NEW DEEP LEARNING MODELS AND PERSPECTIVES FOR
CONTINUOUS-TIME GLUCOSE MONITORING

Antonio Alvarez Lépez

Departamento de Matematicas,
Universidad Auténoma de Madrid

July 14, 2025

TED2021-131390B-100/ AE1/10.13039/501100011033



JOINT WORK WITH...

i
i

Marcos Matabuena (Harvard University)

b’

1/25



MOTIVATION: DIGITAL HEALTH

v

Continuous monitoring of glucose in interstitial fluid without frequent finger pricks.
» Components:

® Subcutaneous sensor
® Wireless transmitter
® Receiver or mobile app

» Operation: Measures every 5 minutes, displaying current levels and trends.

v

Advantages:
® Alerts for hypo- and hyperglycaemia
® Analysis of curves and patterns
® Fewer finger-stick tests

v

Limitations: Periodic sensor replacement, higher cost.

v

Clinical use: Mainly for type 1 diabetes and type 2 diabetes on intensive insulin therapy.

N



DATA

Continuous Glucose Monitoring produces data streams (X;)]_,
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Concentration (mg/dL) vs. Measurement (total 288 per day)
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This data is used to build glucodensities (Matabuena, Petersen, Vidal, Gude (2021)). 3/25


https://o6zziw-sahel-tapuy.shinyapps.io/curvas_limites_predictivos/

GOALS

» Mathematical: Model an evolving probability distribution from random samples observed at
discrete times (a time series).

» Clinical: Track changes in glucose distributions reflecting disease progression or treatment

efficacy.
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» Difficulties:
® Empirical/discrete distribution

® Multi-modal distribution (several peaks) because it mixes different times of the day =
Different metabolic states



MODEL OVERVIEW
Gaussian mixture with dynamic weights
K
fe(xvt):Zas(t)N(x|:uSaZS)v xeRd
s=1
where!

s € RY, ¥ € I (R), (a1,...,ag) : [0,T] — Ag_q == {a eR¥ | q; >0, Zai = 1}
i

> Interpretability: Fixed Gaussian components (11, ), interpretable weights.
» By choosing K large enough, the parametric family of fy offers universal approximation? over

- RY % N = = su . 1(RA) -
{mcomoral [ =1} 1= a0 el

> See example (link)

N (x| s, B5) = (2m) "2 (det 50) 72 exp (= 3 (x = 1) TR = i)

2Universal approximation of neural ODEs for dynamic behavior + Norbert Wiener. Tauberian theorems. Annals of Mathematics, 33(1):1-100, 1932.


https://github.com/user-attachments/assets/5b8aad51-f140-4f1d-9ceb-43631a7b6af3
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TWO-STAGE ALGORITHM

: Input: Time series {(¢;, X;)}/~,, number of Gaussians K
: Construct aggregated data:

: Initialization: Run KMeans on X to obtain initial parameters {cs, s, 02}
: for £ = 1 to nj, do

Global GMM Fitting (Gradient Descent): On 1,44 iterations, find
K
{10, 2}, = argmin MMD? (Px, > o N (1, 02))
By0? paet
Local Weight Estimation: For each ¢;, compute

K
@9,...,a%) = argmin MMD? (PXl, Z as N (pk, Uf*))

s=1

. end for
: Neural ODE Modeling: Define the weight dynamics

da(t)

T:f(a(t),w), a=(ay,...,ak).

: Parameter Estimation: Find

P* = arg md%ni Ha(i) - Ot(tiﬂ/«')Hz s
i=1

where a(t;; 1) is the solution of the Neural ODE at time ;.

Why two stages? Joint problem is strongly non-convex =
Single pass converges to poor local minima.
Alternating strategy yields stable updates

3.-7. Discrete-time fit:

® Minimize a discrepancy (MMDZ) for each t;.
® Yields preliminary weights a(®.

