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Abstract

Several attemps have been tried to provide a rigorous and fundamental understanding of
deep learning. A unified framework that explains the reason why deep learning has been
so succesful in practice remains limited. In this work, the dynamical systems approach
of deep learning is presented, and under this approach some results are introduced and
aligned that help understand the effectivity of deep learning under from a mathematical
perspective.

Neural networks are seen as discrete-time dynamical systems, where the weights or the
networks are recasted as controllers. ResNets are introduced and seen as discretization of
ODEs, providing a robust framework from which it is possible to see Deep Learning as a
mean field optimal control problem.

This approach have been based in recent work, and some of the key aspects remain unkown.
The idea s to bring the reader a wide idea of the problem, the formulation and the
mathematics needed to be developed so as to find a theoretical framework in which to

study deep learning formally, and to propose new architectures and algorithms.
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Chapter 1

Motivation

Deep Learning is aimed at solving the problem of supervised learning.

That is, given a dataset {z%, y'}¥ | with x € X, y € Y; and an oracle function F : X — Y,
y' = F(x'), the idea is to learn or approximate the function F, by using the information
from the dataset.

The function F is approximated with functions F from an hypothesis space H.

In classical supervised learning, the candidate functions are of the type » . a;p;(x)
a; € R, where the functions ¢; are chosen specifically for each problem. For example, in

one-dimensional polynomial regression, they are given by ¢;(z) = 7.

That is, the hypothesis space is given by

H™ = {Z ajpi(r) : a; € ]R} (1.1)

J=1

The problem with these hypothesis spaces is that they are not dense in the space of
continuous functions unless J — oo, the functions {¢;} usually need to be chosen case-
by-case, the computational complexity needed so as to find the weights {a;} depends on
the functions {¢;}, and this problem does not scale well when the dimension of x is high[]

This is called the curse of dimensionality.

LA more detailed description of these problems can be found in the appendix “supervised learning”.



Therefore, in high-dimensional problems or in settings in which the function F is unkown

and no properties can be deduced a priori, H" is not a good hypothesis space.

Shallow neural networks are then introduced, such that

Hshallow _ {Z ajg(<wj,33> + b]) Dwj € X*, bj € R}
J

where X* is the dual space of X, that needs to be introduced such that (w;,z) € R,
where the standard matrix product (,) is considered; and o is the activation function
(usually ReLu or tanh).

This new hypothesis space has a very similar formalism as the previous ones, but in this

case the basis functions ¢; = o((w;, ) + b;) are not explicit.

A shallow network essentially consist on an affine transformation (given by ((wj;, z) +b;))

and a nonlinearity (given by o).
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Figure 1.1: Scheme of a shallow neural network with one hidden layer and input dimension
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So as to get more robust or rich hypothesis spaces, the idea has been to stack shallow

neural networks, getting an hypothesis space

HYP = {F; o F;_10..0Fy(r) : F;is ashallow network} (1.2)

Once the hypothesis space is fixed, the idea is to find the weights (in the case of deep
learning, I/Vj(l), b;l) for each function F;) that define Fe H, so as to minimize the empirical

risk

A

N
1 . .
F = argmin — F(x") =4 1.3
min > 1FG) (13



where y* = F(a'), and || - ||z is a distance defined by a loss function L.

The problem of empirical risk minimization is an approximation of the population risk

minimization problem,

F = argmin E(z,y)~p
FeH

Fx) = yllc (1.4)

It is expected that, given enough training samples, the solution to the problem of empiri-

cal minimization would be really close to the solution of the population risk minimization.

There are three main paradigms associated with supervised learning.

e Approximation: Is the hypothesis space dense in the space of functions that we

want to approximate?

e Optimization: Can we find the weights of F' such that we solve the empirical risk

minimization problem? How?

e Generalisation: How does the empirical risk minimization problem relates to the

population risk minimization problem? Do we have enough samples?

FO Optimization

Figure 1.2: Diagram of the main paradigms of supervised learning.

In deep learning theory, the problem of approximation is related to the Universal Ap-

proximation Theorems, that state that even shallow neural networks are rich in the space

4



of bounded continuous functions, given a sufficient number of neurons.

The problem of optimization is related to the algorithms used so as to update the weights,
that are widely based in gradient descent and backpropagation. In practice, the weights
are initialized at random, and how exactly to initialize those weights is known as the
problem of initialization, that remains unsettled.

The problem of generalisation is perhaps the most heuristical one. There is not yet a

mathematical framework in which to treat this problem easily and in a general case.

By introducing deep neural networks (“stacked” shallow neural networks) we do not have

an explicit expression for the functions F', since the role of composition is complex.

That is, given a point z € X, it is not direct to find F(x), where

F(z)=FpoFp_10..0Fy(x) (1.5)

That is, there is not a compact analytical expression for F(m), but rather it has to be

computed iteratively.

This problem relates to the problem of finding the position in space of a point as propa-
gated by a dicrete map in dynamical systems.
Indeed, if the functions F; = F' VI = {0, ..., L} was chosen to be

F(z) =rz(l —x)

Then the problem would be related to solving the logistic map, which is a well-studied
discrete dynamical system that is known to generate a very complex dynamics.

The problem of deep learning is more difficult to solve, since in practice the functions F;
depend on some parameters (weights), and so the formula of the discrete map changes

at each timestep /.

The dynamical systems perspective of deep learning allows us to treat the problem of
composition easily, and use previous results in analysis.
The problem of approximation would be related to how complex is the dynamics of the

system, the problem of control could be reformulated as an optimal control problem and



a mean-field optimal control approach can give some insight into the problem of general-

isation.

A recent architecture used in deep learning is called ResNet.
In this case, instead of composing simple functions F; (given by a shallow neural network,
or by a deep neural network) the idea is to sum them; the represented function by a ResNet

is given by zr, with

2=z +F for 0<I<L—-1 zy=ux (1.6)

In this class of architectures, the discrete maps of the hypothesis space can be recasted

as a discretiztion of a flow-map from dynamical systems, i.e.

HRN  HOPE — Lo g(ap) @ dr = f(21,6), zo =2, 6, €0,1€[0,L]} (1.7)

where g : X — Y is a terminal activation function, that matches the output space with
the input space. For example, in the case of binary classification, the function g would

split the propagated space of X in two.

The dynamical system perspective is now more appropiate for finding useful results when
dealing with ResNets.



Chapter 2

Overview

The scope of this work is not to provide a solid and closed theory of Deep Learning as

Dynamical Systems, but to explain the essentials of this approach.

The notation and exposition would be particularly interesting for people with background
in Deep Learning. In practice, Deep Learning is considered to be blackbox, in the sense
that both the input and outputs are known, but the model (the neural network) but there

is not knowledge about its internal working.

The approach presented in here is radically opposed. The idea is to understand the in-
termediate activations of the network as propagation of the inputs through a dynamical
system. This is very interesting in terms of explainability of the models, so as to un-
derstand better the convergence of algorithms and to show results regarding architecture

selection.

However, this interpretation and recent work seems not to be mostly focused on ex-
plaining why Deep Learning has succeded. Instead, new algorithms, architectures and
modifications are done to as that the neural networks are easily explained in terms of
Optimal Control, but the assumptions made such as the theory works are usually not
satisfied in practice.

The idea is to build a general theoretical frame such that no strong assumptions are
needed, and such that the ideas apply to a wide variety of networks and training algo-

rithms.

The theory presented is very general, and is not focused on finding a very specific kind

of results. The idea is to present to the reader a solid background of this interpretation,



and also to show the weaknesses.

Many questions would remain open in most of the directions. For simplicity reasons (and
also because I don’t know the answers) they are not presented and are out of the scope

of this work.

In chapter 3—5 the problem of Deep Learning is introduced directly as a specific problem
of optimal control.
This is perhaps misleading, since it makes the problem of relating Deep Learning with

mathematics trivial.

Indeed, the backpropagation algorithms were historically deduced more heuristically.
The lagrangian formalism is a particularly interesting way of deducing and pose the prob-

lem, due to its intrinsic relation with optimal control.

In chapter 6, results of approximation are shown. The main part of the results are focused
on shallow or multilayer perceptrons, since the ResNets are based on this architectures,
and so proving results on the approximation with perceptrons implies those results with
ResNets.

In chapter 7, each layer of the network is seen as a coordinate transformation (this is an

abuse of notation, since the functions may not be homeomorphisms).

In related work, some ideas are introduced that help understand the theory of Deep

Learning as Dynamical Systems.

In chapter 6, the relation between multilayer perceptrons and ResNets is presented.
This aspects are usually omitted, but play a very important role in understanding the
theory and ResNets are presented as the only valid architecture. The choice of ResNets

over multilayer perceptrons is explained in the deep learning limit.

In chapter 7, the idea of Deep Learning as Optimal Control is fostered with the use of
mean-field games.

The technical difficulties of this are avoided. However, the introduction of mean-field



games allows for obtaining a priori generalisation estimates.
In practice, those estimates are very difficult to handle, and the assumptions made are

not met in many applications.

In chapter 7, a specific problem is presented, such that the previous theory can be used,
specifically in the architecture selection. Some of the problems and weaknesses of the

theory are presented, as well as some of the open problems that need to be tackled.

Supervised Learning

Neural Networks
as approximators

v

Architectures Paradigms

Multitaver Approximation: Optimization:
¥ ResNets Study which functions Find optimal weights

perceptrons can be approximated of the network

f f f

o aaecires | (IS men ) fopaainoventy] ([ Howcimaecsna) - (Thewetie ol ) usoorogs tom
formulation (RK, May not be. i disﬁcorzt'ﬁla;ion K generated by the as controls acting on gma{;mt?:‘llaﬁiﬁﬁtrpoﬁ
Meural ODEs, ...} homeomorphisms P Meural Network? he dynamical system P!

* * * * * *

[ Intermediate ]
activations seen as
propagation of inputs
in discrete time

Neural Networks as
Dynamical Systems

Figure 2.1: Diagram between the interrelation of Deep Learning as Dynamical Systems
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Chapter 3

Neural Networks as discrete maps

Deep learning is a type of supervised learning, We want to infer a function

F:X—>Y (3.1)

by using training data

{(2s mi) Fim (3.2)

Such that z; € X, y; € Y for all i = {1, ...,n}, and the mapping F' is expected to connect

each x; with y; such that F(z;) = y;, and generalise to unseen data.

Deep learning assumes that the function F' can be approximated by the giant composition
of simple functions {f;}%, such that each f; is given by an affine transformation and a
nonlinearity, depending each f; on some parameters 6;.

The collection of the #; would be denoted by 6.

Using a multilayer perceptron, the function F' would be then approximated by

A

F:x—Y (3.3)

F(-30) = fro fr10...0 fi(*) (3.4)

in the sense that F is close to F with respect to a distance defined by a loss function.

The problem can be stated as finding 6 such that

11



constrained by

where

ERENC N
A = (5000

2V = fi (. 01)
(%0 = Tk

where f; = 0 o A;, 0 a nonlinearity (tanh, ReLLU) and A; an affine transformation.

Input Hidden Hidden Hidden Hidden Hidden Output
layer layer 1 layer 2 layer 3 layer 1 layer L layer

///)
7 ™
_— S
o N
™ ®
ST s
ey - //
T~
\\g
R? — RrR* — Rt — R — L — R* — R
- f i f: f: Fr-i W -
=T — z —2 oz s oz s . /= — = fL(@
golg golq goly gols golAp_1

Figure 3.1: Scheme of a multilayer perceptron with dimension of the input 2, output
dimension 1, a constant number of components 4 and a feedforward function given by f
a shallow neural network.

