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Controllability and synchronization of nonlinear waves.
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01 Boundary synchronization

Finite-time synchronization

control acts : free evolution

u(t, x)

Schematic time traces at a fixed spatial point.

Synchronize at T and remain synchronized.
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01 Boundary synchronization

Li—Rao’s synchronization theory

Tatsien Li and Bopeng Rao

Boundary Synchronization
Synchronization fOthVLave ﬁquatlons
i with Locally
fst;rslilgl[:]irbollc Distributed Controls
’/l) 4\ Springer
Boundary controls Locally distributed
controls

This talk begins with boundary synchronization.
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01 Boundary synchronization

A wave system with boundary controls

Utt—AU+AU:O in(O,oo)XQ,

U=0 on (0,00) X Ip,

U=DH on (0,00) x I';.
State and coupling Boundary actuation
U= (u®,..., a7 H = (b, ... hO)T
A c RNXN D c RNXM

Initial data: (Up, Uy) := (U, U)(0) in

(L2(@)N x (H-H(2)N.

gmootj bounded 2; Q2 =Ty U T,

ToNT; =0, |T1] > 0.

Linear results: multiplier geometry and sufficiently large T.
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01 Boundary synchronization

Exact boundary synchronization

For every initial state, choose a boundary control

H ¢ L*((0,T) x T'y)™, H=0fort>T,
such that

u®(t,) = =uNM(t,.) = ult,) (t>T).

The synchronizable state u is not prescribed.
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01 Boundary synchronization

Exact boundary synchronization

For every initial state, choose a boundary control
H ¢ L*((0,T) x T'y)™, H=0fort>T,
such that

u(l)(tv )= = U’(N)(ta ) =u(t,) (E=T).

The synchronizable state u is not prescribed.
1 -1
W = CU, C =

Synchronization: W (t) = 0 for all t > T.
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01 Boundary synchronization

Exact boundary synchronization

For every initial state, choose a boundary control
H ¢ L*((0,T) x T'y)™, H=0fort>T,
such that

u®(t, )= - =u™(t,.) = u(t,") (t>T).
The synchronizable state u is not prescribed.
1 -1

W = CU, C = _
1 -1
Synchronization: W (t) = 0 for all t > T.
At T: W(T) = Wi(T) = 0.
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01 Boundary synchronization

Li—Rao: null control of W

Compatibility condition

Ae =ae <+ CA= AC,
where e = (1,...,1)T,

Closed reduced system

Wy — AW + AW =0, W], = CDH.
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01 Boundary synchronization

Li—Rao: null control of W
Compatibility condition
Ae =ae <+ CA= AC,

where e = (1,...,1)T,

Closed reduced system

Wy — AW + AW =0, W], = CDH.

Under compatibility:
exact synchronization <—=- Rank(CD) = N — 1.

After synchronization: uy; — Au + au = 0.
Standing geometry and time assumptions apply. Li-Rao (2013); W, = 0.
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02 Generalized synchronization

Generalized synchronization

Choose a full row-rank ® € RIV=P)XN 0 < p < N. For every
initial state, seek a control such that

QU(t) =0 (t>1T).
Let E = (e1,...,€,) be a basis matrix for Ker ©:
U = FEu, u= (U,...,up,)" (t>1T).

The generalized synchronizable state u is not prescribed.

= Complete synchronization: ® = C, p = 1.
= Synchronization by groups: p profiles.
= Null controllability: ® = In, p = 0.
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02 Generalized synchronization

Controlling the reduced system
Compatibility condition

AKer® CKer® <= ©A = A6.
Closed reduced system: W = QU

Wy — AW + AW = 0,
Wir, =0, W|r, = ©DH.

Under compatibility:

generalized exact synchronization

<= Rank(®D) = N — p.

Standing geometry and time assumptions apply. Wang (2019, 2020).
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02 Generalized synchronization

An invertible transformation X

Choose Y = (y1,...,Yp) such that YTE = I,

x=(g). xw=(V).

Null controllable part Synchronizable state part
W = 0U V=YTU
t>T W =0, V =u
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02 Generalized synchronization

The transformed dynamics

XAX ' = (A Zl)

zI A
Wy — AW + AW = —Z,V,
Vii — AV + AV = —ZI'w.

Wlr, = ©DH, Vir, = Y'DH.

Compatibility means Z; = 0:
the reduced system closes.
Both variables vanish on T'g. Initial data transform by X.
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02 Generalized synchronization
Determining the synchronizable state
Strong compatibility

AE = EA, ATY =Y AT, YTE = 1I,.

Control subspace

Ker D" =ImY — YD =o0.
Then V is independent of H for all t > 0:
Vi — AV + AV = 0,
Vl]ea =0,
(V, Vi) li=o = (YTU,, YTU,).

After synchronization, u =V for t > T.

Wang (2019, 2020). See Appendix Al.
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03 Research plans at Deusto

Two nonlinear control objectives

Utt—AU-i—F(U) :XwDH'
UlaQZO, H=0fort>T.

