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BLOW-UP RESULTS FOR A LOGARITHMIC PSEUDO-PARABOLIC
p(.)-LAPLACIAN TYPE EQUATION

ABITA RAHMOUNE * AND UMBERTO BICCARIt

ABSTRACT. In this paper, we consider an initial-boundary value problem for the following mixed pseudo-
parabolic p(.)-Laplacian type equation with logarithmic nonlinearity:

ur — Aug — div (|VuPO 72 Vu) = [u[1O"2uln(lu]), (z,t) € Q x (0, +00),

where Q C R™ is a bounded and regular domain, and the variable exponents p(.) and ¢(.) satisfy suitable
regularity assumptions. By adapting the first-order differential inequality method, we establish a blow-up
criterion for the solutions and obtain an upper bound for the blow-up time. In a second moment, we show
that blow-up may be prevented under appropriate smallness conditions on the initial datum, in which case
we also establish decay estimates in the Hé (2)-norm as t — +oo.

1. INTRODUCTION

Let Q C R™ be a bounded domain with smooth boundary 0. In this paper, we look at the following
pseudo-parabolic p(.)-Laplacian equation with logarithmic nonlinearity:

wp — Auyg — div (|Vu|p(')_2 Vu) = [l 2uIn([u]), (z,t) € Q x (0, +00)
u(x,t) =0, (z,t) € Q x (0, 400) (1.1)
u(z,0) = ug(x) £ 0, x €
In (L), p(.) and g(.) are given measurable functions on Q satisfying:
2<p1 <plz) <p2<q1 <q@) < g2 <p*(),
where we have denoted

p1:=ess infp(z), p2 = ess supp(x)
e €N

q1 :=ess infq(x), g2 = ess supq(x).
zEN

e
and
np(z) .
. ————, if n > po,
p*(x) =< n—px) . (1.2)
+OO, ifn S D2

Moreover, we assume that p(.) and ¢(.) satisfy the following Zhikov-Fan uniform local continuity condition:
there exist a constant M > 0 such that

M

1
q(x) —qy)| £ 7———, forall (z,y) € 2 xQ with |z —y| < <. 1.3
ofe) )] < T (+9) ol < 5 (13)

Key words and phrases. Pseudo-parabolic equation, Logarithmic nonlinearity, Variable coefficients, Blow-up time, Bounds
of the blow-up time.
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Finally, the initial datum in (LI]) is assumed to be any given function ug € Wol’p(')(Q), where Wol’p(')(Q)
denotes the extension to the variable exponent case of the Sobolev space VVO1 P(Q). We refer to Section [2 for
more detail.

The nonlinear term div (|Vu|p ()=2 Vu) in (1) is the so-called p(.)-Laplacian operator, which is some-

times symbolized by

Apyu = div vulPY 2 vy
p(.)

and is a generalization of the well-known p-Laplacian, which corresponds to taking p(.) = p € R constant.

)
This operator can be prolonged to a monotone operator between the space WO1 P (')(Q) and its dual space
W=L2'()(Q) as follows

—Ap(.)u : Wol’p()(Q) — Wﬁl’p,(')(Q)
(=AU, P)py = /Q VP2 VuVgdr, 2<p <plz) < ps < 400,

where (.,.),) indicates the duality pairing between Wy PO(Q) and W17 0(Q), and p/(.) denotes the
conjugate exponent such that
1,
p(z)  p'(x)

Nonlinear pseudo-parabolic equations like (ILT]) arise in the description of several problems in hydrody-
namics, thermodynamics, nonlinear elasticity, image processing and filtration theory (see |4, 22,130, 32, 133]).
Furthermore, we can mention interesting applications in the study of electrorheological fluids, whose viscosity
depends on the electric field in the fluid itself (see |2, [18-420, [26, 45]).

In the case in which the exponents p(.) and ¢(.) are constants, that is when p(.) =p € Rand ¢(.) = ¢ € R,
the corresponding PDE

up — Auy — div (|vu|1)—2 Vu) = [l 2uln(u]), (z,t) € Q x (0, +00) (1.4)

has been largely studied by the mathematical community.