The key point is to see the intermediate activations z,il) = fO(fFD( . (21))) as the
propagation of z, by a discrete map ®(xy, 1), such that

X x{l,. L} = Z

xp — O(xy,l) = z,(f)

12



This is particularly interesting when the network is already trained. That is, when the

weights have been iterativaly updated by a backpropagation algorithm. The weights 6 of

the neural network are initialized following an arbitrary distribution.

Indeed, a more complex dynamics could be studied using the map ® such that

S X x{l,.., L} x{0,...T} = Z (39)

Tp = ‘i)(fiw l,T) = Zl(gl)(QT) '
where in this case the notation expresses explicitly the fact that z,(f) depends on 6, and
0, is an element of the succession {0y, ..., 07 where 6 is initialized at random and the

succesive terms 6, are obtained using a backpropagation gradient descent algorithm.

Indeed, the map @ is the relevant think to study in this setting, since the interesting part
of the dynamical systems approach is to study deep learning as opposed to learning with

shallow networks by understanding the index of the layer as a discrete timestep.

It can be understood that, if the algorithm finds some optimal weights, then ®(zy,1) ~
&D(xk,l,T — 00). Indeed this is not needed, since the results presented work for any
given training time 7, although some interesting results may only fully apply for optimal

weights, i.e. 7 — oo in the ideal case.

Although the backpropagation algorithm is deduced heuristically as an extension of the
classical gradient descent, it is interesting to deduce it from a Lagrangian formalism as

inspired by optimal control theory [36].

Essentially, the backpropagation algorithm uses a simple gradient descent and combines

is with the chain rule so as to derive how the weights of each neuron should be updated.

In optimal control, the question addressed are related to how the state of a system at time
T would be modified by a change in the control of the variables at T'—¢. In a discretized
version, the problem of finding the weights 6 at an intermediate layer can be replaced by
studying how the output of the network will be modified by changind a weight in a layer

K — k, and therefore seeing each layer as a discretized time index.

13



Under this approach, a lagrangian can be defined as

L
L(z,p,0) = loss(z\D), y) — ZplT(z(l) — (DY) 6) (3.10)

=1

where 21 is given by equation , p are lagrange multipliers. n = 1 is considered so as

to drop the dependance on k and simplify the notation.

The first term is just the cost function associated to the error wanted to minimize, and

the second term is given by the constraints.

From variational calculus, it is known that VL(z,p,#) = 0 is a necessary condition which

defines the local minimum of the performance function while meeting the constraints.

This can be split into three subconditions

OL(x,p,0)

P =V.L(x,p,0) =0 (3.11)
OL(w,p.0) _ _
% — VoL(z,p.0) =0 (3.13)

The associated gradients of the lagrangian would be given as

Vo L =20 £ 0) (3.14)

Setting V,, L = 0 gives the so called forward pass, that is the pass defining the intermedi-
ate activations z(). This would give the expression of a discrete map ® : X x {0, ..., L} —

Z, with ®(-,1) = 2((-), being I the index layer, interpreted as a discrete timestep.

V.l = —pr + V. wloss(zP) | y) (3.15)

V. L = 0 gets the terminal condition of p, pp = VZ(L)IOSS(Z(L), Y)

14



Vz(l)£ = —p+ vz(z)fH_l(Z(l); 91+1) forl=1,...,.L—1 (316)

Using this expression and the terminal condition of p, we obtain the backward pass.

Vo £ = Vo fi(z7Y 0)Tp, (3.17)

using the above expressions, the gradient of the loss with respect to 8 is computed, and
therefore 6 can be updated using gradient descent.

This is done using automatic differenciation, using a technique called reverse mode accu-
mulation [4].

Essentially, the computation of the gradients for each neuron is stored in the memory,
and so the memory cost of training a neural network scales with the number of neurons
in the network.

The implementation of automatic differenciation in ML is not trivial from a mathematical
viewpoint, but it is easy and cheap to implement it computationally. It can be understood

as if partial derivatives were actually computed if no numerical errors were considered.

f is initialized using some protocol. In general it is done by using an i.i.d. variable, but
it depends on the specific implementation. The problem of initialization is not yet fully
understood, and it has indeed a huge impact on performance [27].

This is reasonable, since if some optimal weights 6* existed, then initializing 8, = 6*

would solve the problem.

This is not trivial, and since it is not a compact analytical expression for the function
represented by neural networks, it is not always feasible to find 6 to be 6* or even close,
but rather 6, must follow a distribution given by a random vector, whose variance and
mean can be modulated for each architecture, and is usually chosen to be given by a
uniform random variable between —1 and 1, or using more sophisticated initialization
algorithms [32] [34] [19].

In order to reduce the memory cost, the backpropagation algorithms take into account
only a few samples of the training data, rather than the whole distribution; this is usually
referred as stochastic gradient descent.

A batch of the training data is chosen at each training step

15



{(zi, ) }it (3.18)

with m < n, and where the training data has been shuffled. Due to memory constraints,

it is usual that m << n.

The forward pass it then computed, using the previous expression, and obtaining an ex-
pression of the intermediate and final activations. Then, using the backward pass, the

gradient VL™ can be computed.

Then, 6 is updated to 8’ such that

0 =0 — vV,Lm(0) (3.19)

and this process is repeated iteratively. Each time step is called epoch. The intention is
that, after a lot of epochs, 6 is such that F(, 0) is close to the desired function F'.

In this general case, it is not possible to infer properties or characterize the discrete map
®, as the problem as stated before is super-general.

There are many different neural architectures that have been shown effective in differ-
ent settings. An architecture means the specification of {f;}%,, for general weights; i.e.
in multilayer perceptrons the architecture would be fully characterized by knowing the
input and output dimensions, the activation functions o, the number of components C

(neurons per layer) and the number of layers L.

The most simple architectures are the ones already shown, the multilayer perceptrons,
in which f; = 0, 0 A, being o, an activation function (tanh, sigmoid, ReLU, ... ) and

A; an affine transformation, and considering that the dimension of f; is the same for each [.

This architectures are useful, but they have some associated problems when going to the
limit L >> 1 (the deep learning regime). Moreover, the discrete map ® cannot be seen as

the discretization of a continuous map, and ® may not correspond to an homeomorphism.

Regardless of that, to study the discrete map ® is an interesting exercise, in the sense

that characterizing the complexity of ® is useful for understanding the space of functions

16



represented by multilayer perceptrons (and thus which functions can multilayer percep-
trons approximate) as inspired by, for example, the logistic map.
This allow for a more comprehensive interpretation of fundamental results of deep learn-

ing.

Although some improvements in algorithms and initialization can be done to multilayer
perceptrons, a new family of architectures, called residual networks, is introduced, that

is particularly aimed to give good results at the deep learning limit.
Residual networks, also called ResNets, represent functions R(), such that

R(:) = hr(") (3.20)
with
(hT = hr_1+ fi(hr_1;07_1)

hiv1 = he + fi(he; 0r) (3.21)

h0:$

where the notation is such that h; = hy(x).

The associated discrete map ®(z,t) = hy(x), defined for t = 0,...,7 can be in this case

seen as a discretization of a continuous map.

This can be seen by rewriting the fundamental equation of ResNets as

hiv1 = hy + efi(he; 60;)

where € can be easily introduced by absorbing it into f;(). Experimentally, € is observed

to be small [I6] [60]; if not, it is easy to introduce € in the implementation of ResNets.

Supposing a variable h(t)
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(3.22)

then the fundental equation of ResNets can be seen as a discretization of this variable h

using an euler method.

Then, the discrete map associated to the forward pass in resnets, ®, can be seen as the
discretization of a continuous map.
This is beneficial in terms of reinterpreting Deep Learning in a more sophisticated math-

ematical framework.

The viewpoint of studying Deep Learning as Dynamical Systems makes more sense in

ResNets, since it is related to the dynamics and control of an ODE.

Some approximation and optimization results of Deep Learning can be easily infered from
classical ODE theory.
However, the understanding of multilayer perceptrons is limited and unsettled, and some

results from ResNets cannot be applied in multilayer perceptrons.

The main theory of Deep Learning as Dynamical Systems presented in here refers mostly
to ResNets, but some effort has been done so as to include also results with multilayer
perceptrons, and to discern and analyse the relation between ResNets and multilayer
perceptrons.

Indeed, the block functions f of a ResNet can be given by multilayer perceptrons.
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Chapter 4

Control theory of Neural Networks

Consider the system defined by

il = f(t,2l,0,), zh=1z, 0<t<T (4.1)

where the index i represents the index of the datapoint, and the index ¢ the index of the
layer in the continuous-time idealization. This system is equivalent to that defined by a
ResNet, under the assumption that the residual block x;,; — z; in ResNets tends in norm

to 0 as L — oo.
Then, 6; can be seen as a control variable.

The space of admissible controls is

U={00,T] — O | 0 is Lebesgue measurable} (4.2)

where O is usually R, but this interpretation can be done in a more general case.

A final function g(-) is applied in top of hr so as to proceed with the learning. For ex-
ample, in the case of binary classification, the aim is to make that the ResNets make the
two classes linearly separable, which constitutes a weak problem of optimal transportE].
This “last function” maps a part of the space to one class, and the other to the other

class, i.e. it may be defined by an hyperplane.

!The problem is weak in the sense that there is not a final optimal distribution, but rather a family
of them. For example, if two distributions are linearly separable in some space, any rotation or affine
transformation would make them also linearly separable
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Formally, and in general, we want to compare our desired solution F(:) to g(-). The

function g is chosen such that

g:Z—=Y (4.3)

and it is sometimes referred to as the terminal activation function.
If the terminal activation function is not specified, it is implicit that the identity function

is considered.

The aim is to find the solution to

subject to
il = f(t,xl,0,), zho=x, 0<t<T (4.4)

where L(6) is a regularization term. In the settings previously introduced, L = 0, but
this more general case is considered.
This regularization term is added such that the Pontryagin Maximum Principle give us

valuable information about the control functional, and can be seen as the running cost.

A hamiltonian can be defined

H[0,T] xR xR xU — R (4.5)

such that

H(t,x,p,0) =p- f(t,x;60) — L(0) (4.6)

At optimiality, it is known that

rt* = VPH(t7x;7p;70}) (47)

this can be easily seen as a continuous time idealization of the forward pass.
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Pt = _va(t7 'I:tk? ptu 6:)7 p; = —Vloss (g(x})a y) (48)

which corresponds to the continuous time idealization of the backward pass.

The Pontryagin’s Maximum Principle (PMP) states that

H(t, x5, py,07) > H(t, zh, py, 0) VO,V (4.9)

These equations ( , , ) gives us first order optimality necessary conditions for
our problem.
This allows to use better methods for finding 6, that are more robust, sophisticated and

understood than gradient descent methods.

The PMP therefore suggest a new training algorithm:

PMP - based algorithm for finding 6 in ResNets:

Initialise % € U for 0 < k < K, with K an arbitrary number of iterations.

Run the forward pass so as to obtain the z* trajectory.

Run the backward pass to obtain the p* trajectory.

Update 6 such that

05! = arg max H(t,z", p*,0) (4.10)

This method is known as the method of succesive approzimations (MSA) [2§].

