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Abstract. We consider a linear non-local heat equation in a bounded domain Ω ⊂ Rd, d ≥ 1, with Dirichlet
boundary conditions, where the non-locality is given by the presence of an integral kernel. Motivated by
several applications in biological systems, in the present paper we study some optimal control problems from
a theoretical and numerical point of view. In particular, we will employ the classical low-regret approach of
J.-L. Lions for treating the problem of incomplete data and provide a simple computational implementation
of the method. The effectiveness of the results are illustrated by several examples.

1. Introduction

Non-local models are used for the description of several complex phenomena for which a local approach
is inappropriate or limiting. In the past, they have been successfully employed in different fields, such as
material sciences ([1]), dislocation dynamics in crystals ([6]), image processing ([12]) or elasticity ([27]).

Non-local terms appear also in many diffusion models in biology, where they describe biological systems
on scales that are convenient to observation and data collection. A classical example is the chemotaxis
phenomena, which can be modeled by non-local differential equations of diffusion type. For instance, in [4] a
non-local Keller-Segel model is used to study the chemotaxis of a cell population in which the chemicals are
produced by the cells themselves. Furthermore, one can find numerous examples of other non-local diffusion
phenomena in the book [26], where they are presented several systems involving, for instance, random walks
and random population diffusion.

Motivated also by the aforementioned applications, these types of problems have recently raised the
interest of the mathematical community. In particular, we may refer to the monograph [8] for an extended
mathematical survey containing different examples of non-local diffusion models.

In this paper, we consider a diffusion spatially non-local equation, where the non-locality is given by the
presence of an integral kernel. In particular, we are interested in the analysis of control properties.

Control Theory deals with dynamical systems that can be controlled, i.e. whose evolution can be influenced
by some external agent. In this framework, a first problem one could face is the one of controllability, that is,
to study the possibility of steering the system from one configuration to another by employing one or more
controls applied through actuators. If controllability to a given final state is granted, one can try to reach
this state by minimizing some cost, thus defining an optimal control problem. The mathematical theory of
optimal control has rapidly developed in the last decades into an important and separate field of applied
mathematics. Actually, applications of optimal control of parabolic equations span a large spectrum of fields
including aviation and space technology, robotics, movement sequences in sports, and the control of chemical
processes.

For the non-local diffusion models that we are going to consider in the present work, which will be
introduced in the next section, controllability has been already treated in some recent paper (see, for instance,
[2, 9, 19, 23]). On the other hand, to the best of our knowledge, the analysis of optimal control problems

2020 Mathematics Subject Classification. 35K05, 49J20, 49K20, 49N30, 93C41.
Key words and phrases. Optimal control, Heat equation, Non-local terms, Intergral kernel.
This project has received funding from the European Research Council (ERC) under the European Union’s Horizon 2020

research and innovation programme (grant agreement NO: 694126-DyCon). The work of the U.B. is partially supported by
the Air Force Office of Scientific Research (AFOSR) under Award NO: FA9550-18-1-0242, by Grant MTM2017-92996-C2-1-R
COSNET of MINECO (Spain) and by the Elkartek grant KK-2020/00091 CONVADP of the Basque government. The work of
V. H.-S. is partially supported by the program ‘‘Estancias posdoctorales por México’’ of CONACyT, Mexico. A. O. would like
to thank all members of the Chair of Computational Mathematics at Fundación Deusto, Bilbao, Spain for their kind hospitality
during his visit, which was useful for developing part of this paper.

1

ar
X

iv
:2

10
6.

16
00

1v
1 

 [
m

at
h.

O
C

] 
 3

0 
Ju

n 
20

21



was never addressed in this setting. Then, the main purpose of our work will be to give an insight on some
classical optimal control question which arises naturally from the biological applications behind the mentioned
models. In this framework, we will focus our attention on two different situations:

(1) In a first moment, we will deal with a classical optimal control problem, in which we are interested in
minimizing a given cost functional coming from the controllability theory. This cost functional will
typically characterize the optimal control of minimal energy which allows to reach some predetermined
configuration.

(2) Secondly, we will consider the case of missing or incomplete initial data. This is a very typical
situation when studying certain natural phenomena, for instance in ecology or genetics, where the
employment of models with no missing data may lead to a misunderstanding of the underneath
processes.

This second problem will be addressed by using the concepts of low-regret or least-regret controls, which
have been introduced by J.-L. Lions in [17], and may be well-adapted to the non-local problem we are
considering.

These techniques were designed precisely for dealing with the optimal control of models where missing
data are incorporated. They consist of transferring the optimal control problem with missing data to a
classical one, relaxing the problem of control by a sequence of low-regret controls. This idea was firstly
applied to linear models ([11, 18]), and it was later extended to the nonlinear setting in [25]. Afterwards,
many other authors applied these ideas to other control problems for PDEs with incomplete data. The
interested reader may refer, for instance, to [7, 16, 20, 21]. In this work, we will see how the low-regret and
least-regret approaches can be applied also in the the non-local context.

The present paper is organized as follows: in Section 2, we present the problem we are going to consider.
In Section 3, we address some elementary optimal control question associated with our model, while in Section
4, we address the issue of missing initial data. Finally, Section 5 is devoted to some numerical experiment.

2. Problem formulation and existing controllability results

Let Ω be a bounded domain of Rd, d ≥ 1, with boundary ∂Ω of class C2. Given a time horizon T > 0, we
set Q := Ω× (0, T ) and Σ := ∂Ω× (0, T ). Let K(x, θ, t) ∈ L∞(Ω× Ω× (0, T )), and consider the following
linear non-local parabolic problem

∂y

∂t
−∆y +

∫
Ω
K(x, θ, t) y(θ, t) dθ = v1O, (x, t) ∈ Q,

y = 0, (x, t) ∈ Σ,
y(0, x) = y0(x), x ∈ Ω.

