THE TURNPIKE PROPERTY AND THE LONG-TIME
BEHAVIOR OF THE HAMILTON-JACOBI-BELLMAN EQUATION
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ABSTRACT. We analyze the consequences that the so-called turnpike property
has on the long-time behavior of the value function corresponding to a finite-
dimensional linear-quadratic optimal control problem with general terminal
cost and constrained controls. We prove that, when the time horizon T tends
to infinity, the value function asymptotically behaves as W (z) + ¢T + A, and
we provide a control interpretation of each of these three terms, making clear
the link with the turnpike property. As a by-product, we obtain the long-time
behavior of the solution to the associated Hamilton-Jacobi-Bellman equation
in a case where the Hamiltonian is not coercive in the momentum variable. As
a result of independent interest, we provide a new turnpike result for the linear-
quadratic optimal control problem with constrained control. As a main feature,
our turnpike result applies to the case when the steady optimum may saturate
the control constraints. This prevented us from proving the turnpike property
with an exponential rate, which is well-known to hold for the unconstrained
case.

1. INTRODUCTION

1.1. Motivation and setting. We are interested in the asymptotic behavior of
the value function associated to an optimal control problem, when the time-horizon
tends to infinity. In particular, we want to deduce it as a consequence of a prop-
erty that is satisfied by a large class of optimal control problems and arises when
the time horizon is considered to be sufficiently large. This is the so-called turn-
pike property, which establishes that the optimal strategy in a controlled system
during a sufficiently long time interval is to quickly stabilize from the initial state
to the steady optimal one and not leave the latter until the time is close to the
end. Morevoer, as a by-product of our study, we obtain the long-time behavior of
the associated Hamilton-Jacobi-Bellman (HJB for short) equation in a case where
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the Hamiltonian is not strictly convex and not even coercive, a scenario much less
considered in the literature. This indicates that, in some cases, this kind of as-
sumptions on the structure of the Hamiltonian can be merely relaxed to weaker
assumptions concerning the controllability and observability of the optimal control
problem.

Let us introduce the mathematical framework that we will use throughout the
paper. We denote by M,, ,,,(R) (resp. M, (R)) the set of matrices over R with n
rows and m columns (resp. n rows and columns). We consider the following optimal
control problem in the finite-dimensional linear-quadratic setting, with constrained
controls: for a given time horizon T' > 0 and an initial state z € R", we denote
the trajectory of the system by y(-), which is determined by the solution to the
following controlled linear ODE:

y(s) = Ay(s) + Bu(s), s€(0,7T)

y(0) =,

where A € M, (R), B € M, n(R), with n,m > 1, are two given matrices, and u,
that will be referred to as the control, can be any function in the set of admissible
controls Uy = L*(0,T;U), i.e. square-integrable functions [0,7] — U, where
U C R™ is a given nonempty closed and convex set, which can be either bounded
or not.

(1.1)

The optimal control problem is to minimize, over the admissible controls u € Ur,
the cost functional

1

T
(1.2) Jra(u) = 5 /O [u()1* + 1Cy(s) = 2[1*] ds + g(y(T)),

where C' € M,,(R) is a given matrix, z € R™ is the prescribed running target and
g : R™ — R is a given locally Lipschitz function bounded from below, known as the
final cost. The value function associated to the optimal control problem (1.1)-(1.2)
is defined as
(1.3) V(z,T) = inf Jpy(u), s.t. (1.1).

ueUTr

We also consider the associated stationary problem, consisting in the minimization
of the steady functional

(14) To(w,y) =5 (lulP + 10y~ #I?)

over the set of controlled steady states

(1.5) M :={(u,y) € U xR" | Ay+ Bu =0}.
We denote by V; the value of the optimal steady cost, defined as
(1.6) Vs == min {Js(u, y), s.t. (u,y) € M, }.

1.2. A turnpike result for control-constrained LQR. In [38], it is proved
that, in the case where U = R™, exponential turnpike holds under controllability
of (A, B) and observability of (A, C). As we shall prove in Theorem 1.2 below, for
the constrained control case (i.e. U C R™), the validity of a weaker version of the
turnpike property follows from the detectability of (A, C'), the invertibility of A and
the U-stabilizability of (A, B) (see Definition 1.1). In [25], for the constrained case,
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the validity of an even weaker version of the turnpike property (measure turnpike)
was investigated under strong dissipativity assumptions and for the case when the
steady optimum is at the interior of the admissible set. We point out that we shall
not make the latter assumption, and thus, our turnpike result also applies to the
case when the steady optimal control is on the boundary of the set of admissible
controls U. In the sequel, we will sometimes refer to the steady optimal control @
and its corresponding state § as the turnpike. Note that the steady functional Jg,
hence also the turnpike, are independent of the final cost g.

Let us first of all make precise the notion of constrained stabilizability.

Definition 1.1. Let A € M, xn(R), B € My, n(R) and U C R™ be closed and
convex. We say that (A, B) is U-stabilizable if for any target trajectory y; solution
to

d
(1.7) £y1(5) = Ay, (s) + Bus s € (0,+00),
with some control u; € L} (0,+00;U), and for every initial datum = € R", there
exists a control u € L2 (0, +o0;U), such that

loc

(1) u—wuy € L0, +o0; R™) N L?(0, +00; R™);
(2) y—w1 € L*(0,+00; R™) N L?(0, +00; R™);
(3) v —wllprape + 11y —villpange < Kllya (0) — ),
where ||| 12 = ||'HL1(0,+00) + ||'||L2(o,+oo) and K = K(4,B,U).

y being the solution to (1.1), with initial datum 2 and control w.

We may now give the statement of the turnpike result for the optimal control
problem (1.1)—(1.2) with control constraints.

Theorem 1.2. Assume (A, B) is U-stabilizable, (A, C) is detectable and A is in-
vertible. Let (y,u) be the unique pair in My minimizing (1.4), and for any T > 0,
let u, € Ur be an optimal control minimizing Jr 5 in (1.2), and let y,. be its as-
sociated state trajectory, solution to (1.1). Then, for any ¢ € (0,1), there exists
7=7(A,B,C,U,x,z2,9,&) >0 such that, if T > 27 + 1, we have

(1.8) lyr @) =9l <e  Vte[r,T-1].
Furthermore, there exists K = K(A,B,C,U,x, z,g), such that

T
(1.9) /0 [l (s) = @l* + [y, (s) = 7)) ds < K.

We note that existence and uniqueness of a minimizer (u,y) € M, for (1.4), and
then, for the turnpike, follows from the detectability of (A,C) (see the Remark
A.2 in Appendix A). The uniqueness of the turnpike may fail, for instance, if the
constraint set is nonconvex [35], and also if the constraint set is convex but the pair
(A, C) is not detectable [37].

1.3. Main result. Our main result establishes the connection between the turnpike
property and the long-time behavior of the value function (1.3). The latter is
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closely related to the value function associated to the corresponding infinite-horizon
optimal control problem, that we define as

(110) W)= jut s = [ |GG+ JICue) 21 - 2] as

ue .oy,

where, for each u € L}, _(0,+00; U), the function y € C([0, +00); R") is the solution
to (1.1) in the time-interval (0, 400), with initial condition = and control u. Here,
the set of admissible controls is

(1.11)
<11 1
o= {ue 204000) [T IR + FICu) - <1 - V.

ds < +oo}.