The question that now arises is whether it is possible to recover gradient descent from

equation [£.10]
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4.1 PMP and gradient descent

In the MSA, the last step can be replaced by a discrete form such that

k k
O =6k + N Hy () 1l 6k)

(4.11)

where n is the time index, 0 < n < N, imposed by the discretization of the variables.

the equation can be recasted as

OFt = 0F — uV,J(0)
where

N-1

J(6) = loss (g(xn),y) + 6 Y L(6,)

n=0

and 6 SN L(6,,) is the discretization of the previous loss function.

This is equivalent to the gradient descent method previously seen [3§].

From the equations, it can be deduced that

Pn = —vaIOSS (g<xN)a y)

and

Vxnxn+1 = vx(xn + (an(.%', 0))

Then,

Vo, J(0) = Vg, loss (g(2n),y)) - Vo, Tns1 + Ve, L(6,) =
= —DPn+1- vﬁn (anrl + 5fn($n; 9n)> + 6v9nL(0n) =
= —Vean
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Then we can see this algorithm as a generalisation of the gradient descent algorithm, but

based on optimal control theory.

Previous knowledge from control theory of ODEs could now be used so as to understand

why Deep Learning with ResNets architectures behaves well in practice.
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Chapter 5

Deep Neural networks and ODEs

Consider the families of architectures of Neural Networks given by the following funda-

mental equations

Vi = o(4;Y; + b))
Vipn =Y +0(A;Y; + b))

(5.1)
Yis1 =Y+ 0(Aj20(A;1Y;+bj1) + bj2)

where the first one corresponds to a multilayer perceptron, the second one to a ResNet, ...

The variables Y; are the features, the variables A are matrices and b vectors, and consti-
tute the weights 6 of the network; the dimensions of A and b are here unspecified, but
they are arranged such that dim(A,;Y;) = dim(b;) Vj. This dimension may depend on j,
and it corresponds to the number of components of each layer.

We may define the number of components C; = dim/(b;).

The variables ¢ are functions, called activation functions, such that

o;: RY — %% C RY (5.2)

For each vector b; = (bjl«, . bjcj ), a function o is applied such that

ob; = (a(b;.), ...,a(bfj)) (5.3)

where there is abuse of notation for o.
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This function o operates from R to . The first architectures used as o the functions
sigmoid or tanh, such that ¥ = [0, 1].

More recent architectures use as activation functions ReLU, meaning Rectified Linear
Units; they computed ReLU (z) = maz(z,0), such that ¥ = R,.

Hyper Tangent Function ReLU Function

ax(0, z
tanh(z) max(0, z)

v

A4

Sigmoid Function Identity Function

f)=x

» »

X : X

Figure 5.1: Different activation functions.

The functions o can be chosen arbitrarily, yet it is important that they are easy to eval-
uate, and in order to create rich representation spaces or with good properties they are
chosen to be continuous and monotonic. A reason for this is due to the Lebesgue’s The-

orem for the Differentiability of Monotone Functions.

It is interesting that ReLU functions are widely usted, since the derivative is not defined
at 0, and it is not regular. ReLLU can be seen as the limit of some smooth functions, for
example the so called softplus functions.

It is important to take into account that Deep Learning is always done using a computer,

and so the numerical deffects are intrinsic to this problem.

The problem of supervised learning using Deep Learning can be rewritten using this

idealization.

Definition 5.0.1 (Supervised Deep Learning problem). Given o inputs, with correspon-
dent labels y, the problem of supervised learning with deep learning architectures aims at

finding the network weights (K, b) and classification weights (W, 1), by solving
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minimizer pw, 10ss|g(Waxy + ),y + regularizer[ K, b, W, 1] (5.4)
subject to Yjy1 = activation(K;Y; +b;), ¥j=0,.,N—1
where the activation is given by the specific fundamental equation of the given architec-

ture.

The ResNets architectures outperform more classical architectures (multilayer percep-
trons) in specific settings such as in computer vision, they are better at the deep learning

regime L >> 1, and are easier to characterize as discretization of ODEs [25].

A family of ResNets can be given by the following fundamental equation

Yj+1 = }/J + Aj’QO-(AjJYj + bj), VJ = O, 1, ceey N -1 (55)

where a new affine transformation A, has been added.

This architecture can be seen as a forward euler discretization of

Oy(t) = As(t)o(Ar(t)y(t) + b)),  y(0) =yo (5.6)

A simplified notation is

0(t) = (As(t), A2(t),b(t))
Then,

Oy(t) = fy, 0@1), y(0) = wo (5.7)
where f(y,0) = Az(t)o(A1()y(t) + b(1)).

Instead of ResNets, it is easy to implement architectures based in higher-order difference

equations as in equation [5.1}
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Chapter 6

Approximation with neural networks

In order to see whether a function can be approximated by the composition of simpler
functions as in by a Neural Network, the space of functions represented by Neural Net-
works needs to be introduced.

This space of functions is usually called hypothesis space in regression.

6.1 Universal Approximation Theorem(s)

Definition 6.1.1 (Representation space of a Neural Network). Consider a neural network
architecture defined by the fundamental equation z' = F(z=1:00=1) with 20 = z the
imput data and f(x,&) = 2E, being L the number of layers. The representation space of

that neural network with L layers is, N'*, is

NE={f(-,0)|0 € ©} (6.1)
where © 1is the space of the weights.

Usually, © = R#"eights hyut a more general case is considered.

Considering fully connected neural networks, i.e. neural networks as defined by the

fundamental equation
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where the functions f are given by shallow neural networks, and f (x;0) = z,(cL).

Consider the dimension of z,(gl), also called the number of components C, constant throught

[, C = dim(z}), and L the number of layers.

Definition 6.1.2 (Hypothesis space of rectified networks). Consider a fully connected
neural network, with a fundamental equation defined by a ReLU activation function, C
components and L layers. The hypothesis space of a rectified feedforward neural network
18

H[C, L] = {f(-;0)|f(-.,0) = App1000..000A)(-)0 € O} (6.3)

where A; are affine transformations and o is the ReL U activation function.
Lemma 6.1.1 (The more components, the better).
HIC,L] CH[C+1,L]

Proof. Given a neural network with L layers, and C' components per layer, and an arbi-

trary function represented by that neural network, f (2;0) = (ALZL + bL), where
A =g (ARZE + ) for k=0,..,L—1
V= T; € R¢

and A* € RO*Y bk ¢ RY, V&

We can consider a function §(-; '), with (A")F € REFVXCEH) " (p)k ¢ RE+! defined as

f@. If we consider

[(ANF),; = [A¥];; Vi, < C, Yk [(A")*] = 0 otherwise
(W) = [b*]; Vi < C' Yk [(V)¥] = 0 otherwise
then, go(-) = fo(-) .
Lemma 6.1.2 (The more layers, the better).
HIC, L] CH|C,L +1]

Proof. We consider f(-,0) defined as f(z;0) = (AFzE 4+ b5),

A = g(ARZE + ) fork=0,..,L—1

0= ZT; € R4
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We can consider g(+;0') = o( AFT12LH 4 pEH1) such that 2% = 2F VE < ¢ (1 < g < L—1),
2 = 2k VE > g and

21 =027 4 0) =0(27!) = 297!

Corollary 6.1.1.
H[C, L] CH[C', L] forC">C, L' > L

This results could be analogously proven for different activations functions such as sig-
moid and tanh. Indeed, the only requirement is that each layer can reproduce the identity

function.

Theorem 6.1.1 (Cybenko '89, MCSS [12]). Let o0 : R — R be a nonconstant, bounded
and continuous function. Let d > 1 and L = 1.
For any € > 0, and any f € C°([0,1]%) there exists N; € N, A® € RMi*xd Al ¢ RN gnd
b € RM such that

fr(z) = Alo(A%Z +1°)

satisfies

sup | f(Z) — fL(7)|

zel0,1]¢
Theorem 6.1.2 (Poggio et al. '17 [45]). Let 0 € C*°(R) be bounded and not a polynomial.
Letd>1 and L = 1.

For any ¢ > 0 and any f € C*([0,1]¢) with k > 1 there exist coefficients A° € RN1*d,
Al € RN and b° € RN with

Nl =0 (E_d/k)

This means that a sufficient number of neurons with one hidden layer can approximate
C* functions. However, the number of neurons grow exponentially in d, and so does the

storage needed. In this sense, this approach suffers from the curse of dimensionality.

In the case of ReLU, o(z) = max(x,0), we have a theorem by Hanin:

29



Theorem 6.1.3 (Hanin '17 [54]). Let d > 1 and let f : [0,1] — R be a positive and
continuous functions with || f|lec = 1. Then for any € > 0, there exists a neural network
fr with ReLU activation of depth

|
I - 2d!
wy(€)?
and width max, N, < d + 3 such that
||f - fLHoo S €

Where wy : 6 — sup{|f(z) — f(y)| : |z —y| <} denotes the modulus of continuity of f.

Using the previous notation, these results can be stated as

Proposition 6.1.1 (Universal Approximation Theorem(s)). Under some conditions to
the activation function o (that tanh, sigmoid and ReLU fulfill), there exists L°, C° such
that

H[L,C] is dense in C° for L > Ly, C > Cy
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6.2 Approximation with ResNets

The approximation results from shallow networks also apply to ResNets given that the

residual parts are generated by shallow network.

It is also interesting to study the idealized version of ResNets in terms of ODE so as to

study the approximation.

6.2.1 H., hypothesis space

Recall the hypothesis space generated by flow maps

Hr ={z— g(xr) : &= f(ay, ) =29 =2, 0, € O} (6.4)

If any depth is considered, the H,, hypothesis space can be defined such that

Hoo = UrsoHr (6.5)

The question that arises is what functions is it possible to approximate using the hypoth-

esis space Hoo.

Lemma 6.2.1. Let X be a compact subset of R, and Y = R. Let the terminal loss
function g(x) = .

Then, F' € Ho, must be continuous and increasing.

Proof. From basic ODE theory, the solutions are known to exist, and must be continuous,
as can expressed in the integral form; the fact that they are increasing is proven due to

uniqueness.

[ |
The reverse, in the case of ReLU networks, is also true.

Proposition 6.2.1 (Sufficient conditions for approximation [39]). Consider f(x,0) =
ac(wz +b), 0(z) = maz(0,z2), 0 = (a,w,b) = R>.

Let p € [1,00).

Given F* : X — R a continuous and increasing function. For any € > 0 there exists a

function F' in the hypothesis space Ho, such that
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[F" = Fllox) <€

One proof of this can be based on the Universal Approximation Theorems seen before.

Using this ODE perspective, it is possible to ask which are the sufficient conditions for the
residual blocks f(zy,6;) and activation function such that the ResNets can approximate

any function.

The whole sufficient conditions for approximation are given by a theorem by Li et al.

Theorem 6.2.1 (Sufficient conditions for approximation with n > 2 [39]). Let n > 2,
p € [1,00) and F be some control family. Let the target function F : R™ — R™ be
continuous and K C R™ be any compact set. Suppose that g : R™ — R™ is Lipschitz and
F(K) c g(R™). Consider the hypothesis space

Hode = Ursof{z = g(z(T)) | 2(t) = fi(2(1)), fr € F,20 = x,t € [0,T]}

Assume F satisfies the following conditions:
1. F 1is restriced affine invariant.
2. CH(F) contains a well function.

