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Abstract. We study the terminal behavior of singular deterministic and stochastic dynamics
driven by convex or extrapolative combinations of logarithmic heat gradients. These equations arise
in exact-score guided diffusion sampling, including classifier-free guidance. The rescaled potentials
converge to weighted sums of squared support distances, but extrapolative mixing can produce
limiting directions that depend on probability masses and lie outside the Clarke subdifferential of
the limiting potential. A componentwise chain rule gives dissipation for the limiting differential
inclusion. Posterior relative entropy yields finite deterministic kinetic action in logarithmic time,
while a conditional free-energy estimate bounds expected energy increments uniformly in the restart
time. For compactly supported laws, these estimates give energy convergence and equilibrium
localization, almost surely for each fixed stochastic initialization; extrapolation requires a lower
small-ball mass bound on the reference law. For finite atomic measures, we prove that the equilibrium
set is finite for arbitrary site configurations. Every deterministic trajectory therefore converges
to an equilibrium, and stochastic convergence holds almost surely for each fixed initialization,
including endpoints at projection interfaces. At empirical endpoints with a unique nearest atom
in each active support, deterministic trajectories admit a square-root heat-time expansion with an
exponentially small remainder. The exponent 1/2 is sharp when the leading coefficient is nonzero.
Square-integrable perturbations in logarithmic time preserve deterministic localization and empirical
endpoint convergence for both dynamics. For nested supports, the equilibrium geometry further
constrains terminal samples in classifier-free guidance. These results provide a geometric and
dynamical framework for understanding terminal convergence in guided diffusion models.

1. Introduction

We study the terminal behavior of singular nonautonomous dynamics driven by mixed logarithmic
heat gradients. The problem is motivated by guided diffusion sampling in generative AI, where
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samples are constructed by reversing a noise-adding evolution. This reversal uses the logarithmic
gradients of the evolving densities, called scores [24, 40, 41]. Under Gaussian noising, the heat
equation regularizes the data laws, and the resulting scores drive sampling in decreasing heat
time [31]. Guidance combines these scores to favor a prescribed condition or compose information
from different data laws [18,25,32].

Endpoint convergence asks whether an individual sampling trajectory has a limiting output as
the noise level tends to zero. When the trajectory is stopped at a positive heat time, a convergence
rate quantifies the remaining truncation error. This pathwise question complements the study of the
generated distribution. It is mathematically delicate because the scores and their spatial derivatives
may diverge as heat time vanishes. Consequently, well-posedness at every positive time does not by
itself provide a continuous extension to the terminal time.

We consider fixed convex and extrapolative combinations of two exact heat-flow scores. Their
rescaled potentials converge to weighted sums of squared support distances, but convergence of
the potentials alone does not imply convergence of trajectories. Under extrapolation, limiting
directions may depend on probability masses and lie outside the Clarke subdifferential of the limiting
potential. We address this difficulty by combining the geometry of the component supports with
entropy estimates for the original dynamics. The resulting analysis gives equilibrium localization for
compactly supported laws under the stated hypotheses, and point convergence for arbitrary finite
atomic configurations, including endpoints at projection interfaces.

1.1. Heat-flow framework and geometric formulation. In the heat-flow framework [31], let
u0,1, u0,2 be compactly supported probability measures and let uk = Gt ∗ u0,k solve
(1.1) ∂tuk = ∆uk, uk(·, 0) = u0,k, k = 1, 2,
where Gt is the Gaussian heat kernel with covariance 2tId. The regularized densities are smooth
and positive for t > 0, even when the measures are singular. Their logarithmic gradients define the
mixed score
(1.2) s(λ)(x, t) = λ∇ log u1(x, t) + (1 − λ)∇ log u2(x, t), λ ≥ 0.
Equivalently,

hλ = uλ
1u

1−λ
2 , s(λ) = ∇ log hλ.

The product hλ is a weighted geometric mean for 0 ≤ λ ≤ 1 and a multiplicative extrapolation for
λ > 1, with a negative power of the reference density. Thus mixing preserves the logarithmic-gradient
structure. It does not, however, generally preserve the heat equation: a direct calculation gives

(∂t − ∆)hλ = λ(1 − λ)|∇ log u1 − ∇ log u2|2hλ.

We study the deterministic equation

(1.3) dXt

dt
= −s(λ)(Xt, t), XT = xT ,

integrated from a fixed T > 0 toward t = 0. We also consider the stochastic counterpart
(1.4) dXε

t = −(1 + ε)s(λ)(Xε
t , t) dt+

√
2ε dWt, Xε

T = xT , ε ≥ 0,
with the same direction of time. Here W is Brownian motion in decreasing heat time, as specified in
Section 3.2; ε = 0 recovers (1.3). For λ > 1, this is classifier-free guidance (CFG) [25] when the first
law is conditional and the second is the corresponding unconditional law; our analysis also permits
unrelated data laws, for which we use the term extrapolative score mixing.

In the single-score setting, relative-entropy contraction follows from the common Markov evolution
of the reference and generated laws [31, Lemma 5.3]. This argument does not extend directly to
score mixtures, since hλ need not satisfy the heat equation. We instead control the time variation of
the mixed potential through posterior relative entropy of the component heat flows, and stochastic
energy increments through a conditional free-energy estimate for the transition densities.
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Write Ak = suppu0,k and introduce

(1.5)
Fλ(x, t) = −4t (λ log u1(x, t) + (1 − λ) log u2(x, t)) ,

Φλ(x) = λdist(x,A1)2 + (1 − λ) dist(x,A2)2.

A Laplace–Varadhan-type argument [17, Section 4.3] gives Fλ(·, t) → Φλ locally uniformly as t → 0+;
see Lemma 5.3. Derivatives can nevertheless remain singular. Indeed, the covariance formula in
Lemma 5.2 exhibits a t−2 term in D2

x log uk; after rescaling, D2
xFλ may still grow like t−1 near

projection ties. These ties occur where a support has more than one nearest point.
To analyze the singular endpoint regime, introduce the similarity time

τ = log(T/t), tτ = Te−τ , Yτ = Xtτ , Y ε
τ = Xε

tτ
,

with Y0 = Y ε
0 = y0 = xT . The time change preserves geometric paths and transforms t → 0+

into τ → ∞. We state the trajectory results in similarity time and then give their original-time
interpretations.

1.2. Main results. Let Πk(x) := argmina∈Ak
|x− a| be the nearest-point set of Ak. Define the set

of nearest-support equilibria by
Eλ =

{
x ∈ Rd : x ∈ λ conv Π1(x) + (1 − λ) conv Π2(x)

}
.

For 0 ≤ λ ≤ 1, this set coincides with the Clarke critical set of the limiting potential:
Eλ = {x ∈ Rd : 0 ∈ ∂CΦλ(x)}.

Here ∂C denotes the Clarke subdifferential, defined in Eq. (2.4). A support is called active when its
score coefficient is nonzero; terms with zero coefficients are omitted throughout.

The main results are as follows.
(i) Limiting support geometry (Theorem 2.1). For compact active supports and every λ ≥ 0,

Fλ(·, t) → Φλ locally uniformly as t → 0+. For 0 ≤ λ ≤ 1, we obtain the complete graphical
convergence

gph ∇Fλ(·, t) −→ gph ∂CΦλ (t → 0+).
For λ > 1, limiting directions lie in the separated envelope λ∂Cd2

1 + (1 − λ)∂Cd2
2, where

dk = dist(·, Ak), but may lie outside ∂CΦλ and depend on the probability masses.
(ii) Deterministic localization for compact data (Theorem 2.3). For every initial state y0, the

logarithmic-time trajectory Y has an energy limit ℓ ∈ R and satisfies
Φλ(Yτ ) −→ ℓ, ∅ ̸= ω(Y ) ⊆ {x ∈ Eλ : Φλ(x) = ℓ}.

Here ω(Y ) is the set of accumulation points as τ → ∞. Thus localization places all accumula-
tion points on one equilibrium energy level, without asserting a single limit. Compactness
suffices for convex mixing; for extrapolation, we also assume a lower small-ball mass bound
on the negatively weighted reference law.

(iii) Deterministic endpoints and asymptotics for empirical data (Theorem 2.5). For finite atomic
laws and every λ ≥ 0,

#Eλ < ∞, Yτ −→ y∗ ∈ Eλ (τ → ∞)
for every initialization and arbitrary site configurations, including projection-interface end-
points. If each active support has a unique nearest atom at y∗, we call it a strict-cell endpoint.
In this case, for some ξ∗ ∈ Rd and η > 0,

Yτ = y∗ + e−τ/2ξ∗ +O
(
tτe

−η/tτ

)
(τ → ∞).

Consequently, |Yτ − y∗| ≤ Ce−τ/2 for all τ ≥ 0. This is the square-root heat-time rate, sharp
when ξ∗ ̸= 0.
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(iv) Stochastic localization and endpoints (Theorem 3.3). Under the hypotheses of part (ii), for
each fixed initial state y0 and noise parameter ε > 0, almost surely,

Φλ(Y ε
τ ) −→ ℓε, dist(Y ε

τ , Eλ) −→ 0.
All accumulation points lie on the same equilibrium energy level. For finite atomic laws, the
whole trajectory converges almost surely to a random equilibrium yε,∗ ∈ Eλ, including the
possibility of a projection-interface endpoint.

The refined expansion and rate concern deterministic strict-cell endpoints. Figure 3 also suggests
square-root heat-time decay of the stochastic root-mean-square distance to the set of local minimizers
in the empirical example.

Square-integrable perturbations in logarithmic time preserve deterministic energy convergence
and equilibrium localization, and empirical endpoint convergence for both dynamics (Proposition 3.1
and Remark 3.6). In heat time, the condition becomes weighted square-integrability of the score
error along the perturbed sampling trajectory (Remark 3.2).

For classifier-free guidance with a positive-weight conditional component, the supports are nested:
A1 ⊆ A2. When λ > 1, Corollary 3.7 shows that the local and global minimizers of Φλ are exactly
A1, while every equilibrium outside A1 has a nonunique target projection. Thus empirical terminal
samples outside A1 can occur only at target projection ties.

1.3. Analytical contributions. The proofs combine the geometry of nearest-point projections
with entropy estimates for the time-dependent dynamics.
Signed geometry and dissipation. The separated projection envelope retains the nearest-point
geometry of each support, even when limiting directions depend on probability masses and lie
outside ∂CΦλ. Applying the chain rule to each squared distance yields dissipation along the signed
limiting inclusion, which is the basis for equilibrium localization.
Posterior entropy and deterministic action. Each logarithmic heat gradient is expressed through
a posterior mean associated with Gaussian smoothing. The relative entropy of this posterior
controls the time derivative of the regularized potential, giving energy convergence and finite
deterministic kinetic action in logarithmic time. Compactness of translated paths then yields
equilibrium localization.
Conditional free energy and stochastic convergence. Applying Itô’s formula to the regularized energy
Fλ(Y ε