In [46, |49], the linear version of (L4 (i.e. with the right-hand side equal to zero) has been considered
in the case p = 2 in which the p-Laplacian —A, becomes the standard Laplace operator —A. In particular,
results of existence, uniqueness and regularity of the solutions were obtained.

Later on, these results have been extended to the general case of (I4]). In several papers, the asymptotic
behavior of weak solutions to () with initial datum ug € W, ?(Q2) has been studied. In more detail,

The case p = g > 2 has been considered in [37].

The case 1 < p = ¢ < has been considered in [50].

The case 2 < p < ¢ < p(1 + 2) has been considered in [27].

The case 1 < p < g < p*, with p* given by (L2), has been considered in [21].

In all the aforementioned references, the global-in-time existence or the finite time blow-up of such solu-
tions has been characterized in terms of the values of the exponents p and q. We shall stress, however, that
the methodology employed in |27, 137, 50] to prove the blow-up of weak solutions to (I4) does not allow the
authors to address the relevant issue of estimating the blow-up time and rate (we refer to [36, [38--41, 47
for the analysis of these issues in the case of other interesting non-linear evolution equations).

A partial answer to these relevant questions has been recently given in [16] where, under the same
conditions as in [27] on the exponents p,q € R (that is, 2 < p < ¢ < p(1 + 2)), explicit estimates for the
blow-up time are provided.

Finally, we refer to [11-113, [15-117, 125, 129, 31, 134, 142, 51] for the study of the asymptotic behavior of weak
solutions to (L4]) under high initial energy level conditions.

As for the case of variable exponents p(.) and ¢(.), to the best of our knowledge, there are no results in
the existing literature in the spirit of those that we have just recalled. As a matter of fact, many of the
techniques employed in the previous references to deal with (I4) become unsuccessful when p(.) and g(.)
are measurable functions on (2 and, therefore, are not immediately extendable to treat (L.
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The goal of this paper is precisely to address this variable measurable coefficients framework. In particular,
we shall identify sufficient conditions on p(.), ¢(.) and the initial datum ug for which the blow-up and the
non-blow-up phenomenon of solutions to ([ILT]) occur, also providing estimates for the blow-up time.

At this regard, we shall mention that this kind of results are already available for the hyperbolic version
of (II). The interested reader may refer for instance to [L, 15, [7-110, [14, 135, 143, |44, [48]. In particular, in
[5, 8], the authors have discussed the Dirichlet problem for following equation

uy = div (a(x,t)|Vu|p(z’t)72Vu) + aAuy + bz, 1)|u]” @V 20+ f(z,t),  (z,t) € Q x (0,400)

with negative initial energy and, under suitable conditions on the functions a,b, f,p, o, they have used
Galerkin and energy methods to establish local existence, global existence and blow-up of the solutions.

The present paper is organized as follows: in Section 2] we will introduce some preliminary concepts
and notations that will be of use in our further analysis. Secondly, we will study the finite-time blow-up
of solutions in Section Bl Finally, we will conclude this paper by addressing the global existence of weak
solutions to (L) in Section [

2. PRELIMINARIES

In this section, we present some preliminary concepts and notations that we shall employ in our further
analysis. Let us start by introducing the variable-order Lebesque space LP()(Q), which is defined for all
p: Q — [1, +00] measurable as

LPO(Q) = {u : 2 — R measurable : / |u(:z:)|p(z) dz < _|_oo} .
Q

We then know that LP()(Q) is a Banach space, equipped with the Luxemburg-type norm

p()
u :=inf < A >0, @ de <15.
p(.) o

A
Next, we define the variable-order Sobolev space W1 P()(Q) as
w0 (@) = {ue L70(Q) : Vue 1PO@)},

equipped with the norm

1
2
iy = (lulZ) + 1Val2 )™ (2.1)
Moreover, in what follows we will need the following embedding result.