(2.1)

In (2.1), y := y(x, t) is the state function and v := v(x, t) is the control function. The latter acts on the
system through the non-empty set O ∈ Ω. Here, 1O denotes the characteristic function of O.

Moreover, we assume that y0 ∈ L2(Ω) and v ∈ U := L2(O × (0, T )), so that the system (2.1) admits a
unique solution

y ∈ L2((0, T );H1
0 (Ω)) ∩H1(0, T ;H−1(Ω)),

which satisfies classical energy estimates. Actually, this remains true also if v1O is replaced by a more general
right-hand side f ∈ L2(0, T ;H−1(Ω)).

Non-local diffusion equations in the form (2.1) were introduced as an extension of already existing advection-
diffusion-reaction models of multi-species ecosystems. They take into account the fact that, in many biological
situations, local movement is also coupled with long-range influences, such as the combination of clonal
growth and a dispersing phase like seeds. One example of a model for this situation was developed by Furter
and Grinfeld ([10]), who examined diffusion-reaction models of single-species dynamics that incorporate a
reaction term dependent on characteristics of the population as a whole.

Concerning the controllability of (2.1), this issue has been firstly studied in [9], where the authors proved
an interior null controllability result by imposing analyticity assumptions on the kernel in order to obtain
unique continuation properties. In this framework, also coupled systems have been treated in [19]. Moreover,
in [23], analogous results have been obtained for a one-dimensional equation with a kernel in separated
variables, by means of classical spectral analysis techniques. Later on, these mentioned results have been
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extended in [2], where the null-controllability is proved under weaker assumptions on the kernel and for both
the linear and the semilinear case, by using a Carleman approach. In particular, the authors there proved
the following result.

Theorem 2.1 ([2, Theorem 1.1]). Let T > 0 and assume that K ∈ L∞(Ω× Ω× (0, T )) satisfies

K := sup
(x,t)∈Q

exp
(

A

t(T − t)

)∫
Ω
|K(x, θ, t)| dθ < +∞, (2.2)

for a given positive constant A only depending on Ω. Then, for any y0 ∈ L2(Ω), there exists a control
function v ∈ U such that the associated solution y of (2.1) satisfies y(x, T ) = 0.

We shall stress that, according to the hypothesis (2.2), to get a positive controllability result the kernel K,
as a function of t, should behave like

K(·, ·, t) ∼ exp
(
− B

t(T − t)

)
,

i.e. it should decay exponentially as t goes to 0 and T .
This is however a quite strong restriction on the admissible kernels. Actually, only rapidly decaying or

compactly supported (in time) kernels verify (2.2).
In some specific situations, this assumption it is actually not necessary. For instance, in the particular

case when K = |Ω|−1cst., assumption (2.2) has been recently removed in [13]. Using the so-called shadow
model (see [15, 22] or [14] for other applications in control), the authors have proved that the system

∂y

∂t
−∆y + ay + b−

∫
Ω
y(θ, t)dθ = v1O (2.3)

where a, b ∈ R and

−
∫

Ω
y(θ, t)dθ := |Ω|−1

∫
Ω
y(θ, t)dθ,

is null-controllable at time T > 0. Obviously, since the kernel K is constant, the controllability result in
Theorem 2.1 does not apply directly. We also emphasize that this result extends the one in [9] since the
constant kernels do not satisfy the analyticity assumptions considered in that work.

While the controllability of (2.1) has been already studied in the aforementioned references, to the best of
our knowledge the optimal control for this same problem is yet to be addressed. This is exactly the purpose
of the present paper, in which this issue will be treated from two different viewpoints. We will firstly address
a classical optimal control problem, in which we are interested in minimizing a given functional characterizing
the control v employed in (2.1). In more detail, we consider the strictly convex cost functional J : U→ R
defined by

J(v) = β ‖y(v)− z̄‖2L2(Q) + µ ‖v‖2U , β, µ > 0, (2.4)
where we denote by y = y(v) the dependence of the state in terms of the control function v, and we will
study the optimal control problem

inf
v∈U

J(v). (2.5)

To this end, we will firstly prove the existence of a minimizer and, in a second moment, we will characterize
it through a suitable optimality system.

In (2.4), z̄ ∈ L2(Ω× (0, T )) is the target we aim to reach and U is a given set of admissible controls. Here
we will consider the simple case in which U = L2(O× (0, T )), although other different choices are possible.
Actually, in many practical situations realistic controls depend on the physical process that the equation is
describing, and the set of admissible controls may be characterized by taking into account several constraints.

3. Optimal control

As we mentioned in Section 1, the mathematical theory of optimal control is nowadays very rich in
the context of local equations, covering for instance linear and non-linear models, convex and non-convex
functionals, and problems with control constraints. On the other hand, way less results are available in the
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framework of non-local models. Actually, to the best of our knowledge, the optimal control problem for (2.1)
has never been addressed before.

In this section, we will study the optimal control problem (2.5). In more detail, we will firstly prove
the existence of a minimizer for the functional J and, in a second moment, we will give a characterization
through the optimality system. Moreover, by means of classical techniques in control theory, in what follows
we will need to rely on the so-called adjoint equation, which is given by

−∂p
∂t
−∆p+

∫
Ω
K(θ, x, t) p(θ, t) dθ = y(v)− z̄, (x, t) ∈ Q,

p = 0, (x, t) ∈ Σ,
p(x, T ) = 0, x ∈ Ω.

