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What is a Neural Operator?

In mathematics, an operator maps one function to another:

G : u(x) 7→ y(x)

Neural Operators aim to learn such mappings directly from data.
Approximates solution operators of PDEs

Figure 1: DeepONet

Kaijing Lv, Junmin Wang, and Yuandong Cao, ”Neural Operator
Approximations for Boundary Stabilization of Cascaded Parabolic
PDEs,” International Journal of Adaptive Control and Signal
Processing, Wiley Online Library, 2024.
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Backstepping design

We consider the following two cascaded parabolic PDEs with
spatially-varying coefficient

ut(x, t) = uxx(x, t) + λ(x)u(x, t),
wt(x, t) = wxx(x, t) + λ(x)w(x, t),
u(1, t) = 0,
ux(0, t) = w(0, t),
wx(0, t) = 0,
wx(1, t) = U(t),
u(x, 0) = u0(x),w(x, 0) = w0(x).

(1)

where u(x, t) and w(x, t) are the states, (x, t) ∈ (0, 1)× R+, and
the coefficient λ(x) ∈ C1([0, 1]) is bounded with λ ≤ λ̄. The goal
is to design a boundary controller U(t) to stabilize the system.



Define the following transformation 1:

ṽ(x, t) =u(x, t)−
∫ 1

x
l(x, y)u(y, t)dy, (2)

z̃(x, t) =w(x, t)− c
2

u(x, t)−
∫ x

0
k(x, y)w(y, t) dy −

∫ 1

0
q(x, y)u(y, t)dy,

(3)

Secondly, we defined the transformation 2

v(x, t) = ṽ(x, t), (4)

z(x, t) = z̃(x, t)−
∫ x

0
γ(x, y)z̃(y, t)dy, (5)



The target system 

vt(x, t) = vxx(x, t)− cv(x, t),
zt(x, t) = zxx(x, t)− cz(x, t),
v(1, t) = 0,
vx(0, t) = z(0, t),
zx(1, t) = zx(0, t) = 0,

(6)

Controller

U(t) =γ(1, 1)
[
w(1, t)− c

2
u(1, t)

]
+

c
2

ux(1, t) + k(1, 1)w(1, t)

+

∫ 1

0
[−γ(1, 1)k(1, y) + γx(1, y)]w(y, t)dy

+

∫ 1

0

[∫ 1

y
−γy(1, x)k(x, y)dx + kx(1, y)

]
w(y, t)dy

+

∫ 1

0

[
−γ(1, 1)q(1, y)− c

2
γx(1, y)

]
u(y, t)dy

+

∫ 1

0

[∫ 1

0
−γy(1, x)q(x, y)dx + qx(1, y)

]
u(y, t)dy. (7)



Kernel PDEs

Kernel 1


lxx(x, y)− lyy(x, y) = (λ(y) + c)l(x, y),
l(x, 1) = 0,
d
dx

l(x, x) =
1
2
(λ(x) + c),

(8)

Kernel 2



qxx(x, y)− qyy(x, y) = 0,
q(x, 1) = 0,
qy(x, 0) = 0,
q(0, y) = lx(0, y),
qx(0, y) = 0,

(9)

Kernel 3


kxx(x, y)− kyy(x, y) = 0,
ky(x, 0) = q(x, 0),
d
dx

k(x, x) = 0,

(10)

Kernel 4


γxx(x, y)− γyy(x, y) = (λ(y) + c)γ(x, y)
γy(x, 0) = 0,
d
dx

γ(x, x) = −1
2
(λ(x) + c).

(11)

Figure 2: Triangular and rectangular domain of the gain kernel PDEs.