Theorem 1.3. Assume (A, B) is U-stabilizable, (A, C) is detectable and A is in-
vertible. Let z € R™ be given, and let g : R® — R be a given locally Lipschitz
function bounded from below. Let V and W be the value functions defined in (1.3)
and (1.10) respectively. Then, the following statements hold true:

(i) For any bounded set Q C R™, we have
Ve, T) - VT — W(x)+ A, asT — oo, wuniformly inx €
where V is the constant defined in (1.6) and the constant X is given by
(1.12) A= TEIEOOV(y,T) - ViT,

where g is the state in the unique pair (4,7y) € My minimizing (1.4).
(i) Moreover, W(-) is, up to an additive constant, the unique viscosity solution
bounded from below to the stationary problem

1 1

(1.13) Vi+ max {VW(;I:) - (Az + Bu) — 2||u||2} = §||C’9c —2))? z € R"™.
In addition, the equation (1.15) with a different constant ¢ # V, does not
admit any viscosity solution bounded from below.

As it is well-known, the value function V' (x,T') defined in (1.3) is the unique
viscosity solution to the following Cauchy problem?
OrV + max {-VV - (Az + Bu) — ||u|?} = 3||Cz — 2|2
(1.14) uet
V(z,0) = g().

A proof can be found in [31, §5, Thm.5 and Thm.6] (see also [14, Thm. 7.2.4]). It
relies on the methods in [6, Section II1.3] (see also [19, Section 10.3]) and is based
on the Dynamic Programming Principle.

Our main result in Theorem 1.3 then describes the long-time behavior of the
solution to this problem. Note that in the case where the final cost g is a nonconvex
function, even if it is very smooth, the solution to (1.14) eventually loses regularity
for T sufficiently large (see Example 2.6), and the equation must be interpreted in
the viscosity sense [16, 17, 34] (see also [6, 19]).

INote that, as defined in (1.3), the value function V depends on the initial condition  and the
time horizon T'. We use the notation VV for the derivative of V' with respect to z, and 9V for
its derivative with respect to T'. These derivatives must be interpreted in the appropriate classical
or viscosity sense depending on the situation, which will be specified in each situation.
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FIGURE 1. Optimal state fulfilling the turnpike property and as-
sociated asymptotic decomposition of the value function.

Remark 1.4. In view of Theorem 1.3, the value function V(z,T) admits the
asymptotic decomposition

V(z, T)~W(z)+ Vs T+ A as T ~ oo,

where each term can be identified with one of the three stages in the turnpike
optimal trajectory (see Figure 1).

1. The term W(x) represents the cost of stabilizing the trajectory from the
initial state x to the turnpike. Indeed, in a large time interval, optimal
strategies will spend most of the time close to the turnpike where, in view
of (1.10), the running cost of the infinite-horizon problem equals zero.

2. The term V, T corresponds to the running cost accumulated in the inter-
mediate arc, where the time-evolution optima are close to the steady ones.

3. The constant A represents the cost of leaving the turnpike in order to min-
imize the final cost g. This final arc does not appear in the infinite horizon
problem, but it is always present in the finite horizon one, no matter how
long the time-horizon is. Therefore, it has to be considered in the long-time
decomposition of the value function. The cost during this final arc can be
singled out from the rest of the trajectory as the difference between the
finite time-horizon problem starting at the turnpike 7, and the cost VT
(see (1.12)).

In case the control constraints are not imposed (i.e. U = R™), one can actually
follow similar arguments as in [38] to prove exponential turnpike for the optimal
control problem (1.1)-(1.2), under the assumptions of (A4, B) being stabilizable and
(A, C) detectable. We recall that exponential turnpike stands for the existence of
constants K, u > 0, independent of T', such that any optimal control-state trajectory
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(yr,ur) satisfies
a7 (®) ~al + 7 (0~ 5 < K e 4] vee 0.7)

This allows us to deduce the same conclusions of Theorem 1.3 for the unconstrained
case without assuming that A is invertible.

We note that in this unconstrained case U = R™, the value function W for the
infinite horizon problem, defined in (1.10), is the viscosity solution to the Hamilton-
Jacobi-Bellman equation

1 1
(1.15) V3+§HB*VW(£U)H2—A.’L‘-VW(&L‘) = §||Cﬂc—z||2 x € R™,

and the solution can be given as a quadratic form using Riccati Theory. We recall
this result in the following proposition, and give a sketch of the proof in Appendix
B for the sake of completeness.

Proposition 1.5. Let (u,y) be the minimizer for Js defined in (1.4). Then,
(1.16) F(y):=-B*E(y—7)+7u

defines an optimal feedback law for Js . defined in the right hand side of (1.10),
meaning that, for any © € R™, the unique optimal control is given by

(1.17) ut(s) = =B*E(y*(s)—-9) +u,  s€(0,T)

where E is the unique symmetric positive semidefinite solution to the Algebraic
Riccati Equation

—EA- A*E+ EBB*E = C*C (ARE)
and y* solves the closed loop equation

{ %y*(s) =(A+BF)y*(s), se€(0,00)
y*(0) ==

Moreover, the value function W defined in (1.10) is given by

W) =5 -9) B@ -9+ @r - P

and is, up to an additive constant, the unique viscosity solution, bounded from below,
to the equation (1.15).

1.4. Related literature. In the definition of the value function W in (1.10) as-
sociated to the infinite horizon problem, the normalisation of the running cost
by subtracting the cost at the optimal steady state is indeed very often used
in dissipativity-based approaches to turnpike properties, and in the analysis of
receding-horizon optimal control. In this context, the normalised running cost is
known as the supply rate, see [3, Thm.2].

In this direction, let us mention the seminal work of Willems [46], where existence
results for infinite horizon optimal control problems are proved under frequency-
domain and time-domain conditions. Moreover, a full characterisation of the solu-
tions to the algebraic Riccati equation is also provided. We also refer to the books
[2, 32] for the classical Riccati theory.
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The relation between the value function and the turnpike property has been in-
vestigated by Griine in [22] for the discrete-time setting in the context of receding
horizon control (see also [24, 26]). However. their motivations and also their con-
clusions are different to ours. There, the author presents an iterative method based
on the turnpike property, which is used to approximate the infinite horizon problem
by a sequence of finite horizon ones. The Assumption 4.1 in [22] represents, in fact,
a discrete-time version of the turnpike property (see also Chapter 6 and 8 in [27] for
further details). Other related results in connection with Model Predictive Control
can be found in [48, 47] and the references therein.

Other recent works related to our study are [20] and [12]. In [20], the interplay
between dissipativity and stability properties in continuous-time infinite horizon
optimal control problems have been studied, and moreover, the question on the
link between the latter problem and the associated HJB equation has also been
raised. In [12], the authors analyse the receding horizon control problem with finite
stages in infinite-dimensions in order to study the corresponding infinite horizon
problem. In particular, their Theorem 6.4 provides an error estimate between these
two problems which is intimately related to the turnpike property. A recent survey
of dissipativity methods in optimal control can be found in [23].

A similar result to Theorem 1.3(i) also appears in [31], where the terms A, V and
W (-) are represented by a different approach: a Riccati operator in an augmented
state space is introduced, taking into account the target z as a state variable (with
zero dynamics). A description of the asymptotic behavior of such Riccati operators
is provided in [31, Lemma 2], which then is the key ingredient to determine the
desired asymptotic behavior.