(3.1)

3.1. Existence of an optimal control. We have the following.

Proposition 3.1. There exists an optimal control function u ∈ U, unique solution to the minimization
problem (2.4), (2.5).

Proof. The result is a consequence of the so-called Direct Method of the Calculus of Variations (see [3]),
which ensures the existence and uniqueness of a minimizer provided the functional J satisfies the following
assumptions:

1. J is lower semi-continuous.
2. J is strictly convex, i.e. J((1− λ)v + λw) < (1− λ)J(v) + λJ(w) for all λ ∈ (0, 1) and v, w ∈ U.
3. J is coercive, i.e. lim‖v‖U→+∞ J(v) = +∞.

The first two properties are evident since the functional is quadratic. Concerning the third one, it is
enough to see that J(v) ≥ µ ‖v‖U. This ends the proof. �

3.2. Characterization of the optimal control. Notice that Proposition 3.1 guarantees the existence
of a unique solution to our optimal control problem (2.4)-(2.5), but it does not allow to characterize it.
Notwithstanding, in practical applications it is important also an explicit knowledge of the control, which is
typically computed through the so-called optimality system. In order to introduce this system, we will firstly
need the following technical lemma.

Lemma 3.2. Let v ∈ U be the optimal control minimizing the functional J . For all w ∈ U, we have the
identity

β〈(y(v)− z̄), y(w)〉L2(Q) + µ〈v, w〉U = 0. (3.2)

Proof. We use the necessary condition of Euler-Lagrange satisfied by the optimal control v ∈ U. Thanks
to the linearity of the problem with respect to the control function, for every λ > 0 and w ∈ U we have
y(v + λw) = y(v) + λy(w). Then,

J(v + λw)− J(v) = β ‖y(v + λw)− z̄‖2L2(Q) + µ ‖v + λw‖2U − β ‖y(v)− z̄‖2L2(Q) + µ ‖v‖2U
= βλ2 ‖y(w)‖2L2(Q) + 2βλ〈y(v)− z̄, y(w)〉L2(Q) + µλ2 ‖w‖2U + 2µλ〈v, w〉U.

Hence, the necessary condition of Euler-Lagrange gives

lim
λ→0

(
J(v + λw)− J(v)

λ

)
= β〈y(v)− z̄, y(w)〉L2(Q) + µ〈v, w〉U = 0, for all w ∈ U.

�

We can now give the following characterization of the optimal control.

Proposition 3.3. The optimal control v is characterized by the triplet

(v, y, p) ∈ U× L2(Q)× L2(Q),
4



unique solution to the optimality system

∂y

∂t
−∆y +

∫
Ω
K(x, θ, t) y(θ, t) dθ = v1O, (x, t) ∈ Q,

−∂p
∂t
−∆p+

∫
Ω
K(θ, x, t) p(θ, t) dθ = β(y(v)− z̄), (x, t) ∈ Q,

y = p = 0, (x, t) ∈ Σ,

y(x, 0) = y0(x), p(x, T ) = 0, x ∈ Ω,

(3.3)

with
p+ µv = 0, in O× (0, T ). (3.4)

Proof. Without losing generality we can assume here that y0 = 0, since in the case of non-zero initial data
the result may be equivalently obtained by means of a simple change of variables.

We multiply (2.1) by p solution of (3.1) and we integrate over the domain Q. By taking into account the
boundary and initial conditions, we get by Fubini’s theorem∫

Q

β(y(v)− z̄)y(w) dxdt =
∫
Q

(
−∂p
∂t
−∆p+

∫
Ω
K(θ, x, t)p(θ, t) dθ

)
y(x, t;w) dxdt

=
∫
Q

(
∂y

∂t
−∆y +

∫
Ω
K(x, θ, t)y(θ, t;w) dθ

)
p(x, t) dxdt

=
∫ T

0

∫
O

pw dxdt.

Then, from (3.2) we immediately obtain 〈 p+ µv, w〉U = 0 for all w ∈ U, from which we get (3.4). �

4. Incomplete data problems

In this section, we consider the case of a missing or incomplete initial datum y0, which is a very typical
situation when studying natural phenomena governed by (2.1). This problem is described below and will be
addressed by using the concept of no-regret controls, which has been introduced by J.-L. Lions in [17].

4.1. Preliminaries. We are interested in studying the control of the model (2.1)-(2.4) when it describes the
dynamics of the density population y(x, t) in the case in which the initial data is missing or incomplete.

This is a very typical situation when modeling many phenomena in physics, ecology, dynamic population,
and several other fields. As a matter of fact, in those frameworks we may face the problem of incomplete
data because of their practical inaccessibility, or because sometimes we have a great variety of possibilities
when choosing for instance the initial conditions. In addition, boundary conditions may also be unknown or
only partially known on a subset of the boundary that may be inaccessible to measurements. The same goes
for source terms that can be difficult to access, or the structure of the domain, which can also be imperfectly
known (for example in oil well management).

In our case, we will focus on a problem with missing initial datum. This means that this time we are
assuming that y0 is an unknown function, belonging to some vector closed subspace G of L2(Ω). We are still
concerned with optimal controls v ∈ U, i.e. in solving

inf
v∈U

J(v, y0), for all y0 ∈ G.

where J(v, y0) denotes the explicit dependence on y0 of the functional J (see Lemma 4.1 for a precise
description). Nevertheless, this minimization problem has actually no sense since G is either the empty space
or it has an infinite number of elements.