Controllability Synchronization
Steer the full state (U, Uy) Drive (OU, OUy) to zero.
to a prescribed target.

Can synchronization use fewer controls?

Starting points: Zuazua (1993), Hu-Li-Qu (2016), Zhang (2018). See Appendix
A4,
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03 Research plans at Deusto

Nonlinear compatibility

1 Preserve synchronization

F(Ker®) CKer® <= OF(Eu)=0 Vu.

With controls off, W(T') = W¢(T') = 0 implies
W(t)=0forallt >T.

2 Close the reduced system (stronger)
3G: OF{U)=G(OU) YU, G(0)=0.
Wy — AW + G(W) = x,©DH.

Sine model: closure. Cubic model: invariance only.
W = OU, Ker ® = Im E. Persistence assumes well-posedness and uniqueness.
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03 Research plans at Deusto
A model with sinusoidal coupling

Two waves, one control

ud — Au® = sin(u® — u®) + xoh,
u?) — Au® = sin(u® — u®).

A closed reduced system

Let w = u™ — u®). Subtracting gives

wy — Aw = 2sinw + x,h.

Target: w(T) = w,(T) = 0.
Synchronizable state: uy — Au =0 fort > T.

In the form Uy, — AU 4+ F(U) = xoDH, G(w) = —2sinw. Homogeneous
Dirichlet data; h = 0 after T'.
Yanyan Wang / DeustoCCM 15/18



03 Research plans at Deusto

A model with cubic coupling

Let U = (u®,u®)T and F(U) = |U|?*U.
u — Au® 4+ |U2u® = x,h,
u? — Au® + |[U2u® = o.
w=u® —u®,  g=1w® fu®)
wy — Aw + (Zq2 + %w2> w = X, h.
Target: w(T) = w(T) = 0.
With h = 0 after T: u) = u® = w.

Proposed model: a smooth bounded domain in 3D, homogeneous Dirichlet data
and a control region satisfying the geometric control condition.
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03 Research plans at Deusto

Work programme at Deusto

1 Local theory

Local synchronization for the cubic model.

2 Fewer controls

Full controllability versus synchronization.
Indirect controllability.

3 Extensions

Boundary actuation and larger data where estimates permit.
Related problems.

Invariance, observability and nonlinear estimates.
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Appendix Assumptions and discussion
Al. Strong compatibility

Necessity

Exact generalized synchronization and control-independent
V = YTU throughout the evolution imply

AImE CImE, ATImY CImY,
YT'E=1,, KerD' =ImY.
Sufficiency
Under strong compatibility, choose Ker DT = Im Y.
A 0

-1 __ J
XAX _<O i

) , Rank(®D) =N — p.

Under the standing assumptions, W is null controllable and V is

autonomous for ¢ > 0. After synchronization, u =V fort > T'.

Independence concerns the whole evolution of V. Wang (2019, 2020).
Yanyan Wang / DeustoCCM
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Appendix Selected references

A2. Li—Rao’s framework

T. Li and B. Rao (2013). Exact synchronization for a coupled
system of wave equations with Dirichlet boundary controls.
Chinese Ann. Math. Ser. B 34, 139-160.
doi:10.1007/s11401-012-0754-8

T. Li and B. Rao (2019). Boundary Synchronization for Hyperbolic
Systems.

Birkhauser, Cham.

doi:10.1007/978-3-030-32849-8

T. Li and B. Rao (2024). Synchronization for Wave Equations with
Locally Distributed Controls.
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doi:10.1007/978-981-97-0992-2

Yanyan Wang / DeustoCCM A2


https://doi.org/10.1007/s11401-012-0754-8
https://doi.org/10.1007/978-3-030-32849-8
https://doi.org/10.1007/978-981-97-0992-2

Appendix Selected references

A3. Generalized synchronization

Y. Wang (2019). On the generalized exact boundary
synchronization for a coupled system of wave equations.
Math. Methods Appl. Sci. 42, 7011-7029.
doi:10.1002/mma.5806

Y. Wang (2020). Generalized exact boundary synchronization for a
coupled system of wave equations with Dirichlet boundary controls.
Chinese Ann. Math. Ser. B 41, 511-530.
doi:10.1007/s11401-020-0214-9

Y. Wang (2021). Generalized approximate boundary
synchronization for a coupled system of wave equations.
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Appendix Selected references

A4. Nonlinear starting points

E. Zuazua (1993). Exact controllability for semilinear wave
equations in one space dimension.

Ann. Inst. H. Poincaré C, Anal. Non Linéaire 10, 109-129.
Numdam full text

L. Hu, T. Li and P. Qu (2016). Exact boundary synchronization
for a coupled system of 1-D quasilinear wave equations.

ESAIM: COCV 22, 1163-1183.

doi:10.1051/cocv/2016035

C. Zhang (2018). Internal controllability of systems of semilinear
coupled one-dimensional wave equations with one control.

SIAM J. Control Optim. 56, 3092-3127.
doi:10.1137/17M1128885
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