Lemma 2.1 (|19, 123]). Let Q C R™ be a bounded regular domain. It holds the following.
L. Ifpe C(Q) and q: Q — [1,+00) is a measurable function such that

ess inf (" () — (1)) > 0,
€N
with p* defined as in (L2), then Wol’p(')(Q) — L9O)(Q) with continuous and compact embedding.

2. Ifp satisfy (L3), then ||ullp) < C||Vullpy for allu € Wol’p(')(ﬂ). In particular, |[ull1pc) = [|Vulp
defines a norm on Wol’p(')(ﬂ) which is equivalent to (Z1I).

Let us now introduce our notion of weak solution to (I1]), and give a first result of local-in-time existence
and uniqueness.

Definition 2.1. Let ug € Wo™"(Q). A function
we L™ (O,To; WJ’””(Q)) with uy € L2 (0, To; HH(Q)) |
is called a weak solution to (L)) if the identity

(ut,v) + (Vug, Vo) + <|Vu|p(')_2Vu, VU> = / |7 =2y In(|u|)v da
Q

holds for any v € Wol’p(')(Q), and for a.e. t € [0,T].
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Theorem 2.1. For all ug € Wol’p(')(Q), the problem (L) admits a unique weak solution u on [0,T].

Proof. The result can be easily obtained by using the Faedo-Galerkin approach and combining the ideas

from [3, 120, 124, 28] with the ones from [6] (see also [50]). We leave the details to the reader. O
Let now o > 0 be a positive constant satisfying
*— if p(.
0< o< p q2, 1 p() <mn, (22)
~+00, if p(.) > n.

Then, from Lemma BT we have that Wy %7(Q) < Le0+9(Q), and there exists a positive constant
B, > 0 such that

lullgy+o < BollVullge)+o- (2.3)
Finally, let us indicate with «;, B; and E; the following positive constants:
P2
€oq1 —(q1+0) a1 —p2teo
= B 2.4
“ (fh +o ! ) (2.4a)
B; = max (1, B,) (2.4b)
1 1
By=|—- : 2.4
! (pz q1 + 0’) 1 ( C)

3. FINITE-TIME BLOW-UP OF SOLUTIONS

In this section, we obtain a blow-up criterion for the solutions to (ILJ), also providing an upper bound
for the blow-up time. To this end, let us introduce the energy associated with the solution of our problem
(T, which is defined as follows:

- [ L ulPY dz — Luq(')mu x Luq(') x
£0) = [ o3 19 de = [ o5 bl athu e+ f 2o )

We have the following result providing upper and lower bounds for E(t).

Lemma 3.1. Let ug € W?()(Q) and E(t) be the energy associated with the corresponding solution of
(@), as defined in BI). Let g: [0,400) = R be given by

ol6) = - min (¢%,€) — ——

where o and By are the constants defined in (Z2) and [24D), respectively. Let o : [0,+00) — [0, +00) be
defined as

a2+o

+o
max (B‘lz2+"§ ) ,Bi]”'"gqlm ) , (3.2)

a(t) = Va7, . (3.3)
Then, we have
9(@) < E(t) < E(0). (3.4)
Proof. First of all, a direct computation yields that
%}Et) = —/Quf dz — /Q V| dz < 0. (3.5)

Hence, the function F is decreasing with respect to ¢, and the inequality E(¢) < F(0) immediately holds
for all t > 0. As for the lower estimate in ([B4]), we have that

Ly e ) e <l ) e
aq(.) a1 Jo

where we used that

/ 7O+ dg, (3.6)
Q

eoq

1 g
In(¢) < ;5 , forall{,0>0. (3.7)
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Therefore, we get from B1), B2), B3) and (B6) that

1 : P1 D2 1 q2+o q+o
B(#) > —min ([Vully) [19al)) = o max (Il el 57) (3.8)
> g, P1 D2 1 B q2+0 B ate)
> —win ([ Vully) IVul,) = max (Bl Vull) ™ (BrliVul,) ) = gte)
This concludes the proof of (B.4)). O

Next, we state some technical lemmas which will be needed in the proof of our main result.