1.5. Known results on long-time behavior for Hamilton-Jacobi equations.
Observe that the PDE in (1.14) is a Hamilton-Jacobi equation of the form

(1.18) orV + H(z,VV) ={(z), inR" x (0,400),

where, in our case, the function H : R™ x R™ — R, known as the Hamiltonian, and
the function £ : R™ — R are given by

(1.19) H(z,p) = magfc{—p~ (Az + Bu) — ;qu} and {(z) = %HCSL‘ —2))2.
ue

The long-time behavior for equations like (1.18) has been widely studied in the
literature, especially in the flat torus, but also in more general settings, e.g. [7,
9, 21, 28, 29, 30, 40] and the references therein. Here, we deal with unbounded
solutions in the whole space R", a scenario much less studied compared to the
case in the n-dimensional torus. In the recent work [7] it is proved, under suitable
hypotheses on H, the existence of a constant ¢ € R such that

(1.20) V(z,T)—cT — p(x), as T — oo,

where ¢ is called a corrector, and is a viscosity solution to the stationary Hamilton-
Jacobi equation

(1.21) c+ H(x, V) = L(z), in R™.



8 CARLOS ESTEVE, HICHAM KOUHKOUH, DARIO PIGHIN, AND ENRIQUE ZUAZUA

This is also called the ergodic problem [4, 5, 8] and ¢ is known as the ergodic
constant. For equations like (1.21), a solution is understood as a pair (¢, ¢), where
¢ is a constant and ¢ is a (continuous) viscosity solution to (1.21).

In Theorem 1.3, we have obtained long-time asymptotics of the form (1.20) for
the solution to the HIB equation (1.14). Although in [7], the unbounded case (space
domain Q = R") is treated, we point out that in our setting, the Hamiltonian does
not satisfy all the assumptions required in [7]. In particular, our function H(z,p)
defined in (1.19) is neither strictly convex in the p variable nor coercive (in view of
(1.19), the Hamiltonian is coercive if and only if B* has a trivial kernel).

The paper is structured as follows. In subsection 2.1, we prove a first result
which is a direct consequence of the turnpike property, namely, the time-averages
of the value function converge to the ergodic constant as the time horizon tends
to infinity. In subsection 2.2, we study the auxiliary infinite horizon optimal
control problem introduced above. Finally, in subsection 2.3, we give the proof of
Theorem 1.3. In Section 3, we sum up the conclusions of the paper and give a list
of possible research lines. Finally, for the reader’s convenience and self-consistency
of the paper, we include Appendix A, with the proof of the turnpike property
stated in Theorem 1.2, and Appendix B, with some elements taken from classical
Riccati Theory, without proof, which are necessary to justify Proposition 1.5.

2. INFINITE HORIZON PROBLEM AND PROOF OF THEOREM 1.3

The proof of Theorem 1.3 relies on the turnpike property, which ensures that the
optimal control for the problem (1.3) and its corresponding state trajectory remain
close to the steady optima for any ¢ far away from 0 and 7.

2.1. A first consequence of the turnpike property. We start with a result
which is a direct consequence of the turnpike property in Theorem 1.2. It ensures
that the time-averages of the cost-functional Jr . (), evaluated in the optimal con-
trol u,., converge to the value of the steady optimal control problem as 1" — +oc.

Proposition 2.1. Under the assumptions of Theorem 1.3, let V(x,T) be the value
function defined in (1.3) and Vy defined as in (1.6). Then, for any x € R™, we have

(2.1) %V(m,T) W

T—+oco

In order to prove the above proposition we need to rewrite the functional Jr
defined in (1.2) in a different way. Roughly speaking, we need the running cost to
be centered at the turnpike. This is the content of the following Lemma.

Lemma 2.2. Under assumptions of Theorem 1.3, let (u,y) be the steady optimal
control-state pair for the functional Js defined in (1.4) and Vi := Js(u,y). Then,
forany T >0, x € R™ and u € Ur, we have

T
Traw) = TVet g [ [l =+ 10 (o) -] s

(2.2) + /0 (@ u(s) = Wgm + (CY = 2, C(y(s) = Y))gnl ds + g(y(T))
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and
@3)  Jral) = TVerg [ [t~ +1C (u(s) - ) 7] ds
0

+ @7 = y(T))gn + 9(y(1)),

where p € R™ is the optimal adjoint steady state (Lagrange multiplier) and is inde-
pendent of T, x and u.

Proof of Lemma 2.2. In view of the definition of Jr , in (1.2), we can compute

Traw) = g [ s =+ +1Cy(s) = 7 + 5 = 2P ds + g(u(T)

T
= SlP+ICT—2]+ 5 [ et —al? +1C us) ) I*] s
+/0 (@, u(s) = Wpm +(CY = 2, C(y(s) = ¥))palds + g(y(T))

T
= TVirg [ )~ +1C () =) ] ds

(2.4) + /0 (@ u(s) = Wgm + (CY = 2, C(y(s) = ¥))rn] ds + g(y(T)).-

We now focus on the term

T
(2.5) / (CT— 2, C (y(s) — 7))ge ds.

We recall that the pair (u,y) is optimal. Then, by using the convexity of U and
the invertibility of A, for any u € U we have the first order optimality condition?

(26) (Tja B (u - ﬂ))]R" 2 - (ﬂ7 u— ﬂ)]Rm ’

where 0 = A*p 4+ C*(CY — z), which means that 7 is the projection of —B*p onto
U. On the other hand, the pairs (u(-),y(-)) and (@,y) satisfy the equation in (1.1).
Hence, we have

(2.7) {«i(y—y)=f1(y—y)+3(u—u) s€(0,T)

y(0) —g=2-79

Now, since A is invertible the set M, = {(u,—A™'Bu) |u € U} is well defined.
Therefore, for a.e. s € (0,T), u(s) (i.e. the time-evolution control evaluated at
time s) is an admissible steady control in M. Hence, we are allowed to use (2.6),
getting

/0 (P, B(u(s) —))gm ds > —/0 (@, u(s) — W)gm ds.

2Indeed, consider the function f : [0,1] — R, defined as f (8) := J. (@, 7) + 6 (u — @,y — 7).
Since (@,y) minimizes Js, f achieves its minimum at § = 0, whence f’ (0) > 0. Now, by (1.4),
f(0) = (@,u —Ugm + (CY—2C (y —Y))gn. Now, the invertibility of A guarantees the ex-
istence of an adjoint state P solving 0 = A*p 4+ C*(C'y — z). Then, we can rewrite f’'(0) =
(u+ B*P,u — UW)gm, whence (remembering that f/ (0) > 0) (B, B (u —@))gn > — (T, u — W)gm -
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Employing the above inequality and (2.7) and taking into account y(0) = x, the
term (2.5) writes as:

T T
/ (CT— 2 C(y(s) —P))ge ds = /'mﬂm@—a,M$—ymmm
0 0

T
- —A(nA@@—mmms

- [ (gw-n-Bu-n)

= (Tja y(O) - y)]Rn - (ﬁ? y(T) - ?)Rn

+A (B, B(u — W) ds

T
(2.8) z<ﬁx—Mﬂmn—A (@ u(s) — g ds.

Finally, the conclusion follows by combining (2.4) and (2.8). O

We can now give the proof of Proposition 2.1, which follows from Lemma 2.2
and the U-stabilizability assumption in Definition 1.1.

Proof of Proposition 2.1. Let x € R™ be fixed, and consider, for all 7' > 0, the
trajectory y1(t) = ¥ for all ¢ € [0,T], which is associated to the constant control
ui(t) = @ for all t € (0,7). By the U-stabilizability assumption (see Definition
1.1), there exist a control u and its associated state trajectory y such that

lu = ullLinze + Iy = Ylleace < Klya(0) — .

Using the linearity of the dynamics, we can deduce from this that ||y(¢) — 7| <
K||ly1(0) — || for all t € [0,T]. Then, using Lemma 2.2 and the definition of the
value function, we deduce that

(2.9) V(z,T) < Jrg(u) <TVs+C,
for some constant independent of 7.