Then, for any € > 0 there exists Fe Hoge such that

IF — Flloa) < e
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Chapter 7

Neural Networks as coordinate
transformations

By seeing the intermediate activations as discrete map ®(-;¢), the forward pass can be
understood as an application that transforms an initial manifold x to a final manifold as

transformed by the map ®(x,T).

The attempt is to construct a general theory in which Neural Networks can be seen as
geometric transformation of the data manifold.

Some attempts have been done in order to do this, but no successful theory has been
found yet that explains the phenomenology when using Neural Networks as approxima-
tors. This section is aimed at stating the starting point of this approach, as inspired by

previous work [23] and by the characterization of the forward pass as a dynamical system.

To study this perspective from a topological point of view is interesting. In particular,
some results of this section would be focused in the case of binary classification, but
can be easily generalised to a more general classification problem, or even to a general

supervised learning problem.

The main issue regarding this approach is that the topology of the initial manifold, in
terms of the different classes, is needed so as to give strong and general results. It is
not expected that this approach yields useful results without specifying the topological
stucture of the training data.

Therefore, this study needs to be done combining results of topological data analysis [?]

[63], that is not included in the scope of this work.
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7.1 Neural Networks and manifolds

The difficult part when addressing Deep Learning from a mathematical perspective is

that it is difficult to characterize what are neural networks doing.

Again using the Dynamical System perspective, the number of neurons per layer corre-

spond to the dimension of the dynamical system.

If instead of considering that the initial datum covers all the input space, but rather a
manifold, it is more interesting to see the neural networks as if they deform the input

manifold, to a final one in which data can be easily classified.

In order to stablish a formal description, we need that the transformations at each layer

are homeomorphisms.

Theorem 7.1.1 (Layers as homeomorphisms). Let a neural layer have N inputs and
N outputs, and suppose that uses an activation function which is continuous and with
continuous inverse. Then, this layer represents an homeomorphism given that the weight

matriz W is non-singular.

Proof. It is known that a continuous bijection from a topological space to a Hausdorff
topological space is a homeomorphism.
Since the matrix W is non-singular, it has a linear inverse, which is continuous. The
composition of continuous functions is continuous, and so we only need that the activation
function is continuous and bijective, which it by hypothesis and if the appropiate range
is considered.

|

Corollary 7.1.1. A Neural Network represents a homeomorphism if it is given by the

composition of layers that represents homeomorphisms.

Although tanh, sigmoid, ... are bijective, ReLU is not. Moreover, it is not guaranteed
that the matrix W is non-singular.
This approach of Neural Network ”deforming” manifolds still useful for visualization pur-

poses, and this representation still holds for non-homeomorphic transformations.
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Figure 7.1: Scheme of a multilayer perceptron with dimension of the input 2, dimension
of the blocks 2 and a feedforward function given by f.

7.2 Riemannian geometry of neural networks
A more technical and formal approach can be given.

M (L)

(0)
T T
- NE
l“”(z)

(0) (1) (2) (L)
2@ (M) £L— O M) £— 2@ (M) £L— 2O (M) £ D) (M)

Figure 7.2: From [23] . Coordinate systems 2(*1) = ¢ o ... 0 ¢ 0 ¢(® 0 20 induced
by the coordinate transformations ¢ : 2 (M) — (¢ 0 2V (M) learned by the neural

network. The pullback metric gxu)(M)(X, Y) = 9(6Wox®) (M) ((ﬁg)X, ¢£Z)Y> backpropa-

gates the coordinate representation of the metric tensor from layer [ + 1 to layer [, via
the pushforward map 6" : TaW(M) = T (oY 0 21)

Notation and background

The notation presented in here is as in [23].

" is the ™™ coordinate system, and ¢ the I* coordinate transformation.

If the index is not in parenthesis, it is referred to the component of a vector, and a sup-
scropt free index means it is referred to the component of a covector.

Einstein notation is used.
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Definition 7.2.1 (Topological manifold [62]). A topological manifold M of dimension

dim M is a Hausdorff, paracompact topological space that is locally homeomorphic to R™

Definition 7.2.2 (Coordinate system). The homeomorphism x : U — x(U) C RImM
with M a topological manifold is called a coordinate system on U C M

A feedforward network learns coordinate transformations ¢) : 2 (M) — (¢ o 2) (M),
where the new coordinates z"™) = ¢ () ; M — 2z(*V(M), and it is initialized in

Cartesian coordinates (¥ : M — 2z (M) [23].

Every data point ¢ € M has corresponding coordinates to some coordinate system. In

the intermediate layer [ 4 1, g is represented as

2 (g) = (69 0.0 61 0 6 0.2 (g) (1)

And the output reprpesentation is x(*) (M) C R

Proposition 7.2.1 (Feedforward networks transformations). Given an activation func-
tion f (ReLU, tanh or sigmoid), a standard feedforward network transforms coordinates

as

2 = o0 (20) = f(aD;0). (7.2)

The activation function ReLU(-) = max(.,0) is not bijective, and thus it is not a proper

coordinate transformation. The notation is abused in this sense.

Proposition 7.2.2 (ResNets transformations). A residual network (ResNet) transforms

coordinates as
20D = g0 (x(”) =20 4+ £z, (7.3)

Lemma 7.2.1. The coordinates as transformed by a ResNet are global coordinates over

the entire manifold.
Idea of the proof. A residual network is bijective, even with ReLLU activations. ]

A ResNet with ReLLU activations is piecewise linear, with kinks of infinite curvature (since

it is not differentiable at the intersections of different linear regions).
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Definition 7.2.3 (Softmax transformation). A Softmaz coordinate transformation is

defined by
, w)j,.(L)
softmax (W(L) : x(L))] = [f i) (7.4)
SO W Bky(D)

being the probability of ¢ € M being from class j. i.e. softmax (W(L) ‘a:(L)(q))j =PY =
J1X =q)

7.3 ResNets as differentiable coordinate transforma-
tions

Consider a feedforward newtork, described by the fundamental equation

2 = (20,1 (7.5)

if f is of class C°. Then if the feedforward network is a C° coordinate transformation.

A ResNet architecture is given by the fundamental equation

2D = 20 4 £(20; ) (7.6)

since it is well-behaved at the limit L — oo, [ can be redefined such that

2D~ 2O 4 (2O DAL (7.7)

where Al = 1/L and a uniform partition of [0, 1].

Then the ODE approximation for ResNets corresponds to a class of coordinates trans-

formations, in which £ order differentiable smoothness can be imposed such that

o) = 2D — 20 ~ (20 )AL (7.8)
0220 = ) 90 4 (=1 f(x(l)ﬂAF (7.9)
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ResNet architectures as defined by correspond to C! transformations with O(Al)
error, and higher order architectures can be constructed by doing central differencing
approximations of C! coordinate transformations, which would give an error of O(A[?),

and iteratively to k—order smoothness architectures.

The corresponding differential architectures can be easily obtained by taking the limit
Al — 0, i.e.

dz® L0+ _ ()
v e T T T e ().
g = AT Jsl) (7.10)

In order for this to make sense in practice, it is needed that the limit L. — oo can be
implemented, and thus that ResNets architectures are really stable. This agrees with
experiments, for example for L =~ 100. Since we are considering the discrete case, the

approximation is considered to be good.

In practice, Al does not need to be a constant discretization. The more general case in
which Al = Al(n) with n the index of the layer can be trivially implemented, and the
problem would be well-defined if max Al(n) — 0.
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Figure 7.3: Scheme of a multilayer perceptron with dimension of the input 2, dimension
of the blocks 2 and a feedforward function given by f.
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Figure 7.4: Scheme of a multilayer perceptron with dimension of the input 2, dimension
of the blocks 2 and a feedforward function given by f.
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Chapter 8

From multilayer perceptrons to
ResNets

There are three widely used activation functions: tanh, ReLU and sigmoid.

8.1 Vanishing gradients

The vanishing gradient problems observed in training Neural Networks is a series of phe-
nomena related to the fact that the gradient at some point can be arbitrarily close to 0

with respect to some neurons, but that point is not close to a minima.

An example of this is a constant function represented by a network. The backpropagation
training would not be able to update that function, and it may not be a minima of the

problem specified.

8.1.1 Tanh and sigmoid activations

The hyperbolic tangent is given by

et —e”
tanh(r) = —— 8.1
anh(e) = S (81)
whereas the sigmoid is given by
o) = (52
o(x) = )
14+e®
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It is easy to see that tanh(z) = 26(2z) — 1.

So as for the backpropagation algorithm to be efficient, convergence is usually proven to
be faster when the mean of the weights is close to 0 [37].
For that reason, it is prefered that tanh activation is used, since the mean of tanh under

a symmetric distribution of z is 0.

The problem with the tanh activation is that the gradients are saturated easily, i.e. they

are arbitrarily close to 0, and so make training more difficult.

So as to see this,

4

d 2
—tanh(z) = sech®(z) = (CCEYDE

dx

New activation functions are proposed such that the derivative of the activation function

does not vanish easily.

8.1.2 Dying ReLU

The most used activation function in practice is the rectified unit activation, ReLU (x) =
mazx(z,0). [BI[I] [68]

The idea is that the derivative of ReLU is 1 for x > 0 and 0 for x < 0, and since so the

gradient does not vanish for x > 1.

When using rectified unit activations the problem of wvanishing gradients is partially
solved, but due to the fact that a ReLU function is not smooth, and that for x < 0

the gradients are 0, some problems arise.

It is possible that a ReL U neuron gets into a state that is not able to communicate any

information through the network; in this case, we will call this neuron a dead neuron.

Definition 8.1.1 (Dead neuron). A rectified neuron, which represents a function h(-) =
max(A(-) + B),0) is said to be dead when h(x) =0 for all x the input space of that layer.
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Lemma 8.1.1. When using a gradient descent method, and if all the weights of other
neurons are fived, a dead neuron would not be updated. The state of that neuron given by
the weights {A, B} is absorbent.

Proof. The update on the weights (in this case {A, B} is given by the partial derivatives
w.r.t. that weights. That is, the (AA, AB) update to (A, B) is proportional to (g—ﬁ, g—g).
Since h(x) = 0 Vo in X, g—ﬁ =0= g—g YV € X the input space of that neuron, the weights

would not be updated. |

Although the probability that a dead neuron recovers is not high [44], still it is in theory
possible.

Lemma 8.1.2 (A dead neuron can recover). Let a dead neuron be in an intermediate
layer, such that its represented function is h(-) = max(A(:)+ B,0) and h(x) =0Vz € X.
Then it is in general possible that the neuron, after the neural network is trained with a
gradient descent method, is such that h(x) # 0 for some v € X

Proof. Although the weights of that neuron would not be inmediately updated (see pre-
vious lemma), it is possible that the input space X, which is the output space of the

previous layer, updates such that we can find a value of x € X such that h(z) #0. W

Proposition 8.1.1. A dead neuron has the effect of reducing the effective dimensions of

the input space of posterior neurons.

Proof. Suppose a neuron in the layer [ is dead. Then, the neurons in layer [+ 1 would have
as an input {h1(-),..., hc(+)} with k() a dead neuron 1 < d < C. Since this component
would always be 0, it would not have an effect to the affine transformation done by the

neuron. [ ]

The state {A, B} such that a neuron is dead could be reached due to different reasons. It
is trivial to see that initialization plays a very important role (i.e. the weights A, B could
be initialized such that the neurons is born dead), but it could also be that A, B, X are
updated such that the neuron is dead.