τ , tτ ) introduces the curvature term εtτ ∆xFλ(Y ε
τ , tτ ). Under extrapolation, the available upper

bound for this term need not be integrable in logarithmic time. We instead combine the expected
potential energy of a restarted trajectory with a time-dependent multiple of the entropy of its
transition density. After a short smoothing interval for the point-mass initial law, this gives the
conditional estimate in Lemma 5.5(ii). The bound is uniform in the restart time; its error decays
with heat time and grows at most quadratically in the restart state. Moment bounds make these
errors summable. An almost-supermartingale argument then gives almost-sure energy convergence,
and dissipation along limiting paths yields equilibrium localization.
Empirical rigidity and endpoints. For each nearest-point pattern, the equidistance and signed
barycentric constraints place equilibria in two affine spaces with orthogonal direction spaces. Their
intersection therefore contains at most one equilibrium, even for degenerate configurations. There
are only finitely many patterns, so the equilibrium set is finite without a genericity assumption.
Connectedness of the accumulation set then gives point convergence for both dynamics, including
projection-interface endpoints. At a strict-cell endpoint, the posterior means are exponentially close
to the selected atoms. The resulting affine equation gives the deterministic asymptotic expansion.
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1.4. Relation to existing work. Heat-kernel asymptotics and Hamilton–Jacobi equations. The
small-time heat-kernel formula [42] becomes a support-distance Laplace principle in the convolution
setting [17, Section 4.3]. We use its locally uniform form for compactly supported, possibly singular
measures. The logarithmic heat transformation and squared-distance geometry also connect with
Hamilton–Jacobi and target-set eikonal equations [6,14,20]. The covariance identities in Lemma 5.2
give the Euclidean matrix estimate whose trace is the Li–Yau inequality [30]. Convex mixing
preserves the upper Hessian bound for the rescaled potential; extrapolation need not preserve it.
Nonsmooth geometry and gradient dynamics. Nearest-point sets and squared distances are treated
by convex and nonsmooth analysis [12, 36, 37], including the semiconcavity calculus of [9]. The
distinction between convergence of energies and of their gradient evolutions is central to variational
flow theory [1, 38,39]. Here the additional issue is that signed mixing can select directions outside
the limiting Clarke subdifferential. We therefore retain the two component subdifferentials when
passing to the limiting inclusion.
Long-time dynamics and differential inclusions. Asymptotically autonomous evolution [22, 33]
and differential inclusions [3] provide the long-time framework. The trajectory estimates here
combine posterior information in the deterministic case with Fokker–Planck free energy [27] and
almost-supermartingale convergence [35] in the stochastic case.
Score matching and heat-flow analysis. Score matching and diffusion models provide the generative
setting [24, 26, 40, 41, 43]. The Gaussian posterior-mean representation is classical [21, 43]; stochastic
sampling also draws on reverse-diffusion theory [2, 23]. The single-score analysis in [31] proves
density stability and concentration; its Theorem 3.7(i) establishes deterministic compact-support
endpoints for Lebesgue-almost every initialization. Our signed-mixing analysis uses the component
posteriors and the actual transition densities.
Empirical denoisers and trajectory endpoints. For a single empirical score, convergence at the
forward-noise standard-deviation scale under a strict-Voronoi-cell accumulation hypothesis is proved
in [5, Theorem 4.3 and Example 4.4], which also exhibits an exceptional interface endpoint. For
flow-matching ODEs, [44, Theorems 5.3–5.4] establishes almost-everywhere terminal convergence
under geometric and local mass assumptions, with refined rates for smooth submanifold-supported
and finite discrete laws. Our empirical theorem treats signed mixing from every deterministic
initialization and arbitrary finite site configurations; the strict-cell assumption concerns the rate
rather than endpoint existence.
Guidance and score composition. Guidance and score composition [18,19,25,32] have been analyzed
through boundary concentration and score-error sensitivity [11], predictor–corrector structure [7],
and stagewise attraction and absorption [8]. For genuine conditional guidance, [4] proves almost-
sure terminal convergence on the conditional support under compactness and bounded guidance
strength. Support robustness, including exponential-integrator discretizations, is established in [10]
for separated compact convex mixture supports with a positive target-density lower bound. Our
focus is the terminal dynamics of fixed signed mixtures of possibly unrelated laws. We identify a
dissipative nearest-support inclusion even when limiting directions lie outside ∂CΦλ, prove endpoint
convergence for arbitrary finite configurations, and obtain deterministic strict-cell asymptotics. The
nested-support corollary restricts off-target equilibria to target projection ties under support inclusion
alone. These results complement conditional-support guarantees and distributional approximation
estimates such as [13,16].

1.5. Organization. Section 2 presents the geometric limits and deterministic asymptotics. Section 3
treats perturbations and stochastic asymptotics, and Section 4 gives numerical illustrations. The
main results are proved in Section 5, using five lemmas whose proofs appear in Section 6. Section 7
discusses further questions.
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2. Geometric limits and deterministic asymptotics

We write P(Rd) for Borel probability measures, ⟨·, ·⟩ for the Euclidean scalar product, and | · |
for the associated norm. The parameter λ ≥ 0 is fixed. Terms with zero coefficients are omitted
throughout, including in set-valued expressions: λ = 0 uses only the second law, and λ = 1 only the
first. An active support means a support with nonzero coefficient. Compactness hypotheses are
specified in the theorem statements and concern only these supports.

The heat regularizations introduced in Eq. (1.1) are

(2.1) uk(x, t) =
∫
Rd
Gt(x− a) du0,k(a), Gt(z) = (4πt)−d/2 exp

(
−|z|2

4t

)
.

We recall the regularized and limiting potentials from (1.5):

(2.2)
Fλ(x, t) = −4t (λ log u1(x, t) + (1 − λ) log u2(x, t)) ,

Φλ(x) = λdist(x,A1)2 + (1 − λ) dist(x,A2)2, Ak = suppu0,k.

The relation ∇Fλ = −4t s(λ) expresses the mixed score through the regularized potential.
Write dk(x) = dist(x,Ak) and Πk(x) = argmina∈Ak

|x−a|. Define the nearest-support equilibrium
set and the confinement set by

(2.3)
Eλ =

{
x ∈ Rd : x ∈ λ conv Π1(x) + (1 − λ) conv Π2(x)

}
,

Kλ = λ conv(A1) + (1 − λ) conv(A2).
The set operations are Minkowski addition and scalar multiplication, including negative coefficients.
At projection ties, the convex hulls allow combinations of nearest points. When the active supports
are compact, Kλ is compact and convex, and Eλ ⊆ Kλ is compact. Its points are nearest-support
equilibria: the state equals a weighted combination of nearest-point barycentres of the active
supports. The equilibrium set can contain nonminimizing points, while the dynamics determines
which equilibria occur as trajectory endpoints.

For a locally Lipschitz function h, the Clarke subdifferential is

(2.4) ∂Ch(x) = conv
{

lim
n→∞

∇h(xn) : xn → x, h differentiable at xn

}
.

The squared-distance formula recalled in Lemma 5.1(i) yields

(2.5)
∂̂Φλ(x) := λ∂Cd2

1(x) + (1 − λ)∂Cd2
2(x)

= 2
(
x− λ conv Π1(x) − (1 − λ) conv Π2(x)

)
.

We call this the separated projection envelope. Thus x ∈ Eλ if and only if 0 ∈ ∂̂Φλ(x). The envelope
is determined entirely by the supports and λ. For a set-valued map F , write gph F = {(x, p) : p ∈
F(x)}, with graph distance measured in Rd × Rd.

The logarithmic time change
(2.6) τ = log(T/t), tτ = Te−τ , Yτ = Xtτ

rewrites Eq. (1.3) as

(2.7) Ẏτ = −1
4∇Fλ(Yτ , tτ ), Y0 = y0, τ ≥ 0.

Here y0 = xT , and the inverse relation is Xt = Ylog(T/t). The processes X and Y have the same
geometric path and accumulation points. Equal increments of τ correspond to equal multiplicative
reductions in heat time. The time change absorbs the explicit inverse-time factor, although spatial
derivatives may still grow near projection interfaces.



CONVERGENCE OF SINGULAR HEAT-GRADIENT DYNAMICS 7

2.1. Geometric reduction and autonomous limiting dynamics. The first theorem identifies
the limiting score geometry and the equations satisfied by limits of translated trajectories. Graphical
convergence allows the spatial point to vary with heat time and thus captures distinct limiting
directions at projection ties. A solution of a differential inclusion below means a locally absolutely
continuous curve satisfying the inclusion almost everywhere.

Theorem 2.1 (Geometric reduction). Let λ ≥ 0 and assume that the active supports are compact.
(i) The potentials Fλ(·, t) converge locally uniformly to Φλ as t → 0+. If xn → x, tn → 0+, and

∇Fλ(xn, tn) → p, then p ∈ ∂̂Φλ(x). For every nonempty compact B ⊂ Rd,

(2.8) sup
x∈B

dist
(
(x,∇Fλ(x, t)) , gph ∂̂Φλ

)
−→ 0.

If 0 ≤ λ ≤ 1, then ∂̂Φλ = ∂CΦλ and the graph limit is complete: for every x ∈ Rd, p ∈ ∂CΦλ(x),
and sequence tn → 0+, there exists a sequence x′

n → x such that
(2.9) ∇Fλ(x′

n, tn) −→ p.

(ii) For every T > 0 and y0 ∈ Rd, the solution Y of Eq. (2.7) is unique, global, and precompact.
For any sequence τn → ∞, the translates Yτn+· are relatively compact in Cloc

(
[0,∞);Rd

)
.

Every limit Z takes values in Kλ and satisfies

(2.10) Żτ ∈ −1
4 ∂̂Φλ(Zτ ) for a.e. τ ≥ 0.

Every solution of this inclusion obeys, for τ ≤ τ ′ in its domain,

(2.11) Φλ(Zτ ′) + 4
∫ τ ′

τ
|Żs|2 ds = Φλ(Zτ ).

Proof. See Section 5.2. □

Remark 2.2 (The original-time deterministic process). Under Theorem 2.1, Xt := Ylog(T/t) is the
unique solution of (1.3) on (0, T ], with xT = y0. Its range and accumulation set as t → 0+ coincide
with those of Y as τ → ∞; in particular, X is bounded.

For convex mixing the autonomous inclusion is the Clarke subgradient system of Φλ. For
extrapolation it is generally an outer geometric description. Attainable field directions can form a
strict subset of the envelope, and the inclusion describes a potentially larger class of trajectories. If
all active projections are unique on an open set, the field converges to ∇Φλ uniformly on compact
subsets of that set.

2.2. Omega-limit localization for compact supports. We next prove energy convergence and
show that every translated limit is stationary. For a precompact continuous curve, define
(2.12) ω(Y ) =

⋂
S>0

Y ([S,∞)).

This is the set of all accumulation points as τ → ∞. We say that a law u0 with support A satisfies
a uniform lower small-ball mass condition if there exist c > 0, α ≥ 0, and r0 > 0 such that
(2.13) inf

a∈A
u0 (B(a, r)) ≥ crα, 0 < r ≤ r0.

This condition is expressed in terms of small-ball probabilities and also applies to singular measures.
Finite empirical laws with positive weights satisfy it with α = 0. A density bounded below on a
compact support with a uniform interior-volume bound satisfies it with α = d.
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Theorem 2.3 (Omega-limit localization). Let λ ≥ 0 and assume that the active supports are
compact. If λ > 1, assume in addition that u0,2 satisfies Eq. (2.13). For every T > 0 and y0 ∈ Rd,
let Y be the solution of Eq. (2.7).

(i) The trajectory has finite kinetic action,

(2.14)
∫ ∞

0
|Ẏτ |2 dτ < ∞,

and there exists ℓ ∈ R such that
(2.15) Fλ(Yτ , tτ ) −→ ℓ, Φλ(Yτ ) −→ ℓ.

(ii) The set ω(Y ) is nonempty, compact, and connected, with
(2.16) ω(Y ) ⊆ {x ∈ Eλ : Φλ(x) = ℓ}.

Proof. See Section 5.3. □

Remark 2.4 (Localization in the original heat time). For Xt = Ylog(T/t), Theorem 2.3 gives∫ T

0
t |Ẋt|2 dt =

∫ ∞

0
|Ẏτ |2 dτ < ∞.

As t → 0+, both Fλ(Xt, t) and Φλ(Xt) converge to ℓ, and all accumulation points of X belong to
Eλ ∩ {Φλ = ℓ}.

For extrapolation, the additional mass hypothesis is imposed only on the negatively weighted
reference law; convex mixing, including either single-score case, requires only compactness.

Finite action makes all translated limits stationary, as quantified by Eq. (5.22) in the proof.
It controls motion on fixed time windows, while the total trajectory length may be infinite. For
empirical data, finiteness of Eλ and connectedness of ω(Y ) yield convergence to a single point, as
stated below.

2.3. Empirical endpoint convergence and asymptotics. For finite atomic measures, called
empirical measures below, the compact-support result strengthens to convergence of each trajectory.
Assume

(2.17) u0,k =
nk∑
i=1

wk,iδak,i
, wk,i > 0,

nk∑
i=1

wk,i = 1,

with distinct sites within each support. Set

(2.18)

Ik(x) = argmin
i

|x− ak,i|, Sk = {x : #Ik(x) > 1}, k = 1, 2,

Sλ =


S2, λ = 0,
S1, λ = 1,
S1 ∪ S2, λ > 0, λ ̸= 1.