8.-9. Continuous-time smoothing;:

¢ Fit neural ODE to enforce temporal smoothness.
® Interpolate fitted and evolved weights.



STAGE 1. DISCRETE-TIME FITTING: MAXIMUM MEAN DISCREPANCY

Kernel k: RY x R? — R symmetric, positive-definite.> Most common choice is the Gaussian kernel*
12 .
k(x,x") = exp(—%), o = median{||x; — x]-||}1§l.<j§n

Definition. Let 11, v probability measures on RY. Define
MMD? (1, v // k(x,x") dpu(x) dp(x // k(y,vy') dv(y)dv(y [/ k(x,y) dp(x) dv(y).
R x R4 R xR? RY xR?

MMD is a distance if and only if k is characteristic®, since then MMD =0 <= p = v.
Optimization advantages.
> Efficient: For ;s sum of Gaussians and v discrete, we derive a closed-form expression for MMD?,
» Robust to the presence of outliers. Also to non-overlapping supports of y and v
» Differentiable: gradients back-propagate through k.

3Le. for any finite set {x; }_; C X and any real coefficients {c;}}_; it holds " 166 k(xi,x) > 0
4Heuristic: pick o as the median of the pairwise distances in the data, so half the dlstances are below o and half above.

Sp E,, [k(x, )] injective. For instance, the Gaussian kernel.



STAGE 2. WEIGHT EVOLUTION: NEURAL ODES

» Continuous-depth model. Replace discrete network layers with an ODE:

alt) = fp(alt), 1), a(0) =ap — Output: a(t) = ODESolve(ay, fo, t,fs)

» Projection to simplex at every time:
aft) « a(t)/1Ta(t)

> Training loss. -
Lope(®) = ) _[la(ti ) —aP|"+wllel?, v > 0fixed
i

V s Lnope computed by adjoint method = constant-memory back-propagation.
> Key advantages

1. Adaptive compute matching local dynamics.

2. Parameter-efficient (one vector field = arbitrary depth).
3. Invertible flow (useful for generative models).

4. Smooth latent trajectories.



COMPARISON WITH OTHER MODELS
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Example considered:
Normalized sum of three Gaussians drifting at constant velocity with linearly increasing variance
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COMPARISON WITH OTHER MODELS

L2 Error (d=1, N=50)
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CLINICAL CASE STUDY

Time signal Predicted Density Weight Trajectory - Components 1/ 7/
400
0008 =l B E—
- -
os S
300 S
0.006 04l _—
200 0.004 03
100 0.002 02
0.000 ~ o1
0 50 00 150 200 250 300 100 200 300 400 00 0z 0 3 08 )
Number of measurements Glucose concentration, mg/dL Time
Time signal Predicted Density Weight Trajectory - Components 1 / = /
400
0.008
300 05 . .
0.006
04 S I
200 0.004 03l L
100 0.002 02
0.000 01
0 50 00 150 200 250 300 0 50 100 150 200 250 300 350 400 00 02 04 06 08 10
Number of measurements Glucose concentration, mg/dL Time
Time signal Predicted Density Weight Trajectory - Components 1/ 2 /
400 0.0125 -t
- | 06
300 0.0100 \
0.0075 i 7
04 i .

0 . —_—
2 0.0050 . -
100 0.0025 02

0.0000
3 50 100 150 200 250 300 50 100 150 200 230 300 350 00 02 04 06 08 10
Number of measurements. Glucose concentration, mg/dL. Time

Figure 2: Each row corresponds to one of three representative patients (IDs 13, 62, and 377). Columns,

left to right, show: the patient’s complete measurement time series; the first (pink) and last (dark red)
fitted densities with bootstrap confidence bands; the three weight trajectories s (t).
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CLINICAL CASE STUDY

Component 1 (Treatment) Component 1 (Control)

Weight Difference - Quantile Curves - Component 1

Component 2 (Treatment) Component 2 (Control) Weight Difference - Quantile Curves - Component 2