To deal with this problem, we use the low-regret concept of J.-L. Lions (see [17]), which is well suited for
incomplete data problems, and it is based on replacing (2.5) by

inf
v∈U

(
sup
y0∈G

(
J(v, y0)− J(0, y0)− γ‖y0‖2G

))
, (4.1)

where γ is a small parameter.
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The meaning of (4.1) is to look for the control not making things worse with respect to doing nothing
(i.e. case v = 0). A solution to (4.1) is called a low-regret optimal control (see [16, 17, 20, 24] for further
information on the method).

We show two preliminary results.
Lemma 4.1. For every v ∈ U and for any y0 ∈ G, we have the property

J(v, y0)− J(0, y0) = J(v, 0)− J(0, 0) + β〈 y(v, 0), y(0, y0)〉L2(Q). (4.2)
Proof. We denote by y(v, y0) := y(x, t, v, y0) the solution to (2.1) with control v ∈ U and initial datum
y0 ∈ G. From the linearity of the problem (2.1) we have y(v, y0) = y(v, 0) + y(0, y0). Then

J(v, y0)− J(0, y0) = β ‖y(v, y0)− z̄‖2L2(Q) + µ ‖v‖2U − β ‖y(0, y0)− z̄‖2L2(Q)

= β ‖y(v, 0)‖2L2(Q) + 2β〈y(v, 0), y(0, y0)− z̄〉L2(Q) + µ ‖v‖2U
= β ‖y(v, 0)− z̄ + z̄‖2L2(Q) + 2β〈y(v, 0), y(0, y0)− z̄〉L2(Q) + µ ‖v‖2U
= J(v, 0)− J(0, 0) + 2β〈y(v, 0), y(0, y0)〉L2(Q).

�

Lemma 4.2. Let ξ := ξ(x, t, v, 0) be the solution of the adjoint problem
−∂ξ
∂t
−∆ξ +

∫
Ω
K(θ, x, t) ξ(θ, t) dθ = y(v, 0), (x, t) ∈ Q,

ξ = 0, (x, t) ∈ Σ,
ξ(x, T ) = 0, x ∈ Ω.

(4.3)

Then, we have
J(v, y0)− J(0, y0) = J(v, 0)− J(0, 0) + 2β〈ξ(0) , y0〉G′,G (4.4)

where ξ(0) := ξ(x, 0, v, 0) is the solution of the adjoint problem (4.3) at time t = 0 and where G′ is the
topological dual of G.
Proof. If we multiply the first equation of (4.3) by y(0, y0) and we integrate by parts, we obtain

〈y(v, 0), y(0, y0)〉L2(Q) =
∫
Q

y(v, 0)y(0, y0) dxdt

=
∫
Q

(
−∂ξ
∂t
−∆ξ +

∫
Ω
K(θ, x, t) ξ(θ, t) dθ

)
y(0, y0) dxdt

=
∫
Q

(
∂y

∂t
−∆y +

∫
Ω
K(x, θ, t) y(θ, t, w) dθ

)
ξ(x, t) dxdt+

∫
Ω
ξ(0)y0(x) dx

=
∫

Ω
ξ(0)y0(x) dx.

Then, the result follows immediately by applying (4.2). �

Lemma 4.2 can now be employed to transform the inf/sup problem (4.1) into a classical minimization one.
Indeed, using (4.4), we obtain from (4.1) that

inf
v∈U

[
J(v, 0)− J(0, 0) + 2β sup

y0∈G

(
〈ξ(0), y0〉G′,G −

γ

2β ‖y0‖2G
)]
.

This, together with the fact that

sup
y0∈G

(
〈ξ(0), y0〉G′,G −

γ

2β ‖y0‖2G
)

= β

2γ ‖ξ(0)‖2G′ ,

gives us the following minimization problem equivalent to (4.1)
inf
v∈U

Jγ(v) (4.5)

Jγ(v) = J(v, 0)− J(0, 0) + β2

γ

∥∥∥ξ(0)
∥∥∥2

G′
.
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In what follows, we will always focus on (4.5) instead of the original low-regret problem (4.1).

4.2. Existence of the optimal low-regret control. We discuss here the existence of a low-regret control
for (2.1). In particular, the main result of this section will be the following.

Theorem 4.3. There exists a unique low-regret optimal control function denoted by vγ ∈ U, solution to the
minimization problem (4.5).

Proof. First of all, notice that for all v ∈ U we have Jγ(v) ≥ −J(0, 0) and, therefore, inf
v∈U

Jγ(v) exists. Let
then {vnγ } be a minimizing sequence such that dγ = lim

n→+∞
Jγ(vnγ ). We have

−J(0, 0) ≤ Jγ(vnγ ) = J(vnγ , 0)− J(0, 0) + β2

γ

∥∥∥ξ(vnγ , 0)(0)
∥∥∥2

G′
≤ dγ + 1,

for n sufficiently large. From this, we deduce that there exists a positive constant cγ , independent on n, such
that the following estimates hold∥∥∥vnγ∥∥∥

U
≤ cγ ,

∥∥∥y(vnγ , 0)− z̄
∥∥∥
L2(Q)

≤ cγ , and β
√
γ

∥∥∥ξ(vnγ , 0)(0)
∥∥∥
G′
≤ cγ . (4.6)

Then we deduce that the sequence {vnγ } is bounded in U and therefore there exists a subsequence, converging
weakly in U to vγ . Moreover, thanks to the strict convexity of Jγ , vγ is unique. �

4.3. Characterization of the low-regret control. This section is devoted to a characterization of the
low-regret control fro (2.1) through the corresponding optimality system. To this end, we shall first prove
the following result.

