: Let (A, B) be stabilizable, NO discount factor
mini(n}ize > (X Qxt + u Ruy)
™ t=0
s.t. X1 = Axe + Buy
Xo =X, U= TI'(Tt)

Value lteration
@ Initialization: V;(x) = 0.
©Q lterative procedure:

Vi1(x) = muin [X*Qx + u*Ru + Vi(x)] = x"Pix.

Observe that
Vi(x) = V(x, T), with T = k,

then

V(x)= lim V(x,T) (fitexists)
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Example: Linear Quadratic Regulator

Infinite-horizon LQR: Let (A, B) be stabilizable and Q, R positive definite
matrices, NO discount factor

mini(n}ize Z(x,* Qx; + uf Ruy)
S =0
St Xpp1 = Ax; + Bu;

Xo = X, Ut =7l'(7't)

Long-time behavior for V(x, T)

In [E.-Kouhkouh-Pighin-Zuazua, 2020], it is proved (in the cont. setting) that
V(x, T)— Vs T — W(x) + A, as T — oo,
where
Vs = min{x*Qx + u"Ru : (x,u)s.t. Ax + Bu= 0} =0,
and W(x) = x*Px, with P the unique pos. def. sol. to DARE:
P=Q+A"PA— A"PB(B*PB+ R) 'B*PA.
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Example: Linear Quadratic Regulator

Infinite-horizon LQR: Let (A, B) be stabilizable and Q, R positive definite
matrices, NO discount factor

minimize X;{ Qx; + u;i Ruy
e 30 O+ i A
St Xpp1 = Ax; + Bu;

Xo = X, Ut =7l'(7't)

Long-time behavior for V(x, T)

In [E.-Kouhkouh-Pighin-Zuazua, 2020], it is proved (in the cont. setting) that
V(x,T) — Vs T — W(x)+ A, as T — oo,
If Vs #£ 0, we can consider a modified cost functional

C(x,u) = C(x, u) — Vs,

and then .
V(x,T) = W(x) + X, as T — oo.
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Example: Linear Quadratic Regulator

Infinite-horizon LQR: Let (A, B) be stabilizable and Q, R positive definite
matrices, NO discount factor

minimize X;{ Qx; + u;i Ruy
e 30 O+ i A
St Xpp1 = Ax; + Bu;

Xo = X, Ut =7l'(7't)

Long-time behavior for V(x, T)

In [E.-Kouhkouh-Pighin-Zuazua, 2020], it is proved (in the cont. setting) that
V(x,T) — Vs T — W(x)+ A, as T — oo,
If Vs #£ 0, we can consider a modified cost functional

C(x,u) = C(x, u) — Vs,

and then .
V(x,T) = W(x) + X, as T — oo.

Question: Is it possible to extend this to more general cases?
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