A systematic approach of this problem, and possible solutions, could be done in specific
scenarios [41] [2] [14].
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However, ReLU still the most used in Deep Learning, and the problem of dying ReLU is

usually solved partially by tuning the network architecture.

Although there are many empirical and heuristical evidences that ReLU multilayer per-

ceptrons “die”, little is known about its theoretical analysis.

In order to alleviate the dying ReLLU problem, the easier way is to change the initialization
procedure. However, the initialization must be done at random. The map 6 — f (+; 0) is
not easy to characterize, nor it can be done in general. Therefore, there is no a prioiri

weights that are better than others, and studies must be done case-by-case.

There is empirical and heuristical work for choosing the distribution of the weights, and
they are mainly initialized using a uniform distribution or a normal one, and tuning the

standar deviation.

The theoretical background of initialization is not completely understood, and few works
have been done in the general case.

However, it is known that the limit L — oo in feed-forward neural networks, as opposed
to ResNets, is not well-defined, in the sense that the functions represented are constant

and then the network is not able to learn anything.

This can be seen as an especific case of being stuck in a minima that is not a global
minima. However, in practical applications, the cost landscape is too complex, and the
weights are not in a global minima but rather in a “good” local minima, which is close

to the optimal case.

Some general results are presented in here for the case of rectified networks. These results
imply that the number of components N, or “dimensions” of the dynamical system, must

be large so as to avoid this problems.

Lemma 8.1.3. Let N2(z) be a L—layer ReLU neural network with N, neurons at the
l—th layer. Suppose that all weights are randomy independently generated from probability

distributions P(W}z = 0) = 0 for any nonzero vector z € RM-1 and any j—th row of W'.
Then,
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P(NE(z) is born dead in D) =P(3l € {1, ..., L — 1} such that ¢(N'(z))) = 0¥z € D

where D = B,.(0) is the training domain, with r any positive real number.

Idea of the proof. 1t is clear that ¢(NT(x)) = ¢(N*(0)). Starting at | = L, recursively,
it is clear that it might exist such an [.

Conversely, if such an [ did not exist, then N’ could not be 0.
[ |

Then, we know that the more layers we have (if we mantain N constant), the easier it

would be for a feed-forward neural network to born dead.

Indeed, the probability that a feed-forward neural network, as initialized by a zero-mean

probability distribution, is born dead becomes 1 as L — oo.

Theorem 8.1.1 (Taki '17 [58]). Let N*(z) be a ReLU neural network with L layers,
each of them with N neurons.
Suppose that the weights and biases are randomly initialized from probability distributions

which satisfy
P((W),z.) + b, <0,Vzy eRY)>p>0 Vje{l,.,N}

for some constant p > 0.
Then,

lim P (N*(z; 01)is born dead) = 1

L—o0

Theorem 8.1.2 ([58]). Let N (x) be a ReLU neural network with L layers, each of the
having N; neurons. Suppose that the weights are initialiez from symmetric probabilities
distributions around 0 and that all biases are either drawn from a symmetric distribution

or set to zero.

Then,

P (/\/’L(m,QL) 18 born dead) <1-— 1:[(1 _ (1/2)Nl)

=1
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Idea of the proof. L |

Corollary 8.1.1. Let Ny = N for alll. Then,

lim P(N*(z; 0;) is born dead ) = 1

L—oo

lim PN (z; 01,) is born dead ) =0

N—oo

Theorem 8.1.3 (Taki "17 [58]). Suppose that the feed-forward ReLU neural network is
born dead. Then, for any loss function L, and for any gradient base method, the ReLU

network is optimized to be a constant function which minimizes the loss.
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8.1.2.1 Numerical example

Suppose a neural network with C' = 2 components per layer, and a number of layers L.

3
]:

The input space of the network is X = [—1,1] € R and the pair {z;,y,}
that

, is given such

y] = O + 1£Bj>0

It is clear that with L = 1 this classification problem could be solved easily if using as
a terminal loss function a sigmoid. Indeed, a single neuron h(-) = max(A(-) + B) could

solve this problem by using A =1, B = 0.
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Figure 8.1: Dissipative effect of a neural network with C' = 2 components and L = 15
layers
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8.1.3 Initialization

Some experiments are presented related to the problem of initialization.

The weights of a multilayer perceptron with C' components and L layers are usually ini-

tialized following a uniform random distribution from [—1, 1].

Different initializations are proposed, all of them following a uniform random distribution

[—~, +7] for different architectures.
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Figure 8.3: L? norm of the intermediate activations in multilayer perceptrons with 15
hidden layers and 2 neurons per layer, with an initialization following a uniform random
distribution [—v, +7], for an input € [—1, 1] and over 100 experiments.
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Figure 8.4: L? norm of the intermediate activations in multilayer perceptrons with 15
hidden layers and 3 neurons per layer, with an initialization following a uniform random
distribution [—~, +7], for an input x € [—1, 1] and over 100 experiments.
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Figure 8.6: Effect of initialization for a different multilayer perceptron architectures, and
initialized following a uniform random distribution [—v, +7].

49



8.2 Residual networks

In order to avoid the vanishing gradient problem (see ??7), skip connections provide an
alternative path for the gradient in the backpropagation algorithm. The results of im-
plementing skip connections have been proven to have a positive impact in the learning

process [L5] [65] [48] and allow for having more layers than using perceptrons. [67]

Skip connections skip some layer in the neural network and feeds the output of one layer
as the input of the next layers in the architecture, instead of only feed it as an input for

the next layer. Formally,

Definition 8.2.1 (Skip connection). Let a neural network with L layers be represented
as {20, ..., 2.}, with z; the intermediate activations, and zy = xo given by the data. Then,

there is a skip connection when

Fktq = fk+q(zk, Rh41s -5 2k+q—1)
is such that F(zg, zp11 = 0, s Zqge1 =0) = 2z, with k,q € Z, k> 1 and g > 1.

If a neural network has a skip connection, then if some intermediate layers ({241, ... 2k+¢-1})
have activations arbitrarily close to 0, the final layer may not be close to 0; note that this

does not happen with multilayer perceptrons.

An example of skip connection is addition. That is, given

Rk4q = £k+q(2k7 Rh415 -+ Zq—l)

the function

Litg = 2k + Griq

with Gy, defined by a multilayer perceptron, is such that, if Gy, = 0, then Litrq = 2k
In order for this to make sense, the dimension of G, must be the same as the dimension

of Zke-

Skip connections can be introduced in a neural network architecture inductively, such
that

Zktq = fk—f—q(zka Rh+1y -+ Zk;+q—1)
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2l = Fk+q(zk, Zk+1 — 0, cory Rktqg—1 = 0)

forevery k=q-j, j={1,2,3,...}

Then, if the skip connection is implemented as an addition, that neural network would
be called a ResNet.

X
Y
weight layer
]—"(x) ! relu «
weight layer identity

Figure 8.7: Diagram of the skip connections in ResNets [25]

In this case, the vanishing gradient problem is partially solved, because the gradient at
Zktqs VZiyq would be given by Vzi + VG, where VG, represents the gradient of a
multilayer perceptron.

Then, the gradient Vzj;, would not necessarily vanish whenever ||z;4;|| < € << 1 with

1 <7 < ¢, which happened in multilayer perceptrons.

Input Hidden Hidden Hidden Hidden Hidden Output
layer layer 1 layer 2 layer 3 layer 1 layer L layer
xo z% g z% Zé Zk
— £
R? — R? — R? — R? — — R — R
T+ fo z1+f1 zo+fa z3+f3 zL—1+fL-1 Y -
0= — 2z —— 25 —— z3 — ... —— 9z — FL(Z)

Figure 8.8: Scheme of a ResNet with dimension of the input 2, dimension of the blocks
2 and a feedforward function given by f.
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Chapter 9

Mean field optimal control
formulation

Consider a ResNet given by

T4 =+ f(2;0)) (9.1)

and replaced by

L1 = T + f(f]ft, Qt)At (92)
where the requirement is that At is small, and goes to 0 as T" — oc. E]

Considering a continuous time-independent of time resolution, the equation driven the

continuous limit forward dynamics of ResNets is

o Tl — Xy .
Jim, R = e = St ©3
Then the problem of supervised learning using que continuous limit of ResNet can be
seen as a population risk minimization problem, where the data-label joint distribution

(w0, 0) ~ p* on R x R is given:

0eL>(]0,T1,0)
j:t:f(xhet) OStST (any)N/”L*

inf ~ J(0) =E, {\If(rcT,yo) + /O ) R(fﬂtv‘)t)dt] (9.4)

IThis may already happen without changing the structure of a ResNet, or should be implemented
by-hand by multiplying each block by a suitable At, that can be absorbed by the function f.
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where R : R? x © — R is a regularizer, that can be introduced easily in the neural net-
work, U : R? x R — R is the terminal loss function, and f : R¢ x © — R? the function

describing the feed-forward dynamics.

Then we need to find 6 that controls an entire distribution of inputs, and transports that
distribution to their correspondent labels.

This is a mean-field problem.

This is related to the problem of minimizing a curve function in optimal control and
calculus of variations.

However, in this case the control 6 is over the entire population. The questions that arise
is whether, under this formulation, it is possible to find necessary or sufficient conditions

for optimality, by using the formulism of mean-field optimal control.

From this viewpoint, two independent results can be obtained. One related to the Pon-
tryagin Maximum Principle, which is a necessary condition given by a local characteri-

zation of the optimal solution in terms of ODEs [3].

The other results is related to the Dynamic Programming Principle as inspired by Bell-
man, which is a necessary and sufficient condition and is given by the global characteri-

zation of the value function in terms of PDEs [5].

The Dynamic Programming Principle was later developed and completed by Crandall
and Lions [I1], and its relation with the PMP was pointed out through the method of

characteristics [69].

9.1 Pontryagin Maximum Principle

(A) Suppose [ is bounded; f, R are continuous in 6; f, R, ¥ continuously differentiable
w.r.t. x, and that the distribution x has bounded support in R? x R,
The solution #* such that the population risk minimization problem is solved would be

given by

J(0*) = min J (0) (9.5)
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Under these assumptions, the mean-field Pontryagin Maximum Principle states that:

Theorem 9.1.1 (Mean-field PMP [64]). Let (A) be satisfied, and 0* € L>([0,T],©) be
a solution of the mean-field population risk minimization problem.

Let H : R4 x RY x © — R the Hamiltonian function, given by H(z,p,0) = p- f(z,0) —
R(z,0)

Then, there exists i absolutely continuous stochastic processes x*, p* such that 6* maxi-

mizes the Hamiltonian function point-wise in time, i.e.

07 € argmax B, )= H(7},pf,0)  for each t € [0,T)]
0cO

where {x},pf} satisfy the Hamiltonian dynamics described by

bi = —VaH (@) pi.07)  pr==Va¥(rr,p0) (5.7)
E,H(a},pi,07) = maxE, H (], 9, 0), aet€[0T] (9:8)
€

In this generalised Pontryagin Maximum Principle, no derivatives with respect to 6 are
needed, the parameter space © is general and the maximization condition is point-wise
in time.

This is good for finding new training algorithms in a general setting.

The equations regarding the variables &} and p; are not new and have been obtained in a
classical control approach, yet in this case the formalism is more general as it is dealing
with probabilities distributions.