The lower bound follows from (2.3) applied to the optimal control u,., that is

1 T
Trauy) = TVirg [ (o) =3+ 10 () =) ) ds
+ (0,2 = Y2 (T))gn + 9(y,(T)).

It then suffices to notice that the integral term is positive and, by the T-uniform
bound of the optimal trajectory in Lemma A.4, the two last terms in the above
inequality are bounded by a constant K independent of T'. Hence, one has

(2.10) V(z,T) = Jra(u,) > TV, — K.

The conclusion then follows after dividing the inequalities (2.9) and (2.10) by T
and taking the limit as T"— +o0. ([l
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We end this subsection with the following Lipschitz estimate, uniform in 7', that
is also consequence of the turnpike property and will be useful in the proof of
Theorem 1.3.

Lemma 2.3. Assume (A, B) is U-controllable and (A, C) is detectable. Let V be
the function defined in (1.3). Then, for any M > 0, there exists a constant Ky > 0
such that for all T > 0 and all 1 and x4 in R™ satisfying ||x;|| < M, we have

[V(z2,T) = V(21,T)| < Knt || — 21 -

Proof. We prove this Lemma by using the definition of V(x,T) as minimal value
of Jp . Let u, », € Ur be an optimal control for Jr ;.

Step 1 Construction of stabilizing control
Since (4, B) is U-stabilizable, there exists a control @& € L?(0,T;U), such that
(2.11) la =il pinpeomy + 119 =91l iaze ) < K (A, B,U) [[zg — a1,
7 being the solution to (1.1), with initial datum x2 and control @ and ||-|| 142 =
Ilzr0,7) + Il p20,7)-

We have then

(2.12) 70 (0) = Iy (U 20| < K 22 — 21 ]
where K, is independent of T > 0.

Step 2 Conclusion
For i = 1,2, let u, 5, be optimal controls for Jr ,, and let @ defined as above for
U = Uy 4,. Then, by definition of value function and (2.12)

V(anT) - V(IMT) = ‘]T,r2 (uT7$2) - JT7I1 (uT7$1)
JT,(L‘Q (ﬂ) - JT,(L‘1 (uT,Il)

<
< Karllze — @1

By the arbitrariness of x; and x5, we obtain the desired Lipschitz property. O

2.2. The infinite horizon linear-quadratic problem. Here we introduce the
auxiliary infinite time horizon optimal control problem announced in the introduc-
tion, that allows us to compute the optimal cost of stabilizing the trajectory to the
turnpike from the initial state. For each x € R”, the dynamics are determined by
the same ODE in (1.1), in this case considering the time interval (0, c0):

y(s) = Ay(s) + Bu(s), se€ (0,00)
y(0) = .
The set of admissible controls is &7, as defined in (1.11) where V, = J,(@,7) is the

constant defined in (1.6). And the problem we shall consider is to minimize the
cost functional

(2.14) Joo,z () = /OOO B|u(s)||2 + %HCy(s) —z||* = V| ds,

(2.13)

over the controls u € o7,. The value function for this problem is W (z) as is defined
in (1.10). Note that the set of admissible controls is different for each z. In addition,
since (A, B) is U-controllable to 7, we deduce that it is nonempty for all x.
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The following lemma follows directly from the definition of <7,.

Lemma 2.4. Let (u,y) be the minimizer for Js defined in (1.4). For any x € R”
and any control u € o, we denote by y the solution to (2.13) with control u and
initial datum x. Then it holds

u—1T € L*(0,400;R™) and y—7 € L*(0,400;R™).
In addition, {y(t)}+>o0 is bounded in R™ and satisfies
y(t) — 7y as t— +oo.

The functional Joo » can be written as

@15) T [ uls) ~ P +C (os) ~5) 7] ds + Bz — D
0

and it admits a minimizer u* in .

Proof. Step 1 Boundedness of {y(t)},., C R"
Take any u € o, and let y be the solution to (2.13), with initial datum z and
control u. By Lemma A.1 applied to y — 7, we have

t
ly() —7l* < K {x -9l +/0 [lu(s) =all® + I (y(s) =) |I*] ds| ,
whence
t
3 | [ = +1C () =) ) ds > ally(s) =717 ~ K.
where @ = a(A4,C) > 0 and K = K(A, B,C,z,z) > 0. Using the above inequality
and adapting (2.3), yields

, tr 1
Featw) = [ IR + 51006 ol - V] ds

t—+oo 0

t—+oo | 2

> lm [1 / [lu(s) = @2 + € (y(s) =) |2] ds

oo y<t>>Rn}

> s[5 [ [luts) =717 + 1€ (46s) - )7 s
~K @+ () - 31 ]

> msup [ally0) - 71° ~ K (Iu(0) - 71 + 2]

> 5 lmsup ly(t) ~ 5* - K.

Now, since u € &, the functional Jo, (1) < +00. This, together with the above
estimate, implies the boundedness of {y(t)},., C R™.
Step 2 Proof of u —u € L?(0,+00;R™) and y — 7 € L?(0, +o00; R™).
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By Step 1, there exists a constant K (u) > 0, such that V¢ > 0, ||y(¢)|| < K(u). By
(2.3), one gets

-” [ 31+ jieve) - =12 - vi) as

> 5 [ [Ius) = + 1€ (0(s) =) 2] ds + (. = y(O)re

and using the above bound, for any ¢ > 0, we have
"1 2, 1 2
Sl + 51Cy(s) — 2 ~ Vi | ds
0

2 2 [ ) 17 + 1 )~ 1] - K,

whence, since u € %,

. tT1 1
i [ [S1@P + 510w - <1 -] @

t—-+oo 0

1

= /OOO [lu(s) —al® + |C (y(s) — 7) [|*] ds — K (u),

+00 > Joo (1)

which in turn implies u —u € L?(0, +o00; R™) and C(y —¥) € L*(0, +00; R™). Now,
since the pair (A, C) is detectable, adapting the techniques of the proof of Lemma
A.1, we have in fact y — 5 € L?(0, +o0; R™).

Step 3 Proof of y(t) — 7 as t — +oo.
Now, since y — 7 € L?(0, +oo; R™), there exists a sequence t,, — 400, such that

y(tm) —

m—+oo

By the above convergence and u—u € L?(0, +00; R™) and C(y—7) € L?(0, +oo; R™),
for any € > 0, there exists m. € N such that for every m > m,

+o0o
lotn) =3l <& and [ [Ju(s) ~ P + € (uls) )] ds < =

tm

Then, by Lemma A.1, for any m > m. and for any ¢t > t,, we have

ly(t) = 3lI* < K [Iy(tm) - 7lI* +/t [lu(s) —a@* + 1C (y(s) =) |*] ds | < 2Ke?,

m

whence y(t) — 7 as t — +o0.

Step 4 Proof of (2.15)
The representation formula (2.15) is a consequence of (2.14), (2.16), u — @ €

L2(0,400;R™), y — 5 € L*(0,+o00; R™) and y(t) s y. Existence of the mini-
— 400
mizer follows from (2.15) and the Direct Method in the Calculus of Variations. O

Next we prove a local Lipschitz estimate for W that will be used in the proof of
Theorem 1.3.
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Lemma 2.5. Assume (A, B) is U-controllable to y and (A, C) is detectable and let
W be the function defined in (1.10). Then, for any M > 0, there exists a constant
Ky > 0 such that

W (z2) = W(x1)| < K |22 — 2],

for all x1 and x4 in R™ satisfying ||z;|| < M.
Proof. The proof follows the techniques in the proof of Lemma 2.3. O

2.3. Proof of Theorem 1.3. We are now in position to give the proof of Theorem
1.3. We split the proof in three steps. In the first one, we prove the statement (i) of
the Theorem about the convergence of the value function. In the step 2, we prove
the uniqueness result for the solution of the Hamilton-Jacobi-Bellman equation
associated to the infinite horizon problem. Finally, in step 3, we prove that, in the
unconstrained case U = R"™, the value function for the infinite horizon problem is
in C1(R").

