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The goal in the semi-discrete setting




1

The discrete source inverse problem, h = ——

Nt1
d .
Vi~ Apyi; = gi;(t) te€(0,T), 4,5 € |[[1,N]]
g = (gij) — Yo,j = YN+1,5 — 0 te (OaT)v JE [[LNH
Yi0 = Yi,N+1 = 0 € (0,T), i € [[1,N]]
y(O)ij = y7(,)7 3,5 € [[1, N]]

Yir1j + Vi1 + Yij+1 + Yij—1 — 4yij
Apyi = L o /z‘j; J -

We want to recover g from measurements of y

Let 9 € (0,7)

T ar
/0 g%vdtsc<||yw>%v+ / <|yt||i+y||i>dt>+o<h>

where w C W := [[1, N]] x [[1, N]]




A brief presentation of the inverse problem

d .
Vi Anyi; +qijyi; = Rij(t)fy; te€(0,T), 4,5 € [[1,N]]
f = (fij) — Yo,j = YN+1,5 — 0 te (OvT)7 .7 S [[LN”
Yi0 = YiN+1 = 0 te€(0,T), i €[[1,N]]
y(0)i; = Yes i,5 € [[1, N]]

We want to recover f from measurements of y

Let ¥ € (0,7

T
IFIly < € (IIy(ﬁ‘)Iliv +/0 (lyellZ + IIyIi)dt> +o(h)

where w C W := [[1, N]| x [[1, N]]




Scheme

[Continuous system Inverse problem

Discrete system Discrete inverse problem}




The results in the continuous case




Lipschitz stability in inverse parabolic problems by the :

Carleman estimate
Oleg Yu Imanuvilov and Masahiro Yamamoto (1998)

The source inverse problem

{yt—Ay = g(t,z) (0,T)xQ
g— y =
y((),x) =

N N
Ay - Z al(alj (tv I)ajy(tv .ZE)) - Z bi(tv x)aﬂ/(tv 'r) - C(tv x)y(t, I)

i,j=1 i=1

0eg(t, )| < Clg(T/2,2)|, [0,T]xQ (1)



Lipschitz stability in inverse parabolic problems by th
Carleman estimate

Oleg Yu Imanuvilov and Masahiro Yamamoto (1998)

The source inverse problem
ye—Ay = g(t,x) (0,T)xQ

g— y = 6 (0,T) x 002
y(0,2) = y°(2) Q
|atg(tvw)| < C'Q(T/2a ‘L)|7 [Oa T] X ﬁ (1)

Theorem 3.2 (Imanuvilov and Yamamoto (1998))
Let g satisfy (1). If y is the solution of the parabolic problem, then we have

lgllzz@) < C (I1y(T/2,)lm2(@) + lle**yellz2qu) + le**Yllz2(qu))

where Q, = (0,T) X w




Lipschitz stability in inverse parabolic problems by th
Carleman estimate

Oleg Yu Imanuvilov and Masahiro Yamamoto (1998)

The source inverse problem
Yt — Ay = R(ta I)f(x) (OvT) x
f—= y = 0 (0,T) x 0N
y(0,2) = 3°(x) Q

|R(T/2,2)| > a>0, Q (2)

Theorem 3.2 (Imanuvilov and Yamamoto (1998))

Let R € C1O(R) satisfy (2). If y is the solution of the parabolic problem, then we
have

1 Fllzc) < C (ly(T/2, M m2@) + €yl r20u) + €Yl z2q.))

where Q, = (0,T) X w




The strategy for the proof in the continuous setting

To develop a Carleman estimate for the parabolic system, in the fashion

ﬂmj/kmwﬁ+mmw
JQ

To improve the Carleman inequality

s [ ey + B < [ gl + Obsty)
Q Q

Under the assumption for g and in the case of 9;.4 # 0, it is needed

/wm&w#jﬁ/ﬁwmw@mﬁ
Q Q

Finally, by following the method introduced in Bukhgeim and Klibanov, the
proof is completed



Carleman, a(t,x) = 0(t)p(z)

For 6(t) = ﬁ, and ¢(z) = (@) — 21900

Carleman for p =0, 1
/Q (s0)™ (IW +> |a?,jy|2) e 4 /Q ((s6)7+1 [Ty [2 + (56)+7]y[?) €20
i.j

<c [ emeopigh+ [ oyt
Q (0,T)xw




Some preliminaries in the discrete setting
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Spatial Discrete Configuration

@ Let us considern > 1, N € N, and h = ﬁ

@ We define the Cartesian grid of (0,1)" as:

W = (0,1)" N hZ" (3)

e C(W): set of functions defined on W.



@ For W, with the translation operators, we can construct two dual sets given

by
h
xEW}U{x+2ei

h
W= {:c—2e7;

IEW}

@ For these meshes, we define their boundary in direction e; by
oW = W)\ W.