However, the third equation arises from this mean-field optimal control formulation. This

equation is referring to the whole distribution instead of pointwisely.
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9.1.1 From mean-field to empirical PMP

A specific case of population risk minimization would be the sampled optimal control

problem, given by

min_~ Jy(6)

1 N
9eL>([0,T],0) N —

> [xp(x;,yg) + /0 ' R(xi,é)t)dt} (9.9)

i=1

Indeed, the problem of deep learning in practice is a problem of sampled optimal control,

as the number of data is finite.

The gap between the sampled optimal control problem and the population risk minimiza-
tion problem is closely related to generalisation. The problem deals with how a sampled
problem related to the entire distribution, and how big must be the number of samples
N such that the solution to the sampled optimal control problem is close to the solution

of the analogue population risk minimization problem.

In order to mantain the previous results, the empirical distribution can be defined as
| XN
Hx = 7 2 ) (9.10)
i=1
doing this replacement, the mean-field PMP becomes the classical PMP [64] [?].

In order to further study this gap between the population risk and the empirical risk
minimization problems, E, Han and Li propose a strategy which compares the mean-field
PMP to the sampled PMP.

Suppose a solution of the mean-field PMP such that

F(0"), =EBVoH (z7 ,p?,07) =0 (9.11)

while the solution of the sampled problem is

Fn(0™),

N
1 . .
~ Do VeH (] p! 0N = 0 (9.12)

=1

The relation with Fy(6%); and F(6*); can be obtained using a contraction mapping
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Gn(0) =0 — DFyn(6%) ' Fy(9) (9.13)

where D is a Frechet derivative.

Definition 9.1.1. Let p >0 andz € U. Sy(x) ={y € U : [z —y|| < p}.

A mapping F is stable on S,(x) if there exists a constant K, > 0 such that, for all
Y,z € Sy(x),
ly — 2l < Kol F(y) — F(2)]] (9.14)

The requirement of a map to be stable is very common, and can be recasted as the sup-

position of the optimal solution z* is non-singular, and that the inverse map is Lipschitz.

Theorem 9.1.2 (Neighbouring solution for sampled PMP [64]). Let 6* be a solution
F =0, whih is stable on S,(0*) for some p > 0.

There exists s, C, K1, K2 € Ry, p1 < p and a random variable 0N € S, (0*) C L>(]0,T],0)
such that

Ns?
— OV ;e > <4 S — d
ullo =6l 2 Co) <te{ -1 h seml 019
Ns?
FyON) <0] < 4 -0 1
Fe(@) <0 < dexp {20 (9.16)

Where 6% — 6* and Fy(0") — 0 in probability is considered in our case.

Indeed, if second-order regularity conditions are supposed for the hamiltonian, then the
sequence 0V previously seen minimizes the problem with high probability [64]. That is,

there exists K7, K5 constants such that

P[|J(0Y) — J(6%)] > s] < 4exp {—%} , s5€(0,s0)] (9.17)

This can be seen as an a priori error estimate for the sampled risk minimization problem.

26



9.1.2 PMP as sufficient condition

If uniqueness and existence is guaranteed, then the necessary condition given by the

mean-field PMP becomes sufficient.
Indeed, imposing more conditions on f, R and V¥, there is small-time uniqueness.

(A’) suppose f bounded, f, R,V twice continuously differentiable with respect to x and
6. f, R, ¥ have bounded and Lipschist partial derivatives.

Theorem 9.1.3 (Small-time uniqueness [64]). Let (A") hold. Suppose H(z,p, ) strongly
concave in 0, uniformly in x,p € R d.e. H(z,p,0) + Nl =20 for some \g > 0. Then,
for sufficiently small T, the solution of the PMP is unique.

These strong concavity requirements is imposed on the hamiltonian, and not on the loss
function J, that can even be non-convex and the condition still satisfied. It is in general

difficult to derive whether the conditions hold in a practical setting.

Stronger results are needed, such that the characterization of the minimum is applicable
to larger times. In order to do that, the Dynamic Programming Principle needs to be

introduced.

9.2 Dynamic Programming Principle

Another perspetive introduced by the mean-field optimal control approach is to use a

mean-field Dynamic Programming Principle.

The idea is to understand the joint distribution of (z,y9) as a state variable in the
Wasserstein space [61]. It is also needed to define a value function v(t, p) such that it is

the optimal objective value of P(t, ) [64].

Let w be the concatenation of (z,y), (Q, F,P) be the probability space, L?(F;R4*) the
space of square-integrable random variables with L? metric, and Py(R%*!) the space of

square integrable measures with 2—Wasserstein metric.
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Indeed,

W e L*(F; R <« Py € Po(R) (9.18)

Theorem 9.2.1 (Mean-field HIB equation [64]). Let v be the unique viscosity solution

of que Hamilton-Jacobi-Bellman equation

(b, )+ (@0 (t, 1)) - £ 0) + RO, 0), ) = 0
W(Top) = (1) where (U, ) = / U, y)dy(z.9)

If the minimum is attained,
cTheta

is a set of optimal trainable parameters, where i denotes the law of (x},y).
The development and notation of the mean-field Dynamic Programming Principle is tech-
nical and tedious, and out of the scope of this work. In [64], the existence and uniqueness

of solutions using these approach is proven, and the results are stronger than the ones of

PMP.
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Part IV

Applications
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Chapter 10

Classification with Neural Networks

Definition 10.0.1 (Classification problem). A classification problem is a subproblem of

supervised learning in which the target variable y is discrete.

Given a classification problem, with a training set {(z;, )}, such that z; € X and
yi €Y.

Suppose X C R™. In practice, the input space is normalized such that X = [—1,1]" or
0, 1]™.

Let Y ={0,1,...,L — 1} with L the number of classes.

The classification problem consists on finding an approximation of F': X — ) such that,
if no noise is considered, F'(x) = y, by using neural networks with represented functions
F(;0).

Proposition 10.0.1. Consider noisless data of more than one class Then it possible to
find X such that F(x) #y = F(y) Yz € X.

Proof. Since F maps from a a compact set X to {0,1,..., L — 1}, except for the case that
y; is constant, the function F' is not continuous.

However, the function [ (;0) must be continuous, since it is given by the composition of
continuous functions.

Then there must be a subset of the intput space, X C X, such that F(:c) # F(x) Vz €
X. [ |

Indeed, the problem of classification is not well posed. Such a function F'is not expected

to exist, since one expects to find data x; that cannot be classified.
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Imagine a problem of binary classification, in which we want to classify images of dogs
and cats. Suppose that the input space is the space of 64 x 64 pixel images, and the
corresponding label to each image z; is either 0 (a dog) or 1 (a cat).

Then, it is easy to see that an input image x; corresponding to an all-black pixels image,
cannot be classified, and thus F(z), for = an all-black pixels image, would not be well-
defined.

This problem is easily solved by introducing a new label ¢ such that £ € (0,1). Then,
& = F(x;) represents the probability of z; of being of class 1.
Indeed, the function F is

F:x —0,1]*" (10.1)
r = (), ..., 5 (2)) (10.2)

where Zf:_ol & (z) = 1, and such that £'(z) represents the probability that x is of class [.

The training data {(x;,y;} is such that y; = ((€%(x;), ..., L7 (;))) with &(x;) = 1 for a
given [, and & (z;) =0 for j # l.In compact form, & = §;; the kroenecker delta.
Some training data could be used such that this does not happen, but this is not imple-

mented in practice.

This reformulation of the classification problem allow for introducing noisy data, and also
makes the problem well-posed, in the sense that a function F could in principle be the

same as F'.

Proposition 10.0.2. A binary classification problem is equivalent to a transportation

problem plus a margin classifier problem.

10.1 Dimensionality

The dimension of y can be arbitrarily chosen by specifying the number of components
(neurons) per layer.

The question of which dimension would give the best model arises.
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In practice, it is important to be able to change the dimensions of the neural network for
different layers.

Neural Networks usually have access to a limited number of types of nonlinear coordinate
transformaions (tanh, sigmoid, ReLU), which limits the ability of the network to separate
the wide variety of manifolds that exist.

Locally Linear Embeddings [51] solve this problem, as k-nearest neighbours is an ex-

tremely flexible type of nonlinearity. [23]

However, some results can be given when using Neural Networks as approximators for,

in this case, classification.

Suppose the problem of binary classification. The input space is [—1,1]%j. The data
labelled as 1 is X} and the labelled as 0 is X5, such that

Xo ={z|d(z,0) < a}
X ={z|b<d(z,0) <1}

with a < b.

100"
0.75
0.50 -
0.25 |
0.00 |

-0.25

=0.50 F
=075 F

—-1.00 - . ; . :
-1.0 —0.5 0.0 05 10

Figure 10.1: Example of data distribution for binary classification, with 1000 samples.

Then, if a tanh activation is used, this problem can be solved using a neural network with
3 neurons per layer.
The classification problem is equivalent to separating the datasets Xy and X; as trans-

formed by transformations given by the neural networks, that can be homeomorphisms.
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If the transformations were not homeomorphisms, then it would be possible that some
points in A} got mixed with points in Xs. If using homeomorphic transformations, then

in order to linearly separate & and X three dimensions would be needed.

It is clear that if 2-dimensional homeomorphic transformations were used, using notions

from knot theory, the two sets Xy, A} would not be separable using homeomorphisms.

In a three-dimensional space, however, it is possible to make X and X linearly separable.
In order to see this, it is enough considering a homeomorphism that pushes X} away in

this new dimension.
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Proposition 10.1.1. Consider two manifolds Xy, Xy, such that every point in Xy is
classified as 0, and every point in X; as 1.

Let Xy, X1 C RN compact subsets, and d(Xy, X1) > € > 0, where the Haussdorff distance
15 used.

Then, 1t is possible to make Xy and Xy linearly separable by using an homeomorphism of

dimension at least N + 1.

Proof. Consider a continuous map ® : RV*! — RN+ that defines a homeomorphism.
The N—dimensional input can be padded to N + 1 dimensions such that (z) — (&, 0).
There exist ¢ such that

O((7,0)) — (¥,w) VT € X

and ®((7,0)) — (7,0) VT € X,

where this is possible due to the fact that d(Xy, X}) > ¢ > 0, and so continuity can be
guaranteed.
Let w > 0. Then the manifolds, as transformed by the neural network, would be linearly
separable by using an hyperplane perpendicular to the vector (-, 1).

[ |

The problem with this approach is that even if an homeomorphism exists such that the
two manifolds are linearly separable, it is not guaranteed that this homeomorphism can
be represented or approximated by the neural network in the case of multilayer percep-

trons, when fixing the number of neurons per layer.

Moreover, the hypothesis that data of different classes is in different manifolds is too
strong. In practice, since there is noise, it would be possible that yellow and blue points

are arbitrarily close.

And, given the fact that Deep Learning deals with datapoints, and not manifolds, it is
always possible to find a finite-measure cut such that, if the input is N — dimensional,

the points can be separated using an homeomorphism in N dimensions.
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(a) 4-hidden layer multilayer (b) 4-hidden layer multilayer
ReLU perceptron tanh perceptron

(d) 20-hidden blocks tanh
ResNet ResNet

(e) 20-hidden blocks modified  (f) 20-hidden bloks modified
ReLU ResNet tanh ResNet

Figure 10.2: Level sets of binary classification with different architectures after training.
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Figure 10.3: Level sets with a ring distribution using a multilayer perceptron with tanh
activation, 2 neurons per layer and 4 hidden layers.