Outside the active Voronoi skeleton Sλ, every active support has a unique nearest atom. We call an
endpoint outside this set a strict-cell endpoint. The equilibrium set Eλ itself also includes possible
ties.

Theorem 2.5 (Empirical convergence and strict-cell asymptotics). Assume Eq. (2.17), and fix
λ ≥ 0 and T > 0. For every initial state y0 ∈ Rd, the solution Y of Eq. (2.7) is unique on [0,∞)
and satisfies:

(i) The set Eλ is finite. There exists y∗ ∈ Eλ such that
(2.19) Yτ −→ y∗ (τ → ∞).
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(ii) If y∗ /∈ Sλ, there exist ξ∗ ∈ Rd and η > 0 such that

(2.20) Yτ = y∗ + e−τ/2ξ∗ +O
(
tτe

−η/tτ

)
(τ → ∞).

Consequently, there exists C > 0 such that
(2.21) |Yτ − y∗| ≤ Ce−τ/2, τ ≥ 0.

Proof. See Section 5.4. □

Remark 2.6 (Original-time form and sharpness). The original-time solution Xt = Ylog(T/t), with
xT = y0, satisfies
(2.22) Xt −→ x∗ := y∗ (t → 0+).
If y∗ /∈ Sλ, (2.21) gives |Xt − x∗| ≤ C

√
t/T for every 0 < t ≤ T . Let ak,∗ be the unique nearest

atom at this endpoint in each active support. Then x∗ = y∗ = λa1,∗ + (1 −λ)a2,∗, and the expansion
in Theorem 2.5 becomes
(2.23) Xt = x∗ +

√
t/T ξ∗ +O

(
te−η/t

)
(t → 0+).

Thus the heat-time exponent 1/2 is sharp when ξ∗ ̸= 0; if ξ∗ = 0, then |Xt − x∗| = o(tm) for
every m > 0. The constants may depend on the data, weights, initialization, T , and λ, and may
deteriorate as the Voronoi gap approaches zero.

For finite empirical laws, positivity of atomic weights implies Eq. (2.13) directly. The strict-cell
hypothesis enters the rate estimate, whereas endpoint convergence holds for arbitrary empirical
configurations.

Remark 2.7 (Limits of the conclusions). In one dimension, let u0,1 = (δ−1 + 3δ1)/4, u0,2 =
(3δ−1 + δ1)/4, and λ = 2. Both supports are {−1, 1}, so Φ2(x) = (1 − |x|)2, but

∂CΦ2(0) = [−2, 2], ∂̂Φ2(0) = [−6, 6], ∇F2(0, t) = −3.
Thus the limiting direction at this interface lies outside the Clarke subdifferential of the limiting
potential. If instead u0,1 = u0,2 = (δ−1 + δ1)/2, then ∇Fλ(x, t) = 2{x − tanh(x/(2t))} for every
λ. Its joint limits as x → 0 and t → 0+ form [−2, 2], strictly smaller than ∂̂Φ2(0). Moreover, the
trajectory initialized at zero stays there, although zero is a strict local maximum of Φλ(x) = (1−|x|)2.
Consequently, convergence to an equilibrium cannot be strengthened to convergence to a local
minimum for every initialization.

3. Perturbations and stochastic asymptotics

We extend the convergence results to square-integrable deterministic perturbations and to
stochastic sampling. As before, the results are stated in logarithmic time and then translated into
heat time.

3.1. Perturbations of the sampling scores. Consider the perturbed dynamics

(3.1) ˙̃
Y τ = −1

4∇Fλ(Ỹτ , tτ ) + rτ , Ỹ0 = ỹ0.

Here r is a prescribed measurable error in logarithmic time.

Proposition 3.1 (Robustness of equilibrium localization). Assume the hypotheses on λ and the
data laws in Theorem 2.3. Fix T > 0, ỹ0 ∈ Rd, and r ∈ L2(0,∞;Rd). Equation (3.1) has a unique
global bounded Carathéodory solution Ỹ with the following properties.
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(i) The trajectory has finite kinetic action,

(3.2)
∫ ∞

0
| ˙̃
Y τ |2 dτ < ∞,

and there exists ℓ̃ ∈ R such that
(3.3) Fλ(Ỹτ , tτ ) −→ ℓ̃, Φλ(Ỹτ ) −→ ℓ̃.

(ii) The set ω(Ỹ ) is nonempty, compact, and connected, with
(3.4) ω(Ỹ ) ⊆ {x ∈ Eλ : Φλ(x) = ℓ̃}.

Proof. See Section 5.5. □

Remark 3.2 (Errors in the original score). Under the hypotheses on λ and the data in Proposi-
tion 3.1, let X̃ be a locally absolutely continuous solution of ˙̃

Xt = −s(λ)(X̃t, t) − e(X̃t, t) on (0, T ].
If

(3.5)
∫ T

0
t |e(X̃t, t)|2 dt < ∞,

then X̃ is bounded and its accumulation points as t → 0+ belong to Eλ. For finite empirical
data, finiteness of Eλ and connectedness of ω(Ỹ ) give Ỹτ → ỹ∗ ∈ Eλ, hence X̃t → x̃∗ := ỹ∗,
where Ỹτ = X̃tτ and Ỹ0 = X̃T . Indeed, the change of time (2.6) gives rτ = tτe(X̃tτ , tτ ) and∫∞

0 |rτ |2 dτ =
∫ T

0 t |e(X̃t, t)|2 dt, so Proposition 3.1 applies. Thus (3.5) is a sufficient condition for
localization and empirical endpoint convergence under score approximation along the given trajectory.
The selected equilibrium may change, and even an unchanged endpoint may be approached more
slowly. For example, take u0,1 = u0,2 = δc, rτ = e−τ/4v with v ̸= 0, and Ỹ0 = c. Then

Ỹτ − c = 4(e−τ/4 − e−τ/2)v,
so the endpoint remains c, but the leading error has scale e−τ/4, or (t/T )1/4 in heat time. Deriving
(3.5) from a training loss or a time-discretization error requires additional analysis.

3.2. Stochastic localization and endpoint convergence. We use the same decreasing heat
time as in the deterministic process. For ε ≥ 0, consider the stochastic equation
(3.6) dXε

t = −(1 + ε)s(λ)(Xε
t , t) dt+

√
2ε dWt, Xε

T = xT , 0 < t ≤ T.

On a probability space (Ω,F ,P), let WT = 0 and let W be Brownian motion for a backward filtration
(Ft) with the usual conditions in decreasing time. For 0 < t < t′ ≤ T , the increment Wt −Wt′ is
independent of Ft′ and is centered Gaussian with covariance (t′ − t)Id. Thus (3.6) means

Xε
t = xT + (1 + ε)

∫ T

t
s(λ)(Xε

t′ , t′) dt′ +
√

2εWt.

A strong solution is an (Ft)-adapted process satisfying this identity almost surely for all t ∈ (0, T ],
with sample paths in C((0, T ];Rd). Uniqueness is pathwise for a prescribed Brownian motion and
terminal state. For a single score, ε = 1 is the classical reverse diffusion when initialized with the
terminal heat law [2,23].

The change of time (2.6) gives

(3.7) dY ε
τ = −1 + ε

4 ∇Fλ(Y ε
τ , tτ ) dτ +

√
2εtτ dWτ , Y ε

0 = y0 = xT .

We reuse W for the standard Brownian motion in logarithmic time, adapted to the increasing
filtration Gτ := Ftτ [28, 34]. Strong solutions of (3.7) are understood in integral form and have
continuous paths on [0,∞).

For a stochastic process, ω(Y ε) denotes the ordinary omega-limit set (2.12) of each continuous
sample path. An Eλ-valued random vector belongs to Eλ almost surely.
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Theorem 3.3 (Stochastic localization and empirical convergence). Let λ ≥ 0 and assume that the
active supports are compact. If λ > 1, assume that u0,2 satisfies (2.13). Fix T > 0, y0 ∈ Rd, and
ε ≥ 0. Equation (3.7) has a unique global strong solution Y ε with continuous, almost surely bounded
paths.

(i) There is a finite random variable ℓε such that, almost surely,
Fλ(Y ε

τ , tτ ) −→ ℓε, Φλ(Y ε
τ ) −→ ℓε (τ → ∞),(3.8)

∅ ̸= ω(Y ε) ⊆ {x ∈ Eλ : Φλ(x) = ℓε}.(3.9)
The omega-limit set is compact and connected. In particular, dist(Y ε

τ , Eλ) → 0 as τ → ∞.
(ii) If the active laws are finite empirical measures, there is an Eλ-valued random vector yε,∗ such

that
(3.10) Y ε

τ −→ yε,∗ (τ → ∞), almost surely.

Proof. See Section 5.6. □

Remark 3.4 (The original-time stochastic process). The process Xε
t := Y ε

log(T/t) solves (3.6), with
xT = y0, and has the same accumulation points as Y ε. Thus the energy and localization conclusions
hold as t → 0+ as well. For empirical data, setting xε,∗ := yε,∗ gives
(3.11) Xε

t −→ xε,∗ ∈ Eλ (t → 0+), almost surely.
For each fixed initialization, assigning this value at t = 0 gives an almost surely continuous extension
to [0, T ]. For general compact laws, the accumulation set is localized to a single equilibrium energy
level. In conditional guidance with nested supports, Corollary 3.7 further restricts the possible
terminal locations.

Corollary 3.5 (Terminal sampling law). Assume that the active laws are finite atomic measures,
and fix λ ≥ 0, T > 0, and ε ≥ 0. Let Xε

T have any law µT ∈ P(Rd), independently of the driving
Brownian motion when ε > 0. There is a probability measure µε

0 such that, narrowly as t → 0+,
Law(Xε

t ) ⇀ µε
0, suppµε

0 ⊆ Eλ.

In particular, the terminal law is finitely supported.

Proof. See Section 5.6. □

Remark 3.6 (Square-integrable perturbations for empirical data). For finite empirical active laws,
the endpoint conclusion remains valid with an additional prescribed drift rτ dτ in (3.7), progressively
measurable for (Gτ ), provided

(3.12)
∫ ∞

0
|rτ |2 dτ < ∞ almost surely.

For a well-posed sampler using s(λ) + e, this is (3.5) almost surely along its path, since rτ =
(1 + ε)tτe(X̃ε

tτ
, tτ ) and

(3.13)
∫ ∞

0
|rτ |2 dτ = (1 + ε)2

∫ T

0
t |e(X̃ε

t , t)|2 dt.

This sufficient condition concerns the error along the perturbed trajectory; it preserves endpoint
convergence, but need not preserve the selected equilibrium or its law.

Proof. See Section 5.6. □

In classifier-free guidance [25], a positive-weight conditional component of the reference law gives
A1 ⊆ A2, leading to the following geometric restriction.
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Corollary 3.7 (Conditional-support geometry). Assume that A1 ⊆ A2 are compact and λ > 1. The
local and global minimizers of Φλ are exactly A1, and every equilibrium outside A1 has a nonunique
projection onto A1. For finite atomic laws, the endpoints belong to A1 ∪ S1 for every deterministic
initialization and almost surely for each fixed stochastic initialization.

Proof. Since d2 ≤ d1, we have Φλ ≥ d2
1, with value zero on A1. For squared distances, the one-sided

directional derivative is (d2
k)′(x; v) = 2 minb∈Πk(x)⟨x − b, v⟩. Thus, for x /∈ A1 and a ∈ Π1(x),

Cauchy–Schwarz gives
Φ′

λ(x; a− x) ≤ −2λd1(x)2 + 2(λ− 1)d1(x)d2(x) ≤ −2d1(x)2 < 0.
Thus the local and global minimizers are exactly A1. If x ∈ Eλ has the unique target projection a,
write x = λa+ (1 − λ)b with b ∈ conv Π2(x). Then λ(x− a) = (λ− 1)(x− b) and |x− b| ≤ d2(x), so

λ

λ− 1d1(x) ≤ d2(x) ≤ d1(x).