Moreover, we define

ow:=Jaw, and W:=JWp;. (4)
k=1 k=1



For u € C(W), the translation operators are defined as
tru(z) = u(z £ %ei), in Wi

We note that to; : C(OW) — C(W)).

Moreover, for u € C(W;) we have that to,u € C(WV).

We define the averaging operator and the difference operator for u € C(WW)
as

T+ T_;u ; .
AiuZM, Diu= ——+—— inW/
2 1

respectively.



vi()

—1 «——+

+ () =1



@ We define the outward normal for x € 9;)V as

1 t_i(z) e W and to(x) € Wi,
vi(z) == ¢ -1 t_;(x) €W} and t4i(x) € Wi, (5)
0  otherwise.

@ For each z € 9;)V, we also introduce the trace operator for v € C(W;) as

. tu(z) vi(x)=1,
H()(@) = { teulz) i(z) = 1, (6)
0 vi(z) =0.

@ We have the following integral by parts for the difference and average

operators
/ uD;(v) = —/ UDiu—i—/ uth. (v)v;,
w wy oW

and

/ uA;(v) :/ vA;u — ﬁ/ ut’ (v),
w wy 2 Jow



Difficulties in the semi-discrete setting




Unique Continuation Property for Discrete Problems,

in 2D

In R? for the discrete case, if Ayu =0 on W and u = 0,u = 0 on a part of the
boundary, then u # 0 on W.

i1, + Ui1,j + Wij1 + Ui j1—4ui;

Ahum» = h2

=0
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Unique Continuation Property for Discrete Problems,

in 2D

In R? for the discrete case, if Apu=0on W and u = 0,,u = 0 on a part of the
boundary, then u % 0 on W.

Uigl,j + Uim1,5 + Ui + Ui j—1— 4y
h2

Ahui,j = =0
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Unique Continuation Property for Discrete Problems,

in 2D

In R? for the discrete case, if Apu=0on W and u = 0,,u = 0 on a part of the
boundary, then v £ 0 on W.
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Comments

Several authors justify the loss of the unique continuation property because the
discrete spectrum does not converge to the continuum.

4 . kmh Nk sin(mzy/2) 2
)\ = — 2 _— 2 = = kh
k,h 2 S < 2 > ) )\k ( 7T.73k/2 y Tk

I/ Arn — kr| < CE*R?, Vk e {1,..,1/h—1}.

Valores propios N=10 Valores propios N=15




Example in 2D

Laplacian with homogeneous Dirichlet boundary condition

0 -1 0 4 0 —1 0
—Ap ==
Apu; j = Wit1,j + Uim1j + U1 + Ui j—1—4U; 5

h2
The example given by Otared Kavian and presented in

@ Enrique Zuazua.

Propagation, observation, and control of waves approximated by finite difference methods.
SIAM Review, 47(2):197-243, 2005.



Non-observability, Example in dimension 2

Laplacian with homogeneous Dirichlet boundary condition

Semi-discrete Heat %u— Apu = XU
Semi-discrete Wave dtg U — Apu = XU
. n+l_ . n
Full-discrete Heat LU Aputt = o
v
N
1 1 1 ! ! !
|---|--4--o---:---:---:
1 1 1 1I
1 1 1 1 ! ! !
I'__I__‘l‘__l'__l__'l__J
1 1 1 11! ! !
| | | 1 ! ! !
[ it il et e Rl
\ [
L w R
1
1



Some references on (semi)discrete Parabolic systems
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Inverse problem for the semi-discrete parabolic system




Inverse problem for the semi-discrete parabolic system &

The source inverse problem

d

Apy = ZD i(t,2)Diy(t, x)) = > bi(t, x)DiAgy(t,y) — clt, x)y(t, z).

Oeg(t, )| < Clg(T/2,)|, [0,T] x W (7)

1
(t+6T)(T + 6T —t)’

p(r) =MW — M <0, 0(t) = tel0,7]. (8)



The source inverse problem

_ y—Apy = g(t,z) (0,7)xW
g y = 0 (0,7) x OW

Theorem (R.L, J. Lépez and A. Pérez)

Let ¢ and 6 be given by (8). Assume g satisfies (7). Then, there exist positive
constants C, C”, sg > 1, hg > 0, € > 0, depending on w, and T, such that, we
have the estimate

||9||L§(W) <C (Hyw, ')||H,3(W) + |\6T9993t3/||L,21(Qw) + ||€Te¢y”Li(Qw))

_c” :
+Ce= % (IwOllzzom + 19wO)lz0m) )

forall 7> 7o(T+T2),0<h < hyg, and exists 0 < § < 1/2 depending on &, with
Th(6T?)~! <e, y € C1([0,T],W) and where Q,, := (0,T) x w.