Lemma 3.2. Let a1, By and E; be given as in (2.4a), (2.4b) and [2.4d), respectively. Define the function

h:[0,400) = R as
1 1 a1+o
h(€) = —& — ——BIT7¢ T, 3.9
(€)= €~ Bl (3.9)

Then, the following assertions hold:

1. h is increasing for 0 < £ < a1 and decreasing for € > a.
2. h(O&l) = El.
3. limg o0 (&) = —00.

Proof. First of all, from the definition ([B.9) of the function h we can easily compute

h/(é-) _ i N q1 + ULBllh-i-agqlp:Ufl
p2 b2 eoq1
Then, it is straightforward to check that h'(§) > 0 for £ < oy and h'(§) < 0 for £ > a;. Besides, the fact
that h(ay) = E; follows directly from (Z4d) and 33). Finally, since by definition of ps, ¢1 and o we have
q1 — p2 + 0 > 0, we can readily check that
lim A(¢) = lim & (i - LB;IW{“ +) - .

E—+4o0 E—+4o0 D2 eoq

This concludes our proof. O

Lemma 3.3. Let 0, a1, By and E; be given as in 22), (24a), (Z4d) and ZAd), respectively. Assume
that the initial value ug is chosen so that

oo _
0 S E(O) < qlzfp2 (El - m) and o < ||VUQ||5§) S Bl p2_ (310)
Then ,there exists a positive constant ag > a1 such that
[Vullpty = az,  forallt >0 (3.11a)
1 q(.) 1 q1+o qlpi
0 [u|™ In(ju|)de > —— B ™7 a, ™ (3.11b)
o g\ €oq1
p2
« 1 E(0 ato-pz
a—f > ((QI +0) (p—2 - o%)) > 1. (3.11c)
Proof. Since from (B10) we have
E
0<BO) < 221 < By,
q1 + p2

it follows from Lemma that there exists a positive constant s > ay such that the initial energy E(0)

satisfies F(0) = h(az) (see Figure[ll). Moreover, since By > 1 (see (2:4D)), it follows again from (B3.I0) that
ap = [[Vuollp) < By < L.

Therefore, recalling the definitions (32) and (B3] of the functions g and h, since p; < p2, and using (B8],
we can conclude that

h(ao) = g(co) < E(0) = h(as).
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FIGURE 1. Diagram for B
the proof of Lemma E(t)
B3l We plot the func- y = h(a)
tion h highlighting the

quantities «1, g and

||Vu(t*)||g§_) with  the E(0)
corresponding values of

the energy (E1, E(0) and

E(t*), respectively).

: \
0 WAVut)le, 2

Hence, it follows from Point 1 in Lemma that ap > g, and ([BIIal) holds for ¢t = 0.

To prove (BI1a) for all ¢ > 0, we argue by contradiction. Suppose that there exists some strictly positive
time ¢* > 0 such that ||Vu(t*)||5i) < ag. Then, by the continuity of the LP()-norm, and since ap > ay, we
may take t* such that

Qg > ||V’U,(t*)||§§) > Q.
Hence, it follows from Lemma 32 and (B.8)) that
E(0) = h(az) < h (IVu()|22)) < E(t").

This contradicts the fact that the energy F(t) is decreasing, as we proved in Lemma Bl Therefore,

(311a) holds.
Let us now prove ([B.11D). At this regard, from the definition of the energy (B.1]), and since E(t) < E(0),

we obtain

L a0 /1 p() / L O
— |u In(|u|)dx = — |Vu dz + — || dz — E(t
ey e wbar = [ 2 020" ©
1 1
> [ — vul’Y) dz — E(0) > — min Vu|P?2,, ||[VulPt, ) — E(0
| 51vu (0) 2 - min (IVully [Vl ) = )
1 Py
> p—min <a2p2,a2> — E(0). (3.12)
2

Moreover, since as < a9 < 1 and p; < ps, we have

P11
min (a2p2 , a2> = Q.

