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Historical Aspects

Fundamental theorem for singular integral operators on Lie

groups of polynomial growth

@ Hormander, L. Estimates for translation invariant operators in Lp spaces,
Acta Math., 104, 93-139, (1960).

o Coifman, R., Weiss, G. Analyse harmonique non-commutative sur certains
espaces homogénes. (French). Lecture Notes in Mathematics, Vol. 242, 1971.
v+160.

Theorem (Hoérmander, Coifman, Weiss, De Guzman)

Assume that the convolution operator T, defined by,
g — (Tg)(x) =g+ K(x) := ! fxy DK(y)dy : L2(G) = L*(G), (1)
is bounded (that is || Tg||;2(¢) < Cllgll12(6)), and its kernel satisfies

sup sup [ |K(y 'x) — K(x)|dx < . (2)
0<R<1|y|<R|x|>2R

Then T : LP(G) — LP(G) is bounded for all 1 < p < 0.
v
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Applications to elliptic regularity

Applications to elliptic regularity (G =R" or G is a

compact Lie group).

Let ky be the right-convolution kernel of the operator (1 — A), with A being the
Laplacian on G. For the Poisson equation Au = f, with u = f x E, and
K=E=x kz,

lullwee = ||f % E x kollo = [|f + Kl[r = | TF[|r < C[F]Le-
Moreover, for any s € R,
lullwarse = [If % E x kollo = [|f 5 Kl[e = [ TFl[r < ClIllwse
This elliptic regularity theorem can be extended to any elliptic differential operator

P(XaD): Z aa(X)D>?7 'D(XaD)U:fa

|| <m

[[ul

Wm+ts,p S C(”f”WS,P + ||UHWLP)7 t 6 R
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Applications to elliptic regularity

Summarizing

@ Harmonic analysis and the study of singular integrals, that are, convolution
operators f — Tf = f x K, with kernels satisfying conditions of the type

sup sup [ |K(y 'x) — K(x)|dx < oo, (3)
0<R<1|y|<R|x|>2R

are very good tools for obtaining qualitative properties of elliptic differential
problems.
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Oscillating singular integrals

About the wave equation

@ In the analysis of the wave equation associated to the Laplacian or to the
fractional Laplacian

Pu _ (AN u /
(n: {W e =T G), (4)
u(0,x) = fo, ue(0,x) =

where 0 < 6 < 1, is necessary to study the LP-boundedness of convolution

operators
f=Tf=fxK,

where the kernel K satisfies the following oscillating condition

sup sup [ |K(y1x) = K(x)|dx < oc. (5)
0<R<1 [y|<R |x|>2R1—0
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L Introduction

Suppose that  is an L function on the torus T~ 1 x ' x ... §%. Must the partial
sums of the multiple Fourier serios of f converge to f in the L normt For the one-dim

sional case, 7'=S", an affirmative answer has been known for many years. More speci-
fically, suppose that f€LA(S") has the Fourier expansion f~ S . aye™, and sct fu(0) =
3., Then f,, converges to f in L¥(S), as m- oo —provided 1<p< + oo (see [14]).

A whole slew of n-dimensional analogues of this theorem suggest themselves. Here

aro two natural conjectures.
(T) Lt f€L¥(T") have the multiple Fourier oxpansion

10,..00= 5

PR —

For cach positive integer m, se

.0 = 3 Ry
ot <o bl n

Then f,~f in LA(T"), as m—>co
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Introduction

Tho elassical theory of H? spaces eould be considered as a chopter of complex function
theory—although a fundamental onc, with many intimate connections to Fourier analy-
sis. (1) From our present-day perspective we can sco that s heavy dependence on such
special tools as Blaschke products, conformal mappings, ete. was not an insurmountable

obstacle barring its extension in several directions. Thus the more rocent n-dimensional
theory (bogim in [24], but with many roots in carlier work) sucoceded in some measure

() oo Zygmund (28], Chaptor 1T in pertioulae.
10722902 Act mathamatics 120, Tmpri o 2 Ostabre 1972




Oscillating singular integrals

Fefferman 1970 ; Fefferman and Stein, 1972. Acta Math.

Consider that K satisfies the F.T. condition

K@= 0((1+[e)%). 0<0<1 K= [ e ™ K(q)dx.  (6)

Theorem (Fefferman and Stein)

Let T be a convolution operator with a temperate distribution K of compact

support and let 0 < 0 < 1. Assume that K € LL_(R"\ {0}) satisfies (14) and the
oscillating Hérmander condition

sup sup [ |K(x—y)— K(x)|dx < . (M)
0<R<1|y|<R|x|>2R'~?

Then T : LY(R") — L1°°(R™) is bounded. Moreover, T : HY(R") — L}(R") is
bounded where H*(IR") denotes the Hardy space.

® [lglltroe (mry = suprso Al{x = [g(x)] > A} < oo

o |Igll(n = [l suprsole 2 glll|n < oo

Duvin Cardons Sanchez (Ghent University)
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operators)

By applying Fefferman and Stein theorem to the fractional

wave equation...