Carleman inequality

For
1

0(t) = i ] Ap(@) _ 22l
®) (t+0T)(T + 6T —t)’ ¢

and p(z) =

Theorem 1.4, from F. Boyer and J. Le Rousseau (2014)

For A\ > 1 sufficiently large, there exist C, so > 1, ho > 0, € > 0, depending on w, wo,
T, and \, we have

2 2

1 ng/zefecpyt’ + J(y) <C ’e‘r@(pg +/ 73936270¢‘y‘2dxdt
L2(Q) L2(Q) (0,T) xw

+Cff2/ (1900, 2)[2 + [y(T, 2)[2) 2™*O% s,
Q
where
) = 7 Z ||91/2eT9“"D'1/‘2 +H01/26T9¢A_D_y|2 g Hes/%rewa?
v B 2 @) L2 @) 2@ "

(7)
for all 7 > so(T +T?),0< h < ho, 0<6<1/2, Th(6T?) * < e.




Ideas for improve the Carleman

@ To consider v;(t, ) in the Carleman inequality

e To include 771 Z Hfl'yifyjezTQﬂD?ij
igell,d]’ @

@ To improve the Carleman for p =1



New Carleman inequality

Theorem (R.L, J. Lépez and A. Pérez) p = 0,1

I,(y) + Jp(y) <C </Q 627‘95"(7—9)1’|g|2 + /(O (7.9)17+3e279<p|y2)

+n72 [ (0 (v(0.2) + y(T.2)) 2700

T Xw

[p(y)::/ TPH|Z/(T/2)|2‘3279<T/2)p+/(7'0)])_1\yt|26279¢>
Jw o

+ E (Ta)pfl'yi»yje‘lfew‘D”y‘z
ije[L,d] ’ Qij

nw:=r % (]

ie[1,d]

01/2+p/2e7—9¢D 2

iy 91/2+p/26T9<PAZ_Diy‘

o)
L7 (Q)

|

L7 (Q*)

93/2+p/2e7—9¢

2
Y

3+p
+7 ) .
L7 (Q)




Technical Lemmas

For large 7 > 0, there exists a constant C' > 0 such that for p =0, 1,

/T”Hp g(T,:I:> 6279“’§C7'p_%/ ’g (Tmc)
o 2 wl’\2

Let y be the solution of the system

2 2

T
6279(7)‘”, V1T >1.

Owy(t, =) — Apy(t, o) = g(t,7), (t,x) € (0,T)x W. (8)

Then, for Ty € (0,7),

[owee <o ([ e+ [ [ ). 0)




Sketch of the proof

@ Following the Bukhgeim-Klibanov method, we obtain the system for z = C%y.
Oiz — Anz = Bry + 09, V(t,z) € (0, T) x W
2(T/2,2) = Cuy(T/2.2) + 9(T/2, ) VoeWw

@ Using the New Carleman inequality with p =0

I()(Z) + J()(Z) j E()(gt) + E()(Bhy) + ObS()(Z) + E’I’()(Z) (10)

where

E,(u) := ‘/Q(TG)peTa“’ua Obsy(u) ::/ (T0)PeT%u?,

w

Ery(u) == (Tgég))p /W('u(0)|2 + [u(T)[2)e270 /D%

@ And for the Carleman inequality with p =1
Eo(Bry) = Ii(y) + J1(y) = Ei(g) + Obsi(y) + Eri(y) (11)



Sketch of the proof

e Combined (10) with (11) we obtain

Io(2) + Jo(2) = Eo(g:) + E1(g) 4+ Obsg(z) + Obs1(y) + Erg(z) + Erq(y)

@ We observe
T/ >0 T2% (T /2))? < Io(z)
w

@ And using the condition for z on t = T'/2, we obtain

7 e270(T/2)¢ |9(T/2)|2 = Eo(g:) + Ei(g)
+O0bso(z) + Obs1(y)
+ [, 27071209 Cy(T/2)
+Ery(z) + Eri(y)



Sketch of the proof

@ Using Lemma 1 and (7), we obtain

Eolg) + Ev(g) < 7 /W e2T0T/D% |g(T/2)

@ Thus, we have

7 [, €270TD%g(T/2)]* = Obso(z) + Obsi (y)
+7 [y, 20T |Cyy(T/2))?
+Ero(z) + Eri(y)

Th

e Finally, using Lemma 2 and taking § — 0 but 725 < &

e

Bryfu) = S [ (O +la(r/2)?) <% [ (uO)F + lo(/2))




Comments and path forward

Summary

e We study the case in R

@ For the semi-discrete problem, we obtain an equivalent version of the UCP
plus an error term

@ We improve the Carleman inequality for the semi-discrete parabolic problem

@ It was possible to control part of the error terms arising in the Carleman
inequality

Path forward

@ To study a numerical reconstruction algorithm

@ To study the full discrete problem (discrete in space and time)

@ To study the semi-discrete problem with a stochastic term
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