Hence, it follows from ([39) and (BI12) that

/ L1010 n(uf)de > Loy — B(0) = ~as — hlag) = —— B+,
— U ni|u X — Q9 — = — Q9 — (6% = « .
aq(.) P2 2 P2 2 ? eoqy ! 2

Finally, let us prove (3I1d). To this end, since E(0) < Ej, recalling the definition of E; given in (2.4d)
we can readily check that

((fh—i—o) (p%-%?))# > ((fh—i—a) (p%-%))#:l'

Hence, the second inequality in (BI1d) holds. As for the first inequality, we can easily compute

q1+0_1

1 1 ate g 1 1 P ate g
E(O):h(a2):a2 (___Blll1+aa2p2 ) :a1% <___Bllh+a (%) 2 a1p2 ) -

D2 eoq D2 €oq1 oy



Recalling the definition of a; given in ([Z4al), and since as > a7 we then have that
1 1 a1t+o—po 1 1 a1to—p2
[6% [0% P2 o P2
BO) = (- (%) s (- () .
a1 \p2 q1t+o\o P2 @1 t+o \ax

a1+o—p2

B(©0) _ 1 1 <%)—

(%1 _Pz_(h-i-a Qay

Therefore,

from which it follows immediately that

1 E(0)\\5r 7
(o751 P2 aq

Our proof is then concluded. O

Let us define
[oxes}

H(t) = Br - p2(q1 + o)

—E(t), fort>0. (3.13)
We have the following result.

Lemma 3.4. Let o, oy, By and E; be given as in 22), (24a), (Z4d) and [2ZAd), respectively. Assume
that the initial value ug is chosen so that

0< E(0) < 22 <E1 - p(L) and oy < [|Vuo|?? ) < By ™.
2

q +p2 q+o)
Then, the functional H(t) defined in BI3) satisfies the following estimates:
1
0< H(0) < H(t) < / 0 [u)? In(jul)dz, ¢ > 0. (3.14)
g .

Proof. By Lemma Bl we know that H(t) is non-decreasing for all ¢ > 0. Hence
(oxes]
H(t)>H(0)=FE ————  — E(0). 3.15
(6> HO) = By~ —Z%— — () (3.15)
By the definition (BI)) of E(t), we have

1 oo 1 1
Ht—/—uq(')lnu dx:E—i_/_vuP(-)du@_/ w4 de
(t) g q(')l | (Jul) e e Rl A p(')l | A q2(_)| |

1
< B —/ — |Vu|p(') dz.
o p(.)

Hence, using (2.4a)), (2.4d), (8.11a) and the fact that as > aq, for all ¢ > 0 we have

1 1 1 1 1
H(t) — —uq(')lnudx<E——min(Vup2,Vupl)<<———)a——oz < 0.
(6= [ 5 1l e < By = —min (19122 V) < (2 = =g ) on = o
(3.16)
The inequalities (B.I4]) follow immediately from (BI5) and (BI16). O

We are now ready to state and prove our main result of this Section, concerning the blow-up of solutions
for ().

Theorem 3.1. Let o, aq, By and Ey be given as in (Z2), 24a), (Z4d) and [24d), respectively. Assume
that the initial value ug is chosen so that BI0) holds. Then, the corresponding solution of problem (LTI)
will blow-up in finite time T*. Furthermore, we have the following upper estimate for T*:

||u0||117{23(9)

(B+p2 —2)(£52 01 — (B+m)E(0))

7

0<T" <
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where we have denoted

gtay
a P2
B = B(ax, a2,p2,q1,0) = (¢1 — p2) <1 - <_1> ) .

with as as in Lemma 33

Proof. Let us define the function

1 1 2 1
o(t) = §/Qu2 dz + §/Q|Vu| dz = §||U||%rg(sz)~

Then, using ([T)) and integration by parts, the derivative of ¢'(t) satisfies

o' (t) = / uuy de +/ Vu - Vuy dz
Q Q

= / u (Aut + div (|Vu|p(')72 Vu) + |u|q(')72 uln(|u|)) dz — / uAu; dx
Q Q

——/ |Vl da:+/ |u|7) In(jul) da
Q Q

(3.17)