It follows that x ∈ A1. The endpoint assertion follows from Theorems 2.5 and 3.3. □

For empirical conditional guidance, a terminal sample outside the target data set A1 can occur
only where several target atoms tie as nearest points. A deterministic trajectory ending at a target
atom has a unique nearest point in each support, so Remark 2.6 gives an O(

√
t) stopping error.

These conclusions give a geometric restriction under support inclusion alone and complement the
conditional-support guarantees in [4, 10].

4. Numerical illustrations of the convergence theory

Two examples illustrate the convergence results: continuous compact supports, and finite atomic
supports with deterministic and stochastic endpoints. All computations use exact heat-flow scores
and integrate in logarithmic time from T = 1 to positive stopping times. For continuous supports,
we evaluate the Gaussian integrals and use the Radau solver with relative and absolute tolerances
10−10 and 10−12. For the empirical data, posterior weights are evaluated in a numerically stabilized
form; deterministic trajectories use Radau, and stochastic trajectories use an exponential step for
the linear drift and noise, with implicit treatment of the reference posterior when λ > 1. The
stochastic curves use 2048 steps per decade of heat time and were compared with 512 and 1024
steps per decade using coupled noise increments.

4.1. Continuous supports: geometry and localization. Consider the segmented supports
I = [−1.5,−1.2] ∪ [−0.8, 0.8] ∪ [1.2, 1.5], A1 = I × {−1, 1}, A2 = {−1, 1} × I,

equipped with normalized arclength measures. These measures satisfy the lower small-ball mass
condition (2.13), so Theorems 2.1 and 2.3 apply in both the convex and extrapolative regimes.

Figure 1 superposes trajectories of the time-dependent equation (2.7) on the level sets of its
limiting potential Φλ. The local-minimum sets are

M1/2 = {−1.1,−0.9, 0.9, 1.1}2, M2 = {−2, 0, 2} × {−1, 1}.
Convex mixing balances proximity to the two supports, whereas extrapolation produces four minima
outside their joint convex hull. Initial states are chosen so that the trajectories approach every
marked minimum, illustrating the dependence of the endpoint on the initialization. This behavior is
consistent with equilibrium localization in Theorem 2.3; the theorem also permits nonminimizing
equilibria, as illustrated by Remark 2.7.

Table 1 compares Fλ and its gradient with their limiting geometric counterparts on the fixed grid
G = {−1.8,−1.6, . . . , 1.8}2.

The decreasing defects illustrate the potential convergence and field localization of Theorem 2.1. The
field is compared with the separated envelope ∂̂Φλ, which coincides with ∂CΦλ for convex mixing
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Figure 1. Continuous-support geometry and deterministic trajectories. Red and
blue segments represent A1 and A2; colored contours are level sets of Φλ. Gray curves
show 28 trajectories from the open-circle initializations to heat time 10−6. Black
diamonds mark local minima. Left: convex mixing, λ = 0.5. Right: extrapolation,
λ = 2.

but may be larger under extrapolation. These fixed-grid diagnostics complement the moving-point
graphical formulation of the theorem.

Table 1. Maximum potential and field defects on the fixed 19 × 19 grid G.

|Fλ − Φλ| dist(∇Fλ, ∂̂Φλ)
t λ = 0.5 λ = 2 λ = 0.5 λ = 2

10−1 1.2478 1.7735 0.4104 1.2947
10−2 0.0909 0.1640 0.1559 0.4931
10−3 0.0085 0.0199 0.0505 0.1596
10−4 0.0010 0.0024 0.0160 0.0505

4.2. Empirical supports: endpoints and convergence scales. Consider uniform empirical
laws on

(4.1)
A1 = {(−3.0, 2.2), (−1.2,−2.6), (1.0, 1.3)},
A2 = {(2.8,−3.2), (4.0, 2.6), (0.2,−0.2)}.

Figure 2 compares the two dynamics for λ = 0.5, 1, 2.5, with ε = 1 in the stochastic case. Both
use 48 common initial states in [−9, 9]2.

The marked local-minimum set Mλ ⊂ Eλ contains five weighted centers for λ = 0.5, equals A1
for λ = 1, and contains three points for λ = 2.5. Two of the latter lie on reference Voronoi edges.
The computed paths approach every marked minimum, illustrating the interface endpoints covered
by the convergence theorems. Stochastic forcing changes the paths and may change the selected
endpoint, while the equilibrium set remains the same.
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Figure 2. Empirical trajectories for (4.1). Columns correspond to λ = 0.5, 1, 2.5;
rows to deterministic and stochastic trajectories. Stars mark local minima; red and
blue dashed lines mark the Voronoi edges of A1 and A2. The extrapolative case
includes two minima on reference interfaces. Path colors identify the approached
minimum; faint contours show Φλ.

For deterministic strict-cell endpoints, Theorem 2.5 and Remark 2.6 give
|Yτ − y∗| = O(e−τ/2), |Xt − x∗| = O(

√
t).

Figure 3 compares this scale with the root-mean-square (RMS) distance to the marked minima:

(4.2) Rε
λ(t) =

(
1
Nε

Nε∑
r=1

dist
(
X

ε,(r)
t ,Mλ

)2)1/2

, N0 = 48, N1 = 384.

The stochastic ensemble uses eight independent noise realizations per initial state.
Over 10−7 ≤ t ≤ 10−4, the computed RMS curves exhibit an approximately square-root decay,

consistent with the theoretical rate for deterministic strict-cell endpoints. For stochastic trajectories
and deterministic projection-interface endpoints, the observed rates remain numerical: the conver-
gence theorems establish endpoint existence in these cases, while the corresponding rate questions
remain open.
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√
t, with

unit prefactor. The data are unsmoothed. The O(
√
t) rate is proved for deterministic

strict-cell endpoints; stochastic and projection-interface decay scales are numerical
observations.

5. Proofs of the main results

We retain the notation of Sections 2 and 3. Throughout, tτ = Te−τ and λ ≥ 0 is fixed; t, t′ denote
heat time and τ, τ ′, s, s′ logarithmic time.
Posterior quantities and normalized potentials. For a probability measure u0, write u = Gt ∗ u0 and
set

(5.1) dνx
t (a) = Gt(x− a)

u(x, t) du0(a), m(x, t) =
∫
a dνx

t (a), f(x, t) = −4t log u(x, t).

We also write

Q(x, t) =
∫

|x− a|2 dνx
t (a), Σ(x, t) =

∫
(a−m(x, t)) ⊗ (a−m(x, t)) dνx

t (a).

For u0,k, the corresponding quantities carry a subscript k. The posterior-mean identity [31, Lemma 5.1
and its proof] gives

(5.2) ∇ log uk(x, t) = mk(x, t) − x

2t ,

∇Fλ(x, t) = 2 (x− λm1(x, t) − (1 − λ)m2(x, t)) .
Each mk(x, t) belongs to conv(Ak), and the deterministic flow has the form

(5.3) Ẏτ = 1
2
(
zτ − Yτ

)
, zτ = λm1(Yτ , tτ ) + (1 − λ)m2(Yτ , tτ ) ∈ Kλ.

For the energy estimates, remove the spatially constant normalization:
(5.4) f(x, t) = f(x, t) − 2dt log(4πt), F λ(x, t) = Fλ(x, t) − 2dt log(4πt).
We write

Vτ (x) := F λ(x, tτ ).
The normalization preserves spatial gradients and vanishes as t → 0+.
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Entropy and information bounds. For probability measures, we use the relative entropy

KL(ρ∥µ) =
∫

log
(
dρ

dµ

)
dρ (ρ ≪ µ),

with value +∞ otherwise. For a probability density, set

Ent(ρ) =
∫
Rd
ρ(x) log ρ(x) dx.

For a nonempty compact set B, define
HB(t) := sup

x∈B
KL(νx

t ∥u0), Hk,B(t) := sup
x∈B

KL(νx
k,t∥u0,k),(5.5)

Iλ(x, t) := λKL(νx
1,t∥u0,1) + (1 − λ) KL(νx

2,t∥u0,2).(5.6)
As before, terms with zero coefficients are omitted.
Restarted dynamics. For fixed ε ≥ 0, Y ε;s,y denotes the solution of (3.7) started at time s from y,
and Es,y its expectation; ε = 0 gives the deterministic flow. We retain Gτ = Ftτ from Section 3.2
and suppress fixed superscripts within individual proofs.
Stochastic variation of constants. We use the stochastic variation-of-constants (Duhamel) formula [15,
Sections 4.4 and 5.1]. For a > 0, a progressively measurable process g with locally integrable paths,
and a continuous local martingale M , consider

dZτ = (−aZτ + gτ ) dτ + dMτ .

Then, for 0 ≤ s ≤ τ , almost surely,

(5.7) Zτ = e−a(τ−s)Zs +
∫ τ

s
e−a(τ−s′)gs′ ds′ +

∫ τ

s
e−a(τ−s′) dMs′ .

The case M = 0 is the deterministic formula.

5.1. Technical ingredients. The five lemmas below are used in the proofs of the main results.
Their proofs are given in Section 6.
Lemma 5.1 (Distance geometry and empirical equilibria). Assume that the active supports are
compact.

(i) For every nonempty compact A, the function d2
A is locally Lipschitz and 2-semiconcave, with

(5.8) ∂Cd2
A(x) = 2 (x− conv ΠA(x)) .

The separated envelope is upper semicontinuous with nonempty compact convex values, and{
∂̂Φλ = ∂CΦλ, 0 ≤ λ ≤ 1,
∂CΦλ ⊆ ∂̂Φλ, λ > 1.

For 0 ≤ λ ≤ 1, the potential Φλ is 2-semiconcave.
(ii) For finite empirical active laws, each collection of nearest-index sets determines at most one

equilibrium. In particular,
#Eλ < ∞.

Lemma 5.2 (Heat-flow Hessians and the Li–Yau bound). Assume that the active supports are
compact. For t > 0,

(5.9)
D2

x log uk(x, t) = −Id

2t + Σk(x, t)
4t2 ,

D2
xFλ(x, t) = 2Id − 1

t
(λΣ1(x, t) + (1 − λ)Σ2(x, t)) .

In particular,
D2

x log uk ⪰ −Id

2t , D2
xFλ ⪯ 2Id if 0 ≤ λ ≤ 1.
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On every strip δ ≤ t ≤ T with δ > 0, the mixed score and ∇Fλ are globally Lipschitz in space and
have at most linear growth, uniformly in t.

Lemma 5.3 (Laplace–Varadhan localization).
(i) Let u0 have nonempty compact support A. Then

f(·, t) −→ d2
A locally uniformly as t → 0+.

For any sequences xn → x and tn → 0+,
m(xn, tn) −→ a =⇒ a ∈ conv ΠA(x).

(ii) For finite empirical active laws and x0 /∈ Sλ, let ak,∗ be the active nearest atoms and set
c∗ = λa1,∗ + (1 − λ)a2,∗.

There exist a neighborhood U of x0 and C, η, t0 > 0 such that
(5.10) sup

x∈U
|∇Fλ(x, t) − 2(x− c∗)| ≤ Ce−η/t, 0 < t ≤ t0.

Lemma 5.4 (Passage to the geometric inclusion). Assume compact active supports. Let κ > 0 and
let continuous curves y,R : [0,∞) → Rd, with y bounded and R0 = 0, satisfy

(5.11) yτ = y0 − κ

4

∫ τ

0
∇Fλ(ys, ts) ds+Rτ .

If, for every S > 0,
(5.12) sup

0≤h≤S
|Rτ+h −Rτ | −→ 0 (τ → ∞),

then, for any τn → ∞, the translates yτn+· are relatively compact in Cloc([0,∞);Rd). Every limit z
is locally Lipschitz and satisfies

żs ∈ −κ

4 ∂̂Φλ(zs) for a.e. s ≥ 0.

The final lemma controls the time dependence of the potential and the conditional energy
increments of stochastic trajectories.