We first extend the initial condition q(0, y) = lx(0, y) to [−1, 2] as

l̄x(0, y) =


lx(0,−y), −1 ≤ y < 0
lx(0, y), 0 ≤ y ≤ 1
−lx(0, 2 − y), 1 < y ≤ 2

(12)

According to D’ Alembert formula, we get the solution of q

q(x, y) =
1
2
(̄lx(0, y − x) + l̄x(0, y + x)), (13)

qx(x, y) = −1
2
(̄lxx(0, y − x) + l̄xx(0, y + x)). (14)

According to (13), we can also directly get the solution of k

k(x, y) =− 1
2

∫ x−y

0
(̄lx(0,−s) + l̄x(0, s))ds, (15)

kx(x, y) =− 1
2
(̄lx(0, y − x) + l̄x(0, x − y)). (16)



Challenge: In order to solve the controller U(t), we need to
solve the kernel equations l(x, y), γ(x, y). When the system is
subjected to external disturbances and the parameter λ(x)
changes, the kernel equation need to be recalculated. This is
computationally expensive and limits the practical use of
backstepping.

Objective: To get the control gain functions, we use the neural
operator K̂ to approximate the operator K

Neural operator Operator
K̂ : (λ(x), c) → (̂l(x, y), γ̂(x, y)) → K : (λ(x), c) → (l(x, y), γ(x, y))

Question: Can equivalent stability properties be achieved by
replacing kernel functions with neural operator approximations?
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DeepONet

Figure 3: DeepONet



Figure 4: The DeepONet structure for operator K̂ in this paper



Theorem 2

[DeepONet approximation of kernels] For all Bλ ≥ 0 and ϵ > 0, there exits neural
operators M̂ : (C1[0, 1]× R) 7→ L × Γ× (C1[0, 1])2 × C(Ω1)× C(Ω3), such that

|M(λ, c)(x, y)− M̂(λ, c)(x, y)| < ϵ (17)

holds for all Lipschitz λ, c with the properties that ∥λ∥∞ ≤ Bλ, namely, there exits
neural operators K̂, such that

|̃l(x, y)|+ |γ̃(x, y)|+ 2|
d
dx

l̃(x, x)|+ 2|
d
dx

γ̃(x, x)|+ |̃lxx(x, y)− l̃yy(x, y)− (λ(y) + c)̃l(x, y)|

+ |γ̃xx(x, y)− γ̃yy(x, y)− (λ(y) + c)γ̃(x, y)| < ϵ,

(18)

where

l̃(x, y) = l(x, y)− l̂(x, y), (19)

γ̃(x, y) = γ(x, y)− γ̂(x, y), (20)

(̂l(x, y), γ̂(x, y)) = K̂(λ, c)(x, y). (21)



The structure of using DeepONet in backstepping
boundary control

Figure 5: In PDE backstepping control, the gain kernels are q̂, k̂ and
γ̂. The γ̂ gain kernel is generated by DeepONet K̂, while the q̂ and k̂
gain kernels are obtained by directly calculating the learned gain
kernel l̂.
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System stability

The backstepping transformation 1 (2), (3) fed by the
approximate gain kernel l̂(x, y), k̂(x, y) and q̂(x, y) are defined as

˜̃v(x, t) = u(x, t)−
∫ 1

x
l̂(x, y)u(y, t)dy, (22)

˜̃z(x, t) = w(x, t)− c
2

u(x, t)−
∫ x

0
k̂(x, y)w(y, t)dy−

∫ 1

0
q̂(x, y)u(y, t)dy.

(23)

Next, the transformation 2 (4), (5) fed by the approximate gain
kernel γ̂(x, y) from (˜̃v, ˜̃z) → (v̂, ẑ) are given by

v̂(x, t) = ˜̃v(x, t), (24)

ẑ(x, t) = ˜̃z(x, t)−
∫ x

0
γ̂(x, y)˜̃z(y, t) dy, (25)



System stability

The perturbed target system:



v̂t(x, t) = v̂xx(x, t)− cv̂(x, t) + δ1(x)u(x, t) +
∫ 1

x δ2(x, y)u(y, t)dy,
ẑt(x, t) = ẑxx(x, t)− cẑ(x, t) + δ6(x)̃̃z(x, t) +

∫ x
0 δ7(x, y)̃̃z(y, t)dy,

v̂(1, t) = 0,
v̂x(0, t) = ẑ(0, t),
ẑx(1, t) = ẑx(0, t) = 0,

(26)

with

δ1(x) = 2
d
dx

l̃(x, x), (27)