Component 3 (Treatment) Component 3 (Control)
06 06

Figure 3: Rows (from top to bottom) correspond to components s = 1,2,3. Columns 1 and 2
compare all mixture weights as(¢) in the treatment group (left) and the control group (right), showing
individual o, () trajectories (thin lines) and their group average (thick line). Column 3 shows, for
each component, the trajectories followed by the (0.1, 0.25,0.5,0.75, 0.9)-quantiles of the process
Zis = a;s(t) — ais(0), s = 1,2, 3, for each of the two groups.
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(HYPER)PARAMETERS

MMD Fitting Parameters

Parameter Value Parameter Value
Max iterations 20 Rel. tol. param. 1077
Rel. tol. err. 107 Abs. tol. 10-°
Components (K) 10  Learning rate 0.01
Grad. steps 10  Ridge reg. (\) 0.1
Neural ODE Training Parameters

Parameter Value Parameter Value
Seed 42 Hidden dim 200
Activation (o) ReLU Layers 2
Optimizer Adam Integration time (T) 1.0
Step size (dt) 0.01 Integrator RK4
Learning rate 1073 L2reg. () 0.001
Max epochs 2000 MC samples (npc) 10000
Rel. tol. 107¢  Abs. tol. 10-°



NEW PERSPECTIVES

» Use the whole probability distribution instead of a finite number of samples.

» Generalize to pure functional data (each sample is an element of a Hilbert space). This is
motivated by biomechanics.

» Use the model to predict clinical features/outcomes by regression.
» Design new control systems driven by CGM insulin pumps based on neural ODEs.



Other Proposals



KL DIVERGENCE: BRIEF OVERVIEW

» Definition: Given u, v € P(R?) with p < v,

KL(gllv) == E, [log <Z}*/‘>} /Rdlog (Z)du :/ log <Z‘:?Z"> L e (if abs. cont).

» Interpretation: Expected excess surprise when using v as a model for the real distribution .

> Properties:
* Non-symmetric: KL(u||v) # KL(v||w) (in general).

* Non-negative®: KL(pllv) >0 Vp,v and KL(pllv) =0 <= p=v

® Jointly convex:
For any (u1,11), (2, 2) € P(R?) and A € [0,1],

KL(Azn 4 (1= Npa|[An 4 (1 = Nra) < AKL(pa[[v1) + (1 = AKL (p2[12).

6Proof:

dv (Jensen ineq.) dv
KL(pl|lv) =E, {710g(—)} > — log (]Eu [—}) =logl=0
dp dp

convex



BLOW-UP

> if there exists A ¢ R? with ;(A) > 0 and v(A) = 0 then
KL(ullv) = +oc.
because g—’;(x) = 400 on A. This means minimizing KL induces mode-covering behavior.
> if there exists A C RY with v(A) > 0 and pu(A) = 0 then
KL(v|ln) = +oc,

because 7= (x) = 400 on A. This means minimizing reverse KL induces mode-seeking behavior.

Mode-covering

|

4 3

Mode-seeking




EXPERIMENTS

Target :

Model :

Objective :

Solver :

Outcome :

» See results (link)

K
() =% > N6 e )

k=1

Za] xm], ) a e AM-1

n%in D(pllqs), D € {KL, reverse KL, L3, mix}

0t+1 = Gt - ’I7tV9D (Adam),
« renormalized, S; - 0 enforced.

gp fits p under the chosen divergence.


https://github.com/antonioalvarezl/Animations/blob/main/evolution.gif

POSSIBLE APPLICATIONS

» Source identification / localization: KL is excellent for problems where it is critical to not
“lose” any source:
¢ Pollution hotspots
® Seismic source mapping
® Astronomical clustering

> Risk-sensitive domains: finance, medicine—costly to underestimate extreme events

» Unbalanced mass: If u(RY) = a # 8 = v(RY),

KL(ullv) = alog (g) + aKL(i|?) with dp=dp/o, dv=dv/pB.