Recalling the definitions [BI]) and (313) of the energy E(t) and the function H (t), from the above identity

we can estimate

¢ = —mEW) =2 | (>|u|q<>1n<|u| o+ [ [l In(ju) dz

(m&——) - ppH () + P2 / ) In(ful) de
q1 Q

Moreover, from (24al), (Z4d) and B.I1D) we have

a1+o a1 —p2+o

B, — o _q@u=p2 0 —172041;72 O‘IT _ D —p2 nte ( eoqy B, (QI+U))

1 Qg
G +o @ t+o G +o

—1 . o
_ < €oqi > O = P2 pato % Q1 — P2 < I 4o AL >
= 1 0 — B oy

G +o G +o a1 eo

G +o G +o

aq

1to
/1 ate
_n—p2 (ﬂ) 2 ( leh—i-a ay” ) q1 — P2 ( ) /|u|q()1n lul) d
q1 e%) €oq1 q1

Then, it follows (BI8)) and B.19) that
q1+to

q1 — P2 aq P2
2(1) (1 -(2)
q1 2

Besides, using ([2.2), we can readily check that
a1to
P2
S C i <1—<ﬂ> ) > 0.
a1 a2

Y(t) == —CqE(t) + pa H(t).

Now, let us define the function

Then, using B.3) and BI3]), we have

Y'(t) = —CqE'(t) + p2H'(t) = —((qr + p2) E'(t) = (o +P2)/Q (|Ut|2 + |Vut|2> dz > 0.

8

> / u|? In(|u]) dz + po H(2).
Q

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)



Hence, using Cauchy-Schwarz’s inequality, we obtain

o000 = L2 ([ (1t 19u) o) ([ (1l + 190f) ao)

2
> M (/ uude +/ VuVutdx)
2 Q Q

_ C(h;-pz(p/(t)z_ (3.24)

Since, by definition, ¢ < 1, we have from (BI0) that

D2 oy D2 oo
E0) < Ey - < By —— .
© @1+ p2 ( Y opa(m +U)) Cq1 +p2 ( ' p2(Q1+0))
Hence, we obtain that

$(0) =~ EO) + pH() = ~(Ga +p)BO) + p2 (B = — T ) >0 (3:25)

which, thanks to (323), yields ¥ () > 0 for all £ > 0.
Moreover, by employing (320) and (3:22)) it is easy to check that ¢’ () > t(t). Hence from the inequality

([E2Z), we get
q1+p
Pt/ (1) > SRty
which can be written as

"t "(t
V() | Gt gt (5.26)
o(t) 2 p(t)
Integrating ([B20]) from 0 to ¢ and using (3222), we have
'(t 0
904(“)& Z ‘/’qu)ﬁ (3-27)
p(t)" 2 ©(0)=
Integrating also B27)) from 0 to ¢, we obtain
2 _Cq1+p2_1 s=t 1/)(0)
o+ _2<p(s) ’ 702 Saitpa
Q1+ P2 5=0 p(0)" =
that is,
1 < 1 S tpe—2 (0
(p(t) Cq1+2p2*2 — (/7(0) Cq1+2pz*2 2 90(0) Cq12+172 ’
From the above inequality, by means of some algebraic manipulations, we finally get
¢a1+p2—2 90(0) <q1;p2
p(t)” > > 5 :
p(0) — SLER=2y(0)t
Let 20(0)
* ¥
0<T" = . 3.28
(Car & p2 — 200) (3:25)
Then

Cq1 +p2—2
plo) - L2 22
yielding the blow-up of ¢(t) at time T*. By definition of ¢, we can then conclude that u(z,t) blows-up in
HY(Q)-norm at t = T*.
Finally, notice that by means of BI7), (8:21I)) and (B:2H), and recalling the definition of ¢, we can easily
obtain from (B28)

Y(0)T* =0,

HUOH%{é(Q)
(B+p2 —2) (252 a1 — (B+ p2)E(0))

9
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This concludes our proof. O

4. NON-BLOW-UP CASE

In this section, we present some non blow-up conditions for the solution of (II)). In particular, we are
going to show that, when the initial datum ug is small enough in H}(2), blow-up cannot manifest at any
time ¢ > 0. In addition to that, we will also provide explicit time-decay estimates for the H}(Q)-norm of
the solution.