Lemma 4.4. Let vγ be the optimal low-regret control solution of the minimization problem (4.5), and denote
yγ := y(vγ , 0) and ξγ := ξ(vγ , 0). Then, for all w ∈ U we have the inequality

β〈yγ − z̄, y(w, 0)〉L2(Q) + µ〈vγ , w〉U + β2

γ
〈ξγ(0), ξ(w, 0)(0)〉G′ = 0. (4.7)

Proof. We have

Jγ(vγ + λw)− Jγ(vγ)
λ

= J(vγ + λw, 0) + β2

γ
‖ξ(vγ + λw, 0)(0)‖2G′ − J(vγ , 0)− β2

γ
‖ξ(vγ , 0)(0)‖2G′

=β ‖(yγ − z̄) + λy(w, 0)‖2L2(Q) + µ ‖vγ + λw‖2
U
− β ‖yγ − z̄‖2L2(Q) − µ ‖vγ‖

2
U

+ β

γ
‖ξγ(0) + λξ(w, 0)(0)‖2G′ −

β

γ
‖ξγ(0)‖2G′

=λ2β ‖y(w, 0)‖2L2(Q) + 2λβ〈yγ − z̄, y(w, 0)〉L2(Q) + µλ2 ‖w‖2U + 2µλ〈vγ , w〉U

+ β2λ2

γ
‖ξ(w, 0)(0)‖2G′ + 2β2λ

γ
〈ξγ(0), ξ(w, 0)(0)〉G′ .

Identity (4.7) is then an immediate consequence of the Euler-Lagrange condition, which gives

0 = lim
λ→0

(
Jγ(vγ + λw)− Jγ(vγ)

λ

)
= β〈yγ − z̄, y(w, 0)〉L2(Q) +N〈vγ , w〉U + β2

γ
〈ξγ(0), ξ(w, 0)(0)〉G′ , for all w ∈ U.

�

By means of Lemma 4.4, we can now obtain the following characterization of the low-regret control.

Proposition 4.5. The low-regret control vγ is characterized by the quadruplet

(vγ , yγ , ξγ , σγ) ∈ U× L2(Q)× L2(Q)× L2(Q),
7



unique solution to the optimality system

∂yγ
∂t
−∆yγ +

∫
Ω
K(x, θ, t) yγ(θ, t) dθ = vγ1O, (x, t) ∈ Q,

−∂ξγ
∂t
−∆ξγ +

∫
Ω
K(θ, x, t) ξγ(θ, t) dθ = yγ , (x, t) ∈ Q,

∂σγ
∂t
−∆σγ +

∫
Ω
K(x, θ, t)σγ(θ, t) dθ = 0, (x, t) ∈ Q,

−∂pγ
∂t
−∆pγ +

∫
Ω
K(θ, x, t) pγ(θ, t) dθ = β(yγ − z̄)− σγ , (x, t) ∈ Q,

yγ = ξγ = σγ = pγ = 0, (x, t) ∈ Σ,

yγ(0) = 0, σγ(0) = −β
2

γ
ξγ(0), ξγ(T ) = pγ(T ) = 0, x ∈ Ω,

(4.8)

where σγ := σ(vγ , 0) and pγ := p(vγ , 0), and with the adjoint state equation
pγ + µvγ = 0, in O×]0, T [. (4.9)

Proof. We introduce σγ = σ(vγ , 0) unique solution to the problem
∂σγ
∂t
−∆σγ +

∫
Ω
K(x, θ, t)σγ(θ, t) dθ = 0, (x, t) ∈ Q,

σγ = 0, (x, t) ∈ Σ,

σγ(0, x) = −β
γ
ξγ(0), x ∈ Ω.

(4.10)

Then we multiply (4.10) by ξ(w, 0) and we integrate by parts over Q, thus obtaining

0 =
∫
Q

(
−∂ξ
∂t
−∆ξ +

∫
Ω
K(θ, x, t) ξ(θ, t) dθ

)
σγ dxdt−

∫
Ω
ξ(w, 0)(0)σγ(0) dx

=
∫
Q

y(w, 0)σγ dxdt−
∫

Ω
ξ(w, 0)(0)σγ(0) dx.

Hence, 〈
β2

γ
ξγ(0), ξ(w, 0)(0)

〉
G′

= 〈σγ , y(w, 0)〉L2(Q).

Then (4.7) reduces to
〈β(yγ − z̄)− σγ , y(w, 0)〉L2(Q) + µ〈vγ , w〉U ≥ 0, for all w ∈ U. (4.11)

Finally, we define the adjoint state pγ := (x, t, vγ) as the unique solution of:
−∂pγ
∂t
−∆pγ +

∫
Ω
K(θ, x, t) pγ(θ, t) dθ = β(yγ − z̄)− σγ , (x, t) ∈ Q,

pγ = 0, (x, t) ∈ Σ,
pγ(x, T ) = 0, x ∈ Ω.

(4.12)

We multiply (4.12) by y(w, 0) and we integrate by parts over Q to obtain∫
Q

(β(yγ − z̄)− σγ)y(w, 0) dxdt =
∫ T

0

∫
O

pγ w dxdt.

Then (4.11) reads 〈 pγ + µvγ , w〉U = 0, for all w ∈ U, since U is a vector space. �

5. Numerical experiments

In this section, we provide some numerical simulations and comment on the practical implementation of
the optimal control and the low-regret control problems for non-local parabolic systems. In what follows, for
all a < b we shall use the notation Ja, bK = [a, b] ∩ N.
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5.1. Discretization of the non-local model and numerical implementation of the optimal control
problem. Let Ω = (0, 1) and consider the 1-d model given by


∂y

∂t
− ∂2y

∂x2 +
∫ 1

0
K(x, θ) y(θ, t) dθ = v1O, (x, t) ∈ Q,

y = 0, (x, t) ∈ Σ,
y(0, x) = y0(x), x ∈ Ω.