Proof of Theorem 1.3. Step 1: Convergence. Let 2 C R™ be a bounded set. For
any given x € Q and T > 0, let u, () and y, (-) be an optimal control for problem
(1.1)—(1.2) and its corresponding state trajectory. Then, as a consequence of the
DPP, for any T' > 0 we can write

o1 Ve =2 [* fuer s ieue - F o (n (5).0).

Now, using Lemma 2.3 and that, as a consequence of the turnpike property (1.8),
yr(T/2) = g as T — oo, we deduce that

gl (o (5):3) -7 (#3)

Hence, we have

. T\ T T . T\ T T
Tlinocv(% (2)’2) T2 T [V (y (2)’2 ‘V<y’ 2)
_T T
v (r3)- 7%
, T\ T,
(2.18) = Tlgr;OV(y, 2) -5V = A

The existence of this limit can be justified by proving that the function
T— V(g,T)-TV;

is decreasing and bounded from below. Indeed, observe that if u, is an optimal
control for J, r, then for any 7" > T', we can use the control

11 s€ (0,77 -T)
u

ifs) := (s) se[T—T,T)

to prove the monotonicity. The boundedness from below can be obtained from the
turnpike property.
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Let us now prove that
. 1 [ 2 2 T
(2.19) m 5 ; e (OI° +1Cyx(5) = =[] ds = S Vi = W(a).

Let u* € 47, be the optimal control for the functional J , defined in (1.10) and
y* its corresponding state trajectory. For any T' > 0, as a consequence of the DPP
for the infinite horizon problem, we have

W) = /0 Sl @I+ gley e - - v asew (i (3))

e = L[ IR 10w 0 - s - v w (0 (3))-

Now, observe that by plugging 7 in formula (2.15) in Lemma 2.4, one can easily see
that W(gy) = 0. Then, using Theorem 1.2 and that, by Lemma 2.5, the function
W (-) is continuous, we deduce that

T
I B i T
@2 fmint g [ [l G +ICu(s) = 2] ds— SV = W)

Using again the DPP, this time for the value function V', we obtain for any 7" > 0:

T

Vet = g [ la@P+Ien e - as+ v (n (3) 3)
e2) = L[ iR siere - e (v (1).0).

Using this time the DPP for W (the first equality in (2.20)), we can compute

L i siey e - A =we + Tvw (v (1)),

And combining this identity with (2.22), we obtain

l/f a2+ 1C e (9) 212} ds = Ve < wie) - w (v (5 ) )

T DD

This inequality, together with W (g) = 0, the Lipschitz continuity of V' from Lemma
2.3 and the fact that, by the turnpike property and Lemma 2.4, we have that
Yy (T/2) and y*(T/2) converge to § as T — oo, gives

. 1 (2 T
lim sup 5/ [llur (I + 1C yr () = 211°] ds = Vs < W ().
T—~+o00 0

From this inequality and (2.21), it follows (2.19).

Finally, combining (2.17), (2.18) and (2.19) we obtain
(2.23) V(z,T) =TV, — W(x)+ A\
T—4o00

Step 2: Uniqueness for the ergodic equation.
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The proof that (Vs,W(:)) satisfies the equation (1.15) can be carried out by
standard methods in optimal control theory. In the case where the inclusion U C
R™ is strict (i.e. when we have constraints on the control), the function W is not
expected to enjoy C' regularity, and on has to use the theory of viscosity solutions
[17, 16]. We omit the proof since it follows exactly the arguments in [31, Thm.
5] (which is an adaptation of [14, Thm. 7.2.4] to the LQ setting), dropping the
dependency on time.

In order to prove that W (z) is the unique (up to an additive constant) viscosity
solution to (1.15) bounded from below, we argue by contradiction. Let ¢ € R,
and let W; € C(R™) be a bounded from below continuous function satisfying the
equation

c+ H(x, VW) = {(x)
in the viscosity sense. Here, the Hamiltonian H and the function ¢ are defined as
in (1.19). Observe that the function given by

Vi(#,T) = c¢T + Wi(x)
is a viscosity solution to the problem (1.14) with initial condition g(x) = Wi (z),
which is bounded from below. We can then deduce that Vi(z,T) is actually the
value function associated to the optimal control problem (1.1)—(1.2) with final cost

g(x) = Wi(z). And since Wy(+) is bounded from below, we can use the statement
(i) in Theorem 1.3 to deduce that

lim Vi(z,T) -V, T =W(x)+ A, for all x € R",
T—~+o00

for some A € R depending on the final cost Wi(-). Hence, using the definition of
Vi(z,T) we obtain

lim Wi(x)+ (c— Vo) T =W(x)+ A, for all z € R"™.
T—+oco

This implies that ¢ = V5 and also that Wi (x) — W(z) = A, for all z € R".
O

Let us finish this section with an illustrative example that shows why the value
function V(z,T) is not in general differentiable. As we will see, for a suitable
nonconvex final cost g, the global minimizer for Jr, with x = 0 and T sufficiently
large is not unique. This implies in particular that V' (-, T) is not differentiable at 0
for T sufficiently large (see for instance Theorem 7.4.17 in [14]).

Example 2.6. Let us consider the optimal control problem (1.1)—(1.2) with the
pair of matrices (A4, B) being controllable and C' being any matrix. As final cost,
we consider the function

ge(2) = <[l ~ 2],

where € > 0 will be chosen later.

Our goal is to show that if € > 0 sufficiently small, the functional
1 (T
@) Ine=g [ @I+ IOy ds+ 0. u(T))

admits (at least) two distinguished global minimizers whenever 7' > 2.
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Let us first prove that, if ¢ > 0 is sufficiently small, then for any 7" > 1, the
control u = 0 is not optimal.

Fix 1 a minimizer of the function g : R* —» R defined as g(z) == ||z||* — ||z|?
and set

. B 0 S € (O,T_l)
afs) = up(t—T+1) s€ (I'-LT),

where u; is any control solving the controllability problem

y1(8) = Ay1(s) + Buy(s), s€][0,1]
y1(0) =0, y1(1) = z1.

Let g be the solution to (1.1),with control @. Since x = 0 with control v = 0 is a
stationary point of (1.1), by uniqueness of solution we have

o se (0,7 1)
yls) = w(t—-T+1) se (T—1,T),

Let us now evaluate the functional Jy o defined in (2.24) at @ and compare it with
the control w = 0. Since ming~ g(z) < 0, we have

1

1
Trol@) = 5 [ [la(s)? +1Cw ()] ds+ 2 [loal* = ol

1

1
1.
= 5 (@I +1Cm )R] ds+ ming

< 0= JT@ (0)7
for a sufficiently small e. This means that « = 0 is not a global minimizer of (2.24).

Finally, since the final cost g. in (2.24) is bounded from below, by the direct
method in the Calculus of variations, there exists a minimizer u,. of (2.24). More-
over, we have that u, # 0 if T > 1. Now, by definition of (2.24), Jro(—u,) =
Jr,0(u,) = ming, Jr,, whence u, and —u,. are two distinguished global minimiz-
ers of (2.24).

