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A copper conversion process in mining

» Copper converters carry out the smelting and conversion process of copper
concentrate.

» The injection of air jets into the molten mixture through hoses on the walls is
essential. The interaction between the air and the mixture produces the chemical
reactions necessary for the conversion process.

» The air jets cause excessive splashing and agitation of the fluid. This splashing ﬁm‘
damages the internal walls, shortening the life of the converter.



M. Rosales, A. Valencia, and R. Fuentes. A methodology for controlllng sloppmg in
copper converters by using lateral and bottom gas injection. International Journal of
Chemical Reactor Engineering, 7(1), 2009.
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The types of control we can exercise
(Suggested by P. Rouchon)




What is our strategy?
J/If|

We want to compute and control the oscillations frequencies of the free surface, in a
bounded container. We put ourselves in the frame of an incompressible, non viscous
fluid (water), in contact with solid walls.

If u is the velocity of the fluid (Euler):

V-u=0
Ou
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These system is typically formulated in terms of the velocity potential function ¢ such
that u = Ve

Ap =0
O¢

1 1
LD Vel = =2 ,
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Together with impermeability boundary conditions at the solid walls
O
an

Since dynamics is usually understood on the surface, the system is complemented with
a dynamic boundary condition (the mass conservation) on y = ¢

_op
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Some practical problems and general concepts

» The design of an “optimal”
bottom generating specific waves
(Zuazua '15).

Ce+ (hV)x = bt

Vi + Cx + eV, = _6/2bttx
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Finally, in a free boundary problem,
in addition to having a function u

drt + Ap = vixw

v

;f\/\/

as an unknown, we also have an Given ¢o, ¢1, T >0, to find v s.t ¢(T) = &

interface (boundary) that is
unknown (free) and is part of the
problem.

A controllability problem consists
of using a parameter of the
equation to bring its solution to a
desired state.

Exact
To zero: ¢(T) =0 B
Approximated: ||¢(T) — ¢|| < €
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As a free boundary problem, we have a system inside the domain, complemented with
impermeability boundary condition on the solid walls and conservation laws in the free
surface:

\*/ S Ap =0, Qx(0,T),
T—> ASD:O l Cf:8"§97 y:C7
¢t+%|v§0|2+<:07 y=¢
/ ______ Ohp =0, y=b.
Onp =0

The problem is settled (decoupled), for ¢ = ¢|,—¢, as

AL,D = 07 Q x (0, 7—)7 Ct — 3n<,0
ely=c = ¢, Aand { 1 2, (00t Vil Vid)? _
Onply—b = 0, $e+ (2 IVeol + e =0

which after linearization becomes

et +0np =0, y=C.
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» This linearization makes sense in the shallow water regime: { = en and

p=C+ep.
» Since the domain is “almost flat”we can solve, explicitly, the problem for
Onp = oy.
J e = j/|f'|
-1 1
Ap=0
f
Ap =0, R?,
(1) e +|floy =0, y' =0,|x <1,
Onp =0, [x| > 1.
By taking the Fourier transform in x:
. A R Aoy L ]
Gy —Ko=0 = ¢$=p(0)ell = @yly=0=@(0) sgn(k)ik
V2

oy, [T 660
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A mathematical framework

Summarizing, the explicit solution for the Laplace equation Ay = 0 in the (lower)
half-plane is

1 © 4u(6,6,0)
Yy = WP.V.,/,OO 7){75 d¢ =: —H(¢x),

or equivalently

1 © Onp(t, €, 0
wx(tsx,¥)|,—0 = *;P~V~/ Bnplt:,0)

d§ = H(0ny) (airfoil equation).
—o0 X = {

Since we are interested in bounded domains and the effects of walls, the conservation
laws ¢¢ + ¢y, =0, x € (—1,1) and y = 0, can be written as
1

1 ! _ 2¢X($) _
<z>tt+;\/ﬁP.v./_1 Vi—¢ 7X_§d5_o.
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Given w = /1 — x2 let

1 1
12(-1,1) = {v:/ wv2<oo}, La/,l(—l,l):{v:/ W71V2<OO},
—1 —1

1/2

H/%(-1,1) = {w e’ ,: ||¢||i,1/z =[0I 1 + (A¥, ¥) 2 < 00},
w—1
and then 1
HW/_l cL2_,cl’clLl.
Lemma

Given ¢ € H'/?, it holds

a1 LT 826,(€) . VI—x2 [l P(§)
o) = s | T d5—3X< = Ja Wusﬁ)

Finally, the water-waves problem in this case can be written as

(2) ¢(07X) = ¢0(X)9 x € (717 1)»

{¢tt +A6=0, (t,x)€(0,00)x(~1,1),
¢:(0,x) = ¢1(x), x € (—1,1).