Lemma 5.5 (Deterministic and stochastic energy estimates). Assume the hypotheses on the data
and λ in Theorem 2.3.

(i) For every nonempty compact B ⊂ Rd, there exists a nonnegative function bB ∈ L1(0,∞) such
that

(5.13) ∂τVτ (x) = −4tτ Iλ(x, tτ ) ≤ bB(τ), x ∈ B, τ ≥ 0.
For 0 ≤ λ ≤ 1, one may take bB = 0.

(ii) For every fixed ε > 0, there exist s0, C > 0 such that, for all s ≥ s0 and y ∈ Rd,
(5.14) Es,y

[
Vs+1(Y ε;s,y

s+1 )
]

≤ Vs(y) + Cts(1 + | log ts|)(1 + |y|2).
The constants may depend on ε, λ, T and the data laws, but are uniform in s and y.

5.2. Proof of Theorem 2.1.
Step 1 (Localization and graphical recovery). The identities

Fλ = λf1 + (1 − λ)f2, Φλ = λd2
1 + (1 − λ)d2

2,

and Lemma 5.3 give local uniform convergence of the potentials. To identify the field limits, let
xn → x, tn → 0+, and suppose that ∇Fλ(xn, tn) → p. Each active posterior mean lies in a fixed
compact support hull. Along a common subsequence,

mk(xn, tn) −→ ak ∈ conv Πk(x).
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The mean-shift identity therefore yields
p = 2 (x− λa1 − (1 − λ)a2) ∈ ∂̂Φλ(x).

For the uniform graph-distance assertion on a compact set B, a contrary sequence would satisfy

xn ∈ B, tn → 0+, dist
(
(xn,∇Fλ(xn, tn)), gph ∂̂Φλ

)
≥ δ

for some δ > 0. Compactness and the bounded posterior means give a subsequence converging to
(x, p) in the envelope graph, contradicting this lower bound. This proves (2.8).

For graphical recovery, assume 0 ≤ λ ≤ 1, fix x ∈ Rd and p ∈ ∂CΦλ(x), and let tn → 0+ be any
sequence. Choose B = B(x, r) with r > 0 and define on this ball

Jn(y) = Fλ(y, tn) − ⟨p, y − x⟩ − 2|y − x|2,
J(y) = Φλ(y) − ⟨p, y − x⟩ − 2|y − x|2.

The curvature and semiconcavity bounds in Lemmas 5.1 and 5.2 give
D2Jn ⪯ −2Id, J(y) ≤ J(x) − |y − x|2.

Let x′
n be the unique maximizer of Jn on B and set

δn := sup
y∈B

|Fλ(y, tn) − Φλ(y)|.

Then
J(x) − δn ≤ Jn(x) ≤ Jn(x′

n) ≤ J(x) − |x′
n − x|2 + δn.

Hence |x′
n − x|2 ≤ 2δn → 0. For large n, the maximizer lies in the interior of B, and its first-order

condition gives
∇Fλ(x′

n, tn) − p− 4(x′
n − x) = 0, ∇Fλ(x′

n, tn) −→ p.

This proves (2.9). On a region with unique active projections, the envelope is a continuous singleton.
The same subsequence argument on each compact subset gives uniform convergence of the fields
there.
Step 2 (Confinement and limiting trajectories). On each bounded logarithmic-time interval,
Lemma 5.2 gives a unique solution. Set

zs = λm1(Ys, ts) + (1 − λ)m2(Ys, ts) ∈ Kλ.

Applying (5.7) with a = 1/2 and M = 0 gives

(5.15) Yτ = e−τ/2y0 + 1
2

∫ τ

0
e−(τ−s)/2zs ds ∈ e−τ/2y0 + (1 − e−τ/2)Kλ.

The normalized kernel average kτ belongs to Kλ. Hence Y stays in conv({y0}∪Kλ), extends globally,
and has bounded derivative.

Let p0 be the projection of y0 onto Kλ. Since e−τ/2p0 + (1 − e−τ/2)kτ ∈ Kλ, we obtain
(5.16) dist(Yτ ,Kλ) ≤ e−τ/2|y0 − p0| = e−τ/2 dist(y0,Kλ).
Apply Lemma 5.4 with κ = 1 and R = 0. Every translated limit solves (2.10); the last estimate
places its whole range in Kλ.
Step 3 (Signed dissipation). Let Z solve (2.10). On each compact time interval, local boundedness
of the envelope makes Z and every active composition d2

k ◦Z Lipschitz. Fix a time s at which these
curves are differentiable and the inclusion holds; such times form a set of full measure.

For any pk ∈ ∂Cd2
k(Zs), (6.1) gives
d2

k(Zs+h) − d2
k(Zs) ≤ ⟨pk, Zs+h − Zs⟩ + |Zs+h − Zs|2.
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At the chosen time,

Zs+h − Zs = hŻs + o(|h|), |Zs+h − Zs|2

|h|
−→ 0.

Division by h > 0 gives (d2
k ◦ Z)′(s) ≤ ⟨pk, Żs⟩; division by h < 0 gives the reverse inequality.

Consequently,
(d2

k ◦ Z)′(s) = ⟨pk, Żs⟩ for every pk ∈ ∂Cd2
k(Zs).

At each such time, the inclusion supplies component vectors satisfying
λp1 + (1 − λ)p2 = −4Żs.

Multiplying the component identities by their signed coefficients gives

(5.17) d

ds
Φλ(Zs) =

〈
λp1 + (1 − λ)p2, Żs

〉
= −4|Żs|2.

The composition Φλ ◦ Z is absolutely continuous, so integration proves (2.11). The componentwise
equality is what preserves dissipation when 1 − λ is negative.

5.3. Proof of Theorem 2.3.
Step 1 (The characteristic energy and reference information). The trajectory stays in B =
conv({y0} ∪Kλ) by (5.15). The chain rule and Lemma 5.5(i) give

(5.18) d

dτ
Vτ (Yτ ) = −4|Ẏτ |2 +Rλ(τ), Rλ(τ) := −4tτ Iλ(Yτ , tτ ).

For convex mixing, nonnegativity of relative entropy gives Rλ ≤ 0. For λ > 1, the target contribution
remains nonpositive, and the reference contribution satisfies

Rλ(τ) ≤ 4(λ− 1)tτ KL(νYτ
2,tτ

∥u0,2) ≤ 4(λ− 1)tτH2,B(tτ ).
Accordingly, set

b(τ) =
{

0, 0 ≤ λ ≤ 1,
4(λ− 1)tτH2,B(tτ ), λ > 1.

Thus Rλ ≤ b and b ≥ 0. For λ > 1, the bound (6.9) and dτ = −dt/t give∫ ∞

0
b(τ) dτ = 4(λ− 1)

∫ T

0
H2,B(t) dt < ∞.

Indeed, H2,B(t) ≤ CB(1 + | log t|) near zero and is bounded on compact positive-time intervals.
Step 2 (Corrected energy and finite action). Define

(5.19) L(τ) = F λ(Yτ , tτ ) +
∫ ∞

τ
b(s) ds.

This function is locally absolutely continuous and satisfies
(5.20) L′(τ) = −4|Ẏτ |2 +Rλ(τ) − b(τ) ≤ −4|Ẏτ |2

for almost every τ . Local uniform convergence to Φλ and continuity on positive-time strips bound
the potential below on B. Hence L is bounded below and decreases to a finite limit ℓ.

Integrating the differential inequality over [τ, S] yields

4
∫ S

τ
|Ẏs|2 ds ≤ L(τ) − L(S).

Letting S → ∞ proves

(5.21) 4
∫ ∞

τ
|Ẏs|2 ds ≤ L(τ) − ℓ.
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In particular, the action is finite and its tail tends to zero. Moreover,

Fλ(Yτ , tτ ) = L(τ) −
∫ ∞

τ
b(s) ds+ 2dtτ log(4πtτ ) −→ ℓ.

Uniform convergence of Fλ(·, t) on B then gives Φλ(Yτ ) → ℓ, proving (2.15).
Step 3 (Stationary limits and equilibrium localization). For each S > 0, absolute continuity and
Cauchy–Schwarz give

(5.22)
sup

0≤h≤S
|Yτ+h − Yτ | ≤

∫ τ+S

τ
|Ẏs| ds

≤
√
S

(∫ ∞

τ
|Ẏs|2 ds

)1/2
−→ 0.

Take z ∈ ω(Y ) and choose τn → ∞ with Yτn → z. The estimate implies
Yτn+· −→ (s 7→ z) locally uniformly on [0,∞).

By Theorem 2.1, this constant curve solves the limiting inclusion. Therefore
0 ∈ ∂̂Φλ(z), z ∈ Eλ, Φλ(z) = ℓ,

where the last identity follows from continuity and the energy limit.
Finally, the closed tails BS = Y ([S,∞)) are nested, nonempty compact connected sets. Their

intersection ω(Y ) has these same properties, proving (2.16).

5.4. Proof of Theorem 2.5.
Step 1 (Finite equilibria give point convergence). Positive atomic weights imply the small-ball
condition with exponent zero, so the compact-support theorem applies for every λ ≥ 0. Its
localization conclusion and Lemma 5.1(ii) give

∅ ̸= ω(Y ) ⊆ Eλ, ω(Y ) connected, #Eλ < ∞.

Hence ω(Y ) = {y∗}, and precompactness implies Yτ → y∗ from every initial state. The inverse time
change gives (2.22) with x∗ := y∗.
Step 2 (The affine tail and its asymptotic coefficient). If y∗ /∈ Sλ, convergence places the tail in the
neighborhood of Lemma 5.3(ii). The equilibrium relation gives c∗ = y∗, so, for eτ = Yτ − y∗ and
τ ≥ τ0,

ėτ = −1
2eτ + rτ , |rτ | ≤ Ce−η/tτ = Ce−ηeτ /T .

Formula (5.7), applied from time τ0, gives

(5.23) eτ = e−τ/2
(
eτ0/2eτ0 +

∫ τ

τ0
es/2rs ds

)
.

With t′ = Te−s, the weighted remainder satisfies∫ ∞

τ0
es/2|rs| ds ≤ C

√
T

∫ tτ0

0
(t′)−3/2e−η/t′

dt′ < ∞.

The limiting coefficient is

ξ∗ = eτ0/2eτ0 +
∫ ∞

τ0
es/2rs ds, eτ/2eτ −→ ξ∗.

Subtracting (5.23) from this definition gives the exact remainder formula

eτ − e−τ/2ξ∗ = −e−τ/2
∫ ∞

τ
es/2rs ds.
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For t = tτ , use the same substitution and (t′)−3/2 ≤
√
t (t′)−2 on (0, t]:∣∣∣eτ − e−τ/2ξ∗

∣∣∣ ≤ C
√
t

∫ t

0
(t′)−3/2e−η/t′

dt′

≤ Ct

∫ t

0
(t′)−2e−η/t′

dt′ = C

η
te−η/t.

This proves (2.20). The expansion bounds eτ/2|Yτ − y∗| for large τ ; continuity on the remaining
compact time interval gives (2.21) for all τ ≥ 0 after enlarging C. Since e−τ/2 =

√
tτ/T , the same

expansion gives (2.23). The local balance gives y∗ = λa1,∗ + (1 − λ)a2,∗. If ξ∗ ̸= 0, then

eτ/2|Yτ − y∗| −→ |ξ∗| > 0, |Xt − x∗|√
t

−→ |ξ∗|√
T
.

Thus the leading scale is attained, with constants depending on the trajectory’s entrance into the
strict cell.

5.5. Proof of Proposition 3.1.
Step 1 (Confinement under square-integrable forcing). Positive-time Lipschitz bounds and r ∈ L1

loc
give a unique maximal Carathéodory solution. With zs = λm1(Ỹs, ts) + (1 − λ)m2(Ỹs, ts) ∈ Kλ,
(5.7) gives

(5.24)
Ỹτ = e−τ/2ỹ0 + 1

2

∫ τ

0
e−(τ−s)/2zs ds+ R(τ),

R(τ) =
∫ τ

0
e−(τ−s)/2rs ds.