3. CONCLUSIONS AND OPEN PROBLEMS

In this manuscript, we have studied the long time behavior of the value function
associated to a finite-dimensional linear-quadratic optimal control problem with
any target z, a general terminal cost g and constrained controls. To do so, we have
introduced an infinite-time horizon optimal control problem and studied its value
function W (x). This allows us to provide an asymptotic decomposition of the value
function V (T, x) for the original control problem with finite time horizon and which
is of the form W (x) + V, T + A, where each of the terms corresponds to the cost of
the optimal trajectory during one of the three stages of the turnpike strategy.

We now present some open problems.
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3.1. Control problems governed by nonlinear state equations. We formu-
late this for a special control problem. Let A be an n X n symmetric positive
definite matrix and let f : R — R be an increasing nonlinearity of class C! and
with f(0) = 0. For a given time horizon 7" > 0, an initial state x in R™ and a
control u € Ur == L?(0,T;U) the corresponding trajectory y(-) solves

y'(s) + Ay(s) + f (y(s)) = Bu(s), forse[0,T]
y(0) = =,

where the control operator is given by the matrix B € M,, ,,(R) and the nonlinear

term f (y(s)) = (f (y1(s)) ;- -, f (yn(s)))-

The optimal control problem is to minimize, over the admissible controls u €
1
L?(0,T;U), the cost functional Jr ,(u) = 3 fOT [lu(s)]|> + |C y(s) — =||*] ds where

C € M, (R) is a given matrix and z € R” is the prescribed running target. The
value function is defined as V(z,T) = inf, ey, Jrz(uw). In the same line as for
the LQ problem treated in this manuscript, one can also introduce the steady

1
functional J, (w,7) = = [|[ul|* + |Cy — 2||?] to be minimized over the subset of

controlled steady states M, = {(u,7) € U xR | Ay+ f (y) = Bu} and define
Vs == minyy, Js. These kind of problems have been treated both in a finite dimen-
sional framework [45] and in a PDE framework [39, 44, 43, 36]. Available results
in the literature typically require smallness conditions on the running target.

By using the techniques developed in the above references, it is possible to get
bounds on the space derivatives of the value function, which allow to apply the
Ascoli-Arzela Theorem as in the proof of Theorem 1.3. For small targets, by using
the turnpike results of [36] and adapting the techniques of the present manuscript,
we can deduce large time asymptotics of the value function as in Theorem 1.3.
However, for large targets, to the best of our knowledge, the turnpike theory is not
complete. In particular, we cannot identify the limit as we do in (2.23), because we
do not have a result like

1
?V(z,T) Tjoo Ve,

which identifies the limit of the time-average of the value function as the value
function for the steady problem. Note that, by adapting the techniques of [36,
Lemma 2.1, page 12], it is possible to prove that limsupp_, | o %V(x, T) < V. But
we are not able to prove the converse inequality

1
. iminf — > V.
(3.1) liminf V(2. T) 2 Vs

From a control perspective, the above inequality means that in time large there is
no time-evolving strategy significantly better than the steady ones. Actually, in
case the time evolving functional is restricted to time independent controls, (3.1)
has been proved in [39, section 4], by I'-convergence. However, to the best of
our knowledge, the above inequality is unknown if the time-evolution functional is
minimized over time dependent controls and it is an interesting open problem.

3.2. Complete turnpike theory in constrained control. Throughout our man-
uscript, we assumed A invertible. It would be nice to get a turnpike result under
constraints, without this assumption.
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Furthermore, the rate of convergence of the time-evolution optima towards the
steady ones should be investigated. An exponential bound could be obtained by
applying the arguments of [18] to & :=u — % and § ==y — .

3.3. Characterization of the ergodic constant in a more general case. In
our setting, the constant ¢ in (1.21) corresponds to Vs, which is the minimal value
of the steady problem. This has been obtained as a consequence of the validity of
the turnpike property for our problem. It would be interesting to generalize this
characterization for more general problems, by using Hamilton-Jacobi techniques
instead of turnpike theory.

3.4. Hamilton-Jacobi equations with non-coercive Hamiltonian. As we
have anticipated, the function p — H(zx,p), as defined in (1.19), is not coer-
cive whenever B* has a nontrivial kernel. This prevented us from using available
results in the Hamilton-Jacobi literature. We have then employed turnpike theory
to obtain long time behavior results in our context.

3.5. The infinite dimensional case. It is well known that the turnpike property
holds as well in the infinite dimensional case (see [38, 39, 44, 43, 36]). In this
setting, one can still associate to the infinite dimensional optimal control problem
an analogue of the HJB equation that captures the evolution of the value function.
Indeed, this can be handled for instance by means of the so-called Master equation
whose characteristics are of HJB type. Such equation appears in the context of
Mean Field Games and its long time behavior was studied for instance in [15].

APPENDIX A. PROOF OF THE TURNPIKE PROPERTY

This appendix is devoted to the proof of the turnpike property stated in Theorem
1.2. The main difficulty resides in the fact that we are considering the constrained
control case. In addition, we do not make the assumption of the steady optimal
control w being at the interior of the control set U, which would make the proof
much easier, and moreover would allow us to prove turnpike with an exponential
rate.

We start by proving the following crucial Lemma which is a direct consequence
of [38, Remark 2.1] and we include its proof for self-consistency.

Lemma A.1. Assume (A, C) is detectable and take f € L*(0,T;R™). Then, there
exists a constant K = K (A,C) > 0, independent of T and f, such that for any
T > 1 and for any y solution to

(A.1) Ay+ f in (0,T),

as
we have

T T T
A2 @I+ / ||y||2dssK[||y<o>|2+ / |CylPds + / ||f||2ds],

for any t € [0,T].
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Proof. In the present proof, K will denote a (sufficiently large) constant depending
only on (4, C).

Step 1 Decomposition into stable and antistable part

Following the notation of [13], £~ (A) and .£°*(A) denote resp. the A-invariant
subspaces of R™ spanned by the generalized eigenvectors of A corresponding to
eigenvalues A of A such that Re(\) < 0 and Re(A) > 0. By linear algebra,

R" = 27 (A) @ £°F(4),

where @ stands for the direct sum. Then, let y be a solution to (A.1). Denote by
y1 and yo resp. the projections of y onto £~ (A) and £°F(A). Then, y = y1 + ¥
and, for i = 1,2,

d .
%y’i = Ayl + ft m (O7T)a

where fi and f, stand for resp. the projection of f onto £~ (A) and £t (A).
Step 2 Estimate for the asymptotically stable part

We have

%yl = Ay + f1 in (0,7,

All the eigenvalues of La |- (4) are strictly negative, where we have denoted by
L 4 the linear operator associated to the matrix A. Then, we have, for any s € [0, T

(A.3)

T
IIyl(S)HJr/0 Ily1lPds < K [[lyn (O)] + | fille20,mmm)] < K [y + | fll 220,780 ]

the constant K depending only on A.