Theorem

Given u € L2, there exists a unique weak solution ¢ € H:V/f

, for the problem

Ao = u.

Theorem (existence)
Let T > 0, [¢0, ¢1] € H;/_21 x L2 and f : R — R Lipschitz. Then, system

bt + Ad = f(d))v (t’X) € (0,00) X (717 1)7
¢(07X) = ¢0(X)’ X € (_17 1)7
¢t(07 X) = ¢1(X)7 x € (_17 1)7

has a unique solution
/21 x L2).

1
w—

[¢, ¢e] € C([0, T]: H,
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Some spectral properties

Ap = Ad.
By using the (orthogonal base of) Tchebyshev polynomials

= anTa(§) = Ap= Zn,,\/LX)/Z

Moreover, if 1 = > by Th,

oo

(Ap, )2 :/ <Z nay () T,, X) > <Z mem(x)> Zlnanbn.

Therefore,a weak version of the equation is:

Ap=u £ (A P)p=(1,8)2 < > nanbn= unbn.
n=1

n=1
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(A, 0),2 es:
> Continuity: |(Ad, )| < 210l,72 191,72

» Coerciveness: (A¢, ¢)2 > C||$Hil/2
-1

Theorem
There exists a Hilbert base {e,},>1 of L2 and {An},>1 of real numbers A, > 0 Vn,
An — 400 such that

1
en € H;,p .Aen = A\pén.

Indeed: given v € L2,, let Ap = v and T : L2, — L2, given by Tv = ¢.
Since va/_Ql < Lfrl < L2 (operator T is compact) and self-adjoint, and
(Tv,v)2 = (¢, Ag)2 >0, Vvel2.
From the Spectral decomposition theorem L2 admits a Hilbert base of eigenvalues of
T, such that Te, = unen, en € H/?

w—1*
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Observability

Let

¢ = Z (An cos(0nt) + Bnsin(0nt)) en, 0n =/ An,

- "~
where

Then

ZAnen, Zaanen

1
An:/ ¢oen, Bn= /¢1en
—1 en
Finally

T 1
st~ [17
” ||L2(L2) o 1
-
> / Z (Af, cos?(0,t) + B2 sin?(Ont) 4+ 2A,Bn sin(0nt) cos(fnt))
0 n

> TS [AR + B2
n




On the unique continuation and Approximate control

Lemma
Let T C (—1,1) an open set. If

¢p=Ap=0inZ,
then ¢ =0 in (—1,1).

Proposition
Let T >0, [0, ¢1] € HY2 x 2, £ : R — R such that 3¢ > 0: |[f(x)| < c|x|. If $ =0

in an open M C (0, T) x (—1,1), where ¢ € C(0, T; va/fl) is a solution of

bt + ‘A¢ = f(¢)7 (t,X) € (07 T) X (_17 1)7
(3) d)(O,X) = ¢0(X)7 X € (717 1)7
¢)t(0’x) = ¢1(X)7 x € (_17 1)7

then
¢=0, in(0,T)x(—1,1).

=0



Theorem
Let T > 0 and [¢o, 1] € Hi//_21 x L2, System

¢tt + Ad) = VlI: (t,X) € (0’ T) X (717 1)7
(4) ¢(07X) = ¢0(X)7 X € (_1> 1))
¢:(0, x) = ¢1(x), x € (—1,1).

is approximate controllable with a control v € L2(0, T; L2(—1,1)), in Z C (—1,1),
i.e., for any € > 0 and [¢o, ¢1], [g0,81] € H:V/_Ql x L2, there exists a control
v € L2(0, T; L2)) such that the solution of (4) satisfies

(T ), @e(T )] — leos nlll o2 2 <€



Notice that the (exact) control holds on (—1,1).
It would be nice to control only in an open subset of (—1,1) x (0, T). So far we
obtained approximate control only.

Same results hold for the general water-waves system (T. Alazard 18’)

Some of this ideas could be implemented for the general water-waves system and
the semilinear case.

It would be interesting to study the inverse problem of source detection, for

bt + Ad = h. One possibility would be through Carleman inequalities for the non
local operator H.
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