/ Shape mismatch
Mass mismatch

People often use the extension:

KL(ul[v) =KL(ullv) —a+8  (KL=KL if a=§)



MIXTURE OF EXPERTS (MOE)

arXiv
/s https://arxiv.org > cs - Traducir esta pagina :

DeepSeek-R1: Incentivizing Reasoning Capability in LLMs ...
de D Guo ' 2025 - Citado por 2130 — DeepSeek-R1-Zero, a model trained via large-scale reinforcement
learning (RL) without supervised fine-tuning (SFT) as a preliminary step, demonstrates ...

. — Normalize(x; + Attention(x;: x1. . ..
Transformer block (token x; € R): Yi orma %Ze (xi + Attention(xj; x1, . . ., X))
xi+1 = Normahze (yl + MLP(%))

Replace the single MLP with a MoE: an ensemble of smaller, region-specialized MLPs in which only
a relevant subset is activated for each input.



MIXTURE OF EXPERTS (MOE)

x  =y+ X MLPY (y) + T, 8 MLPY ()
g

g] = ny
> &
=1
g, B 5, if S + b] € TOpk({ ¢+ by }Ze[nr})
Po=

0, otherwise,

s¢ = Sigmoid((re, ¥))

where 1y > 1 (shared experts); n, > 1 (routed experts); 1 < k < n, (granularity: number of activated

routed experts); s; token-to-expert affinity; r; € R? and b; € R are the centroid vector and bias of the
j-th routed expert; and

Topy({u1,...,un}) = khighest values among uy,...,u, € R.



MIXTURE OF EXPERTS (MOE)

¥ =y+ Y MLPY (y) + Ty g MLPY (1)

g] = 1y

/=1
{Sj, if 5] + b]‘ € TOpk({ se+ by }Ze[nr})

/ 0, otherwise,

s¢ = Sigmoid((rs, y))

Questions

1. Understand the geometry
2. Understand the difference in dynamics with respect to the single MLP



Thanks for the attention!




EXTRA I: RKHS, KDE AND MMD

1. Reproducing Kernel Hilbert Space (RKHS): A Hilbert space of functions where the evaluation function is
linear and bounded.
This defines a positive-definite kernel with the reproducing property:

fO) = f, k(x))mes Hi = span{k(x, ) Jrex-
Functions in Hj can thus be evaluated via dot products = kernel tricks.

2. Kernel Mean Embedding (KME): Image of a disribution p in the RKHS (it codifies all the means of
functions in Hy)

m

pp =Eeopk(x)] € My i =21 k(xi,).

i=1
up represents the entire distribution; if the kernel is characteristic, the map P pp is injective.

3. Maximum Mean Discrepancy (MMD): Distance between two KMEs
MMDg(P, Q) = |lup — ol MMD(P,Q) =0 < P =Q (for characteristic k).

Kernel =~ RKHS = KME (distribution as a mean) = MMD (distance between distributions)

24 /25



EXTRA II: COMPUTE MMD

Closed-form expression for the MMD between a Gaussian mixture and an empirical distribution:

’ K
= ZwSN(w | mg, Xg).
s=1
Ateacht; € T, we use a Gaussian kernel k; such as (2), with 02 ~ (meg'}ganHXti 5 — X4, k]])?. Thus,
J

MMD2 Pt , Zzws'wr i,8,r — Zzws i,8,7 + nlg i: ki(Xti,j’Xtmf)'

s=1r=1 v s=1j=1 j=1+¢=1

The two first terms admit closed-form expressions:

I; (o7)™ xp(—l(m —my) (B + 2+ 02ld) L(ms —m ))
T /det(Ds + By + o21d) 2V T A A
(o)

Jisg = eX(—*X.‘—mstsﬂ-O’Eld*lX.._ms)’