(5.1)

where K ∈ L∞(Ω × Ω). For convenience, we shall consider the case when K can be written in separated
variables, i.e., K(x, θ) = K1(x)K2(θ).

For the numerical tests, system (5.1) (and its adjoint) are discretized in time by using a standard implicit
Euler scheme and discretized in space by a finite-difference scheme adapted to the non-local term. For given
N,M ∈ N∗, we set δt = T/M and h = 1/(N + 1) and consider the following discretization for the space and
time variables

0 = x0 < x1 < . . . < xN < xN+1 = 1,
0 = t0 < t1 < . . . < TM = T,

where xi = ih, i ∈ J0, N + 1K, and tn = nδt, n ∈ J0,MK. The numerical approximation of a function
f = f(x, t) at a grid point (xi, tn) will be denoted as fni := f(tn, xi) and, for fixed n, we write

fn =
(
fn1 , . . . , f

n
N

)>
for the evaluation at the interior points. With this notation, we shall consider fully discrete systems of the
form 

yn+1 − yn

δt
+ Ah y

n+1 = Bhv
n+1, n ∈ J0,M − 1K,

yn+1
0 = yn+1

N+1 = 0, n ∈ J0,M − 1K,
y0 = y0

h,

(5.2)

where y = (yn)n∈J0,MK and v = (vn)n∈J1,MK are the (discrete) state and control variables, y0
h ∈ RN is the

projection of the given initial datum y(·, 0) on the space-mesh, Ah ∈ RN×N is a suitable approximation of
the differential and non-local operators, and Bh ∈ RN×N stands for the corresponding approximation of
the control operator. We will compute the matrix Ah ∈ RN×N as the sum of two parts, more precisely,
Ah = Ah,D + Ah,NL, the first one taking into account the second order differential operator and the second
one the integral kernel.

Using a standard finite-difference method, we construct the matrix Ah,D ∈ RN×N as the usual tridiagonal
matrix coming from the discretization of the Laplacian operator −∂2

xx with homogeneous Dirichlet boundary
conditions, that is,

(Ahy)i = − 1
h2 (yi+1 − 2yi + yi−1), i = J1, NK.

To incorporate the effects of the integral kernel, we see that for a grid point (xj , tn) with j ∈ J1, NK and
n ∈ J1,MK, ∫ 1

0
K(xj , θ)y(θ, tn)dθ ≈ K1,j

N∑
i=1

hK2,i y
n
i , (5.3)

and thus, writing in vector form, the action of the non-local term can be incorporated by means of the N ×N
matrix given by

Ah,NL = h


K1,1

K1,2
. . .

K1,N

( K2,1 K2,2 . . . K2,N
)
⊗


1
1
...
1
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where ⊗ stands for the usual Kronecker product in RN . Obviously, there are many other ways to discretize
the integral (5.3) but this is enough for our purposes. Lastly, a natural choice for the control operator Bh is
the N ×N diagonal matrix with entries

(Bh)i,i =
{

1 if xi ∈ ω,
0 if xi /∈ ω.

For the implementation of the optimal control problem, we consider the discrete functional

Jh,δt(v) = β ‖y − z̄‖2L2
δt

(0,T ;RN ) + ‖Bhv‖2L2
δt

(0,T ;RN ) , β > 0, (5.4)

where y = (yn)n∈J1,MK is the solution to (5.2) and z̄ = (z̄n)n∈J1,MK is a discretization of the target z̄ ∈
L2(Ω× (0, T )). Without loss of generality, we have assumed that µ = 1. In (5.4), L2

δt(0, T ;RN ) denotes the
discretization of the space L2(Ω× (0, T )), more precisely,

L2
δt(0, T ;RN ) :=

{
f = (fn)n∈J1,MK, f

n ∈ RN , n ∈ J1,MK
}
,

endowed with the norm

‖f‖L2
δt

(0,T ;RN ) :=
(

M∑
n=1

δt|fn|2
)1/2

,

where | · | stands for the usual Euclidean norm in RN . The natural associated inner product will be defined as

(f, g)L2
δt

(0,T ;RN ) :=
M∑
n=1

δt(fn, gn),

where (·, ·) is the usual dot product in RN . For shortness, sometimes we simply write ‖ · ‖L2 instead of
‖ · ‖L2

δt
(0,T ;RN ).

Once we have written (5.4) in such form, the obtention of an optimal control is quite standard. For
completeness, we sketch it briefly. A straightforward computation yields that

∇Jh,δt(v) = 2βS?h,δt(Sh,δtv − w̄) + 2B∗hBhv. (5.5)

In (5.5), B∗h denotes the matrix transpose of Bh, the operator Sh,δt is defined as

Sh,δt : L2
δt(0, T ;RN )→ L2

δt(0, T ;RN ), Sh,δtv := y,

where y is the solution to the forward system
yn+1 − yn

δt
+ Ah y

n+1 = Bhv
n+1, n ∈ J0,M − 1K,

y0 = 0,
(5.6)

while the adjoint operator S?h,δt is defined as

S?h,δt : L2
δt(0, T ;RN )→ L2

δt(0, T ;RN ), S?h,δtz := p,

where p can be found from the solution to the backward system
pn − pn+1

δt
+ A∗hp

n = zn, n ∈ J1,MK,
M+1 = 0,

(5.7)

and, finally, w̄ := z̄ − ẙ where ẙ denotes the solution to (5.2) with v ≡ 0. In (5.6)-(5.7) (and similar formulas
below), we shall omit the boundary conditions since we always consider homogeneous Dirichlet ones.