The first two terms lie in the convex hull of {ỹ0} ∪Kλ. The forcing contribution satisfies

|R(τ)| ≤
(∫ τ

0
e−(τ−s) ds

)1/2
∥r∥L2(0,τ) ≤ ∥r∥L2(0,∞).

Thus the solution is global and confined to a compact ball B. For τ ≥ S, split the convolution at S:
|R(τ)| ≤ e−(τ−S)/2|R(S)| + ∥r∥L2(S,∞).

Letting τ → ∞ and then S → ∞ gives R(τ) → 0. The convex-hull estimate yields
(5.25) dist(Ỹτ ,Kλ) ≤ e−τ/2 dist(ỹ0,Kλ) + |R(τ)| −→ 0.

Step 2 (Absorption of the energy error). The bounded drift and r ∈ L2 give ˙̃
Y ∈ L2

loc, so the chain
rule applies. The identity (5.13) applies along the perturbed curve. Let b ≥ 0 be the integrable
bound from Section 5.3 on B, so that

R̃λ(τ) = −4tτ Iλ(Ỹτ , tτ ) ≤ b(τ).

The identity ∇Fλ = −4( ˙̃
Y − r) and the estimate

4⟨rτ ,
˙̃
Y τ ⟩ ≤ 2|rτ |2 + 2| ˙̃

Y τ |2

give

(5.26)
d

dτ
F λ(Ỹτ , tτ ) = −4| ˙̃

Y τ |2 + 4⟨rτ ,
˙̃
Y τ ⟩ + R̃λ(τ)

≤ −2| ˙̃
Y τ |2 + 2|rτ |2 + b(τ).

Thus the corrected energy

(5.27) L̃(τ) = F λ(Ỹτ , tτ ) +
∫ ∞

τ
(2|rs|2 + b(s)) ds
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is locally absolutely continuous, bounded below, and satisfies

L̃′(τ) ≤ −2| ˙̃
Y τ |2 for a.e. τ.

It decreases to a finite limit ℓ̃. Integration first over a finite interval and then to infinity yields

(5.28) 2
∫ ∞

τ
| ˙̃
Y s|2 ds ≤ L̃(τ) − ℓ̃.

The error tail and Gaussian normalization vanish as τ → ∞. Local uniform convergence of the
potentials on B then gives both energy limits in (3.3).
Step 3 (Equilibrium localization). The tail-action estimate implies, for each S > 0,

sup
0≤h≤S

|Ỹτ+h − Ỹτ | ≤
√
S

(∫ ∞

τ
| ˙̃
Y s|2 ds

)1/2
−→ 0.

To identify the constant limiting curves, apply Lemma 5.4 with κ = 1 and Rτ =
∫ τ

0 rs ds. Its forcing
condition follows from

sup
0≤h≤S

|Rτ+h −Rτ | ≤
√
S ∥r∥L2(τ,∞) −→ 0.

If Ỹτn → z, the constant translated limit solves the inclusion, and energy convergence gives
0 ∈ ∂̂Φλ(z), z ∈ Eλ, Φλ(z) = ℓ̃.

The closed-tail argument proves (3.4). For empirical data, Lemma 5.1(ii) makes this connected set
a singleton, proving point convergence in Remark 3.2.

5.6. Proofs of Theorem 3.3 and Corollary 3.5. We first prove Theorem 3.3. For ε = 0, the
assertions are Theorems 2.3 and 2.5. Assume ε > 0 and write

Y = Y ε, κ = 1 + ε, a = κ/2.
We use Lemma 5.5(ii) to prove energy convergence, then apply the pathwise compactness and
dissipation arguments.
Step 1 (Bounded paths and second moments). The accumulated noise is

(5.29) Mτ =
∫ τ

0

√
2εts dWs, E|Mτ |2 = 2εdT (1 − e−τ ).

By the Itô isometry, M is a continuous L2-bounded martingale and converges almost surely [34].
For each continuous noise path, H = Y −M solves

Ḣτ = −κ

4 ∇Fλ(Hτ +Mτ , tτ ), H0 = y0, Y = H +M.

On finite intervals, Lemma 5.2 gives a continuous, globally Lipschitz drift with linear growth. The
solutions agree on overlaps and depend only on the past noise, yielding the unique global strong
solution [28].

With zs = λm1(Ys, ts) + (1 − λ)m2(Ys, ts) ∈ Kλ, (5.7) and integration by parts give

(5.30)
Yτ = e−aτy0 + a

∫ τ

0
e−a(τ−s)zs ds+ Cτ ,

Cτ =
∫ τ

0
e−a(τ−s) dMs = Mτ − a

∫ τ

0
e−a(τ−s)Ms ds.

Whenever Mτ → M∗, its exponential average has the same limit. Indeed, for τ ≥ S,∣∣∣∣a ∫ τ

0
e−a(τ−s)(Ms −M∗) ds

∣∣∣∣ ≤ e−a(τ−S) sup
0≤s≤S

|Ms −M∗| + sup
s≥S

|Ms −M∗|.
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First let τ → ∞, then S → ∞. It follows that Cτ → 0. Since the first two terms in (5.30) belong to
e−aτy0 + (1 − e−aτ )Kλ, we obtain
(5.31) dist(Yτ ,Kλ) ≤ e−aτ dist(y0,Kλ) + |Cτ | −→ 0.
The same formula bounds the path almost surely. Moreover,

E|Cτ |2 = 2εd
∫ τ

0
e−2a(τ−s)ts ds ≤ εdT

a
,

so compactness of Kλ also gives
(5.32) sup

τ≥0
E|Yτ |2 < ∞.

Step 2 (Convergence of the energy at integer times). The variable Yn is Gn-measurable. Compact
support and Jensen’s inequality give
(5.33) 1

2 |x|2 − C0 ≤ Vτ (x), |Vτ (x)| ≤ C0(1 + |x|2),
uniformly in τ ; see Section 6.5. Thus Un := Vn(Yn) + C0 is nonnegative and integrable by (5.32).

Conditionally on Gn, the process restarts from Yn at time n. The Markov property and
Lemma 5.5(ii) give, for all n ≥ n0 with n0 sufficiently large,
(5.34) E[Un+1 | Gn] ≤ Un +Bn, Bn := Ctn(1 + | log tn|)(1 + |Yn|2).
The errors Bn are nonnegative and Gn-measurable. The uniform moment bound and tn = Te−n

imply ∑
n≥n0

EBn ≤ C

(
1 + sup

τ≥0
E|Yτ |2

) ∑
n≥n0

tn(1 + | log tn|) < ∞.

By Tonelli’s theorem, the nonnegative sum
∑

n≥n0 Bn belongs to L1. We can therefore add the
remaining error to the energy through its conditional expectation:

(5.35) An := E
[ ∞∑

k=n

Bk

∣∣∣∣∣Gn

]
, Ln := Un +An.

These variables are nonnegative and integrable. The tower property, Gn ⊆ Gn+1, and measurability
of Bn give

E[An+1 | Gn] = E

 ∞∑
k=n+1

Bk

∣∣∣∣∣∣Gn

 = An −Bn,

E[Ln+1 | Gn] ≤ Un +Bn +An −Bn = Ln.

Thus An and Ln are nonnegative supermartingales and have finite almost-sure limits [34, 35].
Moreover,

EAn =
∞∑

k=n

EBk −→ 0.

Writing A∞ = limn→∞An ≥ 0, Fatou’s lemma gives
0 ≤ EA∞ ≤ lim inf

n→∞
EAn = 0.

Hence An → 0 almost surely. Consequently,
Vn(Yn) = Ln −An − C0 −→ ℓε almost surely

for a finite random variable ℓε. Finally, local uniform convergence Vn → Φλ and pathwise boundedness
imply

|Vn(Yn) − Φλ(Yn)| −→ 0 almost surely.
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Therefore
(5.36) Φλ(Yn) −→ ℓε almost surely.

Step 3 (All times and equilibrium localization). Fix a continuous path for which the bounds and
limits above hold; this is the case almost surely. The remaining argument is deterministic. The
integrated equation is

(5.37) Yτ = y0 − κ

4

∫ τ

0
∇Fλ(Ys, ts) ds+Mτ .

Convergence of M implies, for every S > 0,
(5.38) sup

0≤h≤S
|Mτ+h −Mτ | −→ 0.

Lemma 5.4 therefore gives compactness of the translated paths and identifies each limit z as a
solution of

żs ∈ −κ

4 ∂̂Φλ(zs).
The signed chain rule in Section 5.2 yields

(5.39) Φλ(zτ ′) + 4
κ

∫ τ ′

τ
|żs|2 ds = Φλ(zτ ), 0 ≤ τ ≤ τ ′.

For a limit of integer translates Ynj+· on [0, 1], (5.36) gives
Φλ(z0) = Φλ(z1) = ℓε.

The dissipation identity forces z to be constant. It follows that
(5.40) sup

0≤h≤1
|Yn+h − Yn| −→ 0.

A violating sequence would have a nonconstant limiting segment. Uniform continuity of Φλ on the
compact path closure extends the energy limit to all τ → ∞. Local uniform convergence of Vτ and
the vanishing normalization give (3.8).

Every translated limit now has constant energy and is stationary by (5.39). The closed-tail
argument gives

∅ ̸= ω(Y ) ⊆ Eλ ∩ {Φλ = ℓε}, ω(Y ) compact and connected.
This is (3.9). If the distance to Eλ failed to tend to zero, boundedness would give an accumulation
point outside this closed set, a contradiction.
Step 4 (Point convergence for empirical data). For finite empirical active laws, Lemma 5.1(ii)
makes Eλ finite. Its nonempty connected subset ω(Y ) is therefore a singleton. Boundedness then
gives convergence of the entire path. The limit along integer times is measurable; assigning a fixed
equilibrium on the exceptional null set defines the random vector yε,∗ in (3.10). The inverse time
change gives Remark 3.4.

Proof of Corollary 3.5. Let Z = Xε
T have law µT and set Yτ = Xε

tτ
. Use M from (5.29) when ε > 0,

and put M = 0 when ε = 0. On each finite interval, the equation for H = Y −M in Step 1 has a
globally Lipschitz drift. Continuous dependence on the initial state and the continuous noise path
gives a jointly measurable solution map.

For each fixed initial state, endpoint convergence follows from the theorem just proved, or from
Theorem 2.5 when ε = 0. Since Z and M are independent, Fubini’s theorem gives Yτ → Y∞ ∈ Eλ

almost surely for any initial law µT . The limit along integer times, assigned a fixed equilibrium on
the exceptional null set, is measurable. Set Xε

0 = Y∞ and µε
0 = Law(Xε

0). Bounded convergence
gives

Ef(Xε
t ) −→ Ef(Xε

0), f ∈ Cb(Rd),
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which proves narrow convergence of the laws. Since Eλ is finite and Xε
0 ∈ Eλ almost surely,

suppµε
0 ⊆ Eλ. □

Proof of Remark 3.6. Fix a path on which M converges and r ∈ L2(0,∞), and put Rτ = Mτ +∫ τ
0 rs ds. The random ODE for Ỹ −R gives the strong solution as in Step 1. Formula (5.7) and the

convolution estimate in Section 5.5, with kernel e−a(τ−s), give confinement. Moreover,
sup

0≤h≤S
|Rτ+h −Rτ | ≤ sup

0≤h≤S
|Mτ+h −Mτ | +

√
S ∥r∥L2(τ,∞) −→ 0.

The convergent function M is uniformly continuous, while |
∫ τ+h

τ rs ds| ≤
√
h ∥r∥L2(0,∞). Thus R is

uniformly continuous; boundedness of the drift along the confined path gives the same property for
Ỹ . Lemma 5.4 gives limiting paths satisfying (5.39). Put ψ(τ) = Φλ(Ỹτ ). If its lower and upper
limits differed, the finite set Φλ(Eλ) would allow a choice

η ∈ (lim inf ψ, lim supψ) \ Φλ(Eλ), b ∈ (lim inf ψ, η).
Choose sj → ∞ with ψ(sj) = b and let τj = inf{τ > sj : ψ(τ) = η}. These times are finite. Uniform
continuity gives h > 0 with τj − sj > h for all j; hence ψ ≤ η on [τj − h, τj ] and ψ(τj) = η. For a
limiting path z on [0, h],

Φλ(zs) ≤ η = Φλ(zh), 0 ≤ s ≤ h.