In order to state our main result in this section, let us denote with A; the first eigenvalue of the Dirichlet
Laplacian on  and introduce the following constants

]
2

1 A1 _ 4 qto _ 4 q2+o
(2(/\1 n 1>> , B= eUBgcl , C= eUBUC2 . (4.1)

In @), C1,C; > 0, are the best embedding constants of HA(Q) into Wy ® 7 (Q) and Wy 27 (Q), re-
spectively. Moreover, o is defined as in ([2:2)) and B, is the constant introduced in (23) for the embedding

Wol’p(')(Q) < L9017 (Q). We then have the following non blow-up result for the weak solutions of ().

Theorem 4.1. Let ug € Wol’p(')(Q) satisfy

1 1
. AN\ T [/ A\ o
l[woll £2 () < min <(E> ; (ﬁ) ) : (4.2)

where the constants A, B and C have been defined in ([@&I). Then, the corresponding weak solution u of
@) cannot blow-up in H}(Q)-norm, and the following decay estimates hold

1

-2
4
(@)l 20y < ,ifpr>2 (4.3a)
o= Al — 20t + 4 uol T
24 T
AHUOHEI Q 7 ne
(Q) _Ay .
[u(®)ll g0 < = e 2t ifpr=2. (4.3b)
=\ A B ol
Proof. Define the auxiliary function
0(t) := 2¢(t) = /Qu2 do + /Q Vul|® dz = HuH%&(Q). (4.4)
We then have from () and integration by parts that
0'(t) = 2/ uuy dz + 2/ VuVu,dz = -2 |Vu|p(') dz + 2/ w7 In(|u) dz. (4.5)
Q Q Q Q

For any t > 0, we split the domain € into Q = Q; U Q5 with
O ={zeQ: [Vu(z,t)| <1} and Q={zeQ: |Vu(zt)|>1}.

We then have

|Vu|p(')dx:/ V[P dx+/ |Vu|p(')dx2/ |V ul?? dx+/ |Vl dxz/ |VulP" dz. (4.6a)
Q Q1 Qo Q1 Qo Qo

V|t de = / |Vau|’*7 dz +/ |Vau|’*7 dz < 2/ |Vau|’t7 da. (4.6b)
Q Q1 Qg Q2

10



Using (23), (37), (ESBal) and (46L), from [I) we can then estimate
2
0'(t) < —2 / IVul* da + = / |u| "7 da (4.7)
Qo €0 Ja

2
< —2/ [Vul"" dz + —B,,/ (Va7 4z
Qs = Q

2
< _2/ |[VulP* dz + — B, (/ |Vu|¢h+0 d3:—|—/ |Vu|q2+o dx)
Qo €o Q Q2

4
< —2/ |Vul’* dz + — B, (/ |Vu|q1+g dx —|—/ |Vu|q2+g ,dx)
Qo €o Q2 Q2

By Holder’s inequality, we have

2-py 2 %
|22 </ [Vul da:> S/ |Vul"* dz,
QQ Q2

while Poincaré’s inequality gives
/ |Vul® dz > /\1/ lul” da,
Q Q

where A; is the first eigenvalue of the Dirichlet Laplacian on €. Thus 6 satisfies

o(t) < <i + 1) |Vu|® dz
Q

A1

1 1 1
- <_ + 1) / Vul? dz + <— + 1) / |Vul|* dz < At / |Vul|* da.
A1 on A Q, A Ja,