In this way, the optimal control v = (vn)n∈J1,MK can be readily found by solving the linear problem

(βS?h,δtSh,δt +B∗hBh)v = βS?h,δtw̄. (5.8)

where S?h,δtSh,δtv corresponds to the evaluation of the cascade forward-backward system (5.6)-(5.7).
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5.1.1. Numerical results for the optimal control problem. Let us set T = 1 and consider the following
parameters of the system

y0(x) = 2 sin(πx), K1(x) = sin(5πx), K2(θ) = 20× 1(0,0.5)(θ) sin(πθ) (5.9)

Since nothing changes in our theoretical analysis or the numerical implementation, in the remainder of
this document we shall always consider a small diffusion parameter ν = 0.1 multiplying the Laplace operator.
In Figure 5.1, we plot the free solution of system (5.1), that is, the solution with v ≡ 0. We clearly observe
the effect of the non-local kernel K(x, θ) in the resolution of the equation. Here, we have used M = 100 and
N = 60 for the number of points in the discrete grid.

T = 1
1

0.5

1

1.5

2

Figure 5.1. Evolution in time of the uncontrolled solution.

Now, let us consider O = (0.2, 0.8) and set the time-independent target function z̄(x) = sin(2πx). In
Figure 5.2, we plot the solution using the control obtained by solving the linear problem (5.8) for different
values of β. To solve this problem, we have used a standard Gradient Descent method. As usual in this
type of problems, we observe that by increasing the parameter β, the approximation to the target z̄ (i.e.,
‖y(v)− z̄‖L2) is overall better, but the control cost increases.

As for the uncontrolled solution displayed in Figure 5.1, we can clearly observe the effects of the non-local
kernel. Indeed, even though the initial condition y0, the target z̄ and the control region O are somehow
symmetric with respect to the point x = 0.5, the distance of the solution y to the target z is not symmetric
with respect to the point x = 0.5 as it can be seen in Figure 5.3.

5.2. Numerical implementation of the low-regret problem. We turn our attention to the low regret
problem. As introduced in Section 4 this problem aims to solve an optimal control problem in the case
when the initial data is missing or incomplete. As proposed in the classical work by J.-L. Lions, we can
address this problem by replacing the classical optimal control functional (2.5) by the min-max problem
(4.1). Although it is feasible to solve (4.1) (see e.g. [5] and the reference within), here we will use problem
(4.5), which transforms the original problem into a minimization one with two state variables. To this end,
let us consider the fully-discrete version of the functional Jγ(v) (see eq. (4.5)) given by

Jγh,δt(v) = β‖y(v, 0)− z̄‖2L2
δt

(0,T ;RN ) + ‖Bhv‖2L2
δt

(0,T ;RN ) − β‖z̄‖
2
L2
δt

(0,T ;RN ) + β2

γ
|ξ1|2

v ∈ L2
δt(0, T ;RN ) (5.10)

where y(v, 0) = (yn(v, 0))n∈J1,MK denotes the solution to (5.2) with control v and initial datum y0 ≡ 0,
z̄ = (z̄n)n∈J1,MK is the discretization of the target z̄ ∈ L2(Ω× (0, T )), and ξ1 can be found from the backward
equation 

ξn − ξn+1

δt
+ A∗hξ

n = yn(v, 0), n ∈ J1,MK,

ξM+1 = 0.
(5.11)
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T = 1
1

0.5

1

1.5

2

(a) β = 10. Cost of con-
trol ‖Bhv‖L2

δt
(0,T ;RN ) =

1.57137

T = 1
1

1

2

(b) β = 102. Cost of con-
trol ‖Bhv‖L2

δt
(0,T ;RN ) =

4.19168

T = 1
1

1

2

(c) β = 103. Cost of con-
trol ‖Bhv‖L2

δt
(0,T ;RN ) =

7.41933

Figure 5.2. Evolution in time of the controlled solution for different values of the penaliza-
tion parameter β.
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(a) Non-local
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0.5

1

x

(b) Local

Figure 5.3. Comparison of the non-local steady state (dashed) and the local steady state
(dotted) against the target function z̄ (red solid).

A straightforward computation gives(
∇Jγh,δt(v), v̂

)
= 2β (y(v, 0)− z̄, y(v̂, 0))L2

δt
(0,T ;RN ) + 2 (Bhv,Bhv̂)L2

δt
(0,T ;RN ) + 2β

(√
β
γ ξ

1,
√

β
γ ξ̂

1
)
,

for all v̂ ∈ L2
δt(0, T ;RN ), (5.12)
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where ξ̂1 comes from the sequence ξ̂ = (ξ̂n)n∈J1,MK, i.e., the solution to (5.11) with right-hand side yn(v̂, 0).
Our goal is now to find a suitable expression for the gradient ∇Jγh,δt(v), since it will be used later in a

gradient descent algorithm. We begin by defining the space Xh,δt := RN × L2
δt(0, T ;RN ), endowed with the

canonical inner product 〈·, ·〉Xh,δt := (·, ·) + (·, ·)L2
δt

(0,T ;RN ). Consider the linear operator

Rh,δt : L2
δt(0, T ;RN )→ Xh,δt, Rh,δtv :=

(√
β
γ ξ

1, y

)
where the pair (ξ1, y) can be found by solving the forward-backward system

yn+1 − yn

δt
+ Ah y

n+1 = Bhv
n+1, n ∈ J0,M − 1K,

ξn − ξn+1

δt
+ A∗hξ

n = yn, n ∈ J1,MK,

y0 = 0, ξM+1 = 0

(5.13)

We observe that system (5.13) is in cascade form: given v ∈ L2
δt(0, T ;RN ), we can solve first for

y = (yn)n∈J1,MK forward in time and then use this information to solve for ξ = (ξn)n∈J1,MK backwardly to
recover the datum ξ1.