Dissipation forces constant energy and hence a constant path in Eλ, contradicting the choice of η.
Thus ψ converges. Dissipation makes all limiting paths stationary; finiteness and connectedness give
a single random endpoint. Substitution of rτ = (1 + ε)tτe(X̃ε

tτ
, tτ ) and dτ = −dt/t gives (3.13). □

6. Proofs of the technical lemmas

We retain the notation of Section 5 and prove the five lemmas in the order in which they were
stated.

6.1. Distance geometry and empirical rigidity.
Proof of Lemma 5.1.
Step 1 (Distance calculus and the separated envelope). Apply the compact maximum rule [37,
Theorem 10.31] to

dA(x)2 = |x|2 − 2 max
a∈A

(
⟨x, a⟩ − |a|2

2

)
.

The distance formula and semiconcavity follow; in particular,
(6.1) dA(y)2 ≤ dA(x)2 + ⟨p, y − x⟩ + |y − x|2, p ∈ ∂Cd2

A(x);
see [9, Chapters 2–3]. For 0 ≤ λ ≤ 1, the convex sum rule applied to | · |2 − d2

k yields ∂̂Φλ = ∂CΦλ

and 2-semiconcavity of Φλ. The Clarke sum rule gives ∂CΦλ ⊆ ∂̂Φλ for signed coefficients [12,36].
Compactness of the nearest-point sets gives a closed graph and local boundedness of the envelope,
hence upper semicontinuity.
Step 2 (Finiteness of empirical equilibria). Suppose first that λ /∈ {0, 1}. Fix nonempty index sets
Ik ⊂ {1, . . . , nk} and choose ik ∈ Ik for k = 1, 2. Define

S = span{ak,i − ak,ik
: k = 1, 2, i ∈ Ik}.

A point realizing these nearest-index sets is equidistant from the corresponding atoms. Expanding
the squared distances gives
(6.2) 2⟨x, ak,i − ak,ik

⟩ = |ak,i|2 − |ak,ik
|2, k = 1, 2, i ∈ Ik.
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The solution set M , when nonempty, is an affine space with direction S⊥. The equilibrium condition
also places x in

C = λ conv{a1,i : i ∈ I1} + (1 − λ) conv{a2,i : i ∈ I2}.
Each component convex hull is contained in its chosen atom plus the span of the corresponding
differences. Hence

C ⊆ λa1,i1 + (1 − λ)a2,i2 + S.

For two points x, y ∈ M ∩ C, the affine constraints and this last inclusion give, respectively,
x− y ∈ S⊥, x− y ∈ S, and therefore x = y.

Each nearest-index pattern contains at most one equilibrium, and there are finitely many patterns.
At λ = 0 or 1, the same argument uses only the active support. □

6.2. Heat-flow Hessians and the Li–Yau bound.
Proof of Lemma 5.2. The single-law Hessian identity is established in [31, Lemma 5.1 and its proof];
its signed combination gives (5.9). Positivity of the covariance matrices yields both curvature bounds.
Since ∂t log uk = ∆ log uk + |∇ log uk|2, taking the trace gives the Euclidean Li–Yau estimate [30]:

(6.3) |∇ log uk|2 − ∂t log uk = −∆ log uk ≤ d

2t .

Compact supports bound the covariances uniformly. The Hessian formulas therefore give the
positive-time Lipschitz bounds, while (5.2) gives linear growth. □

6.3. Gaussian localization and empirical rates.
Proof of Lemma 5.3. The scalar limit is the fixed-measure Laplace–Varadhan principle [17, Sec-
tion 4.3]. We give the locally uniform estimate and the posterior localization needed here.
Step 1 (The locally uniform Laplace estimate). For h > 0, define

bA(h) = inf
a∈A

u0(B(a, h)).

Cover A by finitely many balls B(aj , h/2) centered on the support. For each a ∈ A, some j satisfies
|a− aj | < h/2, whence B(aj , h/2) ⊂ B(a, h). Each covering ball has positive mass, so

bA(h) ≥ min
j
u0(B(aj , h/2)) > 0.

Fix x, set D = dA(x), and choose ax ∈ ΠA(x). Restricting the Gaussian integral to B(ax, h) and
using |x− a| ≥ D on A gives

bA(h)(4πt)−d/2e−(D+h)2/(4t) ≤ u(x, t) ≤ (4πt)−d/2e−D2/(4t).

Thus, for f = f − 2dt log(4πt),
(6.4) 0 ≤ f(x, t) − dA(x)2 ≤ 2dA(x)h+ h2 − 4t log bA(h).
On a compact set B, put DB = supx∈B dA(x) < ∞. For each fixed h > 0, the preceding bound gives

lim sup
t→0+

sup
x∈B

|f(x, t) − dA(x)2| ≤ 2DBh+ h2.

Letting h → 0+ proves local uniform convergence of f . Since 2dt log(4πt) → 0, the same conclusion
holds for f .
Step 2 (Posterior localization with a moving center). Fix x∗, put P = ΠA(x∗), and let Uρ = {a ∈
A : dist(a, P ) < ρ} for ρ > 0. When A \ Uρ is nonempty, it is compact and disjoint from P , so

min
a∈A\Uρ

(
|x∗ − a|2 − dA(x∗)2) > 0.
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Continuity then gives a bounded neighborhood U of x∗ and γ > 0 such that
|x− a|2 ≥ dA(x)2 + γ, x ∈ U , a ∈ A \ Uρ.

Choose h > 0 with 2Mh+ h2 ≤ γ/2, where M = supx∈U dA(x). The excluded Gaussian mass is at
most (4πt)−d/2e−(dA(x)2+γ)/(4t). Dividing it by the lower bound for u(x, t) from Step 1 yields
(6.5) νx

t (A \ Uρ) ≤ bA(h)−1e−γ/(8t), x ∈ U .
Let C = convP . The distance to C is convex, is at most ρ on Uρ, and is at most diam(A) on A.
Jensen’s inequality gives

(6.6) dist(m(x, t), C) ≤
∫

A
dist(a,C) dνx

t (a) ≤ ρ+ diam(A)νx
t (A \ Uρ).

When Uρ = A, the same bound holds with zero excluded mass. For xn → x∗ and tn → 0+, these
estimates apply for all sufficiently large n and give

lim sup
n→∞

dist(m(xn, tn), C) ≤ ρ.

Letting ρ → 0+ and using that C is closed proves the assertion about every cluster point of the
bounded posterior means.
Step 3 (The empirical strict-cell estimate). The empirical posterior probabilities are

(6.7) pk,i(x, t) = wk,ie
−|x−ak,i|2/(4t)∑

j wk,je
−|x−ak,j |2/(4t) , mk(x, t) =

∑
i

pk,i(x, t)ak,i.

There are finitely many competing atoms, and each has a positive squared-distance gap at x0.
Continuity gives a neighborhood U and a common ∆ > 0 such that

|x− ak,i|2 − |x− ak,∗|2 ≥ ∆, x ∈ U, i ̸= ∗.
Keeping the nearest Gaussian term in the denominator yields

pk,i(x, t) ≤ wk,i

wk,∗
exp

(
−|x− ak,i|2 − |x− ak,∗|2

4t

)
≤ wk,i

wk,∗
e−∆/(4t).

Since the posterior weights sum to one,
mk(x, t) − ak,∗ =

∑
i̸=∗

pk,i(x, t)(ak,i − ak,∗),

|mk(x, t) − ak,∗| ≤

∑
i̸=∗

wk,i

wk,∗
|ak,i − ak,∗|

 e−∆/(4t).

Combining the component bounds in the mean-shift identity proves (5.10) with η = ∆/4. Singleton
supports contribute zero error; when every active support is a singleton, the identity is exactly
affine. □

6.4. Passage to limiting paths.
Proof of Lemma 5.4.
Step 1 (Compactness of the translated curves). Condition (5.12) with S = 1, together with
continuity on compact intervals, makes R uniformly continuous. Boundedness of y and the posterior-
mean formula give Q0 < ∞ with

|∇Fλ(ys, ts)| ≤ Q0 (s ≥ 0).
For 0 ≤ τ ≤ τ ′, the integral equation gives

|yτ ′ − yτ | ≤ κ

4Q0(τ ′ − τ) + |Rτ ′ −Rτ |.
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The translates are bounded and equicontinuous. Arzelà–Ascoli and diagonal extraction give, along
a subsequence of any τn → ∞,

yτn+· −→ z locally uniformly on [0,∞).
Set qn(s) = ∇Fλ(yτn+s, tτn+s). After a further diagonal extraction, qn ⇀

∗ q in L∞ on every bounded
window. For 0 ≤ τ < τ ′, the translated equation reads

yτn+τ ′ − yτn+τ = −κ

4

∫ τ ′

τ
qn(s) ds+Rτn+τ ′ −Rτn+τ .

The final difference tends to zero by (5.12). Passing to the limit gives

zτ ′ − zτ = −κ

4

∫ τ ′

τ
q(s) ds, żs = −κ

4 q(s) for a.e. s.

In particular, z is locally Lipschitz.
Step 2 (The weak-star constraint). For each fixed s, Lemma 5.3 and the posterior-mean formula
place every cluster point of qn(s) in C(s) := ∂̂Φλ(zs). Since qn(s) is bounded,

dist(qn(s), C(s)) −→ 0.
The sets C(s) are nonempty, compact, and convex, with a common bound on each finite interval I.
For ξ ∈ Rd, their support function

h(s, ξ) = max
p∈C(s)

⟨ξ, p⟩

is measurable by upper semicontinuity of the envelope and continuity of z. For every nonnegative
φ ∈ L1(I), ∫

I
φ(s)⟨ξ, qn(s)⟩ ds ≤

∫
I
φ(s)h(s, ξ) ds+ |ξ|

∫
I
φ(s) dist(qn(s), C(s)) ds.

The last integrand is dominated by a constant times φ. Dominated convergence and weak-star
convergence consequently imply ∫

I
φ(s)

(
⟨ξ, q(s)⟩ − h(s, ξ)

)
ds ≤ 0.

First take ξ ∈ Qd and then use continuity in ξ. On one full-measure set,
⟨ξ, q(s)⟩ ≤ h(s, ξ) (ξ ∈ Rd), q(s) ∈ C(s).

The last inclusion is the support-function characterization of closed convex sets. Together with
Step 1, it proves the lemma. □

6.5. Deterministic and stochastic energy estimates. We derive the posterior-information
bound for part (i), then prove part (ii) using transition-density free energy.

Proof of part (i) of Lemma 5.5.
Step 1 (The information identity). For fixed x and t > 0, set

Z(x, t) =
∫
e−|x−a|2/(4t) du0(a) > 0, f(x, t) = −4t logZ(x, t).

The posterior second moment Q(x, t) is finite by Gaussian domination. Taking the posterior
expectation of log(dνx

t /du0) = −|x− a|2/(4t) − logZ gives

KL(νx
t ∥u0) = −Q(x, t)

4t − logZ(x, t).

Differentiation under the Gaussian integral gives ∂tZ/Z = Q/(4t2). Consequently,
(6.8) f(x, t) = Q(x, t) + 4tKL(νx

t ∥u0), ∂tf(x, t) = 4 KL(νx
t ∥u0).
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Step 2 (The lower small-ball estimate). Assume (2.13). Since Q(x, t) ≥ dA(x)2, (6.4) with h = t
gives, for 0 < t ≤ tB := min{r0, 1},

(6.9)
0 ≤ 4tKL(νx

t ∥u0) = f(x, t) −Q(x, t)
≤ f(x, t) − dA(x)2 ≤ 2tdA(x) + t2 − 4t log(ctα).

On a compact set B, this gives HB(t) ≤ CB(1 + | log t|), hence integrability near zero. Continuity
of the Gaussian integrals and their ratios makes HB bounded on compact positive-time intervals.
For arbitrary x, division by 4t also yields the global bound
(6.10) KL(νx

t ∥u0) ≤ 1
2dA(x) + t

4 − log c− α log t ≤ C(1 + |x| + | log t|).