δ2(x, y) = −l̃xx(x, y) + l̃yy(x, y) + (λ(y) + c)̃l(x, y), (28)

δ6(x) = −2
d
dx

γ̃(x, x), (29)

δ7(x, y) = −γ̃xx(x, y) + γ̃yy(x, y) + (λ(y) + c)γ̃(x, y). (30)

We have
∥δi∥∞ < ϵ, i = 1, 2, 6, 7. (31)



The approximate control law is

U(t) =γ̂(1, 1)
[
w(1, t)− c

2
u(1, t)

]
+

c
2

ux(1, t) + k̂(1, 1)w(1, t)

+

∫ 1

0

[
−γ̂(1, 1)k̂(1, y) + γ̂x(1, y)

]
w(y, t)dy

+

∫ 1

0

[
−
∫ 1

y
γ̂y(1, x)k̂(x, y)dx + k̂x(1, y)

]
w(y, t)dy

+

∫ 1

0

[
−γ̂(1, 1)q̂(1, y)− c

2
γ̂x(1, y)

]
u(y, t)dy

+

∫ 1

0

[
−
∫ 1

0
γ̂y(1, x)q̂(x, y)dx + q̂x(1, y)

]
u(y, t)dy.



Theorem 3
[Lyapunov analysis for DeepONet-perturbed target system]
Consider the target system (26).There exits ϵ∗ > 0 such that for
all ϵ ∈ (0, ϵ∗), there exits c1 > 0 such that the following holds,

Ψ1(t) ≤ Ψ1(0)e−c1t, (32)

where
Ψ1(t) = ∥v̂(t)∥2 + ∥ẑ(t)∥2. (33)

Proof.

ϵ∗ = min

{
c

3 + 2∥m̂∥2
∞
,

c − 1
3 + 2∥ρ̂∥2

∞

}
, (34)



Theorem 4
[main result-stabilization with DeepONet] Let Bλ, Bλ′ ≥ 0
and ϵ > 0 be arbitrarily large and consider the system (1), with
any λ ∈ C1[0, 1], whose derivative are Lipschitz, c ∈ R and
which satisfy ∥λ∥ ≤ Bλ. There exits a sufficiently small
ϵ∗(Bλ,Bλ′) > 0 such that the feedback law (32) with the neural
operator M(λ, c) of approximation accuracy ϵ ∈ (0, ϵ∗) in
relation to the exact backstepping kernels l(x, y), γ(x, y),
ensures that there exits δ1, δ2 > 0 such that the closed-loop
system satisfies the following exponential stability bound,

∥u(t)∥2 + ∥w(t)∥2 ≤ (∥u(0)∥2 + ∥w(0)∥2)
δ2

δ1
e−c1t. (35)
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Numerical simulations

Example

λ(x) = 7.3 + 10 cos(h cos−1(x)) for h ∼ U(7, 10), and c ∼ U(2, 5)
Test parameters: h = 8, c = 4 ;

Training time 15 minutes

Table 1: Neural operator speedups over the numerical solver
calculation with respect to the increase in discretization points
(decrease in step size).

Spatial Step
Size (dx)

Numerical Solver
Calculation Time(s)

Neural Operator Kernel
Calculation Time(s) Speedup

0.05 0.069 0.0013 53x
0.02 0.362 0.0019 189x
0.01 1.383 0.0022 628x
0.005 5.373 0.0035 1310x
0.001 60.1057 0.0067 8971x



Simulation Result

Figure 6: The analysis kernels calculated by the numerical solver,
learned kernels calculated by DeepONet and the error between them.



Simulation Result

Figure 7: The closed-loop
solution with full-state feedback
(32).

Figure 8: The L2-norm of state u,
uNO and w, wNO. The error
between them.



Thanks

Thank you for your attention!
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