Step 3 An observability inequality in the time interval [0, 1]

To proceed with the antistable part, we shall first prove the existence of an ob-
servability constant K = K(A,C) > 0, such that for any § € H(0,T;.£°(A))
solution to

d

%gj = Ay in (0,1),
we have
(A4) 19l e 0,1y + 19l 220,1) < K NCTll 20,1 -

To that end, define
Il 20 (4) — RY, llell, = 1l o) + 10120
and
Il 2+ (A) — R, 2, = 1CFsll 2o »
where 7, solves
{;‘sﬂx(s — Agu(s), s€(0,1)

Now, using that, being (4, C) is detectable, all the modes in .#°*(A) are observable
(see definition of detectability in [13, at the bottom of page 232]), we deduce that
both |||, and [|-||, are norms on the subspace £°"(A). Since £°(A) is finite
dimensional, they are equivelent, whence (A.4) follows.
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Step 4 Estimate for the antistable part
By definition

d .
v =Ant+ f2 in (0,7),
Consider an arbitrary interval [a, b] C [0, 7], with length |b — a| = 1. By step 3, we

have
b b
/ |C ol %ds + / ||f2||2ds]-

On the one hand, due to the arbitrariness of [a, ], this yields

T T
/ |Cya2ds + / IIfQIIQdS]-
0 0

2 2
1920700 a0y + 1921172000 < K

2
”yQHLOO(O,T) <K

On the other hand,

T ) [T] it ) T )
[ lwettas < 30 [ plPds+ [ el as
0 =i T-1
LT it+1 i+1
< Kz[/ Culias + [ ||f22ds}
i=0 L1 i
T T
LK / 1C ys2ds + / TARE
T—1 T—1
<

T T
K [/ ||0y2||2d5+/ ||f2|2d3] .
0 0

Then, for any ¢ € [0, 7], we have

T ) [ T T
IIyz(t)II2+/ ly2ll"ds < K / IICyszder/ IlelzdS]
0 0 0
[T T
< K / ||0y2\|2d5+/ IfIIQdS]
| /o 0
[T T T
< K / ||Cl/H2d5+/ ||0y1\\2d5+/ IIfIIQdS]
| /o 0 0
i T T
(A.5) < K ||y(0)|\2+/0 ||Oy||2cls+/O ||f2ds],

where in the last inequality we have employed (A.3).
Step 4 Conclusion
Putting together (A.3) and (A.5), we conclude. O

Remark A.2. Observe that, assuming that(A, C) is detectable, we have, for some
B8 = B(A,C) > 0, the inequality

(A.6) lysl* < B [l Ays )1 + 1C ysl1?] Yy, € R,



22 CARLOS ESTEVE, HICHAM KOUHKOUH, DARIO PIGHIN, AND ENRIQUE ZUAZUA

This is a consequence of inequality (A.2) applied to the trajectory §(t) = tys, (see
[38]). The steady inequality (A.6) yields strict convexity of J; and hence uniqueness
of the minimizer for the stationary optimal control problem (1.4).

Remark A.3. In the Definition 1.1, by using u—u; € L'(0, +00; R™) and y—1y; €
LY(0, +-00; R™) together with - (y (s) — y1 (s)) = A (y (s) — 91 ())+B (u(s) — w1 (5)),
s € (0,400), the solution y stabilizes towards yi, i.e. y(t) — y1 (t) t;)oo 0. Note
also that U-stabilizability follows from exact controllability under the control con-
straint u (t) € U (see e.g. [11, 33, 42]). In case U = R™, the U-stabilizability is
equivalent to (unconstrained) exponential stabilizability of (A4, B) [10, Remark 2.2
page 24].

We now prove the following result, which provides an upper bound ||y, || uniform
in T, and also gives the inequality (1.9) from Theorem 1.2.

Lemma A.4. There exists K = K(A, B,C,U, x, z,g) such that, for any T > 1 and
for every t € [0,T], we have

(A7) lue ()] < K
and

T
(A.8) / (g (s) — 1% + [l (s) — 2] ds < K

Proof of Lemma A.4. By Lemma A.1 applied to y — 7, we have

T
ly- (6) = 3l* < K [Ilw -7l +/0 [l (s) =@l + IC (v, (s) =) "] ds | ,

whence

1

T
5/0 [lur(s) = @l* + [IC (y,(s) =) I*] ds > ally.(s) - 9lI* — K,

where o« = a(A,C) > 0 and K = K(A, B,C,x,z) > 0. Using the above inequality,
together with Lemma 2.2 (inequality (2.3)), yields
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JT,z (UT) — TVS

/OT [§||u<s>||2 4 21Cya(s) 2l - V] .
1

> L/ [l () = 1> + 1€ (i () ) |P] ds

vV
N |

T
/O [l (5) = 2 + 1€ (w, (5) - 7) 7] ds

B — e (T + (s <T>>}

K (14 [y (T) M

[ally (T) =11 = K (g (T) = 7] +2)]
(A.9) > Sl (1) =P - K.

v

Now, by U-stabilizability, there exists a control @ € L?(0,+oo;U), such that
-1 € L*(0,+00; R™)N L0, +00, R™), §—7 € L*(0,400; R")N L' (0, +-00; R"),
where 4 is the solution to (1.1), with initial datum = and control @. Therefore
Jra(uy) =TV, < Jrg(a)—TV,

— )

T
-1 / [li(s) — 72 + 1€ (3(s) ) ] ds

(A.10) < K,
where = K(A,B,C,U, x, z,g). Hence, putting together (A.9) and (A.10), we get
a
Sy (M) =3l* = K < Jra(u,) =TV,
S JT,x(’&) - TV@ S Ka
i.e. the desired boundedness for y,..
Moreover, by inequality (2.3), the boundedness from below of g together with
(A.10), we have
T
/0 [lur(s) = @|* + O (yr(s) = 9) |*] ds < Jra(uy) = TV,

+ (ﬁ7 —T+ Y (T))R" -9 (yT (T))
<K.

Then, inequality (A.8) follows from an application of Lemma A.1. This finishes the
proof. O

We now prove the validity of the turnpike property.
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Proof of Theorem 1.2. Inequality (1.9) has already been proved in Lemma A.4. Tt
remains to prove (1.8). Throughout this proof, K will always denote a (sufficiently
large) constant depending only on A, B, C, U, z, z and g.

By (1.9), for any n € (0,1), there exists { = ((4,B,C,U,x,z,g9,n) > 0 such
that, for all 7' > (, we have

1 ¢ R — 1" — J—
: / ey () =% + e ()~ 7] s < / g () — @l + [lya () — 7] ds
< E<'r]2
- q
and
1 r 2 2 1 T 2 2
L e a2 4w (s) =12 ds < = [ [lug(s) = @2 + lus (5) — 7] ds
¢ e ¢ Jo
< 5< 2
< C n.

By Integral Mean Value Theorem, for any 7' > 1 + 2(, there exist t71 € [0, (] and
tro € [T — ¢, T, such that
(A.11)

1 [¢
g (ta) — 3| + lyy (tra) — 91 = Z/o (s (s) =@l + lly, (s) = 9lI*] ds < n?

and
(A.12)

9 T e 2 2 2
up (tr2) = Ull*+ly, (tr2) = Yl" = e [lur(s) = ull® + [y, (s) = 9lI*] ds < n*.

By the U-stabilizability, there exists a control @ € L?(t7,1,+00; U), such that
i —7 € L'(tr1, +oo; R™) N L2 (tr,1, +oo; R™)

and its associated trajectory g, solution to (1.1) with initial condition y,. (¢1,1)
satisfies

:17 - y S Ll(tT,lv +OO, Rn) N L2(tT,17 +OO7 Rn)?
with estimates

(A.13) 12 =l 1 (1, o) nL2 (01 o) SV N0 (Er0) =T

||Ql] - y”Ll(tT,h-&-oo)ﬂL?(tT’l7+oo) <7 ||yT (tT,l) - y”
the constant v depending only on (A, B,U). Set

(A.14)
; . (s ils s U (S) EAS (OvtT,l)
{Z((%—:iy( JEBas), s€OT) 5 lae) s itrytre

up(s) € (traT).
By using (A.13) and (A.14), we get

(A.15) 19 (tr.2) =9l < v llyr (tra) =7,
with v =~ (A4, B,U).
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Now, let us define the functional
1 tr,2
(A16) Q=5 [ Ius)I + 1€ (s) = 2IP) s
T,1

defined for any u € L? (t1.1,tr.2; U), where y(-) is the solution to (1.1) with control
u and initial condition y(t71) = y, (tr,1).