Step 3 (Potential variation). For each compactly supported law, Jensen’s inequality gives

dk(x)2 ≤ fk(x, t) ≤
∫

|x− b|2 du0,k(b).

Both bounds equal |x|2 +O(|x| + 1), uniformly in t. The identity λ+ (1 −λ) = 1 and the mean-shift
formula give the first three bounds below. Moreover, 0 ≤ 4tKL(νx

k,t∥u0,k) = fk(x, t) −Qk(x, t) ≤
fk(x, t), so (6.8) also controls the time derivative:

(6.11)
Vτ (x) ≥ 1

2 |x|2 − C, |Vτ (x)| ≤ C(1 + |x|2),
|∇Vτ (x)| ≤ C(1 + |x|), |∂τVτ (x)| ≤ C(1 + |x|2).

For λ > 1, apply (6.10) to the reference law and use nonnegativity of the target information. For
0 ≤ λ ≤ 1, both information terms are nonnegative. The posterior identity therefore gives, for all x
and sufficiently large τ ,
(6.12) ∂τVτ (x) = −4tτ Iλ(x, tτ ) ≤ Ctτ (1 + |x| + | log tτ |).
The left-hand side is nonpositive in the convex regime.

For a nonempty compact set B, define

bB(τ) =
{

0, 0 ≤ λ ≤ 1,
4(λ− 1)tτH2,B(tτ ), λ > 1.

Nonnegativity of relative entropy and (6.8) give (5.13). In the extrapolative case, Step 2 and the
substitution t = Te−τ yield∫ ∞

0
bB(τ) dτ = 4(λ− 1)

∫ T

0
H2,B(t) dt < ∞.

Thus bB is integrable, proving part (i). □

Part (ii) of Lemma 5.5. Fix ε > 0 and a restart (s, y), and put
κ = 1 + ε, a = κ/2, q = ts = Te−s.

Write Y = Y ε;s,y and let ρτ be its density for τ > s. It satisfies

(6.13) ∂τρτ = κ

4 div(ρτ ∇Vτ ) + εtτ ∆ρτ , ρs = δy.

We first control the entropy produced by smoothing the point mass over a short interval, and then
use a free-energy inequality on the remaining unit-time interval. All spatial integrals are over Rd.
Constants below are independent of y and sufficiently large s, with ε > 0 fixed.
Step 1 (Potential and restarted moment bounds). Take s large enough that q ≤ 1/2 and (6.11)
and (6.12) apply. Along Y , put

zτ = λm1(Yτ , tτ ) + (1 − λ)m2(Yτ , tτ ) ∈ Kλ, Rλ = max
z∈Kλ

|z|.
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Since the drift equals a(zτ − Yτ ), the Duhamel formula (5.7) yields, for s ≤ τ ≤ s+ 1,

Yτ = e−a(τ−s)y + a

∫ τ

s
e−a(τ−s′)zs′ ds′ +

∫ τ

s
e−a(τ−s′)√2εts′ dWs′ .

The drift convolution is bounded by Rλ(1 − e−a(τ−s)). As ts′ ≤ q on this interval, Itô’s isometry
gives

(6.14)
Es,y|Yτ |2 =

∫
|x|2ρτ (x) dx ≤ C(1 + |y|2),

Es,y|Yτ − y|2 ≤ C
[
(τ − s)2(1 + |y|2) + q(τ − s)

]
.

Step 2 (Short-time smoothing and finite entropy). Choose h = q and compare Y , on [s, s+h], with
dZτ = −aZτ dτ +

√
2εtτ dWτ , Zs = y.

By (5.7), the law γh of Zs+h is Gaussian with mean e−ahy and covariance σ2
hId, where

σ2
h = 2ε

∫ s+h

s
e−2a(s+h−s′)ts′ ds′, cεq

2 ≤ σ2
h ≤ Cεq

2.

Thus the elapsed time and the diffusivity are both of order q, giving a variance of order q2.
Let P and Q denote the path laws of Y and Z on [s, s+ h]. Their drifts differ by azτ (x), where

zτ (x) = λm1(x, tτ ) + (1 − λ)m2(x, tτ ) ∈ Kλ.

Thus the normalized drift difference satisfies, uniformly in x,

|ητ (x)|2 := a2|zτ (x)|2

2εtτ
≤ a2R2

λ

2εtτ
.

The uniform bound ensures that the associated stochastic exponential is a true martingale; by
uniqueness, the changed law is that of Y . Girsanov’s relative-entropy identity [29], followed by
contraction to the terminal marginals, gives

(6.15)
KL(ρs+h∥γh) ≤ KL(P∥Q) = 1

2Es,y

∫ s+h

s
|ητ (Yτ )|2 dτ

≤ a2R2
λ

4ε
eh − 1
q

≤ a2R2
λe

1/2

4ε , h = q ≤ 1/2.

Expanding the Gaussian log-density, and dropping its nonpositive quadratic term, we obtain

(6.16)
Ent(ρs+h) = KL(ρs+h∥γh) +

∫
ρs+h log γh

≤ a2R2
λe

1/2

4ε − d

2 log(2πσ2
h) ≤ C(1 + | log q|).

We also use the elementary lower bound, obtained by comparison with the standard Gaussian,

(6.17) Ent(ρ) ≥ −d

2 log(2π) − 1
2

∫
|x|2ρ(x) dx.

The moment estimate and these two bounds make the entropy finite at s+ h. For any fixed τ0 > s,
the same Gaussian comparison over [s, τ0] gives finite entropy at τ0; choosing h = q above is what
makes the bound uniform in s, y.
Step 3 (Free-energy dissipation). On a fixed interval [τ0, s+ 1], with τ0 > s, the transition density
is smooth and positive, and the diffusion is uniformly elliptic. Moreover, the drift has at most linear
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growth and ∆Vτ is bounded. The Fokker–Planck equation (6.13) gives the local identity

∂τ (ρτ log ρτ ) = div
(
κ

4ρτ log ρτ ∇Vτ + εtτ (1 + log ρτ )∇ρτ

)
+ κ

4ρτ ∆Vτ − εtτ
|∇ρτ |2

ρτ
.

Using the finite entropy and second-moment bounds from Steps 1–2, the convex entropy truncation
and spatial localization argument of [31, Appendix B] justifies integration over Rd and yields

(6.18) Ent(ρτ ) +
∫ τ

τ0
εts′

∫
|∇ log ρs′ |2ρs′ dx︸ ︷︷ ︸
Fisher information

ds′ = Ent(ρτ0) + κ

4

∫ τ

τ0

∫
∆Vs′ ρs′ dx ds′.

The entropy lower bound (6.17) then implies finite integrated Fisher information. Together with
the linear growth of ∇Vτ , this justifies the subsequent integrations by parts.

Define the weighted free energy

(6.19) θτ = 4εtτ
κ
, Hτ =

∫
Vτρτ + θτ Ent(ρτ ).

The Fokker–Planck equation (6.13) becomes

∂τρτ = κ

4 div
(
ρτ ∇(Vτ + θτ log ρτ )

)
.

The time-derivative bound in (6.11) and the second-moment estimate justify differentiation of the
potential term. Since θ′

τ = −θτ and
∫
∂τρτ = 0, differentiation and integration by parts yield

(6.20)

d

dτ
Hτ = −κ

4

∫
|∇Vτ + θτ ∇ log ρτ |2ρτ

+
∫
∂τVτ ρτ − θτ Ent(ρτ ).

The dissipation term is nonpositive even under signed mixing. Moreover, q/e ≤ tτ ≤ q on [s, s+ 1],
so (6.12), (6.14), and (6.17) give∫

∂τVτ ρτ ≤ Cq(1 + | log q|)(1 + |y|2),

−θτ Ent(ρτ ) ≤ Cq(1 + |y|2).
Consequently,

(6.21) d

dτ
Hτ ≤ Cq(1 + | log q|)(1 + |y|2) for a.e. τ ∈ (s, s+ 1].

Here C is independent of the restart time s and state y.
Step 4 (The conditional one-step bound). By the global gradient bound in (6.11),

|Vs(x) − Vs(y)| ≤ C(1 + |y|)|x− y| + C|x− y|2.
The second estimate in (6.14), with h = q, gives Es,y|Ys+h − y|2 ≤ Cq2(1 + |y|2). This controls the
spatial change in potential. Integrating (6.12) controls its time change and yields∫

Vs+hρs+h ≤ Vs(y) + Cq(1 + | log q|)(1 + |y|2).

Since θs+h ≤ Cq, the upper entropy bound (6.16) gives
(6.22) Hs+h ≤ Vs(y) + Cq(1 + | log q|)(1 + |y|2).
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Integrating (6.21) on [s+ h, s+ 1] provides the same upper bound for Hs+1. Finally, (6.17) and
(6.14) imply

Es,yVs+1(Ys+1) = Hs+1 − θs+1 Ent(ρs+1)
≤ Hs+1 + Cq(1 + |y|2)
≤ Vs(y) + Cq(1 + | log q|)(1 + |y|2),

which is (5.14), because q = ts. □

7. Conclusions and perspectives

We have identified the terminal asymptotics of deterministic and stochastic dynamics driven by
convex and extrapolative combinations of logarithmic heat gradients. In logarithmic time, limits
of translated trajectories satisfy a generalized gradient inclusion associated with the geometric
potential Φλ, a weighted sum of squared support distances. For convex mixing, this is the Clarke
subgradient system of Φλ. Under extrapolation, we retain the component subdifferentials separately,
since limiting directions need not belong to ∂CΦλ. A componentwise chain rule still gives dissipation.
Together with posterior-entropy and conditional free-energy estimates, it yields energy convergence
and equilibrium localization under the stated compact-support hypotheses.

For finite atomic laws, finiteness of the equilibrium set turns this localization into point convergence
for every deterministic initialization and almost surely for each fixed stochastic initialization,
including projection-interface endpoints. Thus the singular sampling dynamics has a well-defined
terminal output in this setting. At deterministic strict-cell endpoints, the expansion gives an
O(

√
t) stopping error with an exponentially small remainder after subtraction of the leading term;

the exponent 1/2 is sharp when its coefficient is nonzero. The perturbation results show which
convergence properties survive square-integrable drift errors in logarithmic time, while the nested-
support corollary relates the equilibrium geometry to classifier-free guidance. Several questions
remain.

(i) Stochastic rates and fluctuations. Energy control does not quantify the distance to a random
endpoint. Pathwise rates, fluctuation laws, and mean-square errors require different estimates.
Mean-square bounds also require control of paths that enter their limiting regime late. Figure 3
suggests square-root heat-time scaling of the stochastic RMS distance to the marked local-
minimum set Mλ, as measured in (4.2). A rate for the distance to the individual random
endpoint would quantify the stopping error of stochastic samplers.

(ii) Asymptotics at projection interfaces. At projection ties, several atoms can contribute at
leading order, and the positive gap underlying the strict-cell expansion vanishes. Analyzing
this competition and possible differences between tangential and normal scales would extend
the rate theory and clarify how support geometry affects approach to the terminal sample.

(iii) Point convergence for general compact data. An equilibrium energy level can contain a
continuum, so localization alone need not yield a single limit. Additional nearest-point
geometry or gradient inequalities compatible with the componentwise inclusion could establish
terminal outputs beyond finite atomic laws.

(iv) Endpoint selection and terminal distributions. Equilibrium geometry does not determine
reachability or selection probabilities, which depend on the full dynamics, initialization, and
noise. For empirical data, determining these probabilities would identify the weights of
the terminal law and, for genuine conditional guidance, clarify its relation to the intended
conditional distribution.

(v) Learning errors and time discretization. The weighted square-integrability conditions in
Remarks 3.2 and 3.6 preserve deterministic localization and empirical endpoint convergence
for both dynamics, but need not preserve rates, selected equilibria, or terminal laws. These
conditions concern errors along generated trajectories. Relating them to averaged training
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losses and numerical step sizes requires estimates that remain valid through the singular
regime.
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