Figure 10.4: Level sets with a ring distribution using a multilayer perceptron with tanh
activation, 2 neurons per layer and 4 hidden layers.

66



Part V

Discussion
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Chapter 11

Conclusions and further work

The theory of Deep Learning as Dynamical Systems is mostly effective when dealing
with the idealization of ResNets, although it provides more intuition when dealing with
multilayer perceptrons.

This idealization, although easily implementable in practice, does not explain the effec-

tivity of ResNets when the residual part is not small enough.

The visualization of multilayer perceptrons as a discrete dynamics interesting by means
of visualization, but it is difficult to obtain strong results in a general framework. Some
interesting directions for obtaining results for the approximation using multilayer percep-
trons are proposed [8] [29] but they are in general weak, and do not explain the fact that
Deep Learning with multilayer perceptrons is efficient in practice. The results in terms
of expressivity or capacity are necessary for approximation, but not sufficient. And even

if approximation is guaranteed, optimization may not be possible in general.

Some authors propose that multilayer perceptrons first focus on lower frequencies and
then on higher ones, and so a finite-time training would have some kind of instrinsic

low-pass filter, helping with generalization [66].

Regarding the idealization of ResNets as discretizations of ODEs, new architectures are
proposed that can be understood as the continuous limit of ResNet, and are trained using
the adjoint sensitivity method of Pontryagin instead of backpropagation [I8] [31] [43].

Their implementation is not yet understood, nor its applications, but they promise to be

memory efficient, and easier to study from an analytical perspective.

One of the main unkowns of Deep Learning is why are some functions more difficult to

approximate than others.

68



The Dynamical Systems perspective provides a solid background to study this, but re-
sults have been obtained on a the more general direction that (almost) any function can
be approximated, without specifying the amount of training time needed nor the initial-

ization, that play a huge role in the efficiency of this methods.

There is a need to study the neural networks from a complex systems perspective, and

to obtain results in non-convex loss landscapes, which can be easily found in practice.

An interesting tool to study the complexity of the datasets is topological data analysis
[9] [63] [21]. And, since classification can be recasted as a problem of transport, also
transport theory [57] [56].

The theory presented is a fundamental tool for understanding the symbiosis between
Deep Learning and Dynamical systems. Deep Learning has shown remarkable results for
applications in high-dimensional dynamical systems [7] [20].

Although most of the approaches are heuristical, some authors such as Griine develop

specific approximation results for each setting.

Other architecture, for example based in convolutions, have not been explained or men-
tioned. They require a very specific study [42], and the explanation of Deep Learning as

Dynamical System point out a connection between convolutional networks an PDEs [53].

Some authors point out that the good results when using Deep Learning in Dynamical
System settings is due to the fact that there is some intrinsic and fundamental relation
between them.

In fact, Deep Learning has outstanding results in quite different tasks. This work does
not provide any fundamental relation between Deep Learning and Dynamical Systems,
but rather a framework in which to study approximation and control of neural networks.
The time that defines the dynamical system in the neural networks is related to the num-
ber of layer, and so it is a numerical parameter with no physical meaning nor relation

with the input data, in principle.

The problems regarding the numerical implementation are avoided. Automatic differen-
ciation is not well-understood from a mathematical perspective, and the numerical errors
when computing the succesive intermediate activations may play a very important role,

that it is not taken into consideration.
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The theory is as yet the most succesful theory of Deep Learning, as it provides a solid
and simple framework from which to study a wide range of architectures and phenomena,

as well as proposing new ones.

This approach would also serve as an inspiration to study other ML tasks such as unsu-
pervised learning and reinforcement learning, that seem to be closely related to classical
problems in optimal control and dynamical systems, yet the mathematical formulation

has not been developed.
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Appendix A

Gradient descent

A.1 Simplest linear model

We consider an unkown dynamic system that is stimulated by an input vector
X (i) = [21(2), 22(4), ..., zar(i)]T, where 7 is a time index i = 1,2,...,n denoting the time

at which the stimulus is applied to the system.

The external behaviour of the system is described by the set of pairs input-output given
by

F{X(), d@)]i=1,2,...n,..} (A1)

where d(7) is the output of the dynamic system as excited by X(i).

The problem is to consider M > 1 and dim(d(i)) = 1. Moreover, we want to approximate
the dynamical system by a single linear neuron, that is, a neural network with no hidden

layers, and an activation function given by (z) = x.

Thus, the output of our model would be given by

y(i) =Y wi()zi(i) (A.2)

where in this case we have considered the bias b(i) = 0. []

'In this simplified case, the bias is not taken into consideration for simplicity. The main results of
this section could be later generalised to the biased case.
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Using a more compact notation, we have that

y(i) = X" (i)w(i) (A.3)

where

w(i) = [wyi (i), we(i), ..., war(i)]*

The unkown dynamical system with output d(i) is now simulated by a simple neural

network with linear activation and output y(i). We may define the error as

e(i) = d(i) —y(i) (A.4)

The problem is recasted to finding the weights w(i) such that the error e; (in absolute

value) is minimized.

This problem is closely related to that of optimization, and so a review of unconstrained

optimiztion methods is hereafter introduced.

A.1.1 Unconstrained optimization

Consider £(w) a cost function

E:RM SR

A5
w = §(w) A2

Being £(+) a measure of how close is a set of weights w to the optimal case.
The cost function £(+) is assumed to be continuously differentiable with respect to w.

We want to find an optimal solution w*, that is given by the fact that

§(w') <&(w) VYweW (A.6)

We assume that W = RM.

Note that w* may be not unique.
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Problem A.1.1. Unconstrained optimization:

Minimize £(w) with respect to w

implies that
VE(w") =0 (A.7)
Where V is given by
o 0 o 1"
= A8
v {811}1’ a’wg’ ’ awM] ( )

And so, if applied to &(w) gives

Owi  Oxi o¢ r

Ve(w) = { 5o Bor " B (A.9)

Proof. If VE(W*) = a # 0, then we define p = —V¢&(w*) such that p! VE(w*) =
—[[VE(wn)|* <0.

Because £(+) is continuously differentiable, there would be a scalar T such that p” VE&(w* +
tp) <0Vt <T.

Using Taylor’s theorem, we find a direction (p) from which £(w*) decreases, so w* would

not be a minimum.

|
A.1.2 Training algorithms

Problem A.1.2. Training algorithm

We aim to find an algorithm such that, by starting with an initial guess for w(0), it

generates a sequence {w(1),w(2),...} such that

E(win+1)) <&(wn)) Vn (A.10)
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A training algorithm is expected to eventually reach the minimum w*, but that may not

happen in practice.

A.1.2.1 Gradient descent

The gradient descent method (or steepest descent method updates the weights w in the
opposite direction to the gradient vector VE&(w).

The method is formally described as

w(n+1) =w(n) —rvgn) (A.11)

where g = V&(w), and v > 0 is the stepsize.

Proposition A.1.1. The steepest-descent algorithm is a good candidate for a training

algorithm.
Proof. 1dea of the proof Doing the Taylor approximation around &(w(n)),
E(w(n+1)) = &(w(n)) +g" (n)Aw(n) = £(w(n) +g" (n) (W(n + 1) — w(n)) =
= &(w(n)) —vg' (n)g(n) = E(w(n)) — vlgn)|* < &(w(n)) for [gn)] # 0

Where we have used that v is small. However, the number of iterations 7" in order to

achieve w* goes as O(1/v).

We may have three different regimes depending on the value of v.

1. v is small. The trajectory {w(i)} follows a smooth path in the phase space.
2. v is large. The trajectory of the weights follows an oscillatory path.

3. v > 1. The algorithm becomes unstable (i.e. the solution diverges).

The reason for the existence of those three different regimes is that we can only guarantee
that {(w(n + 1)) = g7 (n)Aw(n) + O ((Aw(n))?) < £(w(n)) when Aw(n) is sufficiently

small.



Since we do not have an expression for Aw(n) in the general case, it is not trivial to

choose the value v such that it converges to a good solution in finite computing time.

This needs to be done case-by-case, tuning the value of v such that it is smaller than a

critical value.

A.1.2.2 Newton’s method

There are more elaborated methods than steepest optimization method. For example, it is
convenient to look at the second order Taylor approximation rather than at the first-order

one; i.e. one has

Ag(w(n)) = &(w(n+1) —&(w(n)) ~

. 1. . (A.12)
~ g’ (n)Aw(n) + §5W (n)H(n)Aw(n)

where

H = V2¢(w) =
o2e 9 0%¢
Gw% Owy0wa Tt Qw1 Owypy
9% 9% 9%
Owa0w1 ng T Qwodwypy
d%¢ d%¢ 9%¢
OwprOwy OwpOws 7T 811@1

We can differenciate the second-order Taylor approximation by w, and minimize A&(w),

g+H(n)Aw(n)=0 (A.13)

therefore a candidate for a training algorithm would be given by

(A.14)

This is known as the Newton Method.
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In this case it is required that &(w) is twice continuously differentiable, which is not
guaranteed in general. We also need that H is positive definite, unless we do some
modifications [47] [33] . Moreover, the computational complexity is greater of that of the
steepest descent [6] . The Gauss-Newton method reduces the complexity of this algorithm
[1T7] [13], although most training algorithms used with more complex neural networks are

based on the steepest method.

In general, Newton’s method converges quickly asymptotically and does not exhibit zigzag-
ging (that steepest method exhibits for certain values «). Although Newton’s method
outperforms the steepest method [22], the scope of this work is to make an overview of

the methods used in Deep Learning using standard libraries such as Tensorflow.

Some authors have studied the implementation of Newton’s method-inspired methods to

more complex neural networks [26] [10] [40], but they are not widely used in practice.
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A.2 Algorithms

A.2.1 Stochastic Gradient Descent

The number of samples so as to compute the cost function {(w) can be too large. The
stochastic gradient descent, or SGD is based on the steepest descent, but in this case the
cost function £(w) is not computed by looking at all the samples, but just to one of them.
[50]

That is, in the deterministic gradient descent (steepest descent) the cost function &(w)

is a function of the error

M
1 . .
§(w) =+ D Iy w) = d(j)lc (A.15)
j=1
where {x;,d;}, is the dataset, and || - || is a distance defined by a loss function £ and

y(+; w) is the function represented by the neural network (in this case, given by ) and

with weights w.

In the SGC case, the gradient descent uses an approximation of &, é , such that

~

§(G;w) = lly(G; w) — d(5)lle (A.16)

The implementation is the same as in the case of steepest descent, but in this case it
is more efficient since it is easier to compute f than &, in the sense that the number of

operations required to compute &, C'(§) is in general related to the cost of computing

A

C(€) such that

C(§) = C(EOM) (A.17)

with M the number of samples.

The SGD can be trivially generalised such that the approximation of the error é uses
more than one data {z;,d;}. In this case, the algorithm is called mini-batch gradient

descent.

In this case,

viil



-

m
m

L
L

o RKRIRIRIS

(a;Tzl,T:0 (b; =lL,7r=1 (¢)T=1,7=2 (d; =1,7=3 () T=2,7=0
SENNINIS

Figure A.1: Level sets with a ring distribution using a multilayer perceptron with ReLLU
activation, 2 neurons per layer and 4 hidden layers.