Let us estimate from above the following quantity

1 tr,2 B _
A= */ [luz(s) =@l + 1C (y(s) = 7) I”] ds.

2 tr1

By adapting the techniques of Lemma 2.2 to the functional @ in (A.16), we
obtain the analogous version of (2.3), which reads as

A< Q(uy) = (tro —tra) Ve — (0, yr (tr1) — yr (t1,2)) g -

Now, using the definition of Jr, and @, along with the fact that w, minimizes
J1 4, we deduce

A < Jre(uy) — / [z () + 1C yr(s) = 2[] ds — g (y(T))
[O,tTyl]U[tT.’z/T]
—(tr2 —tr1) Ve = (B,yr (tr1) — Y (t12) g

< Jra(a) - / (g ()12 + 1C y, (5) = 2]17] ds — g (4, (T))
[0,t71]U[tT,2,T]

= (tr2 = tr,1) Vo = (B, yr (t11) = Yr (b72))gen -
Using the defintion of @ in (A.16) and the choice of the control @ in (A.14), we get

A < Q)+ / [1C3(s) — 21 — |Cya (5) — =[2] ds

tr,2

(A17)  +9@(T) =gy (T)) = (tr2 —tr1) Vs = (B, yr (t71) — Yr (t1,2) e -

Now, noting that v, and @ coincide in the interval (t7 2, T), and that T—tp o < ,
we can use Gronwall’s inequality to estimate

19(T) =y (DIl < Cllg(tr.2) — yr (tr2)l;

where C' is independent of T'. Moreover, using the local Lipschitz continuity of g
and (A.7), we obtain

(A.18) lg (9(T)) — gy (1)) | < K|§(tr2) — yr(tr2)]-

Then, from the estimate (A.17), an analogous version of the identity (2.2) for
the functional ), combined with (A.17), (A.13) and (A.15), yields

A [ i)~ + e ) -9 17 s

tr1

+ / b (@, @(s) = Wgm + (CY — 2, C (§(5) —7))gn) ds

tr

= B,y (tr1) = yr (br2))pe + K [llyr (t1) =Gl + llyr (tr2) = 7]
Klyy (1) =l + v (tr2) =7l

IN
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where K is independent of T'.

Then, by Lemma A.1, for any s € [t71,tr2],

MA@—yPSK{mh@nn—yP+/W”mwxﬂ—uW+ucwaw—wnﬂw}

tr1

< Kly, (1) =9l + llyr (tr2) —l] < Kn,

Finally, for any € > 0, setting nn = % and (A, B,C,U,z,z,9,¢) = ((A,B,C,U,z,z,9,7n),
we get the thesis. O

APPENDIX B. RICCATI THEORY AND PROOF OF PROPOSITION 1.5

Although the proofs of our main results (Theorems 1.2 and 1.3) do not rely on
the use of the classical Riccati theory, which is not applicable to our case due to
the constraints on the control, we note that in the unconstrained case U = R™,
we may use the Riccati theory to obtain the value function W(z) explicitly as a
positively definite quadratic form. We recall that, following Theorem 1.3, the value
function W (z) is the limiting profile of the asymptotic decomposition of the value
function V(T x).

The proof of Proposition 1.5 is based on the following well-known Lemma, con-
cerning the properties of the Algebraic Riccati Equation, and the corresponding
Hamiltonian matrix

Ham := [ A —-BB }

—C*C A

One can realize that Ham is the associated matrix to the optimality system (B.5).

Lemma B.1. Assume (A, B) is stabilizable and (A, C) is detectable. Then,
(1) there exists a unique symmetric positive semidefinite solution to the Alge-
braic Riccati Equation
(B.1) —EA— A*E+ EBB*E = C*C (ARE)
such that A — BB*E is stable, i.e. the real part of the spectrum Re(c(A —

BB*E)) C (—00,0);
(2) set

I, S
(B-2) A'[E ES+%}

where S is solution to the Lyapunov equation

S(A— BB*E)* + (A— BB*E)S = BB".
Then, A is invertible and
A—BB*E 0

A Ham A =
o 0 —(A- BB*E)".

As a consequence, Ham is invertible and its spectrum does not intersect the
1maginary aris.
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The first part of the above Lemma is Riccati theory (see, for instance, [13, Fact
1-(a) and Fact 1-(f)] or [1]). The second part® is taken from [41, subsection ITI.B].
We are now ready to prove Proposition 1.5.

Proof of Proposition 1.5. First of all, let us show that the minimization of Ju , is
equivalent to the minimization of

joo@: L2 (0,4+00;R™) — RU{+oco}

u — 5 [ e a4 10 ) - 9 7] s,

where y is the solution to (1.1), with initial datum x and control u. Let us show
this by proceeding as in the proof of (2.3), and concluding with Lemma 2.4. We
first consider the finite horizon cost functional with final cost g = 0, that is

1 T
Trolw) = g [ lluts) =+l +1Cyls) — Oy +Cg— 2| ds
T
= SR +ICT—2) 45 [ ) =2 +1C (us) )] s
T
+/ (@, u(s) —U)gm + (CT— 2z, C(y(s) —Y))gn) ds
0

_ v+l / [lu(s) = @2 + IC (u(s) — 7) 1Y) ds

2
T
(B.3) +/0 (@, u(s) —Ugm + (CT— 2, C(y(s) —7))gn) ds.
Hence, one has
T T
3 [ M)+ 10w =2 =Vl ds = 5 [ [luts) =l + 10 (vl ~ ) 2] ds

+ /O (@ u(s) = T + (CT = 2, C (y(s) = ))go] ds.
Then we focus on the term
(B.4) [ @5 0 - D
We recall that the pair (@,7) satisfies the steady optimality system which reads as

0= Ay — BB*p
(B5) e
0=AD+C*(Cy—2),
with @ = —B*p. On the other hand, the pairs (u(:),y(-)) and (@,7) satisfy the
equation in (1.1). Hence, we have
{gds(y—y):A(y—yHB(u—u) s€(0.7)

(B6) y(0)—yg=z—-7.

ATl =

I.n+SE -8
-E I,
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Then, using (B.5) and (B.6) and taking into account that y(0) = z and w = —B*p,
we can compute the term (B.4) as follows:

/(C?—Z7C(y(8)—§))ugnds = / (C*(CY=2), y(s) = Ygn ds
0 0

T
S / (B, A (y(s) — 7)) ds

-/ (p.fs-m-Bu-) as

= @y0) =Pgn — @, y(T) = Y)gn

T
+ / (BP.u(s) — g ds

(B.7) = B y(T))ge / (@, u(s) — W)g ds.

Finally, the conclusion follows by combining (B.3) and (B.7) and then letting T —
+00 since from Lemma 2.4 one has u —u € L?(0, +o0; R™), y — 7 € L%(0, +00; R")
and y(T) — 7.

By [32, Theorem 3.7 pages 237-238], there exists a unique minimizer u* for joo’m,
given by (1.17) and

~ 1 ~
inf Joox =3 -y *E —-Y),
o Gy Fa0) = 5 (=) B =)

whence, by (1.10) and (2.15) which is now an equality,

. T — — 1 —\* T3 — — —
W(z) = LIQOC(OI,I—&I-EO;R’") Joow(t) + (P2 = F)gn = 5 (2 =7) E(z=7) + (P, ~ Yrn,

as desired. 0
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