Now, let us compute the adjoint operator R?h,δt. We introduce the following system: for given σ0 ∈ RN

and f ∈ L2
δt(0, T ;RN ) we set

σn+1 − σn

δt
+ Ah σ

n+1 = 0, n ∈ J0,M − 1K,
pn − pn+1

δt
+ A∗hp

n = fn − σn, n ∈ J1,MK,

σ0 = −βγ σ0, pM+1 = 0

(5.14)

As before, we note that (5.14) is in cascade form, namely, given σ0 ∈ RN we can solve for σ = (σn)n∈J1,MK

and with this we can solve for p = (pn)n∈J1,MK for any given f ∈ L2
δt(0, T ;RN ).

Multiplying the first equation of (5.13) by pn+1 and summing over n, we have by a direct computation
that

(y, f − σ)L2
δt

(0,T ;RN ) = (v, p)L2
δt

(0,T ;RN ) (5.15)
where we have used that y and p have zero initial and final datum, respectively. Analogously, multiplying
the first equation of (5.14) by ξn+1, summing over n and using the initial and final conditions, we get

(σ, y)L2
δt

(0,T ;RN ) = −
(
β
γ σ0, ξ

1
)
. (5.16)

Combining (5.15) and (5.16) and recalling the definition of the operator Rh,δt, we have〈
Rh,δtv,

(√
β
γ σ0, f

)〉
Xh,δt

=
〈(√

β
γ ξ

1, y

)
,

(√
β
γ σ0, f

)〉
Xh,δt

= (v, p)L2
δt

(0,T ;RN )

Thus, R?h,δt : Xh,δt → L2
δt(0, T ;RN ) is defined as

R?h,δt(
√

β
γ σ0, f) := p,

where p = (pn)n∈J1,MK can be found from the solution to the forward-backward system (5.14). By linearity
and using the above definitions, we can then rewrite (5.12) as(

∇Jγh,δt(v), v̂
)

= 2β 〈Rh,δtv,Rh,δtv̂〉Xh,δt + 2 (Bhv,Bhv̂)L2
δt

(0,T ;RN ) − 2β(z̄, Sh,δtv̂)L2
δt

(0,T ;RN )

whence ∇Jγh,δt(v) = 2βR?h,δtRh,δtv + 2B∗hBhv − 2βS?h,δtz̄, and thus the optimal control we are looking for
can be computed by solving the linear problem(

βR?h,δtRh,δt + B∗hBh
)
v = βS?h,δtz̄. (5.17)

Observe that the structure of the problem is the same as in (5.8), but this time we have to evaluate the
operator R?h,δtRh,δt which amounts to solve four equations instead of two.
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5.2.1. Numerical results for the low-regret optimal control problem. We fix T = 1 and consider the kernel
functions Ki, i = 1, 2 given in (5.9). As before, we consider the control set O = (0.2, 0.8) and the time-
independent target function z̄(x) = sin(2πx). As for the optimal control problem, we will solve the linear
problem (5.17) by using a standard gradient descent method.

In Figure 5.4, we show the evolution in time of the state variable y and the adjoint state ξ controlled
with the low-regret control vγ coming from the minimization of the functional (5.10). In this case, we have
tuned the parameters to β = 100 and γ = 1. We observe in Figure 5.4a, the evolution of the state variable y
starting from 0 and transitioning into a steady state which seems to be similar to the steady state shown in
Figure 5.2a. In Figure 5.4b, we observe the backward evolution of the adjoint variable ξ starting from the
zero data at time T = 1.

T = 1
1

−0.5

0.5

(a) β = 10. Cost of control
‖Bhv‖L2

δt
(0,T ;RN ) = 1.57137

T = 1
1

−0.1

0.1

(b) β = 102. Cost of control
‖Bhv‖L2

δt
(0,T ;RN ) = 4.19168

Figure 5.4. Evolution in time of the controlled solution y and the adjoint state ξ with
low-regret control with parameters β = 10 and γ = 0.1.

In Table 1, we have collected data for the low-regret control problem with different values of β and γ.
From there, we can conclude that as in the optimal control problem, the higher the value of β is, the better
approximation to the target function z̄ is. We also see that the parameter γ influences greatly the behavior
of the control problem in the sense that for given β > 0, lower values of γ translate into a smaller L2-norms
of the control, affecting the overall approximation of the target z̄.

We conclude the discussion by showing that the low-regret control can be used for controlling equations in
the case of missing data. To this end, we take the simulation parameters β = 100, γ = 1, T = 1, and the
kernels K1 and K2 of (5.9). Using our computational tool, we can compute the low-regret control vγ and use
it for controlling system (5.2) with different initial conditions. In Table 2, we have collected some information
about the performance of the low-regret control vγ against the real optimal control vopt (computed with
β = 100) and the uncontrolled case for different initial data.

We can see that the low-regret control vγ does not make things worse as compared to the uncontrolled
case, which is consistent with the goal of this strategy, but it is not as good as the performance achieved
with the optimal control computed with the full knowledge of the initial datum. Nonetheless, the low-regret
control has the advantage that is has to be computed only once and then it can be used to control the system
for a wide variety of initial data. We shall remark that there is still room for improvement as shown in
Table 3. There, we have increased to γ = 10 and computed the corresponding low regret control to obtain a
lower optimal energy and smaller distance of the target (as compared to the last two columns of Table 2).
Nevertheless, how to choose effectively this parameter depends largely on the application and the experiment
performed.
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