Moreover, from the Sobolev embedding we have

/ |V |27 dx—i—/ | V|27 d;vg/ |V |17 dx—i—/ |Vu|®* dz
Qs Qs ) Q

a1+o a2+o
2

<O T 4 ORI T

Thus, [@1) gives

2—p A1 k3 p1 4 a1+o azto
/ < _ 5 A 5 = q1+o0 5 q2+0 >
o' (t) < —2|9) <2(A1 n 1)) 6% +—B, (01 o) =" + CLTI0(t) )
T (A —BO(t) ‘“’5”") o (A —Co(t) —*) . (4.8)

We now claim that

A q171231+0 A Q2*1231+0
; i - > 0. .
9(t)<m1n<(2B> ’(20) ), forallt >0 (4.9)

Indeed, if we suppose ([@3)) is not satisfied, by the continuity of 6(t) and ([2)), there exists to > 0 such

that ) )
. ANT7 [ A\ @t
0(tp) = min ((E) , <%) ) ; (4.10)

AN\NT7 [ A\ @t
i - — < . .
9(t)<m1n<(2B) ,(20> ) for 0 <t <ty (4.11)

Since we are assuming in ([€2]) that

. AN\T T A\ @
6(0) < min ((E) ) (%> ) )

we get from ([@I0) that 0'(¢) > 0 for 0 < t < to. On the other hand, ([A8)) and (@II]) implies that ¢'(t) < 0
for 0 < t < tg. We then found a contradiction, meaning that ([@3]) holds.
11
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In particular, we have that 6’(t) < 0 for all t > 0. Hence, the Hg(Q)-norm of the solution to ([CI)) decays
in time and cannot blow-up.

To obtain the decay estimates (E3al) and ([£3L), without losing generality let us assume that 6(¢) # 0 for
all t > 0. We are allowed to do that because, if there exists ¢y > 0 such that (o) = 0 then, since 0(t) is
non-negative and decreasing for all ¢ > 0, we would also have

0(t)y=0 forallt >t

and ([3a)) and ([@3D) would be trivially satisfied.
If, on the other hand, 6(¢) # 0 for all ¢ > 0, then from the differential inequality (@8] and (@3] we can
write

')

e (A Bo() ==

(4.12)

We shall now distinguish two cases.

Case 1: p; > 2. Integrating (12 over the interval (0,¢), and taking into account that 6(t) < 6(0) for all
t > 0, we obtain

a(t) d 6(0) d
t< _/ P1 . a1—pito :/ 1 . a1—-p1to )’ (413)
6(0) ~= (A—BVT) o) =2 (A—ByT)
which is equivalent to
1@ [ By 5
b= K B + p1 a1-p1+o dﬁy' (414)
o \7¥ 9% (A-ByE)

Moreover, since by ([£9) we have

B Q1*§1+0
. WB e =1 forallye [0(t),0(0)],
— Byt
we obtain from ([TI4]) that
2 6(0) dry 4 2-p; 2-py 4
t< — _— 0 — 09ty =2 )= — 2—p1 _ .tQ,pl.
<K oy 7% =A@y PO —00T) = g (el = )

From the above inequality, ([{3al) easily follows by means of simple algebraic manipulations.
Case 2: p; = 2. When p; = 2, we obtain from [@I3]) that

0(0) d

g

tg/ e (4.15)
0(t) -y (A —By )

For simplicity of notation, we shall denote

G1—2+0c
=—— 4.16
Then if we introduce the change of variables £ = v, we can compute
/"<°> dy 1O de L < 0(0)®  A-— Be(t)w> (4.17)
LN B _— = — 1N . .
oy YA=By") @ Jypy= E(A-BE Aw  \A-BI0)® 0()~

We then get from [@IH) and ([@IT) that

00 00°
A_BO{)= — A—BO0)= '

Since by ([@.2]) we have
A -BO(t)* >0,

12



we then obtain that

Hence

o(t) < (7A jjeég){;w) - e At

Since, by definition, 6(¢) = ||u||§11(9), (4.3D)) follows immediately from the above estimate and (@I6). Our
0
proof is then concluded. O
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