@ Let s € R. The wave equation for the fractional Laplacian (—A)?

i {atz = —(-A)u ue 2'([0, T] x R")

u(0,x) = fy, Ut(O,X) =fi ’ (®)

where 0 < 6 < 1, satisfies the a-priori-estimates

lux, )]l = (1= ) Eu(x, 1)l < C <||fo||L1°° + ||f1||L1°°( ‘1)) ;
9)

and

e, )l = 11— AY u(, D)l < Co (nﬁ)nHl Dl ) (10)
5+"7 s+0(5+1)
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Remarks

@ The proof of these a priori estimates are based on the representation of the
solution

u(x, t) = e a7 fi 4 etV &% (11)

where

1 0 1 0
f+ = E(fo — i\/ 7A f]_), f_ = E(fo + i\/ 7A f]_)
Indeed, one re-writes the solution as follows
ulx,t) = (1 = A)ZAf +(1—A)ZAL, m=nb/2, (12)

where the time-dependent kernel K; of the (pseudo-differential) operator

Aci=(1-A)" 3tV 0<p<. (13)

Duvin Cardons Sanchez (Ghent University)
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Fefferman and Stein Theorem for compact Lie groups

Let G be a compact Lie group of dimension n. Consider that K € L} (G) satisfies
the F.T. condition

IK©)llep = O +1€)"%), 020 <1, K(&) = [60) K()dx.  (14)

Theorem (C+Ruzhansky, 2022)

Let T be a convolution operator with a temperate distribution K of compact
support and let 0 < 0 < 1. Assume that K € L} (G \ {0}) satisfies (14) and the
oscillating Hérmander condition

sup sup [ |K(x—y)— K(x)|dx < . (15)
0<R<1|y|<R|x|>2R'~¢

Then T : LY(G) — LY*°(G) is bounded. Moreover, T : HY(G) — L1(G) is
bounded where H'(G) denotes the Hardy space on G.

® llglli=(6) = supxso Al{x : [g(x)[ > A} < o0.
° |lglln(e) = llsupssole™*2glllle) < oo
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About compact Lie groups (our setting)

@ Lie groups = manifolds with symmetries.

@ compact Lie groups = are diffeomorphic to closed subgroups of
U(N) = {M € CNV*N - M* = M1} for N large enough.

@ Examples : the torus T" = (R/Z)", Linear Lie groups (groups of matrices),
SU(n), SO(n), etc. In particular, SU(2) = S3.

e If M is a closed, connected and simply connected, then M = S3 (the Poincaré
conjecture proved by Perelman). Our approach (with Turunen and Wirth, and
with Cardona) induces global pseudo-differential theories on M.

Duvin Cardons Sanchez (Ghent University)
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By applying Fefferman and Stein theorem on compact Lie

groups to the fractional wave equation...

@ Let s € R. The wave equation for the fractional Laplacian (—A)?

(HE % = —(—A¢)’u, ue 2'([0, T] x G) 16)
u(0,x) = fo, ue(0,x) = :

where 0 < 0 < 1, satisfies the a-priori-estimates

luCx, )]l 2 = [I(1 = Ag)?ulx, t)| 1 < Ce (IlfollLloo Al m)’
s+2
(17)

and

il )-
(18)

luCx, )l = 111 = Ag)2ulx, )l < Ce <||f0||H1 o

2
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Remark

@ Cardona, D. Ruzhansky, M. Oscillating singular integral operators on
compact Lie groups revisited. submitted. arXiv :2202.10531.

@ Delgado, J. Ruzhansky, M. Lp bounds for pseudo-differential operators on
compact Lie groups, J. Inst. Math. Jussieu, 18, no. 3, 531-559, 2019.

@ Cardona, D., Delgado, J., Ruzhansky, M. Lp-bounds for pseudo-differential
operators on graded Lie groups. J. Geom. Anal. Vol. 31, 11603-11647,
(2021). arXiv :1911.03397
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Final Remarks

Final remarks

@ Harmonic analysis (the sudy of the Fourier transform on Euclidean and
non-Euclidean structures) is a powerful, malleable tool that can be shaped
and used differently by various analysts (and non-analysts) to analize elliptic,
subelliptic, hyperbolic and parabolic problems (using a-priori-estimates,
Carleman estimates, etc).

@ P Cardona, D. Ruzhansky, M. Oscillating singular integral operators on compact
Lie groups revisited. submitted.

» Cardona, D. Ruzhansky, M. Boundedness of oscillating singular integrals on
Lie groups of polynomial growth, submitted.

» Cardona, D. Ruzhansky, M. [v1 : Weak (1,1) continuity and Lp-theory for
oscillating singular integral operators],[v2 : Oscillating singular integral
operators on graded Lie groups revisited], submitted.

» Cardona, D., Ruzhansky, M. Sharpness of Seeger-Sogge-Stein orders for the
weak (1,1) boundedness of Fourier integral operators., to appear in Archiv der
Mathematik arXiv :2104.09695

» Cardona, D., Delgado, J., Ruzhansky, M. Lp-bounds for pseudo-differential
operators on graded Lie groups. J. Geom. Anal. Vol. 31, 11603-11647, (2021).
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Thank you for your attention !

@ https ://sites.google.com/site/duvancardonas/home

@ Thank you! Gracias!
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