@

~

§(J1, 72, - Jpi W) = Z ly(ji; w) — d(ji)ll (A.18)

Trivially, in case p = 1 this is equivalent as the SGD, and for p = M it is the steepest

descent. It is not trivial to choose a value of p. [49]

Since the number of datapoints use to be huge in real applications, SGD-based or mini-

batch learning algorithms are widely used. [52] [35]

In practice, the most succesful algorithms are the adaptive ones, in which the parameter

v is not constant, but adaptive.

Some of the most used ones are AdaGrad and RMSProp, and ADAM algorithm, which
combines both. [30][46][?]
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Appendix B

Training neural networks

A multilayer perceptron is the same as a totally connected neural network.

From an information theory perspective, we can understand the training of a multilayer

perceptron by defining two different signals,

e The function signals, or activations, are the signals originated from an input signal

(the input data), and are obtained by the composition of functions as

h(m, k) (z) = (A* 25+ oF)

where k indicates the layer, and m the position of that neuron in the layer, and

ZHl =og(A2+ b)) fori=0,..,k—1
20 = fj € R4

e The Error signals are the signals that originate at the output neuron of the network,
propagate backwards (layer by layer) and help tune the weights of the neurons so
as to minimize the loss function. In this section it will be discussed how can we

describe / define this signal.

In order to train multilayer perceptrons we need that each neuron stores information both

of its weights and of some information that we need in order to update its weights.

The idea of training multilayer perceptrons is based on gradient descent, as seen in previ-

ous sections. However, it is not trivial to know which of the output error is consecuence



of having a bad weight at a specific hidden layer. That is, we have a problem, the credit-

assignment problem.

B.1 Batch learning and on-line learning

We may have data used to train our neural network,

X = {x; yi}isy (B.1)
Such that the loss is computed by
£= fox) =yl (B.2)
where || ||z is a distance defined by a given loss function.

As in a generalisation of the steepest descent algorithm, one can take into account the
error of all the data in X to as to update the weight in a gradient-descent manner. If

this is the case, we say that we are using batch learning.

In the case that we use

N S ,
§(i) = 5¢%(0)  eli) = foy(xs) — i (B.3)
That is, we use the L? norm as the distance (except for the constant 1/2). In order to keep

the notation simple, and to make more explicit the relation betwen training multilayer

perceptrons and a simple linear model, we can define

~

(i) = folx) (B.4)

In the last layer (with C' neurons) we can assign an error to each neuron as

&(i) = %6?@')7 e;(i) = d;(i) —y;(i) VjeC=A{l,..,C} (B.5)

such that
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€0 = Y60 = 3 360 = 3 3 (4 — 5, )° (B.6)

where

(5 - v5) E%Z (i) (B.7)

This is the case of batch learning.

Instead, we may divide X" in smaller subsets, for example &}, A5, ...&,. Supposing mp =n

and m,p,n € Z,
= {{xx, ¥} €X |m-i<k<(m+1)-i}Vi<p (B.8)
and then use as an approximation of £(N) at each training time,

.1
— S Jdx) — yi? {xiyi} € &, for a g B.9
&= — ld(xi) —yi|© {Xs,yi} € &, for a given q (B.9)

=1

instead of

Z\d xi) —yil* {x,yi} e X (B.10)

If the formula used is as given in we say it is on-line learning. Indeed, it is sometimes

referred to using only a sample per training time, that is m = 1.

The case m = K corresponds to batch learning, and it is trivial to generalise the
on-line learning by relaxing the condition m - p = n (making one of A; contain less
elements than the others). Therefore on-line learning is more general and, in fact, more

common, since it requires less storage requirements.
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B.2 Backpropagation algorithm

Looking at the last layer of the neural network, we can define the induced local field that

is produced at the input of the neuron 5 in the last layer as

v;(n) = Z wji(n)y;(n) (B.11)

where n is the index of the sample, j the index of the neuron in the last layer and i the

index of the neurons of the previous layer, and w is the synaptic weight.

And the output signalis given by

yi(n) = ¢ (v;(n)) (B.12)
Then, as with the gradient descent algorithm, we update the weights w;; by Aw;;(n), as

0¢(n) 0&(n) Oej(n) Oyj(n) Ov;(n)

Aw;i /o = = B.13
= G (n) ~ Dey(n) Dy () Dy () D) (1
After some simple algebra [24], becomes
9¢(n) :
o = =)0, m) (B.14)
and so the correction made to the wegiths w;;(n) is given by
9¢(n)
Aw;:(n) = — B.15
w](n) Vawij(n) ( )
being v the learning-rate parameter. Using [B.14]
Awji(n) = ve;(n)d;(vi(n))yi(n) (B.16)
if we define the local gradient §;(n) as
9¢(n) :
5i0n) = ek = 65 ) (B.17)

then
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Awji(n) = vd;(n)yi(n)

(B.18)

If the neuron is located in a hidden layer, the error signal would have to be determined

recursively, which is not efficient in practice. Therefore the local gradient J;(n) should

be redefined as

9¢(n)
— o' (vi(n
in order to compute (985]-((72)7 the chain rule is used:

o¢(n) Z ex(n) dex(n) dvg(n)

dy;(n) 4 Ov(n) dy;(n)

by using previous relations, we get

o) _ n)wy;(n

where

di(n) = ¢'(v;(n)) Z dp(n)wyj(n)  if neuron is hidden

k

Xiv

(B.19)

(B.20)

(B.21)



B.3 Implementation

When implementing the backpropagation algorithm, the computation needs to be done in

two different steps:

e In the forward pass, the weights are fixed and the function signals are computed as

where

vj(n) = iji(n)yi(n)
i=0
Being w;;(n) the synaptic weights and y;(n) the input signal (generated by the
neurons in the previous layer).

For i = 1, the input is z(n) the data, and for ¢ = L the number of layers, the output
is the predicted output of the neural network, which is wanted to be close to the

true label of z(n), y(n) (with respect to a loss function L).

e The backward pass starts at the output layer, and pass the error signals throught

the neural network, layer by layer, computing the local gradient d.
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B.4 Training ResNets

The backpropagation algorithm is general for all neural networks, although the expression

can be simplified for each specific architecture.

In the case of ResNets, the architecture is given by

w=vy-1+G(y_1) Vt={1,..,T}
Yo = To

Supposing a simple ResNet:

y=z+G(z)

such that the error E' is a function of y and a function that we want to approximate, 3.

Then the backpropagation algorithm would update the weights in x given the fact that

OE OE 8y OE

%—a—y'%—a—y(ﬂrg(@):
OE OE _,
—a—y—l-a—yf"(aj)
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Appendix C

Complexity and capacity of Neural
Networks

There are not general principles for choosing architectures in each specific case, but the

approach is rather heuristical.

There is an urgent need to explore and study theoretically the problem of architecture

selection, so as to be able to treat more efficiently new problems and domains.

The Universal Approximation Theorems apply to different architectures, and they pro-
vide a first theoretical analysis and conditions for approximation. However, the question

of which architecture to choose in each specific case is still unknown.

It seems reasonable to think that there are more complex functions than others, as seen

by neural networks. Indeed, this is closely related to the problem of control.

There may be two functions that can be approximated by a given architecture, but in
practice it is easier to find a solution using backpropagation for one function than to the

other. This is related to the problem of initialization, that is produces the stochasticity.

C.1 Capacity of ReLU networks

If using ReLLU activations, it can be easily seen that the represented functions are piece-
wise continuous linear functions PWCL, since the composition of piecewise linear func-

tions is piecewise linear.
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Since every ReLU function divides the input space by an hiperplane, the number of linear

regions can be studied by means of combinatorics.

The problem of knowing how many linear regions can be with the composition of ReLLU

functions is analogue to the problem of how many times /N hiperplanes intersect.

Using this analogy, Serra obtained the following results

Theorem C.1.1 (Bound on the number of linear regions [55]). The number of linear

regions in a ReL U neural network is at most
L
> TI(7)
(J1,--dr)eJ 1=1 Ji

where J = {(j1,...,5r € Z : 0 < j; < min{ng,ny — j1, ..., 1 — Ji_1,m}Vl=1,.... L}, m

the number of components per layer l, and L the number of layers.

This can be seen as that the number of linear regions goes as O(C*).

Then, the expressivity of neural networks is exponentially better with depth.
This does not necessarilly means that deep neural networks are better at approximation

functions, but rather that the represented functions are more complex.

In practice, when using multilayer perceptrons, it is known that the more depth is not

necessarily better, since the problem of vanishing gradient arises.

So as to study this notion of better / worse the notion of reachability spaces needs to be
introduced. The following results are informal, and are aimed at giving a notion of what

needs to be done.

Definition C.1.1 (Reachability spaces). The reachability space with respect to a function

g and a multilayer perceptron with C' components and L layers is

Ry[L,C.T, Prie| = {go € Spnn[L,C| | P(L(g,G0) <€) < Pr}
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where T' refers to a training time, and being the network initialized with © = ©q following

an arbitrary protocol.

Now we have a notion of difficulty of the functions, and on the power of the architectures.

Non-rigorous but fundamented definitions are:

e The function hy is more difficult than hy if R[ ,] is dense (in the sense of € and

using the distance defined by £) in hs but not on h; (using the same parameters).

e A DNN N is more powerful than N5 if R[L/,C"; | ¢ R[L,C; |

Once the notion

Definition C.1.2. An operator C acting on the function g is a complezxity measure iff
fulfills:

e 0<C(9) <

e sup(C(ge)) =1r(L,C) with r(L,C) <r(L+1,C) and r(L,C) < r(L,C +1)

e C(hy) <C(hg) iff RIL,C; T, Pr,e| is dense in hy but not on hsy.

Candidates for complexity measures are
e Number of linear regions, as we know from [55] that (L, C) ~ C"t

e The number of oscillations, which is related to the number of linear regions but can

also be applied to other activations such as tanh.
e Measures from algebraic topology [21]
o ...

Using the number of linear regions as a complexity measure, an interesting experiment

is to train a multilayer perceptron with functions f,,(x).

This functions divide the interval [—1, 1] into 2m subitervals Iy, ..., I5,, such that I; =
[—1,—1+41/m|, I;41 = I; + 1/m (where the sum translates the interval) and such that
fm(z) =0 for x € I; with i even and f,,(z) =1 for x € I; for ¢ odd.
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Appendix D

Experimental results

Some experimental results are presented for visualization purposes.

The neural networks are trained using ADAM algorithm, and the loss function is a binary

crossentropy.
The implementation has been done using Keras and Tensorflow.

Figures show the level sets and the grid deformation of the same distribution, being noise-

less as such that the distance between points corresponding to different classes is nonzero.
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Figure D.1: Grid defformation with a ring distribution using a multilayer perceptron with
tanh activation and 4 hidden layers.
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Figure D.2: Level sets with a ring distribution using a multilayer perceptron with tanh
activation, 2 neurons per layer and 4 hidden layers.
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Figure D.3: Grid defformation with a ring distribution using a multilayer perceptron with
ReLU activation, 2 neurons per layer and 4 hidden layers.
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Figure D.4: Level sets with a ring distribution using a multilayer perceptron with ReLLU
activation, 2 neurons per layer and 4 hidden layers.
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Figure D.5: Grid deformation, level sets and input propagation with a ring distribution
using a ResNet with ReLU activation, 2 neurons per layer and 50 hidden layers.
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Figure D.6: Grid deformation, level sets and input propagation with a ring distribution
using a ResNet with tanh activation, 2 neurons per layer and 50 hidden layers.
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